European Journal of Applied Mathematics (2025), 1-38
doi:10.1017/S0956792525000087

7 CAMBRIDGE

UNIVERSITY PRESS

PAPER

Impact of prey-taxis on a harvested intraguild predation
predator—prey model

Mengxin Chen!, Canrong Tian?, Seokjun Ham?, Hyundong Kim* and Junseok Kim>

1School of Mathematics and Statistics, Henan Normal University, Xinxiang, P. R. China

2School of Mathematics and Physics, Yancheng Institute of Technology, Yancheng, Jiangsu, P. R. China
3Depa.rtment of Mathematics, Korea University, Seoul, Republic of Korea

4Department of Mathematics and Physics, Gangneung-Wonju National University, Gangneung, Republic of Korea
Corresponding author: Junseok Kim; Email: cfdkim @korea.ac.kr

Received: 19 September 2024; Revised: 24 January 2025; Accepted: 10 February 2025

Keywords: Intraguild predation-type predator—prey model; steady-state bifurcation; pattern formation; harvesting
2020 Mathematics Subject Classification: 34K 18, 35K57 (Primary), 92D25 (Secondary)

Abstract

In this paper, we report the spatiotemporal dynamics of an intraguild predation (IGP)-type predator—prey model
incorporating harvesting and prey-taxis. We first discuss the local and global existence of the classical solutions
in N-dimensional space. It is found that the model has a global classical solution when controlling the prey-taxis
coefficient in a certain range. Thereafter, we focus on the existence of the steady-state bifurcation. Moreover, we the-
oretically investigate the properties of the bifurcating solution near the steady-state bifurcation critical threshold. As
a consequence, the spatial pattern formation of this model can be theoretically confirmed. Importantly, by means of
rigorous theoretical derivation, we provide discriminant criteria on the stability of the bifurcating solution. Finally,
the complicated patterns are numerically displayed. It is demonstrated that the harvesting and prey-taxis signifi-
cantly affect the pattern formation of this IGP-type predator—prey model. Our main results of this paper reveal that
(i) The repulsive prey-taxis could destabilize the spatial homogeneity, while the attractive prey-taxis effect and self-
diffusion will stabilize the spatial homogeneity of this model. (ii) Numerical results suggest that over-harvesting for
prey or predators is not advisable, it can lead to an ecological imbalance due to a significant reduction in population
numbers. However, harvesting within a certain range is a feasible approach.

1. Introduction

Intraguild predation (IGP) is ubiquitous in the natural environment, and it describes an interaction in
which two or more species compete for shared resources and consume each other. Typically, prey pro-
motes the growth of predator density due to the consumption of prey by predators. However, the impact
of prey on predators resulting from competition for the same resource is rarely considered in some exist-
ing literature, see Refs. [7, 11, 16, 28]. As a consequence, there is interest in studying the dynamics of the
predator—prey model with IG prey and IG predators. In fact, some scholars have devoted great attention to
the dynamics of IGP-type predator—prey models. Ji et al. [19] investigated the well-posedness, properties
of the solution semiflow, and spatiotemporal dynamics of a three-dimensional IGP-type predator—prey
model with homogeneous Neumann boundary conditions. By employing a delayed IGP model, Shu
et al. [34] demonstrated that delays could induce the stability switch, multitype bistability, and chaos
phenomena. B1é et al. [4] reported on the Hopf and Bautin bifurcations of an intraguild predation model
with general functional responses for the predators and a significantly growing rate functions for the
prey. The longtime behavior of solutions, the existence of biologically meaningful equilibria, and the
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linear and nonlinear stability of equilibria in an intraguild predator—prey model with a Holling type II
functional response were investigated by Capone et al. in [5]. Please refer to Refs. [18, 29, 30, 31] for
more experimental and theoretical results regarding IGP-type predator—prey models.

In this paper, we investigate the following IGP-type predator—prey model incorporating prey-taxis
and linear harvesting:

opP bc

— =d,AP—-V - P)V Pl ———+d0—«a, Q, 0,

=4, €0V P (s rd0-a). rea >

90 _ 1A0+0 _aP—B)—ho €Q, >0

= - - - ) X 5 >,

ot ? cP+eQ ()
P 90

Rl ) x€0dQ, t>0,

av ov

P(x,0) = Py(x) > 0, Q(x,0) = Qy(x) >0, xXeQ,

where P = P(x, 1) and Q = Q(x, t) are the densities of the IG predator and IG prey at spatial location
x and time ¢, respectively. The domain £ C R" is a bounded region with N > 1, v is the outward unit
normal vector along the smooth 92, and A is the Laplacian operator. The parameters d; and d, describe
the movement speeds of the predator P and prey Q, respectively. The terms —= o and —= o represent
the per capita share of resources accruing to the predator P and prey Q, respectively. The parameter b
measures the consumption of the resources by predator and prey, while o and g are the natural death
rates of the predator P and prey Q, respectively. The term —hQ explains the linear harvesting of the Q
species with the harvesting constant /. Furthermore, the term —V - (§ $(P)V Q) represents the prey-taxis
with the sensitivity coefficient £. This means that the predator species P moves toward higher gradient
directions of prey species Q. The prey-taxis can be attractive or repulsive when & > 0 or £ < 0, respec-
tively. ¢(P) is a density functions related to population P. This density function can take different forms.
For instance, linear form: ¢(P) = P, saturated form: ¢(P) = ﬁ with € > 0 and m > 1, Ricker form:
¢(P) = Pe~*" with € > 0, monotonic non-increasing form: ¢(P) = 15 (or ¢(P) = 75), among others.
The parameters b, e, ¢, d, h, o, B, d,, d, are positive constants and prey-taxis sensitivity parameter & > 0
or & < 0 for its different biological meanings. We would like to mention that the prey-taxis term in the
model (1) is similar to the chemotaxis term in some population models, see the references [21, 22, 32],
for instance. When the prey-taxis coefficient £ =0 and the harvesting constant 4 =0, the model (1)
degenerates into the classical IGP model, which was proposed by Holt and Polis in [14]. There are
recent works focused on the dynamics of the IGP-type predator—prey model (1) with & =0 or 2 =0. Ma
et al. [25] reported spatiotemporal patterns in the model with delay and cross-fractional diffusion, show-
ing that cross-fractional diffusion can induce Turing pattern formation. If choosing the density function
¢(P) = P and the harvesting constant 2 = 0, Wang and Wang [35] showed the boundedness of classical
solutions and the global stability of the positive equilibrium. The existence of global-in-time solutions
and the Hopf bifurcation of the model with Schoener’s kinetic and indirect taxis have been reported by
Mishra and Wrzosek in [26].

Let us state our tasks in this paper about the IGP-type predator—prey model (1). The first aim of
this paper is to explore the solution profiles of the model (1). To be more specific, we want to study
the local and global existence of the classical solution (P(x, f), Q(x, ) in an N-dimensional space. We
can show that the IGP-type predator—prey model (1) admits a unique non-negative local-in-time classical
solution (P(x, 1), Q(x, 1)) € [C([0, Te); W(2)) N C*>'(Q x (0, T,r))]?, with its maximal existence time
T,... by virtue of the Amann’s theorem [2]. The global existence of the classical solution (P(x, t), Q(x, 1))
for the IGP-type predator—prey model (1) can be obtained by using estimates and the Neumann heat
semigroup theory [13, 37]. Here, we can explain that the prey-taxis sensitivity coefficient £ can govern

the global existence of the classical solution (P(x, f), Q(x, ). Our theoretical results show that if 0 < & <
dydy
3¢o(2+N)C(dy+dp)°

(1) possesses a unique non-negative global classical solution (P(x, 1), Q(x, 1)) € [C([0, co); W'(£2)) N

where C; = max H||Q0(x)|| 1) #} is valid, then the IGP-type predator—prey model
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C>'(Q2 x (0, 00)]* and ||P(:, )| @ + |QC, )| 1@y < M, where M is a positive constant dependents
on Py(x) and Qy(x) for Po(x), Qo(x) = 0( 0).

Using bifurcation theory, the exploration of spatiotemporal pattern formation in ecological models
is still a hot research area. Consequently, our next task is to explore the existence of steady-state bifur-
cation and the stability of the bifurcating solutions for the spatial local system of the system (1) when
Q = (0, Lr). This is

d]AP—V-(S(ﬁ(P)VQ)-FP(L+dQ—Ol)=0, x € L,

cP+eQ
A0 +0 (=2 —ap—g) —ho=0 cQ 2)
? cP+eQ 7 TER
oP 0
_=_Q=0, x€3Q.
av ov

One difficulty is how to determine the stability of these bifurcating solutions of the system (2). Typically,
scholars have adopted some existing techniques to investigate the stability of the bifurcating solutions.
For instance, they use weakly nonlinear analysis method (or multiple time scale) [27, 3] and normal
form theory [20, 12]. In these approaches, the authors derived the amplitude equations and normal
forms so that the stability of the bifurcating solution can be established. In contrast to the previously
mentioned technique, we will apply the Crandall-Rabinowitz local bifurcation theory [6, 8, 9, 33, 36]
to demonstrate the existence and stability of the bifurcating solution (i.e., the nonconstant steady state)
around the threshold of the steady-state bifurcation. By choosing the prey-taxis sensitivity coefficient
& as the steadystate bifurcation parameter, we can theoretically demonstrate that the repulsive prey-
taxis (¢ < 0) could destabilize the spatial homogeneity of this IGP-type predator—prey model, while the
attractive prey-taxis (§ > 0) effect will stabilize the spatial homogeneity. Naturally, we conduct extensive
numerical simulations to confirm our theoretical results by choosing different density functions ¢(P).
For example, considering linear form ¢(P) = P, saturated form ¢(P) = HLP, and the Ricker form ¢(P) =
Pe™P, we can observe the pattern formations in 1D and 2D domains, and on spherical and torus surfaces.
We also investigate the influence of the harvesting effects on pattern formation. It is shown that extensive
harvesting of IG prey will lead to the disappearance of spatial patterns. This phenomenon reminds us
that over-harvesting for prey or predators is not advisable because of the drastic reduction in population
numbers from the point of view of ecology.
In this paper, we require (Py(x), Qy(x)) and the density function ¢(P) to fulfill the following.

(HD) (Po(x), Qo(x)) € [W'?(Q))* with p > N and Py(x), Qo(x) =0 (#0).

(H2) There is a ¢, such that ¢(P) < ¢, P for VP > 0 and x € 2, where ¢:[0, 00) — [0, 00) is continuously
differentiable and ¢(0) = 0. Moreover, we suppose that

(H3) & b __ <

ed ea—c(B+h) cd”

Now we can release our main results of this article. The first result is concerned with the global
existence of the classical solution (P(x, t), Q(x, 1)) of the system (1) with the assumptions (H1) and (H2).

