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REVERSIBLE SYMMETRIC PERIODIC SOLUTIONS IN SPATIAL
PERTURBED SYSTEMS

ANDERSON MERCADO AND CLAUDIO VIDAL

ABSTRACT. We study the existence of several families of reversible-symmetric periodic solu-
tions in a three-dimensional system of differential equations that admits a reversible symme-
try and includes differentiable perturbations depending on a small parameter e, where the
periodic solutions arise as continuations of circular solutions from the unperturbed system.
We essentially impose symmetric constraints on the initial conditions and make use of the
Poincaré continuation method. Both fixed-period and variable-period reversible-symmetric
solutions are obtained. We provide sufficient conditions for their existence, expressed in
terms of the perturbation functions. In addition, we compute the characteristic multipli-
ers of these families of reversible-symmetric periodic solutions. We also compare different
types of reversible symmetries with results from the averaging method. Several examples
illustrating our results are presented.

1. INTRODUCTION

The objective of this paper is to demonstrate the existence of different families of re-
versible symmetric periodic solutions in close approximation to circular periodic solutions of
some three-dimensional unperturbed ordinary differential equations (ODEs). In more precise
terms, it is assumed that the ordinary differential equations are analytic and are symmetric
with respect to some reversible symmetry, called S. That is, we consider the system

(1) = X(z,¢)

where X : U Xx R C R* x R — R? (U is an open set of R?) is an analytic function in both
variables, ¢ is assumed to be a small parameter. Let S : R® — R3 be a linear transfor-
mation in involution, that is, S? = I. A vector field X is said S-reversible symmetric if
XoS=—-SoX for all x € U, with ¢ fixed; that is, X(Sz,e) = —S(X(x,¢)). Additionally,
one solution x(¢, ) of the system (1) is called S-reversible symmetric if x(¢,¢) = S(x(—t,¢))
(see [21]).

In order to make this work self-contained, we recall the following basic but essential result
for our purposes.

Lemma 1.1. Let S : R? — R3 be a reversible symmetry of the vector field (1). We denote
the set of the fized points of the symmetry S as £ :=Fiz(S) = {£ € R3: S(&) = £}. Assume
that x(t,&, €) is solution of (1) such that:

1) e,

2) x(1/2,¢,¢) € Z,

2020 Mathematics Subject Classification. 34C15, 34C20, 34C25, 37J40, 70K65.
Key words and phrases. Ordinary Differential Equations, Reversible Symmetries, Periodic solutions.
1

https://doi.org/10.4153/5S0008414X25101910 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101910

then x(t,€,¢) is a T-periodic solution of (1). Moreover, this solution is S-reversible sym-
metric, that is, x(t) = S(x(—t)).

The proof of this lemma can be found in [21].

The existence of periodic solutions has been the subject of study by many authors, who
have employed a variety of approaches. It is important to recall the relevant literature on
this topic, including the works of Poincaré [22], J. Hale [10, 11], Farkas [7], Sanders et al. [23],
and Verhulst [24], among others. For example, in [4], Duistermaat considers ordinary dif-
ferential equations of the form & = f(¢,z,w,¢), with z € R™, where f is periodic in ¢ with
period w. This study addresses the existence of periodic solutions as continuations of a
known periodic solution of the unperturbed system @ = f(t, z,wo, g9) with initial condition
&. In another paper [5], the same problem is considered, but under the assumption of the
existence of a first integral. In both cases, the existence of periodic solutions is reduced
to finding appropriate initial conditions & of the unperturbed system, or equivalently, to
solving the periodicity equation ¢(§,w,e) = x(w,§,w,e) — & = 0. In this way, one obtains
a periodic solution with initial condition ¢ and period w. The authors study the case in
which the rank of Dg¢(wo, o, wo,€0) is maximal. However, in the autonomous case, it is
known that this rank is never maximal, and thus these results cannot be directly applied.
The work [5] also considers the case in which the dimension of ker D¢ (wo, &o, wo, £0) is one.
Lamb and Roberts [18] provide a comprehensive overview of the role of time-reversal symme-
try in dynamical systems, with particular emphasis on its connections to Hamiltonian and
equivariant structures. Their work surveys major developments in the theory of reversible
systems, including symmetric periodic orbits, local bifurcations, homoclinic phenomena, and
renormalization techniques. They also explore various contexts, both in physics and math-
ematics, where time-reversible dynamics naturally arise. The study includes an extensive
bibliography, making it a valuable resource for further exploration of time-reversal symmetry
in dynamical systems.

In this work, we present results aimed at obtaining reversible symmetric periodic solutions
as a consequence of imposing symmetry on the vector field of the ordinary differential equa-
tions. In the Concluding Remarks section, we analyze each reversible symmetry considered
in this paper, comparing two different approaches: the method developed herein and the
Averaging Method. We highlight the differences between these methods and discuss the
type of information each provides regarding the existence of periodic solutions.

In this paper, we consider the following family of ODEs in R? of the form

By = —y + e fi (w1, T2, 13) + TRy (31, 79, T3, €),
(2) o= x1+€%g1(x1, 20, 23) + EO‘MRQ(xl, T, X3, €),
T3 = e%hi (1, T2, v3) + T Ry (21, 79, 73, €),

where o,/ € N. Here, the dot denotes the derivative with respect to the independent real
variable ¢, and ¢ is a small parameter. In these differential systems, the functions fi, g1, h1,

and R; are analytic functions in the Cartesian variables, and moreover, R; are also analytic
2
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in . As we will see throughout this paper, these conditions can be weakened by requiring
the functions to belong to the appropriate class C*. Of course, in the spatial case, the origin
is an equilibrium point and dim W¢(0,0,0) = 3; in particular, for ¢ = 0, the zy-plane is
foliated by periodic solutions of fixed period 27.

There are many works in the literature that address the problem of symmetries and their
implications in ordinary differential equations (ODEs). In particular, we are interested in
works concerning reversible or time-reversible symmetries, where conditions for the existence
of symmetric periodic solutions are established.

For example, in [13], the authors consider the system & = f(t, z), where x € R" and f is T~-
periodic in ¢. It is assumed that f(—t, Qz) = —Qf(t,z) for all t and x, for a certain constant
matrix (). In that work, the authors prove a simple theorem that characterizes the existence
of periodic solutions of the system possessing the symmetry property induced by ). This
result is similar to that given in our Lemma 1.1. Moreover, in the two-dimensional case,
periodic solutions are constructed using elementary geometrical and analytical arguments
together with the presence of reversible symmetries.

In [8], the authors consider a nonlinear ODE of the form & = e f(¢, ), where z € R", t € R,
and € € R is a small parameter. It is assumed that f satisfies the following symmetry: there
exist a matrix A and a function ¥ € C*(R,R) such that Af(t,z) = '(t) f(¢(t), Az). For
this class of weakly nonlinear ODEs, the authors prove the existence of a unique symmetric
solution and provide information about its stability.

In [3], the authors consider a nonlinear ODE of the form & = f(t,z, 1), where x € R",
€ RF t € R, and € € R is a small parameter. The symmetry condition assumed is
Af(t,z,p) = —f(—t — 7, Az, ), where A is a constant matrix, 7 € R is fixed, and f is
T-periodic in t. The authors establish two results about the existence of periodic symmetric
solutions for this class of weakly nonlinear ODEs, under the assumption that the initial
condition satisfies zg € ker(/—A). They analyze the cases when ker(/—A) = {0} and ker(/—
A) # {0}, considering parametric dependence and time-reversal symmetries. Furthermore,
they rigorously analyze the local asymptotic behavior of these solutions. It is worth noting
that these previous works consider spatially non-autonomous ODEs, unlike the approach
presented in this paper.

In [17], the authors introduce a general reduction method to study periodic solutions
near equilibrium points in autonomous reversible systems. They consider the autonomous
differential equation & = f(z, ), where f : R" x R™ — R™ is a smooth vector field satisfying
f(0,A) = 0 for all A € R™. For some \g € R™, the linear operator A := D, f(0, \g) € L (R")
is nonsingular. The system is assumed to be reversible, that is, there exists a linear involution
Ry € Z(R") (i.e., R = I) such that f(Roz,\) = —Rof(z,\). No restrictions are imposed
on the linearization at the equilibrium, allowing for higher multiplicities and all types of
resonances. The problem is reduced to one for a lower-dimensional system, which is either
conservative or reversible and also possesses an additional symmetry. The proof combines
normal forms and the Lyapunov-Schmidt reduction method.