Theorem 1.1. (Global existence of the classical solution) Suppose 2 C RY with the smooth boundary
9L and the initial conditions (Py(x), Qy(x)) € [W'*(Q)]* with p > N and Py(x) > 0, Qy(x) > 0 for x € Q.
If
0<=< e ,
3co(2+N)Ci(d, +dy)

where C; = max {||Q0(x)|| 10(Q) ﬁ }, then system (1) enjoys a unique global solution (P(x, t), Q(x, 1)) €
[C([0, 00); W'*(2)) N C*'(2 x (0, 00))]* and

I1PC, Dl + 10C, Dllix@ <M,
where M is a positive constant depending on Py(x) and Qy(x) for Py(x), Qy(x) = 0( # 0).
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Remark 1.1. Theorem 1.1 shows the global existence of the classical solutions when the prey-taxis
is attractive-type. We shall point out that a similar result could also be obtained as the prey-taxis is
repulsive-type in (1).

Our following goal is to explore the existence and stability of the bifurcating solution induced by
the steady state bifurcation. We need to mention that if the spatial dimension is high, namely, N > 2,
the analysis of bifurcation is very difficult, especially to discuss the stability criterion of the bifurcating
solution. Therefore, to finish our goal, we restrict N = 1 and choose 2 = (0, Lx) with L > 0.

If the assumption (H3) is true and fix 2 = (0, L) with L > 0, then system (1) has a unique positive

equilibrium E, = (P,, Q,) = (m —h %, £ - m) Define
d\d,8! — (fpd, + god)8? + d*P. 0.,
g = DA GB L8R A PG o kenNy=101,2,-, )
P (P*)gpd;
ceQ 62 % b 1
where 8, =% >0 and f, = %’ gr=—dQ, — (Cpi+eQQ*)2,gQ (Cpi+fg*)2. Also, if there is a k €

N\ {0} satisfying

7 N
_ [ 0] +1,if slkoJ = UfoJ-H’
k], ifes =g

with IAco =L /d %, then &5 has its maximum Ekso at k = ko, where [ - ] is the integer function.
In this fashion, we can establish the stability result of the constant steady state E,.
Theorem 1.2. (Local stability of the constant steady state E, ) Suppose that (H2)-(H3) are satisfied and
take Q = (0, L) with L > 0.
(i) If € =0, E, is locally asymptotically stable;
(ii) If £ =&, then system (1) suffers from the steady-state bifurcation. Moreover, E, is locally
asymptotically stable as §§ < & < 0 and it becomes unstable when & < &5 < 0;

(iii) If0 < £ < 2999 then E, is globally asymptotically stable.

2P 3’

Remark 1.2. Clearly, if k = &y, then system (1) will undergo the steady-state bifurcation at the threshold
&= E,i] . We will later discuss the existence and stability of the nonconstant steady state (bifurcating
solution) at this onset.

Remark 1.3. From (i)—(ii) of Theorem 1.2, we infer that the repulsive prey-taxis (i.e., £ < 0) could
destabilize the spatial homogeneity of the IGP predator—prey model (1). On the contrary, the attractive
prey-taxis effect (i.e., & > 0) and self-diffusion (i.e., £ = 0) will stabilize the spatial homogeneity.

Our third result implies that system (2) exhibits nonconstant steady state around (P., Q.. &) for k €
N\ {0} in X = {u € H*(0, L7)|u/(0) = u'(L7) = 0}. To do so, define

(P —§p(P)Q) +P ( +d0 — Ot)

cP+eQ

F(P,0,86)=
—dpP — ,3) —hQ

“

sz”-l—Q( P +e0

and the Fréchet derivative D(p,Q)}'(IU’, Q, &)(P, Q) of the operator F(P, O, £). Then, for any (P, Q, &) e
X x X x R, we deduce
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Do F(P. Q.6)(P. Q) 5)
AP —E@(PIPO +$PIQY + | 205 +d0 —o| P+ [aP — ] 0

= o bceQ bceP o
d,Q" — | d —F | P ———dP—-8-h
0 |: o+ (CP+€Q)2:| + |:(CP+€Q)2 B :| 0

Let (P, 0, §) = (P., 0., £), we obtain
Dp o) F(P., Q.. §)(P, Q) (6)
P~ EQPIQ) + ke +d0. —a| P+ [ar. - Gt | 0

bceQ, j| p |: bceP,
(cP, +¢eQ,)? (cP. +€Q,)?

- sz"—|:dQ*+ —dP*—ﬁ—hi|Q

4P = E@PIOY — P [ap— ] 0
bceQ., ] p be*Q,

Q

hO' = [dQ* TP 1e0y )" T P 1 e0.y

We can establish the following.

Theorem 1.3. (Existence of the nonconstant steady state) Suppose that (H1)-(H3) are satisfied and
take Q= (0, Lrr) with L >0, £° #&} for j#k and k € Ny \ {0}, where & is given by (3). Then sys-
tem (2) admits a spatially inhomogeneous solution which resulted from (P.,Q,) when & =&} for
k € Ny \ {0}. Moreover, in the vicinity of the onset (P., Q.. §), there exists a bifurcation branch S(¢) =
(P (g, x), Oi(e, x)) that satisfies

{ S(e) = &5+ O(e),

~ o~ 7
(Pi(e, %), Qu(e, ) = (P, Q) + &(Pr, Q) + O(e) @

for any ¢ € (—o, 0) and o is a small positive constant. Also, (P, (¢, x), Qi(g, x)) — (P, Q,) — e(ﬁk, @k) =
O(e) € K with K is a closed complement of N(Dp.g) (P, O., §)) and it admits

K:{@JDGXXXLWJWE+Q@mh=Ok (8)
0
where N is null space and
P = cosg, 0, = akcosk—x 9
L L
with
dQ.(cP, + eQ.,)’ + bceQ,

<0, keNy\{0}.

o = 3
bezQ* + dZSk(CP* + eQ*)2

Benefiting form (7) of Theorem 1.3, we can set £§5(¢) = &5 + €&, + &2, + - - -, where &, and &, are
undetermined constants. Let S,i) = maX;eny\ 0,5 - Accordingly, our fourth result shows that & =0 and
the sign of &, uniquely determines the stability of the bifurcating solution (P, (¢, x), O, (e, x)) for ¢ €

(=0,0).

Theorem 1.4. (Local stability of the nonconstant steady state) Suppose that the conditions (HI)—
(H3) hold and fix Q2 = (0, L) with L > 0. Then we can compute the first perturbation term & =0 in
&3(e). In addition, when k = ko, near (P,, Q., E,fo), the bifurcating solution S;,(€) = (Py, (€, x), Oy, (€, X))
is asymptotically stable when &, < 0 and it is unstable as &, > 0 for ¢ € (—p, 0).

https://doi.org/10.1017/50956792525000087 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792525000087

6 M. Chen et al.

Remark 1.4. The results presented in Theorem 1.4 show that the stability of the bifurcating solution
(namely, nonconstant steady state) completely depends on the symbol of the second perturbation term

& in & (e) for e € (-0, 0).

2. Existence and boundedness of classical solution

Lemma 2.1. Suppose that Q C R" with the > smooth boundary 9Q and (Py(x), Qo(x)) € [WP(Q)]* with
p > N fulfilling Py(x) > 0, Qy(x) > 0 for x € Q. Then, we can yield the following.

(i) System (1) enjoys a unique nOnnegative_classical solution (P(x,t), Q(x,t)) satisfying
(P(x, 1), Q(x, 1)) € [C([0, T)u0); W' (2)) N C*H(Q X (0, T0r))]. Also, we have

P(x,£)>0, Q(x,)) < Cy, x€Q, t€[0, T0) (10)

where C; = max {|| Qo ()| 2o(2) h]T)ﬂ} and T, > 0 implies that the maximal existence time.

(ii) There are C, > 0 and C; > 0 such that
10, Dl < Co, I1PX, Dl <G, 1€(0,T,0),

where

. L. bl
z—maX{/QQo(x) w2

(iii) If for any T > 0, there exists C(T) such that
Sup ”P(-x’ t)’ Q(-xa t)”L:’“(Q) S C(T)7 O < T < min{17 ]-;tlax}’

0<t<T

then there holds T,,, = 400, where C(T) depends on T and ||Py(x), Qo(X)||wir(0)-

) bIQ|
} , C; =max {/g; (Po(x) + Qo(x)) dx, m} '

Proof. The local-in-time existence of the nonnegative classical solution (P(x, t), Q(x, t)) in (i) can be
confirmed by employing Amann’s theorem [2]. Next, using the P—equation of (1), we obtain

2 — 4, AP — £¢/(P)VPVQ — EG(P)AQ + PT(P,Q), x€Q, t€(0, T,
Q — O’ X e BQ, te (0, Tmax)’

v

P(x,0) = Py(x) > 0, xeQ,

where I'(P, Q) = P o T dQ — «a. It follows from the maximum principle that O is a lower solution for
the above equation. Thus it follows that P(x, t) > O for all (x, ) € Q x (0, T,,.,). Using the strong maxi-
mum principle and the initial data Py(x) > 0( # 0), one can claim that P(x, f) > 0 is true. Next, from the
Q—equation of (1), one can derive

0 b
8—?—dzAQ<Q(§—,B>—hQ, xeQ, t>0,
00

— =0, x€d, t>0,
av

O(x, 0) = Qy(x) > 0, xeQ.

Therefore, the maximum principle gives that Q(x, ) < +ﬁ for any (x,1) € Q2 x (0, 7,,,). For (ii),
integrating the Q—equation of (1) over €2, we get

i/de§b|Q|—(h+,3)/de.
dt J, Q

Accordingly, one has

/de<max{/ Qo(x)dx, —— b|9| } = C,.
h+pB
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On the other hand, we can obtain
d
E/ (P+Q)dx=b|£2|—oe/de—(h—l—ﬂ)/de§b|§2|—min{a,(h+/3)}/(P+Q)dx.
Q Q Q Q

This gives

b|Q| .
/S;defmax {‘/Q (Po(x)+Qo(x)) dx, m} = C3.

Finally, conclusion (iii) can be directly obtained by using Theorem 15.5 in [1]. This ends the proof.

Lemma 2.1 shows the local-in-time existence of the classical solution (P(x,?), Q(x, t)), our fol-
lowing goal is exploring its global existence. To obtain the global existence of the classical solution
(P(x, 1), Q(x, 1)), we introduce some existing results.

Lemma 2.2. (Lemma 2.6 of [22]) Suppose that z(t) satisfies

2(1) < —a,2(0) + axz(t) + as,
20)=2,> 0,

where a,, a,,a; > 0 and € > 1. Then,
2(t) < max{Cy(2), Cs(ay, as, as, £)}.
Lemma 2.3. Forn> 1, p(x) > 0 and g(x) > O, the following inequality holds
f P"~'e(q)dx < C; / P'p(@)dx + C,
Q Q
where Cs and C; are positive constants and ¢(q) is bounded with respect to q.