There are also several studies in the literature where the proposed system undergoes a zero-
Hopf bifurcation. Examples include predator-prey models and Chua’s system, a classical
model in electronic circuits. Some references include [6, 19, 25, 9, 12, 15, 1, 2]. In these
works, the existence of periodic solutions is proven as a bifurcation from an equilibrium
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point with eigenvalues +7 and 0. The existence of such periodic solutions, typically with
variable period, is often established using Averaging theory and cylindrical coordinates.

In our problem, the unperturbed system (2) also admits a zero-Hopf bifurcation, i.e., its
linearization has eigenvalues 4+i and 0. Therefore, the continuation of periodic solutions in
the perturbed system is studied using symmetry conditions to obtain symmetric periodic
solutions.

In [16], Kassa, Llibre, and Makhlouf provide necessary and sufficient conditions for the
existence of two or more limit cycles bifurcating from a zero-Hopf equilibrium in the following
three-dimensional Lipschitzian differential system:

(3) l’:y, y:Z, Z:_a‘x|—y+3y3—$2—b,

when @ = b = 0. Although the system is not initially in the form of (2), the authors
apply changes of coordinates and introduce a small parameter by setting a = ¢, b = €243,
and rescaling (z,y,2) = ¢(X,Y, Z). Then they apply the transformation (X,Y,7) = (u +
w, —v, —u) to rewrite the system in a form resembling ours. Finally, they use cylindrical
coordinates and take 6 as a new independent variable to compute the averaged function. By
applying averaging theory, they prove the existence and uniqueness of a T-periodic solution
based on the analysis of two equations. In contrast, our method often requires analyzing
only one equation due to the presence of reversible symmetries.

The main objective of this paper is to carry out an analytical study that provides suffi-
cient conditions for the existence of several families of reversible symmetric periodic solutions
of the spatial system (2), close to the circular solutions of the corresponding unperturbed
differentiable system. We assume that the perturbed system (2) possesses a reversible sym-
metry, specifically reflections with respect to the coordinate axes or coordinate planes. More
precisely, we aim to determine under which conditions the circular orbits of the system

Ty = —Ty, Tp=2x1, IT3=0

can be continued as periodic orbits of the full system. To carry out our work, we introduce
the change to cylindrical coordinates:

r1=rcosf, xy=rsinf, x3=2z,
then the system (2) takes the form
P =e“ [fl(r, 0,z)cost + gi(r,0,z) sin&} + O(e>h,

(07

(4) =1+ 67 [gl(r, 0,2)cos — fi(r,0,z) sin@} + O,
5 =%y (r,0,2) + O,
where fl(r,e,z) = fi(rcos@,rsinb, z), g(r,0,z) = g1(rcos6,rsind, z), and iLl(r,Q,z) =

hy(rcosf,rsind, z).

We write the previous system in the reduced form:
7 =e*Fi(r,0,2) + O,

(5) 6 =1+eGi(r,0,2) + O,
£ =e"Ky(r,0,2) + O(e*th),
4
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where the functions Fi, G, and K are given by
Fi(r,0,2) = fi(r,0,2) cos + g1 (r, 6, 2) sin b,

(6) G1(r,0,2) =
Ki(r,0,z2) = ﬁl(r,ﬁ,z).

! G1(r,0,2) cos 0 — fi(r,0,z)sinf|
.

Remark 1. For simplicity, and to avoid complications arising from a possible singularity at

r =0 in system (5), we consider only the case where r > 0.

We are now ready to state our first result for the spatial case, which provides sufficient
conditions for the existence of Tj-reversible symmetric periodic solutions of (5), both with
fixed period 27 and with a period close to 27 (but not necessarily fixed). We consider
reversible symmetries such that one maps z1 — —z; and the other maps xy — —x5.

Theorem 1.1 (7j-reversible symmetric periodic solutions). Let §; =1 and 6, = 0. Assume
that the system (2) admits a reversible symmetry of the form

((_1)%1’ (=1 s, 903),

Let (ro(t),00(t), 20(t)) = (ro + 0r, t+6;%, 20+ 0z) be a Tj-symmetric and 2m-periodic so-
lution of the unperturbed system (5), of radius ro + or and lying in the plane z = zy + dz
with or and 6z sufficiently small. Suppose that there exist ro and zy such that the following

conditions are satisfied:
™ -
a) / g1 (7‘0,5 + 5j zo) cos (s +9; 2> - f1 (ro,s + 53%%0) sin (s + 53%)} ds =0,
0

7}(1‘1,]72,(%3) = J=12

b) /07r %gl <r0,s+5j zo)cos<s+532)—

0fi

W(TO’S+5] )sm <S+5j72r>] ds # 0,

c) /07T 88921 <r0,s+5j zo) cos (34—5]2) 821 (7"0,3—1—5] >sin <s+5j72r>] ds # 0.

Then the followmg holds:

i) (cmced period and two parameters (dz,¢)) If conditions a) and b) hold for
jg =1 orj = 2, and € is sufficiently small, then there exists a unique family of
zmtzal conditions (r(e),0(c), z(¢)) = (ro + 6r(0z,€), 6;%, 20+ 6z), depending on two
parameters, with 6r(0,0) = 0, such that each of them defines a family of T;-reversible
symmetric periodic solutions (for j = 1 or j = 2) of the full system (2) with fized
period T = 2. Moreover, these solutions are close to the circular solution of radius
ro and near the plane z = z.

ii) (Fized period and two parameters (or,c)) If conditions a) and c) hold for j =1
or j = 2, and ér and € are sufficiently small, then there exists a unique family of
initial conditions (r(),0(¢), z(¢)) = (ro + 6r, 6,2, 20+ 0z(0r,)), depending on two
parameters, with 0z(0,0) = 0, such that each of them defines a family of T;-reversible
symmetric periodic solutions (for j = 1 or j = 2) of the full system (2) with fized
period T = 2mw. Moreover, these solutions are close to the circular solution of radius
ro and near the plane z = z.

iii) (Variable period and three parameters (0r,dz,¢)) If condition a) holds for

j=1o0rj=2, and dr, 6z, and ¢ are sufficiently small, then there exists a unique
5
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differentiable function T(0r,dz,¢) with 7(0,0,0) = 7w, such that each initial condition
(1o + 07, 6;5, 20+ 02) defines a family of T;-reversible symmetric periodic solutions
of the full system (2), depending on three parameters (dr,dz, ), with period close to
27(0r,0z,¢) = 2r+0O(e®). Moreover, these solutions are close to the circular solution
of radius ro and near the plane z = z.

Furthermore, the characteristic multipliers of the Ty -symmetric and Ty-symmetric periodic
solutions p(t, (r(g),0(g), z(¢)), €) are, respectively 1, 14\ +O(e*Th), 1+e%Xy+ O(e2H)
and 1, 1+ &%X3 + O™, 1+ e\ + O(e>T).

In Section 2, we present the proof of this theorem. Note that the conditions of the previous
theorem involve only the functions f; and g;, however h; must have the reversible symmetry
condition. We include in Theorem 1.1 case 7i7), that is, the existence of periodic solutions
with a period close to 27 but not fixed, because it requires fewer restrictions. Our second
result assumes the existence of the reversible symmetry T5(x1, z2, x3) = (1, T2, —x3), that
is, reflection with respect to the plane xjxs.

Theorem 1.2 (T3-reversible symmetric periodic solutions). Assume that the 96system (2)
possesses the reversible symmetry Ts(xy, xa,x3) = (21,29, —x3). Let (ro(t),00(t), 20(t)) =
(ro + dr,t + 09,0) (with Oy € [0,27) fized) be a Ts-symmetric and 2mw-periodic solution of the
unperturbed system in (5), of radius ro+ dr with or sufficiently small, and lying on the plane
z = 0. Assume that there exist (rg,0y) such that the following conditions are satisfied:

a) / ];,1(7’0,54-90,0) dSIO,
0

™ oh
b) /0 a—rl(ro,s +6,0)ds # 0,

C) iLl(TQ, T+ 90, O) 7£ 0.
We have the following:

i) (Fixed period and one parameter ) If conditions a) and b) hold and ¢ is suffi-
ciently small, then there exists a unique family of initial conditions (r(e),0(¢), z(€)) =
(ro+0r(e),00,0) depending on one parameter, with dr(0) = 0, such that each of them
generates a family of Ts-reversible symmetric periodic solutions of the complete sys-
tem (2) with fized period T = 2mw. Moreover, these solutions are close to the circular
solution of radius vy and near the plane z = 0.

ii) (Variable period and two parameters (dr,c)) If conditions a) and c) hold and
both dr and € are sufficiently small, then there exists a unique differentiable function
7(dr,e) with 7(0,0) = 7, such that any initial condition (ro + dr,60y,0) generates
a family of Ts-reversible symmetric periodic solutions of the complete system (2),
depending on the two parameters (dr,€), with period close to 27(0r,e) = 2w + O(e®).
Moreover, they are close to a circular solution of radius ro and near the plane z = 0.

Furthermore, the characteristic multipliers of the periodic solution ¢(t, (r(e),0(c), z(€)), )
are 1,1+ &%y + O(e*™), 1 + %Xy + O(e2T).

Note that in the above theorem the conditions involve only the function h;. The figure 1
shows the existence of the curve of initial conditions that give rise Ts-reversible symmetric

periodic solution of period fixed close to 27 and it is on the z = 0 plane.
6
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FIGURE 1. Tj-reversible symmetric periodic solution generated by a family of
initial conditions (r(¢),z(e) = 0) parameterized by e, obtained by Theorem
1.2 when the field (2) is under the reversible symmetry T3 and 6 = 6.

The next result concerns another type of reversible symmetry that changes two variables.

Theorem 1.3 (7} 4-reversible symmetric periodic solutions). Let 6; = 1 and 62 = 0. As-
sume that the system (2) admits the reversible symmetry

Tja(w1, 9, 3) = ((=1) @y, (=17 ag, —a3), j=1,2.

Let (ro(t),00(t), 20(t)) = (ro + 0r,t + 0;5,02) be a 2mw-periodic solution of the unperturbed
system in (5) with ér and 0z sufficiently small. Suppose that there exists ro > 0 such that
the following conditions are satisfied:

a) /O7r hy <7’0,s+5jg,0) ds =0,

b) /0 %f:} (r0,3+5g,0> ds — hy <r0,7r+5jg,0> -1 #0,

where

I:/ [aagrl (7“0,3—1—5] )cos (5—1—532) %J;l (T0,8+5J >sm <s+5]2>] ds.
0

If conditions a) and b) are satisfied, and dr and € are sufficiently small, then there ezists
a unique one-parameter family of initial conditions (ro+0r(¢),d;5,0), with 6r(0) =0, and a
differentiable function 7(e), such that each of them gives rise to a Tj4-reversible symmetric
periodic solution of the complete system (2) with period 27(e) = 27+ O(e*). Moreover, these

solutions are close to a circular solution of radius ro and lie on the xixo-plane.
7
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The proof of this result can be found in Section 4. Observe that the above theorem involves
the functions fi, g1, and h;. Furthermore, we only obtained periodic solutions with variable
period.

2. PROOF OF THEOREM 1.1

Consider the system in R? given by (2), and assume that it is Tj-reversible symmetric for
j =1or j =2. Note that when 57 = 1, the symmetry 7} is a reflection with respect to the
xroxs-plane, and when j = 2, Ty is a reflection with respect to the xx3-plane. The set of
fixed points for j = 1 or j = 2 is given by £; := Fix(T};) = {(x1, 2, 23) € R* : z; = 0}. In
this case, we have that dim(£;) = 2.

From the reversible symmetry condition, we have that for j =1,
fi(=z1,m2,23) = fi(z1,72,23), g1(—21,72,73) = —g1(21,72,73), hi(—21,72,73) = —h1(z1, 22, 73),

that is, the functions g, and h; are odd in the variable =1, and f; is even in z;. For j = 2,
we obtain

fi(w1, —z2,73) = — f1(x1, 22, 73), g1(71, —72,73) = g1(21, 72, 73), h1(71, —72,73) = —h1(T1, 72, 73),
that is, the functions f; and h; are odd in x5, and g¢; is even in x,.

Our next step is to obtain an approximation of the solutions of the perturbed system (5).
For this, we suppose the solution has the form

r(t,e) = 1o(t) + i (t) + O(e*),
(7) O(t,e) = Op(t) + %0, (t) + O(e*™),
2(t,e) = 29(t) + %21 (t) + O(e™™).

It can be verified that the variational equations in this case are

ro =0,
b = 1,
20 =0,
(8) #1 = Fi(ro(t), 6o(t), 20(1)),

él == G1(7“0(t)’90(t)a O(t))v
21 = Ki(ro(t),00(1), 20(2)).

N

Considering that the initial condition of the solution is of the form (7, 6y, z0), and solving
the equations in (8), we obtain:
8
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(9) r(t) = / [fl(ro, s+ 6o, z0) cos(s + 0y) + g1(ro, s + 6o, 20) sin(s + 90)} ds,
0

1 ¢ N
0,(t) = — / [gl(ro, s+ 0y, z0) cos(s + 0y) — f1(ro, s + 6o, 20) sin(s + 90)] ds,
0

To
t

2 (t) = / hi(ro, s + 6o, 20) ds.
0

The characterization of the points in the set £; in cylindrical coordinates is given by
0 = 0;5 (mod 7) for j = 1,2, respectively, for each symmetry 77 and 75. Thus, the solution
of the unperturbed system has the form (ro(t),00(t), 20(t)) = (ro,t + 6,5, 20), with initial
condition (ro,d;7,20), and it is a 2m-periodic circular solution of radius 7o on the plane
2z = 2, with (To,djg, ZO) S ,Cj for j =1,2.
Lemma 2.1. Let j =1 or j = 2 such that 6y = 1 and d, = 0.
A solution (r(t, (rg, 0o, 20), €),0(t, (10,00, 20), €), 2(t, (10, 00, 20), €)) of the perturbed system (4)
is 2m-periodic and Tj-reversible (j = 1 or j = 2) symmetric if we take 6y = 6;5 and it satisfies
the condition

0(m, (ro,0;%,%0),€) = 0;5 (mod ),

where (ro, 57%’ 29) € L is the initial condition.

Now, from Lemma 2.1, since 6y(7) = 7+0;7F, the first-order approximation 6, (t, (1o, 6, 20))
at t = 7 takes the form

1

01 (m, (r0,0;%, 20)) = - /07r [gl (ro,s+8;%,20) cos (s +6;5) — f1 (ro, s+ 6;5, 20) sin (s+5jg)} ds,
then, the symmetry condition from Lemma 2.1 takes the form
vy vaE)e =rage O” (6 (rovs + 8,5, 20) cos (s + ;)
—Ji (0,5 40,5, 20) sin (s + 6;5) | ds + O(e2+).
Since (7, (ro, 6,5, 20),€) = 6;5 (mod 7), we consider
0 (7, (r0,0;%,20) ,€) =7+ 6;%,

so equation (10) is equivalent to solving

(11) / [gl (ro,s+ 6;%,20) cos (s + 6;2) — fi (ro,s + 6;Z, 29) sin (s + 5]-%)} ds+0(e) = 0.
0

To obtain families of T)j-reversible symmetric periodic solutions of fixed period 7' = 27
(or variable period close to 27), we perturb the initial condition by replacing ¢ and z, with
ro + 0r and zg + 0z, respectively, where dr and 0z are small. Clearly, for j =1 or j = 2,

we have (rg + 67,0;%, 20 + 0z) € L;. Thus, the initial radius and height of the Tj-symmetric
9
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circular solution are now rqg + ér and zy + 0z, respectively. For future computations, we
introduce time 7 as an additional independent variable. Then, equation (10) becomes

12) F(7,0r,0z2,¢€) :7'—7r+m€f§r/ (91 (1o + 67,5 4+ 0;5, 20 + 62) cos (s + 6;F)
0

—fi (r0+5r,s+5j§,z0+5z) sin (S+5j%)i| ds,
fore £ 0, with F:RxR xR xR —R.

In the case of fixed period, we set 7 = mw, and then we define a new function on the three
variables (dr,dz,¢) as

F(or,6z,¢€) :/ [gl (ro + 07,5+ 6,5, 20 + 0z) cos (s +0;5) — fi (ro + 07,5+ 6,5, 20 + 0z) sin (S—HS’%)} ds,
0
with F: R xR x R — R.

Note that under hypothesis (a), we have F(0,0,0) = 0, since F(0,0,0,0) = 0. To prove
item (i), we compute the derivative:
%(67‘,67;,5) = /0 {% (ro +or,s+6;5,20 + 52) cos (s + (ﬁ%) - % (7“0 +6r,s+6;5,20 + éz) sin (s + 6]%) ds.

Evaluating at 0r = 0, dz = 0, and & = 0, hypothesis (b) implies that

OF
557 (0:0,0) #0,

and the Implicit Function Theorem ensures the result of item (i). The proof of item (ii) is
analogous, taking the derivative with respect to dz and using hypothesis (c).