Proof. By employing ¢—Young inequality, we get

/P”’lfp(q)dx 58/ @@ Tdx + C.|2|
Q Q

=¢ / (@(@)™ (p"p(q))dx + C.|Q < Cq / Plo(q)dx + C;.
Q Q
This ends the proof.
Lemma 2.4. (Lemma 2.3 of [22]) Suppose m € {0, 1}, p € [1, 00), and g € (1, 00). Then, there is a Cy >

0 such that
llullwnr@) < Csll(—=A + 1)ku||Lq(sz)» (11)
Jor ue D((—A + 1)) with D((—A + 1)) = {¢ € W*(Q):£, =0 over 32} and k € (0, 1) satisfies
N N
m—— <2k——.
p q
In addition, if g > p is satisfied, then Cy > 0 and y > 0 exist such that
I(=A + 1) e 2 Dul gy < Cor™* 26D e, (12)

for u € [7(2), where the diffusion semigroup {e”'“*tV}.o maps L7(2) into D((—A + 1)*). Moreover,
for any p € (1, 00) and € > 0, there are C,y > 0 and . > 0 satisfying

I(—=A + 1"V - ull ey < Crot™ >~ ||utl| e (13)
foru e LF(2).

Now we can prove the following results.
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Lemma 2.5. Assume that Q C RY with the smooth boundary 0%, the initial condition (Py(x), Qy(x)) €

[W'(Q)]? with p > N and Py(x) > 0, Qy(x) >0 forxe Q. If

0<f< dd,
- 3C0(2 + N)Cl (d] + dz)

then there is a positive constant Cy, such that

I1PC, D)l vy < Cirs 1€ (0, Thar)-

(14)

Proof. Let n=N +2 and define an auxiliary function ¢(Q)=¢"?" for 0 < Q(x, ) < C,, where o

satisfies

1 ld\dy(n—1) -0
Cl(dl +d,) 6n .

Accordingly, multiplying P—equation by P"~'¢(Q) and integrating it over €2, one yields
P" dx
Py (Q)
n—1 1 n_ 7
= | P p(QPdx+— | P'¢'(Q)Qidx
Q nJje

=d1/P”’lw(Q)Ade—/P"”(O(Q)V(Sti)(P)VQ)dx
Q Q

P g( )( beb | apo—ap)d
+/Q v @ cP+eQ+ Q-a ) *
beQ

cP+eQ

+ % / P'¢' (Q)AQdx + 111 / P'¢'(Q) |: —dPQ — (B + h)Q] dx
Q

=—di(n— 1)/ P9(Q)|VPI’dx — d, / P™'9/(Q)VPVQdx
Q

Q

+& / P9 (Q)p(P)IVOPdx +&(n — 1)/ P2 p(Q)p(P)VPV Qdx

+b [ Prginrdc, [ Po@uas- 2 [ Po@Ivora:
Q @ @

2

2bo*C
—d, f Pl (QVPYQdx + 22!
Q

f P p(Q)dx.
Q

Recalling the assumption ¢(P) < ¢y P in (H2), we have
ld 1 n—2 2 d> n I 2
P P'o(Q)dx+di(n—1) | P"p(Q)VP|"dx + - P'o"(Q)IVO| dx
Q Q
<—(d +dz)/ P9 (Q)VPV Qdx + cof / P'¢(Q)|VQ|’dx
Q Q

+cE(n—1) / P 'o(Q)VPVQdx + dC, / P'o(Q)dx
Q

Q
2b0>C
+<b+ = ‘) f P p(Q)dx.
Q
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Now, by employing Young’s inequality and note that P"~' = P"T* P}, one obtains

—(d +db) / P/ (Q)V PV Qdx
Q
<) +db) / P g(Q)|VP||VQldx
(= Ddig(Q) V2di+dy) .
= - - = VP _ P> A\ d
/( : | |)< oY@ QI) c

_(n=Dd (d +dy) / P'e*(Q)
-4 (n—Dd, Jo  ¢(Q)

/ P'20(Q)| VP dx + |VQ|*dx
Q
and, similarly, one yields

cok(n — l)/P”’l(p(Q)VPVde
Q

_ 252 _
sw / P%(Q)WPPdHW / P'o(Q)| VOl dx.
Q 1 Q

Consequently, putting these into (15) we get

ld
o P” P(Q)dx + )/P" ? (Q)IVPlzder—/P"w”(Q)IVledx
(d|+dz)2/P”<p/2(Q) > / " 2
vo|d. P vol|d
S(n—l)dl T 20) IVOI"dx + co§ i P (QIVO[dx

220,
+M f P'o(Q)| VO dx + dC, / P'p(Q)dx
Q

2
<b+2b0 Cl)/P"_I(p(Q)dx.
Q

Let

(d +d) ¢*(Q)
(n—d, 9(Q)°
Cééz(” -1 d, P

03(Q) = ————9(0), (@)= —-¢"(0).

w(Q) = Q) = ok 9'(Q),

As a consequence, (16) becomes

1 d . 1(n 1)
v P @(Q)dx +

< / P',(Q)| VOl dx + /
Q

Q

/P" ? (Q)IVPlzder/P”w4(Q)IVQ|2dx

P'wn(Q)| VO dx + f P'or(Q)|VOPdx

Q

2
+dc, / P'o(Q)dx + (b+ C') f P p(Q)d.
Q Q

Recalling that ¢(Q) = ¢“2” for 0 < Q(x, 1) < C,, one obtains

4o*(d) + dr)* Q?
() = 2 DFDBIL ) (0) = 20700 0(0),
(n— ])dl
cag*n—1)

dZ 2 42
d 0(Q), wy(Q)= ;(20 0(Q) +45*Q%0(0)).

w3(Q) =
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For 0 < Q(x, 1) < C,, we take
O < S L.
3conCi(d, +dy)

Using this approach, we have
3w,(Q) < 6n02(d1 + d2)2Q2 < 6n02(d1 —I—d2)2C|2 —1
w(Q) T (-Ddd, T (-Ddd,
30:00) _ i
< <
wy(Q) ~di+d,

and
3w;(0) - 3ciEn(n—1) -1
w,(Q) T 2d,d,0?

Therefore, one has
/ (@1(Q) + 0x(Q) + & (Q)P'| VOl dx < / 0(Q)P'|V Ol dx.
Q Q
As such, (17) takes the form

P P" (Q)dx—i— )/P” *0(Q)|VP|*dx (18)

2
< dc, / P"¢(Q)dx+(b+ 2”‘2 C‘) / P p(Q)dx.
Q Q

In light of Lemma 2.3, we get

1 d n ) n—2
e R el W N (19)
<dC, + CIZ)/ P'o(Q)dx + Ci3.

Q

On the other hand, owing to ¢(Q) = 9’ 5o p(Q) < e’ for0 < Q(x, 1) < C,. Thereby, by utilizing the
first two inequalities on page 55 of [15] and (ii) of Lemma 2.1, we get

/ P'o(Q)dx <e i f Pldx=¢"C
Q

LZ(Q)
2C2 WIZ(Q) ||P7 12‘(%1(7;;))
2
seic (ll VP o+ [P ) 1P 1

= GC (| VP gy + 1PN ) IPI
=¢ 12(Q) LY(Q) LY(Q)

=Cuy (” vpi ||L2(Q) )

w_N
where C is positive constant and v = /2y € (0, 1). Accordingly, forn>2and 0 <v <1, we get
2T T2

1
. 4C,)’ V4
x> — ( / P"@(Q)dx) -—=. (0
n o n
Thereby, putting (20) into (19), we have

14 | o<+ co [ Po@r- M ( / P"w(Q)dx>v L2l
ndt Q Q n2 o n2

n—2 2 n—2 2 4
P o(Q)IVPPdx > | P"7|VPdx= —
Q n

Q
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By using Lemma 2.2, there is a C;5 > 0 such that

/ P'o(Q)dx < Cis.
Q
This implies

1PC, Dl ney < Ciy

is valid. We finish the proof.
The following result means that the solution P(x, f) admits the L*-bound.

Lemma 2.6. Suppose that Q C RN with the smooth boun_dary 082, the initial conditions (Py(x), Qy(x)) €
[W'()]* with p > N and Py(x) > 0, Qy(x) >0 forx € Q. If

0<t< s ,
302+ NG +db)

then there is a positive constant C\s such that

IPC, Dl = Cies 1 € (0, T 2D
Proof. Rewrite Q—equation of (1) as follows.
@=d2AQ—Q+Q< be —dP—ﬂ—h) +0.
at cP+eQ
Then, we can compute
be

. __—t(—=dr A+1) ' —(1—s5)(—dy A+1) _ _ B _
o(¢,nh=e Qo—i—/oe |:Q<CP+€Q dP— B h>+Q}ds.

Lett€(0,7,.),0<t<1,g>N, %(1 + %) <k < 1. Then, using (11), (12) in Lemma 2.4 and (14) in
Lemma 2.5, one gets

1OC, Dllwieoe

<GCs

t
(—d>yA + 1D |:e""2A“)Q0 + / e IR (p L (dP 4+ B+ h+ l)Cl)ds]
0

L4(RQ)

< GCor ™1 Qo llace) + CsCo f (t—5)" e (b + (d||Plliag + B+ h+ DCi)ds
0
t
< Clﬁt_k + C17 / (t — S)_ke_y('_“)ds
0

<Cit "+ Cyy f o feedp
0
< Clefik + CI'(1 — k) := K(7), t € (T, Thu),
where I'(-) is a Gamma function and I'(1 — k) > O due to %(1 + %) < k < 1. Therefore, we get
IVOC, Do < K(T), t€(T, Tha)- (22)

Now, the variation of the constant formula to the P—equation of (1) shows

P(.0)=e " H0p, / ¢ IS (¢(P)V Q)ds
0

! bc
~=s(-dia+D) | p do — Pl ds.
+/oe [ (cP+eQ+ ¢ “>+ ] *
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Let

Pi(-,t)=e AP Py( ) = —£ / e IV (b(PYV Q)ds,
0

! bc
Py, )= [ etmochasn | p d0—a)+P|ds.
o= [ecmn|p(Figrae-e) +rla

Therefore, P(-, t) = P,(-, t) + P»(-, 1) + P;(-, t). That is to say, we must give L*-bounds of P, (-, 1), P»(-, 1)
and Ps(-, t) to obtain [|P(-, 1) 1)

and

Now, for P, (-, ), by using (11) and (12), we have
1Py, D)l o) =lle”™ M4V Py| g
<Gsl(=di A + 1)'e "2 DPy | (g
<CsCot ™ ™"|| Pl ooy
<GCot ™ e[| Pollrace
<Cil|Polloys € (T, Thax)

form:O,p:oo,O<t<1,%<k<1,q>Nandy>O.