To obtain Tj-reversible symmetric periodic solutions (for j = 1 or j = 2) of variable period
close to T' = 27, we treat time 7 as an independent variable. Then it is enough to observe

that 9F
_— fr ]_
67_ (7T7 07 O’ O) )

and by the Implicit Function Theorem, item (iii) follows.

In order to compute the characteristic multiplier associated with the family of periodic
solutions ¢(t, (ro + 07,0;5, 20 + 62),€) = (r(t, (1o + 07,0, 5, 20 + 02),¢€), 0(t, (ro + 67,05, 20 +
0z),€), 2(t, (ro 4 01, 6;5, 20 + 2),€)) obtained previously, we consider the cross section X =
{60 = 6,5} for the system (5). Thus, to study the stability of the T'(¢)-periodic solutions
@(t, (ro+0r,0;%, 20+ 62),€) by means of the Poincaré map, we take this cross section as the

domain of the return map. We take the map as
P:¥—=% (rz)— P(T(e),rze)=P(T(e),r 2),
where T'(¢) = 27 + O(e). Since

(13) r(T(e), (r,6;%,2),6) =1 +eri(T(e), (r,6;%,2)) + O(e**),
(14) 2(T(e), (r,0;2,2),¢) = 2+ ez (T(g), (r,§;5,2)) + O(e*),

the Poincaré map is

P.(r,z) = (r,z) + € (r(T (), (r, @%ﬂ,)z)), 21(T(e), (r,0;%,2))) + O(e*H).
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The derivative of P. is
D(T‘,z)Pg(r, Z) =7+ EOCAj + O(ga—i-l)’
where

L /027r |:8a]:«lcos (s+5jg> -‘r%sin <s+5jg)] ds /OQW |:88£1COS (S+5jg) +%Sin (S+6j72r>:| .

J 27 9, 21 9,
/0 %ds /0 %—;ds
and each function in the integrands are evaluated at the initial conditions (rg, s + d;7, 2o)
for 7 =1 or j = 2. For the symmetry 75, the integrands of the integrals in the matrix As
are odd in s, so Aj is the zero matrix when is evaluate at or =0, 0z = 0 and € = 0 and the
derivate of P. is
Doy Po(r,2) =T+ O(e*),

which applies to all families of Th-symmetric periodic solutions in items (i), (ii), and (iii).

However, for Ty, the parity of fi, §i, and h; with respect to s cannot be determined,
so the matrix A; may have nonzero entries. Therefore, the characteristic multipliers (i.e.,
eigenvalues of DP.) can be calculate and may provide information about the stability of the
associated symmetric periodic solution. This concludes the proof of Theorem 1.1.

O

Remark 2. The eigenvalues of the first approximation do not provide any information about
the stability of the symmetric periodic solutions for any arbitrary functions possessing the
Ty-reversible symmetry.

We present the following example where study the symmetry T7.
Example 2.1. Consider the system (2) with the following functions,
fi(@1, @2, 23) =200%7 + 2107722 + A20177 T3 + Ao12T2T5 + A030T5 + Q00T
(15) 91(21, T2, 23) =b1o1123 + b3oox? + bragw123,
hy (Ih T2, $3) =C110T1%2 + C10121T3 + 0301$327

where a;;,b;; and c;; are arbitrary real numbers, and Ry, Ry, R3 arbitrary functions that have
the reversible symmetry Ty. Clearly this system is Ty-reversible. The previous functions (15)
i cylindrical coordinates takes the form as follows

fl (r,0,2) :a200r2 cos? 0 + a210r3 sin 0 cos? 0 + a201r2z cos? 0 + a012r22 sin @ + CL()3()T'3 sin® 0 + a400r4 cos? 0,
g1(r, 0, z) =bioirzcosf + b300r3 cos® 0 + b120r3 sin® 0 cos 0,
h1 (r,0,2) —c110m28in 0 cos O + cro17mz cos O + c3017° 2 cos® 6.

We note that the equation in item a) of Theorem 1.1 reduces to

i ~ 4
(16) / [gl (ro, s+ g, zo) sins + f1 (ro7 s+ g, zo) cos s] ds = _ETQ (5a200 + 5a9012 + 4a4007"2) =0.
0

So, to apply item i) of Theorem 1.1, we need to solve (16) for ro, whose solution is

- V5 [—as0 — azo1z
To = 2 )
Q400

aa00(—a200 — az012) > 0.
11
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Now, the condition of no-degeneration, that is, item b) of Theorem 1.1 becomes

\/(—GQOO - CL201Z)

Q400

3

# 0.
On the other hand, to apply the second part of Theorem 1.1, we need to solve (16) with
respect to zg. In this case, we find a solution:

Basgo + 4ageor?

da01

z =

whether asyy # 0. Condition ¢) of Theorem 1.1 becomes
4CL2017“2 # 0,
In conclusion, by Theorem 1.1 we have the following result.

Theorem 2.1. Consider the spatial system (2), where the functions fi(x1, x2, x3), g1(x1, T2, T3),
and hy(z1, e, x3) are given by (15), and let Ry, Rs, and Rs be arbitrary functions that pre-
serve the Ti-reversible symmetry. Then, we have the following results:

i) (Fixed period) Let zy be fived such that aso(ago + ag120) < 0, and let € be suffi-
ciently small. Then there exists a unique two-parameter family of initial conditions
of the form (r(e),0(c), z(¢)) = (ro+6r(e,02), 5, z), with 6r(0,0) = 0, such that each
wmatial condition gives rise to a T-reversible symmetric periodic solution of the sys-
tem (4) with fized period T = 2mw. Moreover, these solutions are close to the circular

solution of radius ro = 75, / _‘”034;0‘;201% and lie near the plane z = zy.

ii) (Fized period) Let asgy # 0, and let € be sufficiently small. Then there exists a
two-parameter family of initial conditions of the form (r(c),0(¢), 2(¢)) = (10, 5, 20 +
0z(g,dr)), with §z(0,0) = 0, such that each initial condition yields a Ti-reversible
symmetric periodic solution of the system (4) with fixed period T = 2m. Moreover,

these solutions are close to the circular solution of radius ro and near the plane
__ Bagoo+4asoory

c0 = 5a201

Now, we present an other example for the case of the reversible symmetry 7.
Example 2.2. Consider the system (2) with the following functions,
fi(z1, z2, z3) =a210$%9€2 + a030$§ + a012$2$§,
(17) 91(x1, T2, T3) =b1202123 4 bior 7173 + booz3,
hi(w1, 2, 13) =C1107172 + Co11T2T3,

where a;;,b;; and c;j are arbitrary real numbers, and Ry, Ry, Rs arbitrary functions that have
the reversible symmetry Ty. Clearly this system is Ty-reversible. Moreover, the previous
functions (17) in cylindrical coordinates takes the form

3sin® 6 + a199722 cos b,

fi(r, 0, 2) =agior® cos? 0 sin § 4 agsor
G1(7,0, 2) =b1gor°z cos 0 sin® O + by 7z cos O + by 2%,
hi(r,0, z) =cr107? cos O sin 6 + co1 7z sinf.

12
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Next, we point out that the equation in the item a) of Theorem 1.1 becomes
(18) / I:gl (7'05 S, 20) COS § — fl (T07 S, ZO) sin S] ds = ém”o [4ZO(b101 - a01220) + 7“(2)(*3(1030 — a210 + leO)} =0.
0

To apply item i) of Theorem 1.1, we need to solve (18) for ro, whose solution is

biar —
7“0:2\/ ( 101 001220)2'0

)
3ap3o + az10 — bi2o

whether

(5101 - aomzo)Zo
3ap30 + a210 — b120

Condition b) of Theorem 1.1 becomes

> 0.

20(—b1o1 + ap1220) # 0.

On the other hand, if we want to apply the second part of Theorem 1.1, we have to solve
(18) with respect to zy, so we find two solutions

- bion & \/5%01 + a102(—3ag30 — a210 + b120)7rd
0% 2a012

?

whether by, + a102(—3ag30 — agio + biag)ri > 0. Condition ¢) of Theorem 1.1 becomes

TTo
+—

2 \/5%01 + a102(—3a030 — @210 + bi2o)rg # 0,

In conclusion, by Theorem 1.1 we have the following result.