For P,(-, 1), one takes zﬂq <k< % so 0 <& < 1/2 — k. Then, by employing (11)—(13) and (22), we
obtain

1P2(-, Dl o) <Cs

(—dA+1)E f[ e TSNV (@(P)V Q)| ds
0

L9(R)

t
<£G, / [(—d\ A+ 1 0D TGPV O, s
0

t
Sclg/ (t_s)fkfsfI/Zef(qul)(tfs)dS
0

o0
k—e—1/2 —(u+1
SC19/ o e~ )QdQ
0

SCIQF(l/z - k - 8)7 te (Tv Tmax)»

where ['(1/2 —k—¢)>0dueto0<e<1/2—k%.
For P;(-, t), in a similar approach, we have

(I1P3(-, Dl oy <Cs

t
(—d, A+ 1) / e TICAAN(p 4 (dC) + 1 + a)P)ds
0

L9(Q)

t
<G, / ||(—d1A + Dke A Db 4 (dC 4+ 1+ a)P)| L[,(Q)ds
0

SC8C9/ (t—5)" e (b4 (dCy 4+ 1 + @) ||Pll o) )ds
0
t
§C20/ (t—s) e " ds
0

<Cy / 0 fedo
0

SCZOF(I - k)a te (t’ Tmax)’

where I'(1 — k) > 0 since 0 < k < 1. Therefore, the result performed in (21) is valid. The proof readily
follows.
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Proof of Theorem 1.1. By employing Q(x, 1) < C; in Lemma 2.1 and || P(-, #)|| () < C}6 in Lemma 2.6,
where Cj¢ is a positive constant and C; = max {||Q0(x)|| 150() #], we can infer that there exists a

positive constant M depending on Py(x) and Qy(x) for Py(x), Qo(x) > 0( 5 0) such that [|P(-, ) || 1oo(e) +
1OC, )| 1oy < M is fulfilled. The proof is finished. O]

3. Steady-state bifurcation

In this section, we shall establish the existence and stability of the nonconstant steady state resulting
from the steady-state bifurcation near the positive equilibrium of the system (1). To achieve this, let

bc
f(P,Q>=P<CP+eQ+dQ—a>,

be
g(P,Q)=Q<—CP+eQ—dP—ﬁ) — hO.

3.1 Stability analysis

Taking €2 = (0, Lz) with L > 0. Then at E,, the linearization form of the system (1) is given by

0P 4 AP~ £p(P)AQ P p [ ap bect” 1,
o (cP. + Q.7 TP e | 23)
900 bceQ, be*Q,
— =d,AQ — | dQ, P— .
at A0 |: Q.+ (cP, + eQ*)2i| (cP, + eQ*)ZQ
Considering the eigenvalue problem
d £p(P) bc*P, +lap becP* _s
lgxx Nx (CP* + eQ*)Z é— * (CP* + EQ*)Z n= ké"
bceQ be’Q
dyn,. — | dQ., u - u =Ml 24
! [ Ot ep eQ*)z] (cP.+eQy
9 an
_——— = O,
av v

where A, denotes the eigenvalue of the problem (24). For the no-flux boundary conditions, one takes the
form of (¢ (x), n(x)) as follows

= kx d kx
X) = a,cos—, n(x) = b.cos—,
£(x) Z T 100 Z .

where a, and b, are constants. By using (24), one has

i(J—AI) U cosk—x—O
o k k bk L— )

where
bc*P becP*
- 4,8 dP,— ——— P*)8?
J=| (@Pte) o P +egy TN
bceQ, be*Q, ’
_dQ* - CeQ _—e Q - dzalf
(cP. +eQ.) (cP, +eQ,)*

with §, = % > 0. Consequently, we have the following characteristic equation at E,

A = TiE) + D) =0, forke Ny =1{0,1,2,-- -}, (25)
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where
T (&§)=—(d + dz)S,f +fr + 8gos
Dy(§) = dleS/A: - [dez + del + ¢(P*)8PS] 5,% + dzP*Q*,
with
bc*P, becP* bceQ, be*Q,
=TT A5 :dP*——’ =_d LN =TT 5 A
r =" reo 10 P te0) T T T P o0 8T (P e0y

It is noticed that fp <0 and g, < 0. As a consequence, we know that 7;(§) <O for any k € N,. This
implies that the stability of the unique positive equilibrium E, completely depends on the sign of D, (§).
By direct calculation, we can show that D, (§) = D,(§]) =0 when § =&, where

‘55 _ d1d28,f — (fod, +de1)8/f +d°P.Q, -
‘ P(P*)grd;
We establish the following.

Lemma 3.1. If there is a ky € Ny\{0} satisfying
|:k0:| +1 ifé[;o] = E[fonl’
|:k0:| ’ ifg":[f;ol = éa]ﬂ’

0.

k()=

where ko=L.|d /Z”I‘—gz*. Then & has its maximum 5;(50 at k = ky, where [ - ] is the integer function.

Proof. Since
ES _ d] dz(sf dzP*Q* _ deZ + de]
Cp(Pgr  P(P)ged: ¢(P*)gp

we define

d\dyz dzP*Q* _ fedr + del
¢(P)gr (P )gpz  Pp(P*)gp
Taking the derivative of F(z) with respect to z, one has

, d\d, d*P.0.,
F'(z)= — -
d(P)gr  P(P)grz
Let F'(z) =0, then we have z=z,=d % As a consequence, F'(z) <0 as z> zy and F'(z) > 0 as
0 < z < zg. Moreover, lim._, ., F(z) = —o0 since gp < 0. Therefore, F(z) could achieve its maximum at
z=2o. This is

F(2)=

2d dleP*Q* _fpdz +de1 <0
d(P*)gp d(P*)gp
Recalling that z =87 = (k/L)* > 0 and the definition of F(z), we infer that there is a k, satisfying

[1%0]+1, ifes <&

ko lkol+1°

7 £ eS s
[ko] ’ if S[/:'o] = ‘g[%ml

with IAcO =L /d,/ % such that &5 has its maximum at k = k. The proof is completed.

Proof of Theorem 1.2. Cleatly, f, <0, go <0, and gp < 0 are valid conditions. As a consequence, we
know that T;(§) < O for any k € N,. This implies that the stability of the unique positive equilibrium E,
completely depends on the sign of Di(§). If £ > 0, it immediately follows that D, (&) > 0 for all k € N,,.

max_.oF(z) = F(zy) =

k():
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This shows that all eigenvalues of the characteristic equation (25) with negative real parts. Therefore, (i)
is true. If & = &} is valid, we can check that D,(§) =0, namely, O is an eigenvalue of the characteristic
equation (25). Hence, system (1) admits the steady-state bifurcation as & = &;. Now for D,(§), taking
its derivation with respect to &, one yields D, (&) = —¢(P*)gpd? > 0. Therefore, D,(§) is strictly increas-
ing about & € (—o0, 0). Keeping this in mind, if §5 <& <0, we have 0 = D;(&]) < D,(&). Clearly, E
is locally asymptotically stable as & > & for any k € N,. However, if & < &5 < 0 is valid, we infer that
Di(§) < Di(§5) = 0. This implies that there is at least one eigenvalue of the characteristic equation (25)
with a positive real part. In this case, E, is unstable, and (ii) is valid. For (iii), define the following
time-evolution Lyapunov function

Vo) =f (P(~, H—p.—P.1n L0 ”) dx—i—/ <Q(-, n—0.—0.1n 20 0) dx

Then, one yields

v 1 P, Pd 1 Q. d
<’>—/(‘?) ”ﬁ(‘@)w

be
/( <P+ Q+dQ a>dx+/(Q 0.) <cP+eQ_dP_'B_h>dx

|VP? IVQI2 §P, ¢(P)VPVQ
—ar [ | [ Eranvreg

dx — d, Q.

Q
=Vi() + V2(0),

where

bc be
Vl(t):/Q(P_P*)(cP+eQ+dQ_a>dx+/Q(Q_Q*)<cP+eQ_dP_ﬂ_h>dx

[c(P—P,)+e(Q— Q*)]zdx
o (cP+eQ)(cP. +eQ,)

<0,
and
VP? \olk P.¢p(P)VPV
Vz(t)z—le*/| i dx—sz*/| i de
VP2 \olk P.VPV
s—le/' | sz/IQI /cos 0,
P
—/XAXde,
Q
where we define X(x, t) = (|VP(x, 1), |VO(x, t)]) in 2 x (0, o0) and
dlp* COSP*
_ P? 2
A= _CofP* dzé
2P Q?

Therefore, if 0 < £2 < 4‘1‘[;129 is valid, one obtains

d,P, d,0,
Trace(A) = 1 20

P2 + QZ QZ - 4
Hence, A is a positive definite matrix which implies that V,(f) = — fQ XAX"dx < 0 is true. Thereby,
V() = Vi(1) + V(1) < 0 is valid, namely, the unique positive equilibrium E, is globally asymptotically
stable. This finishes the proof. O

did0, EP,
>0, Det(A)= P2< 20. _ Qb >>0.
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3.2 Bifurcating solution: nonconstant steady state
3.2.1 Existence

In this subsection, we explore the existence and stability of the nonconstant steady states around
the steady state bifurcation onset & =§&F for k€ Ny\{0}. Define two Hilbert spaces: X={ue
H*(0, Lm)|u/(0) = u'(Lw) = 0} and Y = L*(0, Lir). Rewrite system (2) as follows.

/ AV bc
0=(d1P—€¢(P)Q)+P<CP+8Q+dQ—a>, xeQ.
gy be 2\ _ (26)
0=d,0"+0 (CPHQ dp ,3) hQ, xeQ.
P/ZQ/:O’ xeaQ.

Recalling the operator F(P,Q,&) in (4), then system (26) is equivalent to F(P,Q,£&)=0 and
F(P,0,8)X x X x R—> Y x Y is analytic for (P, Q, &) € X x X x R. Now, at the onset & :5,5, we
can confirm that M(Dp o) F(P,, Q.. &7)) # {0}, where Nis the null space and Dy o, F(P., Q.. §) has been
appeared in (6). Benefiting from (6), we infer that the null space A consists of solutions to the problem

" N & &
0=d\P" —&@PIQ) — (cP. +eQ*)zP+ [‘ﬁp*  (cP, +eQ*)2:| e
PO P2 Nl P s en
0=h0 [dQ* TP eQm] P reor®

P=0=0.
Let

00 kx 00 kx
P(x)= Z a;{COSZ, Q(x) = Z b;cosf.
k=0 P,

Then, putting them into (27), we get

bc?P, 452 dp becP* L EH (P
(cP.+eQ)r ¢ 7 (cP,+eQ.) (e _ (0
do beeQ. beQ. s b) \oJ
" (P, +eQ.) (cP,+eQ,p F

Consequently, if & = £5, we have (D, F(P,, Q.. &) = span{P,, 0.}, where P, and O, can be found
in (9). Moreover, utilizing Theorem 3.3 of [33] or Lemma 2.3 of [36], we know that D g F(P., O., &)
is a Fredholm operator with index 0 and codimR(Dp o) F(P., Q.,&)) = 1 is true, where R is the range
of the operator.

Now we can show the validity of Theorem 1.3.