Theorem 2.2. Consider the spatial system (2), where the functions fi(x1, x2, x3), g1(x1, T2, T3),
and hy(x1,z2,x3) are as given in (17), and let Ry, Ry, and R3 be arbitrary functions that
preserve the Ty-reversible symmetry. Then, we have the following results:

i) (Fixed period) Let zy be fized such that % > 0, and let € be sufficiently
small. Then there exists a unique two-parameter family of initial conditions of the
form (r(e),0(e), z()) = (ro + 07(€),0,20), with 0r(0,0) = 0, such that each initial
condition gives rise to a Ty-reversible symmetric periodic solution of the system (4)
with fixed period T = 2m. Moreover, these solutions are close to the circular solution

(b101—a01220)20
3ap30+az210—b120’

11) (F’Lilled per’iod) Let To be ﬁ.ﬁL‘@d such that b%Ol +CL102(—3CL030 —a210+b120>7”8 > O, api2 7é
0, and let € be sufficiently small. Then there exist two families of initial conditions
of the form (r(€),0(¢),2(g)) = (10,0, 20+ + d2(€)) , with §z(0,0) = 0, such that each
watial condition gives rise to a Ty-reversible symmetric periodic solution of the system
(4) with fized period T = 2m. Moreover, these solutions are close to the circular

bio1 :E\/b%m +a102(—3a030—a210+b120)r3
2a012 ’

of radius ro = 2 and lie near the plane z = zy.

solution of radius ro and near the plane z = zp4 =
13
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3. PROOF OF THEOREM 1.2

Consider the system in R? given by (2), and assume that it is Ts-reversible symmetric,
where T3(xq, 29, x3) = (71, T2, —x3). Note that T3 represents a reflection with respect to the
x1xo-plane. The set of fixed points under T3 is given by

L3 = Fix(T3) = {(x1, 29, 23) € R® : 23 = 0},
which is a plane of dimension dim(L3) = 2. From the Tj-reversibility condition, we obtain
the following identities:

Ji(z1, w0, —23) = — f1(x1, T2, 23), g1(21, 22, —23) = —g1(21, 72, 3), h1 (21, T2, —23) = h1(21, T2, 73).

Therefore, the functions f; and g; are odd in the variable x3, while hy is even in x3.

The characterization of the points in the set L3 in cylindrical coordinates is given by
z = 0. Moreover, the solution of the unperturbed system has the form (ro(t), 0o(t), z0(t)) =
(ro,t+ 6o, 0), with initial condition (r, 8y, 0) € L3. Thus, it is a 2r-periodic circular solution
of radius ry of the unperturbed system, lying in the plane z = 0.

Lemma 3.1. A solution (r(t, (0,00, 20),€), 0(t, (ro, 6o, 20),€), 2(t, (10,00, 20),€)) of the per-
turbed system (4) is 2m-periodic and Ts-reversible symmetric if we take zy = 0 and it satisfies
the condition z(m, (19, 00,0),e) = 0, where (r9,00,0) € L3 is the initial condition.

Since zy = 0, then by (9), the first-order approximation z; becomes

t
(19) Zl(tv (T079070)) = / hl(T07S+907O) d87
0

and the condition in Lemma 3.1 reduces to
(20) Z<7Ta (10,60, 0), 5) = / 51(7“0, 5 + 0y, 0) ds.
0

To obtain families of Ts-reversible symmetric periodic solutions with fixed period T' = 27
(or not fixed but close to 27), we modify the initial condition by perturbing rq to rq + or,
where dr is a small parameter. That is, we consider a perturbation of the initial radius of
the Ts-symmetric circular solution of the unperturbed system. Then, equation (19) becomes

(21) F(dr,e) = / Bl(ro+5r,s+00,0) ds + O(e),
0

where, in this case, F : R x R — R.
Now, by hypothesis a) we have that F(0,0) = 0. In order to prove item i), we compute
the following derivative:

OF ™ Oh
%(67“, ) = i 8—7}(T0 +0r, s+ 6y,0) ds.
Evaluating at 0r = 0 and € = 0, by hypothesis b) we get
OF
—(0,0) #0
£ (0,040,
thus, by the Implicit Function Theorem, the proof of item ) follows.
14
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For the case of variable period, we consider the function

(22) F(r,0r,e) = / hy(ro + 0r, s 4 0,,0) ds + O(e).
0
By item a), we have F(m,0,0) = 0, and by item c),
OF
or

thus, again by the Implicit Function Theorem, the proof of item ii) follows.

(7T 0 0) hl(ro,ﬂ+ 90,0) 7é 0,

In order to compute the characteristic multipliers associated the family of the previous pe-
riodic solutions ¢(t, (ro+ 07, 6y,0),€) = (r(t, (ro+6r,09,0),),0(t, (ro+07,60,0),¢), 2(¢, (ro+
or,6p,0),¢)), we consider the cross section ¥ = {6 = 0} for the system (5). Thus, to study
the stability of the T'(¢)-periodic solutions ¢(t, (1o + dr,0,0), ) by considering the Poincaré
map, we take

(23) P.:YX =% (rz)w— P.(T(e),r,z) = (r(T(e),(r,0,2),¢), 2(T(g),(r,0,2),€)),

where T'(¢) = 27 + O(e).
We expand the flow components as:

(24) r(T(e), (r,0,0),e) =7+ &% (T (), (r,0,0)) + O(e**h),
(25) 2(T(e), (r,0,0),¢) = 2z + %2 (T(¢), (r,0,0)) + O(e*).

Thus, the Poincaré map on ¥ becomes:
(26)  Prz) = (n2) + 2 ((T(E), (1, 5,0), 2(T(E), (1, 5,0))) + O,

In particular, the derivative of P. with respect to (r, z) takes the form:

(27) Dy Pur,z) = T+ A+ O(=),
where
A /02Tr [88{3 cos (s+90)+%8in(s+90) d ./027r {88];1 cos (s +60) + %Sin(s+90) :

7 27 57 27 57,
/0 %ds /0 %ds

and each function in the integrands are evaluated at the initial condition (rg, s + 6o, 0).
According to our calculations, the parity of the functions fl, g1, and hy with respect to the
variable s cannot be determmed when evaluated at 6r = 0 and £ = 0 under the symmetry 75.
Therefore, the entries a;; of the matrix A are not necessarily zero. This enables the analysis
of the characteristic multipliers, which correspond to the eigenvalues of A, providing infor-

mation about the stability of the associated symmetric periodic solution. This concludes the
proof of Theorem 1.2. O

Now, we are going to show an example where we can apply Theorem 1.2.
15
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Example 3.1. Consider the system (2) with the following functions,
J1(z1, 22, 73) =a111717273 + Q0117273 + Q101 7173,
(28) 91(71, T2, 13) =b111712973 + bo11 7273 + bro17173,
hy(x1, 22, z3) :Czooxf + c1107172 + 00021’3 + 0210I%$2 + 0320$%$§,
where a;j,b;; and c¢;; are arbitrary real numbers, and Ry, Re, Rs arbitrary but satisfying the

reversible symmetry Ts. Clearly this system is Tz-reversible. Moreover, the previous functions
(28) in cylindrical coordinates take the form

fi (r,0,2) =ai1,7°2 cos @sin O + ag1172sin 0 + a1z cos b,

G1(r, 0, 2) =by117°z cos O sin 6 + by 7z sin § + bygyrz cos b,

hy (7,0, 2) =canor? cos? O + c1107* sin 6 cos O + copaz” + Ca1or” sin 6 cos? § 4 e300 sin? 6 cos? 6.
We note that the equation in item a) of Theorem 1.1 reduces to

2

(29) / iLl (To, S+ 907 O)dS = ;—Z [371' (40200 + 03207’2) + 1602107"0 COS3 00} =0.
0

To apply item i) of Theorem 1.2, we solve the equation for ro and for csa # 0, we obtain
two possible roots, namely

—86210 COS3 90 + 2\/166%10 cosb 90 — 97'('202000320

30 =
( ) fok 320

Now, we are going to analyze different situations according the number of solutions

Two distinct positive roots: This occurs when the discriminant is positive, i.e.,
160310 cos® '90 — 97T2C200C320 > 0,

and in addition one of the conditions below is satisfied

16¢3 oy
(i) O € (1/2,37/2), e300 >0, a0 >0, 0 < cagp < —200F 70
972390

16¢3 60
(i) Oy € [0,7/2) U (37/2,27], €320 >0, 210 <0, 0<coo < €310 COS™ Vo
92 e300
The previous set will be called 2y of parameters.

Unique positive root: We obtain one root when czog < 0, €990 > 0 0or c390 > 0, co99 < 0.
Or when occurs that,
9 2
0550, = i C32206200’
and one of the following conditions holds:
(1) 0y € (71'/2,37T/2), Co10 >0, €390 <0, or 2190 <0, 399> 0.
(11) 90 € [0,71'/2) U (371'/2, 27T], Co10 > 0, C3o0 < 0, or Coip < 0, C390 > 0.
16
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The previous set of parameters will be called €25 .

Now, the computation of condition in item b) of Theorem 1.2 reduces to

T 8%1 ALBy
31 — 00,0)ds = ————
( ) 0 or (7“0, 5+ 0o, ) S 277T2C§20’
where
A:t = — 86210 COS3 60 + 2\/166310 cos® 60 — 97'('2020003207

B:t :977'202000320 - 160310 COS6 00 + 40210 COS3 90 \/160%10 cos® 0() - 977'262006320.

It is verified that in the regions Q1 and €y that AL # 0 and By # 0. Therefore, conditions
in the items a) and b) are satisfied.

For the other case, the computation of the condition in item c) of Theorem 1.2 reduces to
(32) ill (?”0, ™+ 90, O) = 7’3 COS 90 [0110 sin 90 -+ cos 60 (6200 — C21070 sin 90 + 03207"(2) sin2 90):| .
Now, if ro = rox as in (30), on the regions 0y and Qy, the condition

hl(TO:t7 ™+ 00, 0) = A+B1 or A_BQ 7é 07
is always satisfied if B; # 0, where

2
<\/ 16¢2,, cosb 0y — 9m2canocan + 4ca1g cOS® 90> cos 6y
AL =14 53 ,
9125y
, cos by .9 5 s 5 s\’
By = c119sin by + =P 4sin” 6, \/160210 €088 0y — 92 co09C320 + 410 cOS” Oy
320

+ 67T0210 sin 90 . (\/160%10 cosb 90 — 97T262006320 + 40210 COS3 00) + 97?202000320> s

. 2
4 SlIl2 6’0 (\/160%10 cos? 90 - 971'202000320 - 40210 COS3 60)

97'('20320

BQ = C110 sin 90 -+ cos 90 (

26210 sin 00 : (\/160310 cos® 00 - 97T2020()C320 - 40210 COS3 90)
— C200 | -

3mes20

In conclusion, by Theorem 1.2 we obtain the following result.

Theorem 3.1. Consider the spatial system (2), where fi(x1,x2,23), g1(x1,22,23), and
hi(x1, o, x3) are as in (28), and let Ry, Ry, R3 be arbitrary functions possessing the sym-
metry Tz. Then, we have the following:

i) (Fized period) Let = = 0 such that condition (31) is satisfied, and let ¢ be suf-
ficiently small. If (cao0, C210, C320, 00) Satisfy the conditions of the set €y, then there
exist two one-parameter families of initial conditions given by (r(e),0(¢),z(¢)) =
(re +071i(€),00,0), 6r;(0) =0, such that they generate two Ty-reversible symmetric

17
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periodic solutions of system (4) with fized period T = 27w. Moreover, these solutions
2 <—40210 COS3 GOZF\/lﬁc%lo cos® 90—971’262006320)
3cz20m )

are close to the circular ones with radius ror =
and lie close to the plane z = 0.
it) (Fized period) Let z = 0 such that condition (31) is satisfied, and let £ be suffi-
ciently small. If (cao0, C210, C320, 00) Satisfy the conditions of the set Qo, then there ex-
ists a one-parameter family of initial conditions (r(g),0(¢), z(g)) = (ro+0r (), 6y, 0), 07(0) =
0, that generates a Ts-reversible symmetric periodic solution of system (4) with fixed
pertod T = 2m. Moreover, this solution is close to the circular one with radius
2 <740210 cos? 90¥\/l6c§10 cos® 907971'202000320)

Tot = T~ , and close to the plane z = 0.

iii) (Variable period) Let € be sufficiently small and suppose (ca00, C210, C320, 6o) Satisfy
the conditions of the set Q3 := Oy U Qy. If B; # 0, then there exists a differ-
entiable function T(dr,e), such that 7(0,0) = m, and the full system (2) admits a
two-parameter family of Tz-reversible symmetric periodic solutions parametrized by
(0r,€), with period close to 21(0r,e) = 2w + O(e®). Moreover, these solutions are
close to a circular solution with radius ro+ and close to the plane z = 0.

4. PROOF OF THEOREM 1.3

Consider the system in R? given by (2) and assume that the system admits the reversible
symmetry T4 for j =1 or j = 2. Consider the set of fixed points £;14 = {z; = 0,25 = 0}
with dim(L;44) = 1. In cylindrical coordinates, the set £;,4 is characterized by 6 = §;5
(mod 7) and z = 0. Note that this set has two conditions, which is an important difference
with respect to previous cases. Due to the reversible symmetry, the functions of the vector
field satisfy the following properties: (a) for the symmetry T5, the functions f; and hy are
even in the variables (zq,z3), while g; is odd in (xy,23); (b) for the symmetry Tg, the
function f; is odd in the variables (z9, z3), and ¢g; and h; are even in (x,x3). In cylindrical
coordinates, we have the following characterization.

Lemma 4.1. One solution (r(t, (ro, 6o, 20), €), 0(t, (70, 00, 20), €), 2(t, (70, 00, 20), €)) of the per-
turbed system (4) is 2m-periodic and Tji4-reversible symmetric if it is satisfied the system

0 <7T, (rg,djgﬂ) ,5) = 5]% (mod ),

z <7T, (rg,éjg,()) ,5) =0,

where (r9,0;%,0) € Ljy4 is the initial condition for j =1 and j = 2, respectively.

(33)

Next, the system of equations in (33) takes the form

(34)
0 (7@ (To,(sjg,o) ,8) = '/T+(Sjg % Oﬂ [gl <r0,8+5jg,0) cos (s—i—(SjE) —
Fi (rors +6,2,0) sin (s 4+ 6,5 )| ds + O (1) = 6,5 (mod )

< <7T7 <T0a6jg70> 7€> =" /W Bl (TOaS +5Jg70> ds + O(€a+1) = 07
0
18
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and here we will consider the symmetry condition as (=, (ro,d;5,0),e) = 7 + ;5 and

J2
z(m,(r0,6;5,0),€) = 0. In order to obtain Tj4-reversible symmetric periodic solutions with
period close to T' = 27, we modify the initial condition (7, 0,7, 0) by taking (ro-+0dr,d;5,0) €

Lj+q for 7 =1,2. Thus, the T}, 4-reversible symmetric periodic solutions of the unperturbed
system with initial condition (ro +dr,d,7,0) are (ro(t), 0o(t), 20(t)) = (10 +0r,6;%5,0). More-
over, for this symmetry, since there are two equations in (34) and two variables (dr,¢), it is
necessary to include the time 7 as an independent variable. Thus, the system (34) admits

the following equivalent form

ro+or

(35) fl (ro +0r, s+ 9,7, O) sin (3 + 5]-%)} ds + O(eo+1),

Fo (1, dre) = / h <r0 +0r, s+ (5]-%, 0) ds + O(e).
0

Note that the function F = (Fy, F») : R x R x R — R2. Thus by the hypotheses a) and b),
we get that F(m,0,0) = (0,0). On other hand,

Fi(r,6re) =7—1+ = /OT [Ql(T0+5r,5+5jg,0)cos(S+5jz>—

1 0q T of . T
OFF) _ : / [W con (s +85y) = Gy s (s 0,3 ) |
o(r,or) | . ™ Ohy ’
hl(To,W—l—éjg,O) ; st
which is non-singular at 7 = 7, 0r = 0, = 0, by hypothesis c¢) for j = 1 or j = 2. Therefore,
the proof of the theorem follows from the Implicit Function Theorem. 0J

Example 4.1. Consider the system (2) with the following functions
Ji(@1, 2, 23) :a222$%$§$§ + Clzoﬂ%ﬁ + 6102295395;2;,

(36) 91(551, T2, 1173) =b11071%2 + bo11 7213 + 530055?7
hi(1, 2, T3) =Coo0T1T5 + CopaT 13 + Co2T5T3 + Coa0T Ty,

where a;j,b;; and c;; are arbitrary real numbers, and R, Ry, Rs are arbitrary functions that
have the reversible symmetry Ty. Clearly this system is Ts-reversible. Moreover, the previous
functions (36) in cylindrical coordinates takes the form

f1(r, 0, 2) =ag9r*2* cos? Osin? § 4 ager? 2% cos® 6 + ager?z? sin? 0,
G1(r, 0, 2) =by19r? cos Osin O + by 172 sin 6 + bsgor cos® 6,
hi(r,0, 2) =capor* cos® Osin? 0 + cogar?2? cos® O 4 coaor?2® sin? 0 + coyor® cos? O sin® 6.