Proof of Theorem 1.3. Owing to the Crandall-Rabinowitz bifurcation theory [9], we only need to prove
the following transversality condition

d ~ o~
E(D(P,Q)]:(P*, Q*’ g))(Pln Qk)lE:E,f ¢ R(D(P,Q)]:(P*’ Q*’ 5)) (28)
is true, where R denotes the range of the operator. Now, we assume that (28) fails, then from (6), we
can set
bc*P bceP kx
P —&@pPIQ) — ————P+|dP, — ——————— | Q= ¢(P,)§;cos—,
| & (p(P.)Q) (P. 1 e0.7 +[ (CP*+eQ*)2:| 0=¢(P.) KCOST
bceQ, be*Q, (29)
d,0"—d0g,+ ——|P—————(0=0,
L [ Ot rt eQ*)Z} (P + o0 2
P=0 =0.
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Then, multiplying (29) by cos% and integrating it over (0, L), one obtains

bcP, becP* tr kx
T 48 dp— — 2 L £5p(p)s? Pcos— dx 7826 (P)L
(cP.+eQ.y (eP.+eQy 70 TE ALy LT [ =
bceQ, be*Q, é kx -
—dQ* _—— —_— —d 52 / Qcos—dx 0
(cP. +eQ.) (cP.+eQ.r F o L
(30)

Because there is the steady-state bifurcation when & = &7, we obtain

bc?P, 48 dp becP* L ESH(PS
(cP.+eQr ' T (ePoteQy T M)
0 bceQ, be*Q, 52 -
" (P +eQ.) (cP.+eQy
This leads to a contradiction from (30), and thereby (28) is valid. We end the proof. O]

3.2.2 Stability

In this subsection, we want to ensure the stability of the bifurcating solution (P(¢, x), Oi(¢, x)) in
Theorem 1.3. To this end, from (26), we know that the bifurcating solution (P (e, x), Ox(e, x)) admits

_ / &S / p bc 3
0=(d\P (¢, x) — & ()p(Pi(e, )0, (&, X)) + Pi(e, x) (cPk(e,x) 0D +d0 (¢, x) 06) ,
. be
0=d,Q/(&,x) + Ow(&,x) (cPk(e, Dt O dPi(e,x) — B — h> ,

P,=0,=0.
31

In the sequel, let us expand the critical threshold £5(¢) and bifurcating solution (Pi(¢, x), Qi(e, X)) as
below:

El)=§ +e&i+e6+- -,
P&, x)=P,+ 8008% +&2P(x) + 3P,(x) + - - -, (32)
Oi(e,x) =0, + sockcos'% +&820,(x0)+ 30 x)+ - - -,

where &, & will be computed later and (P;, Q;) € K for j =1, 2, where K has been defined in (8). For
the density function ¢(P,(¢, x)), we set

1
@(Pi(e, x)) =d(P,) + ¢Pk(s,x)(P*)Pk(87-x) + E¢Pk(s,x)Pk(s,x)(P*)P]%(8s X))+
Using the second perturbation of (32), we get
kx 1 L kx
¢(Pi(e, x)) = ¢(P,) + 8¢pk(P*)COSZ +e <¢Pk(P*)Pl(x) + §¢PkPk(P*)COS f) +-- (33)

Then, submitting (32)—(33) into (31), we obtain

0=(d\P, — £}(&)p(PIQ) + frPs + [00. + Ro + R (x) + 2Ry (x) + € Ra(x) + - - -,
0=d,0; + gpP. + 800, + Vo + eVi(x) + Vo (x) + £ V5(0) + - - -, (34)
P,=0,= 0,
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where
(d, P (e, x) — & ()p(Pi(e, x))Q, (g, X))’
=d,P(¢,x) — & (e)(¢'(Pi(, )0, (&, X) + p(Pi(e, X)), (¢, x))

=¢ |:8k2§ks¢(P*)ozkcos% —8.d, coskzx:| +&2 |:le’{()¢) + 82§1¢(P*)akcos%
2kx 2kx
+5f§ks¢mk(1’*)akCOST - S,qu(P*)Q’l’(x)} + &’ |:d1P/2,(x) + 5f§1¢pk(P*)OtkCOST
kx
—£9(P)QO](x) — ks(bm(P*)COS—Q/{(X) LOP)O5(xX) + &2 pp, (P,)S; sin —Q ()
kx kv Lk
+682 ék 0, COS— <¢pk(P )P, (x) + ¢pkpk(P )cos® — 2 + 8, oy sin T

, 1  2kx\ x
X (¢Pk(P*)P1(x) - 5¢PkPk(P*)8k sin T) + 8k§2¢(P*)akCOSZ s

and Ry, R;(x), Vo, Vi(x) for j =1, 2, 3 can be found in Appendix A and B, respectively.

Proof of Theorem 1.4. To obtain the desired results, we should first determine the values of &, and &,,

respectively. From the perturbation equation (34), we can get O(&?) term as below.
0=d,P|(x) + O(x) + R,(x),
0=d,Q{(x) + V(x),
Pi(x)=0Q\(x) =0,

(35)

where ©(x) = 8§:&,p(P.)axcos™ + 87&5¢p, (P, )oycos 2 — £5¢(P,)Q/(x). Multiplying (35) by cos® and

integrating it over (0, L), we have

(37

SiL L kx L kx
ns Py = (di8; — Ra) / Pl(x)coszdx — (0P8, + Ra) / Ql(x)cosfdx, (36)
0 0
and
Lm kx L kx
0= VZI / Pl(x)COS—dx + (sz - dﬁf) / Ql(x)COS—dx,
0 L 0 L
where
fPQQ fPPP
Rar =fp + frpPi + fro Qs + frro Qs Py +—— Q +— >

i f
Ror =fo +froPs +o0Q. + 3500+ ”;QPZ +frooP. Q..

8 8
Vi1 =gp + &P + 8po0s + 8pro O Py + P2QQQ + %PZ
Vo =80 + 8roPs + 8000x + gQQQQ + g};QPZ + 8roo QP

Moreover, in light of (8) and (P, Q;) € K, we have

Ln k Lm kx
0= / P, (x)cos—xdx + oy / 0, (x)cos—dx,
L 0 L

0
where o, can be found in (9). Consequently, by using (37) and (38), one obtains

Vi Vn—di8; 7 Py(x)costdx (0
1 ay foL” O, (x)cosEdx ~\o /"
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It is noticed that

Vor Vi —d,8?
. 2 2k = OlkV21 - V22 + dz(sz # 0.
1 o
This gives
Ln kX Lw kx
/ P, (x)cos—dx = / 0:(x)cos—dx =0. 39)
0 L 0 L

Putting (39) into (36), we infer that &, =0
Our next task is to determine &, in the first perturbation equation of (32). To this end, we investigate
the O(e?) term of (34). This is

0=d,P;(x) + ®(x) + R5(x),
0=d,0}(x) + Vs(x), (40)
Pi(x) = 0,(x) =

where

2 Zk‘x /" S k‘x //
O(x) =5k§|¢pk(1’*)0tkcos— —§19(P)O(x) — & ¢pk(P*)COS—Q.(x) EB(PIQ;(x)
kx 5 kx
+ & b, (P.)S; sin —Q () + 88l aycos— <¢pk PIP(x)+ 5 ¢PkPk (P,)cos® 7 )

2kx kx
+ 31§k o sin — <¢Pk(P )P/ (x) — ¢PkPk(P*)8k sin T) + Siéz(ls(P*)OlkCOSI-

Let us multiply (40) by cos * and integrating over (0, L), one yields

_—8,371L¢(P * )“kg 82&1‘ —=¢p, (Pt / ' Py(x) (1 — cos%> dx + Ra P|(x) (1 + cos%> dx
0 0

2 2
(41)

+ S,f‘é“ks%k(P*)/‘ Ql(x)cos%dx—l— Ra / 0, (x) (1 +c0s%> dx
0

Lw kx k_x
+ (R — di&;) / PZ(X)COSde + (6280 #p,(P") + Ra) / Qz(x)coszdx
0 0

82Ln 3L
¢PkPk(P* )Sk o+ 3 —Rss,
and
kx Vi [ 2kx
(V34 dz QQ(x)cos—dx + 7 P14+ COST dx 42)
0
V 2kx L kx 3L
=2 / 0,(x) <1 + cos—> dx + Vi3 / Pz(x)cosfdx—i- TJTV35’
0
where
fPPP
Rt =frr + froti + frro(Qs + P, + froo Quoty + —— 6 —P,,

. Safooo
Rz =fro +fooou + 6 O, + frroPy + froolau P, + Q.),
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R33 :fPPP* +fPQQ* +fPPQP*Q* +]%Qi +fP%Pi +fP»

Ry =froP. + fp00. + ’%Qi + ’%Pﬁ + fr00P. 0. + for

R35:a£fQQQ afrro | ifroo Jore

3! + 2 + 2 31
58prp
Vi1 =gpp + grotti + 8rro(Qs + Puoty) + gpoo Pty + P,
Soug
Vi =8ro + oot + — ¢ Q.+ 8rr0P- + 8ro0(@iP. + 0.),
8 8
Vis =gppP + 8ro Qs + 8rroP: Qs + o 0 + ;PPPZ =+ 8r,
8 8
Vi =groP. + 8000+ + 2020 0>+ —PZPQ P2 + gpooP. 0. + g0»
_8000% | u8rro | %8roo | &rer

Vis = 3 + > + > T

On the other hand, by using (8) and (P,, Q,) € I, we get
Lm kx Lm kX
0= / P,(x)cos—dx + o, / O,(x)cos—dx.
0 L 0 L
Obviously, to get the expression of &, in (41), we have to compute

Lr kx Ln kx Lw
/ P,(x)cos—dbx, / 0,(x)cos—dx, / P (x)dx,
0 L 0 L 0

Lm Lm 2kx Lm 2kx
[ 0, (x)dx, / P, (x)cos—dx, / 0, (x)cos—dx.
0 0 L 0 L

To this end, we utilize three steps to finish this task.
Step 1: Compute fOL” P(x)cos®dx and fOL” 0> (x)cos .
In light of (42)—(43), one gets

Vs Vu—di8?\ [ [;7 Pax)cosiax\  fw
1 o fOL” 0> (x)coskdx “\o )’

where

L 2kx 2kx
w= —ﬁ P,(x) (1 —i—cos—) dx — & / 0:(x) (1 —i—cos—) dx —
0

2

By solving (44), we have

w V;4 - d282 V33
L kx kx 1
/ P,(x)cos—dx = / Qz(x)cos—dx =
0 L Vis Vi — d252 Vis Vi —

1 O 1
Step 2: Compute fOL" P, (x)dx and j;f” 0, (x)dx.
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Integrating (35) over (0, L), we have
0=d, [,” OWdx + [, Ra(x)dx,
0=d, [, Va(x)dx, (46)
Py = 0)(x) =

Ln Ln
/ Pl{(x)dx = / Q/(x)dx =0.
0 0

where we employ

In addition, we can calculate

Ln Ln ka Lx
f O)dx = 8265 ¢y, (P*)ats / cos —~dx — £9(P") / Q/(x)dx =0, (47)
’ Lm ’ Lx Lm 0 L7T o
| Rewds=R [ Piotrr R [ 01005+ TR, (48)
0 0 0
and
Ln Ln Ln LT[ ~
| viac=v [ picoaca v [ oiae+ 49)
0 0 0
where
R, =@ + oot k+fQQ2 : fQQQ S0+ f””Q(z P+ 1) +f”QQ(2oekQ* +P.a k)+f”;*’P
V= 7 + grots + gQ; fy %Q* + gl;Q(2ockP* F )+ g”%(zakQ* 4Pl + g’;”"P
Consequently, putting (47)—(49) into (46), we can get
0="TRu J," Pi@)dx+ Ry, [, Qi()dx + £ R,
0=V [, P\(x)dx + Vo, [, Qi (0)dx + 2V, (50)
Pi(x)=0i(x)=
This is
Ra Ra fOLn Py (x)dx _ —%ﬁz 51)
Voo Vi foLn 0, (x)dx —%Vz .
By solving (51), we obtain
_%ﬁZ RZZ RZI _%ﬁZ
Lm —%192 Vi —%1172
/ P x)dx=-————— f O x)dx=——-—"7/—. 52)
0 R21 Rzz Rzl RZZ
VZ] VZZ VZ] V22
Step 3: Compute fOL" Py (x)cos 2= dx and fOL” 0 (x)cos % dx.
Multiplying (35) by cos&, one yields
Ozdlfo P/(x)cos %~ dx+f G)()c)coszk‘*d)c+f0 Ra(x)cos 2 dx
0= dzfo Q,{( )+ '/;) Vz(X)COSTdX, (53)
Pi(x)=Qi(x)=
We can obtain
Ln 2kx Ln 2kx
d, / P (x)cos de = —4d,5; / P,(x)cos de, (54)
0 0
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Lm , Zk)C 5 Lw 2kx
d, 0] (x)cosde = —4d,; o (x)cosde, (55)
0 0

S;iLm
2

Lt ka ] Lx ka
/'@mwfw=@wm&/meﬁﬁﬁ- £ (P )t (56)
0 0

L kx x Dk L dYkx L~
/ Ro(X)c0s ——dx = Ry / P (X)c0s —dx + Ry / 0,(0)cos —dx + Ry, (57)
| L | L | L 4

and

Lm 2kx Lm 2kx L 2kx Lm ~
/ Vo(x)cos—dx =V, / P (x)cos—dx + V», / 0, (x)cos—dx + —nVZ. (58)
0 L 0 L 0 L 4

Then, submitting (54)—(58) into (53), one gets

Lm ka
0= (R — 4d,5}) / Py(x)cos=—dx + (R +4E50(P.)S])
0

2

b 2kx SHLw Lm ~
Ql(x)COSTdX‘F & dp (P oy + TRz,
0

2
and
0= Vz'/Ln Pl(x)cos&dxq_ (sz - 4d2k2) N Qn(x)cos&dx + L_n%
0 L 12 ) I 1
We thereby obtain
L S Lt ~
(RZ‘ —4dE R +4E/9(PIF; ) (fo” P\ (x)cos % d ) (T - R
Vai Vi — 4dy8} fOLn Q1 (x)cos % dx _szz

Therefore, one achieves

8’Lw L ~
- k2 fksd)Pk(P*)Olk - TRZ Ry + 4€ks¢(P*)52
LxV
Ln ka - id 2 V22 - 4d28£
/ Py (x)cos Y di = 4 : (59)
0 L Rz] —_ 4d15l§ Rzz + 455¢(P*)5£
Vz] sz - 4d28]%
and
8*Lw Lm ~
R — 4d15,% - kz $15¢Pk(P*)ak - TRZ
LJTT/
n 2k Va ——
/ O1(x)cos—dx = . (60)
0 L RZI - 4d15;§ Rzz + 4$/f¢(P*)5;§
V2| sz - 4d28f

Clearly, &, could be obtained by submitting (45), (52), (59), and (60) into (41).

Let £ = max;cy, )& (see also Lemma 3.1), then the validity of the second part of Theorem 1.4
can be confirmed. Now, owing to Corollary 1.13 of [9], there exists an interval I with S,fo el and C'—
smooth function (&, €):I X (—g, 0) —> (1(§), L,(e)) with Al(skso) =X (0)=0and

Dp o) F(Ps, Q. §)(P, Q) = Ai(5)(P, Q), (61)
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and

Do F(Pi(e, %), Qule, X), £ ()P, Q) = 2a(e)(P, O), (62)

for (P, Q) € X x X. It is not difficult to find that 1,(£) and X,(¢) are eigenvalues of (61) and (62), respec-
tively. The eigenfunction of the problem (61) could be represented by (P(x, &), Q(x, £)) and is uniquely
described by(P(x, £ ), Q(x, &) = (cos™2, o, cos™). Also, (P(x, §), Q(x, §)) — (cos™™, o cos™*) € K

is valid. Now from (6), we know that (61) takes the form

4P — Py — — 2P py [dP _ _beePs } — ()P
| §(@P)O) (P 120" T Pt e 0=x1()P,
. bceQ, be*Q, _ (63)
d, Q" — |:dQ* + m] pP— mQ—M(S)Q,
P =0 =0

Differentiating (63) with respect to £ and then setting £ = E,i) , one has

. k 4 ) . . . . k
d\P" — a, p(P,) <cos%x> — & Q(PIQ" +frP +fo0 = )‘l(skso)cos%x’

. . S g kox (64)
d, 05+ gpP + 800 = Al(éko)akOCOST,
P=Q =0,
where
bc*P, becP* bceQ, be*Q,
- T —dP, - T gy=—dQ, — g = CEr
= ep ey 0 P +eQ 8T T T P o0y 0T (Pt eQ.y
As a result, multiplying (64) by cos"%’*, we have
Lm
. kx . Lt SaypP)Lr
(fP —di; fo+ 512%‘;2%&)) /(: Pcosde /\1(5150)7 - koof ©5)
R =k - . L ’
gr g0 — &8 / Ocos %xdx ha(E )a,m?”
0

Obviously, the coefficient matrix in (65) is singular since & = é,fo . This implies that

fr— dl(sfn _ )\1(5/21) - Sfoakod)(P*)

8p A 1 (51?0 )y,

Consequently, one obtains

51§O(¥k0¢(P*)gP
(fr — dlslfo)ako —8p
Using Theorem 1.16 of [9], X,(¢) and —85,205(8))'»1(52)) have the same sign near ¢ =0. As a result,
we can compute Sign(A,(g)) = Sign(—séléj(s))‘nl(f,i)) = Sign(—282$2i1(§g])) = Sign(&,). This means that
the bifurcating solution S;,(¢) = (Py, (€, x), O, (€, x)) is asymptotically stable when &, <0 and it is
unstable when &, > 0 for ¢ € (—p, 0). The proof readily follows. O

haE) = - <0.

4. Numerical simulations

In this section, we will describe the numerical solution algorithms to solve the IGP-type predator—prey
model (1). We shall conduct various computational simulations to confirm the validity of Theorem 1.4.
Our main aim is to perform simulations for the stable nonconstant steady states around the steady state
bifurcation onset £ = 5,;1 . More precisely, we want to find not only the nonconstant steady states in
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traditional 1D and 2D domains but also on spherical and torus surfaces. Now, some specific parameters
in (1) are fixed

e=1l,a=15c=1,=0.2,h=0.05,d=0.85,b=0.65,d, =0.85,d, =0.5. (66)

4.1 Nonconstant steady states exist in 1D space

Let us consider a one-dimensional space 2 = (0, L,). By using a cell-centered grid, the uniform discrete
computational domain is defined as Q, = {x,|(i — 0.5)Ax, 1 <i <N,}, where Ax=L,/N, and N, is the
number of discrete points. Numerical approximations P(x;, nAt) and Q(x;, nAt) are denoted by P} and
Q!, respectively. Here, At is time step size and n =0, 1, - - - . On the discrete computational domain €2,
the IGP-type predator—prey model (1) can be discretized using the explicit Euler method as follows:

P?+1 —P:' d. A ,P" \Vj ($¢(Pn)v Qn) +P” bC +dQn
_—— .= . . . : I P T s
At R PR ePr 4 ey '
o - be
=, A0+ P | ——— —dP! — — hQ?,
E P =0+ (s~ =B ) —ho)

where AP} =(P},, —2P!+ P! )/Ax* and A,Q!=(Q},—20!+ Q! )/Ax* are the discrete
Laplacian operators [23]. We use the conservative discretization for the term V, - ($¢(P;‘)VdQ;’) as
follows:

V- (§¢(PHVLQ) = $[¢(Pf+u)(Q,+l 0) — (P )(Q; — QZ’IJ)],

i—5

We numerically solve the model (1) to validate the nonconstant steady-state solution in a one-
dimensional space 2 = (0, 87) with N, = 256 points, a uniform spatial grid size of Ax=8x/N,, and a
time step of Az = 0.2Ax?. First, let us take the density function ¢(P) = P. Clearly, the assumption (H2)
is satisfied. Next, we choose the parameters in (66) and the spatial domain 2 = (0, 87). Then, we know
that (H3) holds, namely, there is a unique positive equilibrium E, = (0.2259, 1.2447) and

Whel‘ePH% =(Pi+l1/' +P,)/2 andPl;% =(P,+P,_])/2

S —41.2976, & ~ —11.2173, & ~ —5.7382, &’ ~ —3.9282, &5 ~ —3.2087,
S A —2.9433, £ ~ —2.9140, & ~ —3.0297, & ~ —3.2469, & ~ —3.5427,
£), ~ —3.9040, &5 ~ —4.3231, &, ~ —4.7950, &, ~ —5.3165, - - -

Consequently, we have E,fo = maXienp\ 06 = —2.9140. To display the stable nonconstant steady
states, we choose —3.5 =& < &J and the initial data (Py(x), Qo(x)) = (0.2259 — 0.02cos (), 1.2447 —
0.02cos ( ) ). Our numerical simulations indicate that there are stable nonconstant steady states, see
Figure 1, where pictures (a)—(b) for predator P(x, t) and prey Q(x, ¢) and picture (c) for their space series
diagrams.

In the sequel we assume that the density function ¢(P) satisfies the saturated effect, i.e., one takes
dP)=15 +P We can show that ¢(P) = — +P < P and the condition (H2) is satisfied. For the parameters
performed in (66) and the spatial length €2 = (0, 87). Then, we know that (H3) holds, namely, there
exists a unique positive equilibrium E, = (0.2259, 1.2447) and

&~ —50.6260, & ~ —13.7511, & ~ —7.0343, &, ~ —4.8155, & ~ —3.9335,
£~ —3.6082, & ~ —3.5722, £ ~ —3.7141, & ~ —3.9803, & ~ —4.3429,

ES A~ —4.7858, £S5, ~ —5.2996, £5,~ —5.8781, £5,~ —6.5174, - -- .
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Figure 1. Taking the density function ¢(P)=P,&=—-3.5 and the other parameters are
fixed in (66), system (1) admits the stable nonconstant steady states, where the initial data
(Po(x), Qp(x)) = (0.2259 — 0.0ZCOS(%‘), 1.2447 — 0.02008(%")).
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Figure 2. Taking the density function ¢(P)= 7,&=—3.75 and the other parameters are

fixed in (66), system (1) admits the stable nonconstant steady states, where the initial data
(Po(x), Qp(x)) = (0.2259 — 0.02005(%‘), 1.2447 — 0.02005(%‘”)).