Next, we point out that the integral in the item a) of Theorem 1.3 becomes

T 4
(37) / hi(ro, s +7/2,0)ds = % (20220 + 02407“2) .
0
In order to apply item i) of Theorem 1.3, we need to solve the equation
4
r

E (20220 + 02407"2) = 0.
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Then, there is a um’que ro > 0
C220
o = \/§ -,

C240
whether casncas0 < 0. The calculation of condition b) of Theorem 1.3 becomes
5/2
TCa20

(38) .
V262

In conclusion, by Theorem 1.3 we have the following result.

Theorem 4.1. Let the spatial system (2) with fi(x1, 2, x3), g1(21, 22, x3), and hy(xq, 2, T3)
as in (36), and let Ry, Ro, Ry be arbitrary functions possessing the symmetry Ts. Assume
that cosgcasg < 0. Then, there exists a unique one-parameter family of initial conditions
(6r(e), 5,0) with 6r(0) = 0 and a differentiable function 7(c) such that each initial condition
gives a Ts-reversible symmetric periodic solution of the full system (2), with period 27(g) =
21 4+ O(e®). Moreover, these solutions are close to a circular solution with radius ro =

V2 iz—zg and lie on the xix9-plane.

5. CONCLUDING REMARKS

In this work we have considered the following analytic (or C*— differentiable) family of
ODE in R? of the form

Ty = =2+ e fi(w1, mo, w3) + €T Ry (21, 29, 13, €),
(39) I:Q = I +€agl(l‘1,$2,l‘3) +Ea+1R2($1,I2,ZL‘3,€),
'I:?) = Eahl(xlax%x?))++6a+1R3(x17x27x375>a

where o € N. Here ¢ is a small parameter. Note that the unperturbed system is
Ty = =X, T3 = 1, T3 = 0,

which is foliated by circular solutions of fixed period 27 on each plane x3 = x3.
For our approach, we introduce cylindrical coordinates x1 = rcosf, ro = rsinf, r3 = w3,
then the system (39) takes the form

P = e*F(r,0,2) + T Fy(r,0,2) + O(e*?)
(40) 0 =14 G (r,0,2) + TGy (r, 0, 2) + O(2?)

2= e"Ki(r,0,2) + " Ky(r,0, 2) + O(e*T?),
where

Fi(r,0,2) = fi(r,0,2) cos0 + g1 (r,0, z) sin
1

(41> G!1 (Ta 9, Z) =~ gl (Ta 6)’ Z) cost — fl (Ta 9) Z) sind )

<

Kl(’f’,e, Z) = El(r7972)7

with the functions fl(T,Q,z) = fi(rcosO,rsinf, z), g1(r,0,z) = gi(rcos,rsinf, z) and
hy(r,0,z) = hy(rcosf,rsinb, z).
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In this work, we combine the reversible-discrete symmetries 7' of the system (39) and
the Poincaré continuation method, strongly using the first approximation of the solutions
of the full ordinary differential system given by a variational system. The main contribu-
tion of this paper is to provide sufficient conditions for the existence of different families of
reversible-symmetric periodic solutions for spatial perturbations 39 using cylindrical vari-
ables. Furthermore, we provide information about the characteristic multipliers of these
solutions. We prove different theorems that give sufficient conditions for the existence of two
types of families of initial conditions that produce reversible-symmetric periodic solutions
for the system (39). The first type corresponds to reversible-symmetric periodic solutions
with the same period as the circular orbit of the unperturbed system. The second type cor-
responds to reversible-symmetric periodic solutions with variable period, but close to that
of the unperturbed circular orbit.

We point out that the periodicity equations (conditions for the existence of reversible-
symmetric periodic solutions) depend on the dimension of the fixed point set S. Since S
can be a reflection with respect to the plane x = 0, or y = 0, or z = 0, or a reflection with
respect to the straight lines x =y =0, x = z = 0, or y = z = 0, it follows that S) can be
1 or 2. In the case dim(S) = 2 there is only one condition to be satisfied, while in the case
dim(S) = 1 two conditions must be satisfied.

The importance of stating many theorems as results in this work lies in the different cases
obtained by imposing a reversible symmetry on the system (39) in order to find symmetric
periodic solutions, which is the main objective of this work. Hence, the relevance lies in
the set of fixed points for each symmetry and their corresponding periodicity equations,
as well as in the conditions required to apply the Implicit Function Theorem. We would
like to highlight the impossibility of applying our method for certain symmetries. For the
reversible symmetry Ty(xq, z2, x3) = (—x1, —22,x3), we have £, = Fix(Ty) : 11 = 5 = 0. In
cylindrical coordinates, a solution with » > 0 would be Tj-reversible symmetric if f, = 0 and
0y = 7/2 (mod 7) simultaneously, which is impossible.

5.1. A comparison with the Averaging method. In order to complement our study, we
analyze the possibility of using the Averaging method. We conclude that it is not possible to
use this method in some cases due to the degeneracy of the averaging function at its zeros.

We start our analysis by considering the variable 6 as a new time parameter, so the system
(4) assumes the form

ﬁ . 5aF1(7”,97Z> +5a+1F2(7’,9,Z) +O<€a+2)
do 1+e2Gy(r,0,2) + et1Gy(r, 0, 2) + O(e2+2)’
dz  e"Ky(r,0,z) +e*T Ky(r,0,2) + O(e*1?)

df 1+ eGy(r,0, 2) + et 1Gy(r, 0, 2) + O(e2+2)”

Making the respective Taylor series approximation and € = 0, we obtain the new equations

(42)

d

d—g =e"Fy(r,0,2) + cotl [Fy(r,0,2) — Fi(r,0,2)Gy(r, 0, 2)] + O<€a+2>7
(43)

d

d—; ="Ky (r,0,2) + T [Ka(r,0,2) — Ki(r,0,2)G1(r,0, 2)] + O(e*1?),
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where Fy, Gy and K, are as (41) and Fy = fo(r, 0, 2) cos 0+§a(r, 0, z) sin 6 and Ky = hy(r, 0, 2)
where fg(r,G,z) = fa(rcosf,rsind, z),ga(r,0,z) = go(rcosf,rsinf, z) and ho(r,0,z) =
ho(r cosf,rsiné, z). Moreover, fa, hy are odd functions in 6 and hy is even in 6. Now,
we obtain the averaged functions for the first order,

27 27
(44) Fi(r,z) = / Fi(r,z,0)dd, Ki(r,z)= / Ky (r, z,0)d6.
0 0

We call the attention that in order to apply the Averaging theorem of first order, we need
initially to find (o, 29) such that,

(45) Fi(ro,2) =0, Ki(ro,20) =0,

i.e., we need to solve a system of two equations. In particular, in order to find (rg, zg) for
this,method note that we need solve a system of two equations, this is an important differ-
ence with our approach in this work, because in some cases of our symmetries we need to
solve only one equation.

It is important to emphasize that the existence of family of periodic solutions bifurcates
from the point (rg, z9). We need to verify the additional condition of non-degeneration

0K, 0K,

det | Or 90 # 0.
OF OF,
or 90 / |1z

2=20

5.1.1. Analysis of the symmetry 7;. We will analyze the integrals that define the func-
tions F} and/or K, assuming that the vector field associated with system (39) possesses the
reversible symmetry 7.

Lemma 5.1. Assume that the vector field (2) has the Ty symmetry. Then, we have the
following:

(1) El(r, 2) =0,
(2) Kq(r,z) =0.

Proof. Under the symmetry 77, we have the following symmetry properties with respect to
the angular variable 6,

(46) fl(r,Q,z) = fl(r,w —0,2),q1(r,0,2) = =gy (r,m — 0,2),?11(7",6,2) = —ﬁl(r,ﬂ —0,2).

Then, it is verified that, Fi(r,m — 6,2) = —Fi(r,0,z), Gi(r,m — 0,z) = G1(r,0,2) and
Ky(r,m—0,z) = —K;(r,0,z). Let u =7 — 0 be a coordinates change, then

™ 0 ™ T
/ Fi(r,0,z)dd = —/ Fi(r,m —u,z)du = / Fi(r,m —u, z)du = —/ Fi(r,u, z)du.
0 x 0 0
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Returning to the variable # we have that, / Fi(r,0,z)dd = 0. Similarly, making the change
0

2
of coordinates u = 37 — 6, we can prove that / Fi(r,0,2)d0 = 0. Analogously to the

™ 2
previous process, we prove that / K;(r,0,2)dd =0 and Ky(r,0,z)dd = 0. O
0

™

Remark 3. From the previous lemma, it is clear that the first-order Averaging theory cannot
be applied if the vector field in (2) or (39) possesses the reversible symmetry Ty. In partic-
ular, the first-order Averaging method fails to yield periodic solutions in our Example 2.1,
where f1, g1, and hy are as given in (15).