Accordingly, £ = max;ey,\ )&’ = —3.5722. To display the stable nonconstant steady states, we choose
—375=¢ < E,i and the initial data (Py(x), Qp(x)) = (0.2259 — 0.02cos (%‘) , 1.24477 — 0.02cos (%) ).
Then, the numerical simulations show that there are stable nonconstant steady states because the density
function ¢(P) takes the saturated form, see Figure 2, where pictures (a)—(b) for predator P(x, f) and prey
O(x, t) and picture (c) for their space series diagrams.

Next, let us suppose that the density function ¢(P) with the Ricker effect, specifically, ¢p(P) = Pe~*.
Clearly, the condition (H2) is satisfied. Now, we maintain the same parameters and the spatial length as
in Figures 1 and 2. Then, the unique positive equilibrium E, = (0.2259, 1.2447) and

£~ —51.7636, &5 ~ —14.0601, £~ —7.1924, £5 ~ —4.9237, &5 ~ —4.0219,
ES A —3.6892, &5~ —3.6525, £5 & —3.7975, £5 &~ —4.0697, &5~ —4.4405,
ES A~ —4.8934, £5,~ —5.4187, &5~ —6.0102, £}, ~ —6.6639, - - - .

It is found that & =maxcy\ & = —3.6525. We choose —3.85=¢& <&, and the initial data
(Py(x), Qp(x)) = (0.2259 — 0.02cos (%‘) , 1.2447 — 0.02cos (%‘) ). Then, numerical simulations show
that there are stable nonconstant steady states, as shown in Figure 3, where pictures (a)—(b) for predator
P(x, 1) and prey Q(x, ¢) and picture (c) for their space series diagrams.
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Figure 3. Taking the density function ¢(P)=Pe " & =—3.85 and the other parameters are

fixed in (66), system (1) admits the stable nonconstant steady states, where the initial data
(Py(x), Qp(x)) = (0.2259 — 0.0ZCOS(%"), 1.2447 — 0.0ZCOS(%")).

4.2 Nonconstant steady states exist in 2D space

In this subsection, we investigate nonconstant steady states in the two-dimensional computa-
tional domain ©=(0,L,) x (0,L,). We define the discrete computational domain 2, = {(xi, )l
((=05)Ax, j—0.5)Ay), 1 <i<N,, 1 <j<N,}, where Ax=L,/N, and Ay=L,/N,; and N, and
N, are the number of grid points in the x- and y-directions, respectively. Numerical approximations
P(x,,y,,nAt) and Q(x;,y;, nAt) are denoted by P" and Q, ', respectively. Here, At is time step size
and n=0, 1, ---. By using the explicit Euler method the IGP-type predator— prey model (1) in the
two-dimensional domain can be discretized as follows:

it ,, o (b

N d\ AgPy — V- (ESPYVO)) + Py (TQ”

Q:H—l Q:l 7 1 be 7

— A7 - =d, A0 + O (m —dPij—ﬁ> — hQ},

where the two-dimensional discrete Laplacian operators are defined as follows [24]:

AdPn _ P;IJrl,] 2Pn + P:l 1j + 1J+l 2P’1 + P:] 1
y sz AyZ

+dQ;; — ot)
(67)

and

z+1,] ZQZ + Qz 1j + xr'l,/+1 - ZQZ + Zj—l
Ax? Ay? '
We use the conservative form to define the term V, - (§¢(P})V,Q;) as follows:

AdQ;} =

i—3.

vd-(sqs(Pt;)de;):s[ Ao, @, - op - o, oy - on))

—{——{(P(P,nﬁl)(Qm—l Q )—¢(Pn 1)(Q Qw |)}:|,

ij—3

where  Pi;= (P +Py) /20 Py =Py +Py) /2, Poyy=(Py+Piij) /2, Pyi=
(P; + Pi;—1) /2. From Egs. (67), we can obtain numerical solutions as
be
P = Pl At |:d APl =V, EQPIVLQL) + P (— +dQ! — a):| :
ij ij 1=t d i/ Y d=ij i\ P+ eQ ij

b
Q’H—1 Q + At [dzAdQ + Q (% — dPZ. — ,3) — hQZi|

g
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€25

Figure 4. From top to bottom rows, temporal evolutions of patterns for P and Q. Taking the density func-
tion ¢(P) = P, & = —3.5 and the other parameters are fixed in (66), system (1) admits the nonconstant
steady states with the initial data (68).

For the two-dimensional numerical simulations, discrete /,-errors for P and Q are defined as

E,= NN EZ(P"—P”I)ZandEgz N EZ(Q o)

}tl‘]l }ll‘]l

respectively. We define the numerical steady states P° and Q° when the average of errors is less than
a tolerance; 0.5(E}, + Ej,) < tol. In the following numerical experiments, we use a tolerance of rol =
1.953e-9. Now, we con51der the following random perturbed initial condition:

P(x,y,0) =P, + 0.02rand(x, y),

(68)
0x,y,0)=0Q, + 0.02rand(x, y),

where rand(x, y) is a random variable between —1 and 1. We use a uniform mesh with N, =N, = 128,
Ax = Ay=25/128 and time step At = 0.2Ax* on the computational domain 2 = (0, 25) x (0, 25).

In Figure 4, we choose the density function ¢(P) = P with the parameters in (66). As a consequence,
we have the critical value of the steady-state bifurcation as Ekso = —2.9140. Next, we set the prey-taxis
sensitivity constant & = —3.5 around the critical value S,fo . It is found that the spotted pattern occupies
the bounded domain 2 = (0, 25) x (0, 25) as time progresses.

Next, we suppose that the density function with the saturated form, ¢(P) = %J in the IGP-type
predator—prey model (1). To observe the nonconstant steady state of the predator—prey model (1) under
this density function, we set the parameters as in (66). In this case, the critical value of the onset of steady
state bifurcation is é,fo = —3.5722. Now, we set the prey-taxis sensitivity coefficient as &€ = —3.75. Using
these parameters, a combination of stripe and spot patterns (mixed patterns) can be found in the bounded
domain 2 = (0, 25) x (0, 25), as shown in Figure 5.

We would like to mention that a similar pattern formation can be shown in Figure 6, where we choose
the density function ¢(P) = Pe~" when choosing the parameter (66) and § = —3.85.
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Figure 5. From top to bottom rows, temporal evolutions of patterns for P and Q. Taking the density func-
tion p(P) = ﬁp, & = —3.75 and the other parameters are fixed in (66), system (1) admits the nonconstant
steady states with the initial data (68).

@) (b) (©)

29 W L w

20 » L ’

‘A

10 . " |
al a a i
o 5 10 15

=

wm

; 0 20 x25
25 25 25
o\ '.! . ' N
20 . . zu. 20 .
15. . ’ 15- 15
10. . .‘ 10. 10 .
5 . . 5. 5 ' ' '
o ol — 0
0 5 10 15 20 I25 0 5 10 15 0 5 10 15 20 T25

Figure 6. From top to bottom rows, temporal evolutions of patterns for P and Q. Taking the den-
sity function ¢(P) = Pe ", & = —3.85 and the other parameters are fixed in (66), system (1) admits the
nonconstant steady states with the initial data (68).
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Figure 7. Schematic visualizations: (a) triangulated mesh of discretized spherical surface S,, (b) sur-
rounding one-ring surface points set for x;, (c) triangles T; and T}, featuring the angles o; and B;, and
(d) vertex x; and its corresponding area A(x;).

i @

4.3 Nonconstant steady states on spherical and torus surfaces

In this subsection, we will perform the nonconstant steady states of the IGP-type predator—prey model
(1) on both spherical and torus surfaces. To this end, let us first illustrate the discrete computational
domains for the spherical and torus surfaces. On a closed smooth surface S, to numerically investigate
pattern formations of the governing system, a triangular surface mesh S, is used, see Figure 7 (a). We
discretize the Laplace-Beltrami operator using an approach in [10, 17]. We define a surface point set
{x;}, ={X;,X», X3, ...,X,]} on a triangular surface mesh S,. Then, each vertex point x; has one-ring
triangular surface points with an index set /(i) = {i,, i», - - - , i,} with i} =i, see Figure 7(b).

The discrete numerical approximation is denoted as P! = P(x;, nAt), where At is the time step size.
We discretize the IGP-type predator—prey model (1) as follows:

P =P AP — Vs (EQ(PHVSQ!) + P! (L +do" — a)
At ' ' ! "\ P! +eQ} : ’
Al SN Y (L —dP' — ﬂ) — hQ"
oA TP e a
Here, we consider the discrete Laplace—Beltrami operator defined as
AsP, = ,4<3 Ly e Pip, ~ P and A50, = Af DI Pico,— 0,

Jel(i) Jel)

where A(x;) is the cumulative area for the individual triangles 7; centered around surface point x;
(Figure 7(d)):

2
I = xilPl1%,. = xR = (% — %%, —x,)
A(Xi)— .
2
]EI(z)

The discrete divergence term Vs - (E¢(P;)VsQ,) is approximated using a conservative form as follows:

° J i (PP
Vs (Ep(P)VsQ) = § ZCOta + cot B ¢< +

), - 0.
A(x)) et 2 2 )
In the following numerical experiments, for the numerical simulations on triangular surfaces, we use
the following randomly perturbed initial condition:
P(x;,0) =P, 4+ 0.02rand(x;),

(69)
0(x;,0) = 0, + 0.02rand(x;),

where rand(x;) is the uniformly distributed random perturbation between —1 and 1.
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(a)

Figure 8. From top to bottom rows, temporal evolutions for patterns of P and Q on the spherical surface.
Taking the density function ¢(P) = P, & = —3.65 and the other parameters are fixed in (66), system (1)
admits the nonconstant steady states with the initial data (69).

4.3.1 Nonconstant steady states on the spherical surface

We consider a triangulated spherical surface mesh S, with a radius value » =15 and the number of
triangulated spherical surface points is 16590.

In Figure 8, we choose the density function ¢(P) = P and parameter (66) in the IGP-type predator—
prey model (1). Based on the theoretical analysis, we have the critical value of the steady state bifurcation
to be Skso = —2.9140. Accordingly, we take the prey-taxis sensitivity parameter £ = —3.65. Considering
these known parameters, we can observe that spot patterns can be formed on the spherical surface as
time progresses.

Next, let us consider the density function ¢(P) = HLP in the IGP predator—prey model (1) and fix
the parameters in (66) and d, = 0.5. Through direct calculation, we have the steady-state bifurcation
threshold as S,fo = —3.5722. Thus, we take & = —3.75 in proximity to the onset 5,;1 = —3.5722. Our
numerical simulations demonstrate that the IGP-type predator—prey model (1) exhibits mixed stripe and
spot patterns on the spherical surface, as shown in Figure 9.

Finally, one takes the Ricker form density function ¢(P) = Pe~* in the IGP predator—prey model (1).
Moreover, the parameters are set in (66). As a consequence, we obtain the threshold for the steady-
state bifurcation to be Ekf) = —3.6525. Taking the prey-taxis coeflicient to £ = —3.85, our numerical
simulation results suggest that the IGP predator—prey model (1) exhibits mixed patterns on the spherical
surface, as shown in Figure 10.

4.3.2 Nonconstant steady states on the torus surface

Now, we will explore the nonconstant steady states of the IGP-type predator—prey model (1) on the tour’s
surface. To this end, let us consider a triangulated torus surface mesh S;, which has a major radius (the
distance from the center of the tube to the center of the torus) value of R = 15, a minor radius (radius of
the tube) value of r = 20, and the number of triangulated spherical surface points is 16544.

In Figure 11, we take the density function ¢(P) = P and the parameters fixed in (66) in the IGP
predator—prey model (1). We can get the critical value of the steady-state bifurcation as ékso = —2.9140.
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Figure 9. From top to bottom rows, temporal evolutions for patterns of P and Q on the spherical surface.
Taking the density function ¢(P) = rpl,,é = —3.75 and the other parameters are fixed in (66), system
(1) admits the nonconstant steady states with the initial data(69).

Figure 10. From top to bottom rows, temporal evolutions for pattern formation of P and Q on the
spherical surface. Taking the density function ¢(P)= Pe™*,& = —3.85 and the other parameters are
fixed in (66), system (1) admits the nonconstant steady states with the initial data (69).

Now, let us keep the prey-taxis sensitivity coefficient £ = —3.65, then there exist the spot patterns of the
IGP predator—prey model (1) on the torus surface.

Figure 12 suggests that the IGP predator—prey model (1) possesses the mixed patterns on the torus
surface when choosing the saturated form density function ¢(P) = ﬁ and the parameter values in (66)
and £ = —3.75.

Similar pattern formations on the torus surface can be found in Figure 13, where one adopts the
Ricker-type density function ¢(P) = Pe~" and the parameter values in (66) and § = —3.85.
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Figure 11. From top to bottom rows, temporal evolutions for patterns of P and Q on the torus surface.
Taking the density function ¢(P)= P, & = —3.65 and the other parameters are fixed in (66), system
(1)admits the nonconstant steady states with the initial data (69).

(a)

Figure 12. From top to bottom rows, temporal evolutions for patterns of P and Q on the torus surface.
Taking the density function ¢(P) = ﬁ, & = —3.75 and the other parameters are fixed in (66), system
(1) admits the nonconstant steady states with the initial data (69).

Figure 13. From top to bottom rows, temporal evolutions for patterns of P and Q on the torus surface.
Taking the density function ¢(P) = Pe~", & = —3.85 and the other parameters are fixed in (66), system
(1) admits the nonconstant steady states with the initial data (69).

4.4 Influence of the harvesting coefficient h

Now, we keep the same density function ¢(P) and parameters in Figure 3 (see also Figures 6,10,13) but
change the harvesting coefficient /4 to display how the harvesting coefficient 4 will affect the pattern for-
mation dynamics of the IGP-type predator—prey model (1). When there is no harvesting effect, namely,
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Figure 14. Influence of the harvesting coefficient h when ¢(P)=Pe™", where we
choose e=1.0,04=15,c=1,=0.2,d=0.85,b=0.65,d, =0.85,d,=0.5,£ =—-3.85 and the
initial data are (Py(x), Qy(x)) = (P, — 0.0ZCOS(%‘), 0. — 0.0ZCOS(%")).

h =0, system (1) exhibits the nonconstant steady states (stripe patterns), see picture (a) of Figures 14—
16, respectively. Similar pictures can be found in pictures (b) and (c) of Figures 14—16. A clear fact
is that the stripe patterns (nonconstant steady states) gradually diminish as the harvesting coefficient &
progressively increases.

As the harvesting coefficient & increases, the stripe patterns gradually disappear, as shown in
Figures 14(d)—(f), 15(d)—(f), and 16(d)—(f). In fact, with the continuous increase of the harvesting coef-
ficient h, £ = —3.85 gradually moves further away from the steady-state bifurcation threshold (see
Figures 3, 10, 13), this leads to the change of the patterns in Figure 14, Figure 15, and Figure 16.
Consequently, prey harvesting plays an important role in inducing spatial patterns. Ecologically, over-
harvesting for prey or predators is not advisable, it can lead to an ecological imbalance due to a significant
reduction in population numbers. However, harvesting within a certain range is a feasible approach. This
harvesting strategy is consistent with reality.

In summary, we have displayed the emergence of nonconstant steady states in 1D and 2D spaces,
as well as on the spherical and torus surfaces. These numerical results are in good agreement with
our previous theoretical analysis. Moreover, we can conclude that prey-taxis and harvesting effects will
induce wealthy pattern dynamics for the IGP-type predator—prey model.

5. Discussions

This paper reports the existence of the classical solution and spatiotemporal dynamics of an IGP-type
predator—prey model incorporating both harvesting and prey-taxis. First, we discuss the local-in time and
global existence of the classical solution (P(x, f), Q(x, 1)) of the IGP-type predator—prey model (1) in
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Figure 15. Influence of the harvesting coefficient h on the spherical surface when ¢(P) = Pe™F, where
e=10,a=15,c=1,=0.2,d=0.85,b=0.65,d, =0.85,d, = 0.5, & = —3.85 and the initial data

is (69).
@ (C)e
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Figure 16. Influence of the harvesting coefficient h on the torus surface when ¢(P) = Pe™f, where
e=10,a=15,c=1,=0.2,d=0.85,b=0.65,d, =0.85,d, =0.5,& = —3.85 and the initial data
is (69).

N-dimensional space by virtue of some estimates, Amann’s theorem, and Neumann heat semigroup
theory. Especially, it is found that the classical solution (P(x, 1), Q(x, t)) of IGP-type predator—prey
model (1) exists for small prey-taxis sensitivity coefficient £ as the dimension of space N is large, see
Theorem 1.1. Thereafter, we explore the steady-state bifurcation of the model (1). To this end, the sta-
bility analysis of the positive equilibrium E, is first discussed, see Theorem 1.2. Our theoretical result
demonstrates that the unique positive equilibrium E, is locally asymptotically stable for any § > 0 and
the predator—prey model (1) suffers from the steady-state bifurcation when & = &7, where &; < 0 for all
k € Ny. Accordingly, the repulsive prey-taxis could destabilize the spatial homogeneity of the IGP-type
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predator—prey model (1), while the attractive prey-taxis effect will stabilize the spatial homogeneity.
It is not difficult to find that there only is self-diffusion involved in the system (1) when & = 0. Self-
diffusion means that the movements of both predators and prey are random. For this case, the unique
positive equilibrium E, always keeps its local asymptotic stability. This implies that predators and prey
will coexist and random movement can not change the stable structure of the system (1). However, such
a homogeneous stable status can be destroyed by integrating the prey-taxis into the system (1).

In what follows, with the help of the Crandall-Rabinowitz local bifurcation theory, we respectively
establish the existence and stability of the bifurcating solution, which resulted from the steady state
bifurcation, see Theorem 1.3 and Theorem 1.4, respectively. Finally, numerical experiments are con-
ducted to verify our theoretical analysis by choosing the different density functions ¢(P). In light of the
theoretical results, we find the stripe patterns of the IGP predator—prey model (1) in the 1D domain (see
Figures 1-3) and the spot patterns and stripe-spot mixed patterns in the 2D domain (see Figures 4-6).
Interestingly, these complicated pattern formations can also be observed on the spherical surface (see
Figures 8—10) and torus surface (see Figures 11-13). These numerical results are in good agreement
with the theoretical analysis. Of course, one plots Figures 14—16 to explore the influence of the harvest-
ing effect of the IGP-type predator—prey model (1). It is found that the spatial patterns will gradually
disappear with the continuous increase of the harvesting coefficient 4. This phenomenon may enlighten
us that over-harvesting for prey or predators is not advisable, which will lead to ecological imbalance due
to the drastic reduction in population numbers. Overall, we can conclude that this IGP-type predator—
prey model with the prey-taxis and harvesting effects will perform the wealthy and interesting dynamic
profiles. These results may be useful for exploring and understanding the complex dynamical evolution
among different populations in a harvesting and prey-taxis environment.
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Vi (x) = |:gP + 800t + gppP. 4 gpo (Pt + Q) + 800 0.0ty + _gQQQQiak

2

1 1 1 kx
+§gPPQP*(2Q* + P.oy) + EgPQQQ*(zp*Olk + 0.0+ EgPPPPiiI COSZ,
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1 kx kx
Vo(x) =gpP1(x) + 8001 (x) + zgpp (2P*P1(X) + coszz) +gro | P.O1(x) + O.P (%) + akcoszz)

1 5 kx , kx
+ 800 <2Q 01 (x) + acos _) + gQQQQ* (a co Z + Q*Ql(x))

1 5 kx 5 kx
+ Egpr 20,P.P (x) 4+ 20 P,.cos i + cos”—

7t PiQu(X))

1 2 kx L 2
+ EgPQQ 20Q.P.0;(x) + 20,Q,cos T + P.a;cos T + O.P(x)

+ Lewep, (P.P () + K
2gPPP * «L1(X Ccos L)
kx kx kx
Vs(x) =gpp (P*Pz(x) + Pi(x)cos z) + 8ro (P*Qz(x) + QI(X)COSZ + akpl(x)COSz + Q*Pz(x)>
kx 1 ) 5 o kx kx
+ 800 | %O (X)COS— +0.0,(x) ) + 318000 30,0:(x) + a;cos T + 5Q*Ole1(x)COSZ
1 kx kx 5 kx kx
+ Egppg 2P.0.Py(x) + ZQ*Pl(x)cosz + (xkcosz 2P.P,(x) + cos T + 2P*Q1(x)cosf

1 kx kx 5 kx
+P10,(0)] + 58r00 [ZP Q.0x(x) + 24P, Q1 (x)cos - + cos— (2Q*Q1(X) + a;cos f)

kx 1 kx kx o kx
+20.a,P, (x)cos— +0 Pz(x):| + 3 7 8Fep |:3P P, (x)cos— + cos— (ZP P,(x) + cos f)

+3P2Py(x)] 4 gpPa(x) + g0 02(%),

where
ebc(cP, — eQ,) 2e*bcP, 2ebc*Q, 6ebc*Q,
fro=d+ 3 . Joo= P = T T s JPPP T T T
(P, +eQ,) (cP, +eQ,) (cP. +eQ,) (cP, +eQ,)
oo = 2ebc*(2eQ, — cP,) Frop = 2e*bc(eQ, — 2cP.) oo = 6e’bcP,
e (P et T (P eQ)t T (P +eQ)"

_ 2ebc*Q, __ebc(eQ, — cP,) _ 2¢%*bcP, _ 6ebc 0,

8T P+ ey BT (P ey BT TP 400y T T (P 4 00"
2ebc?(cP, — 2eQ,) 2e’bc(2cP, — eQ,) 6e3bcP,

8prro =

(P, +eQ) 80T TP 1 e 59T (P 1 eQ )
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