Motivated by the results in [20], we must to ezamine whether any conclusions about the
existence of periodic solutions can be obtained via the second-order averaging theory. For
this, it is necessary to calculate the solutions of the system Fy = 0 and Ky = 0 where

Fy(r,2) = / ' [Fy(r,0,2) — Fi(r,0,2)G1(r,0, z)] db,
(47) p

Ky(r,z) = /o ' [Ky(r,0,2) — Ki(r,0,2)G1(r,0, 2)] db.

By the symmetry T, we have the following symmetry properties with respect to the angular
variable 0,

for,0,2) =folr,m — 0, 2),
(48) G2(r,0,2) = — go(r,m— 0, 2),

iLz(ﬂ 07 Z) - BQ(T77T - Q? Z)
Then it is verified the following symmetry properties,

Fy(r,m—0,z) = —Fy(r,0,z2),

(49) Go(r,m —0,2) = Gy(r,0, 2),
KZ(TJT - 97 Z) = _K2(r> 07 Z)'

We present the following result,

Lemma 5.2. Assume that the vector field (2) or (39) has the Ty symmetry. Then, we have
the following:

(1) }E’Q(r, z) =0,
(2) Ks(r,z) =0.

Proof. For item (1), we write

2 27 27
/ [Fy(r,0,2) — Fi(r,0,2)G4(r,0,2)] df = / Fy(r,0,z)df — / Fi(r,0,2)G(r,0,2)db.
0 0 0
23
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2w
Since Fy(r,0,z) = —Fy(r,m — 6, 2), the integral / Fy(r,0,z) = 0, the proof is similar to
0

item (1) of Lemma 5.1. Now, we will focus on demonstrating
27
/ Fi(r,0,2)G1(r, 0, z)dd = 0.
0

For this, rewrite the integral as

2m ™ 2m
/ Fi(r,0,2)Gy(r,0,z)dd :/ FI(T,Q,Z)Gl(T,H,Z)d9+/ Fi(r,0,2)G1(r,0,2)do.
0 0 T

If we take the change of coordinates u = m — @ and by the symmetry properties (49), we
have that

T 0
/ Fi(r,0,2)G1(r,0,2)d0 = —/ Fi(r,m —u,2)Gy(r,7 — u, 2)du,
(50) 0 T

= —/ Fi(r,u, 2)Gy(r,u, z)du.
0

So, we obtain that / Fi(r,0,2)G1(r,0,z)dd = 0. On the other hand, if we take the change
0

2w
of coordinates u = 3w —6, we get similarly that, / Fi(r,0,2)G1(r, 0, 2)d0 = 0. Analogously,

by performing the same procedure, we prove the result for the item (2). O

Remark 4. Consequently, the second-order averaging method yields no information regard-
ing the existence of periodic solutions. Recursively, following the results in [20], the higher-
order averaging theory also fails to provide information on the existence of periodic solutions.

5.1.2. Analysis of the symmetry 75. Now we proceed to analyze the symmetry 75. In
this case we have the following result.

Lemma 5.3. Assume that the vector field (39) has the Ty symmetry. Then, we have the
following:

(1) El(T> Z) =0,

(2) Ki(r,z) =0.

Proof. We know that Fy(r, 6, z) = fi(r, 0, z) cos 0+§1(r, 0, z) sin § and K (r,0, z) = hy(r,6, 2).
By the reversible symmetry 75, the functions f; and hy are odd in the variable y, while g,
is even. Consequently, f; and hy are odd functions of 8, and ¢ is even. It follows that both
F; and K are odd in #, and therefore their integrals over a symmetric interval vanish. [

Remark 5. Analogously to the previous case we cannot apply the Averaging theory of first
order if the vector field (2) or (39) possess the reversible symmetry Ty. In particular, we
cannot obtain periodic solutions by the Averaging method of first order in our Example 2.2
with f1,g1 and hy as in (17).
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5.1.3. Analysis of the symmetry 75. To compare our results with our method and the
theory of Averaging, we will concentrate on studying polynomial vector field as in (39). The
existence of the reversible implies that fi, ¢, are odd in z and h; is even in z, this implies
that

fl(x>y7 Z) = Zfl(xaya 22)7 gl<x>ya Z) = 291(9579722)7 and hl(wa:%Z) = i’/l<x7y7 Z2)7
for some polynomials fi, §; and hy. Then,

27
Fi(r,z) = z/ [fl(r, 0,2%) cosf + g,(r,0,2%) sin 0| db.
0

Remark 6. From the previous calculus we observe that zo = 0 can be part of an equilib-
rium point of the Averaging criteria of first order and ro must be computed by the equation
Ki(rg,0) = 0. On the other hand, in our main result for the reversible symmetry Ty, that
1s Theorem 1.2, we have that the continued periodic solutions bif%rcate from the circular

solution on the plane zy = 0 and rqg is computed by the equation / Bl(ro, 0+ 6y,0)ds = 0.

0
Therefore, we deduce that in both methods zy = 0 could generate periodic solutions

Remark 7. We consider the Example 3.1 in order to compare the applicability of the aver-
aging method of the first order. We note that

Fi(r,z) = mrz(aion + boi1),

Fl(r, Z) = ZLW (8000222 + 40200’/‘2 + 03207"4) .

[ ¢
From this system, we obtain a unique equilibrium point <7’0 =2 —&, Zo = O> under the
€320

condition cogoCzz0 < 0. It us verified that the determinant of its monodromy matriz is
_871'20%00(61101 + bon)

. If we impose that (a101 + bo11)c200 # 0, then by the Averaging theorem

€320
of first order, we obtain a unique family of periodic solution of period close to 2w which are
close to the plane z = 0.
On the other hand, using our method ro must satisfy the equation

/ ill (7”0, S+ 60, O)dS = 2—147”2 [377' (46200 + 03207’2> + 1602107’ COS3 00} = 0.
0
From where given conditions on the parameters, we obtain 1 or 2 positive roots.

We point out that by Theorem 1.2, we obtain a family of initial conditions parameterized
by e, given by (r(e),0(¢), 2(c)) = (ro + or(€),60,0), where 0y is initially arbitrary. The
application of the Averaging method yields a different family of initial conditions of the form
(7(g),0(2),2(e)) = (ro + O(?),0,0(£3)). It is important to note that these two families
of wnitial conditions are not the same. In the Example 3.1 by the method presented in this
work and the Averaging theory, the bifurcation of periodic solutions from the same point
(ro, 20 = 0). Note theses families of initial conditions are not the same. In the Figure 2 we
show how these two different families of initial conditions generated by both methods.
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Z():O

FIGURE 2. Families of initial conditions (r(¢),z(¢) = 0) and (r*(¢), z*(¢))
parameterized by ¢, obtained by Theorem 1.2 and the Averaging theorem of
first order respectively, when the field (2) is under the reversible symmetry T5.
Initially 8 = 6, is an arbitrary angle.

5.1.4. Analysis of the symmetry 75. For the purpose of analyzing the symmetry 75,
we will assume that the functions f;, g;, h; are polynomials. So, we have that they can by
written as

fl(xayvz) - fll(x27ya 22),
gl(l‘,y,Z) =T gll(xzvywzz) +z 912($2ay722)7
h1($,y>z) = hll(xzaya 22)7

For some polynomials f;,g; and h;. Now, we begin by presenting the following result.

Lemma 5.4. [t is verified the following:
2
(1) / cos* T fsin™ df = 0,
0

27
(2) / cos* Osin™ 0df = 0 if m is odd.
0
27 ™
(3) / cos* Osin™ Adh = 2/ cos* Osin™ 0dh if m is even.
0 0

27
(4) / cos* 1 9dh = 0.
0

2m
210 _ o (21)!
(5)/0 cos 6d9—27r22l(“)2.

for £,m € Ny.
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Lemma 5.5. Assume that the vector field (2) or (39) has the reversible symmetry Tys. Then,

2m 2m

(1) / Fi(r,0,z)d0 :rz/ cos @ Gia(r* cos* 0, rsin 6, 2*)db,
0 0
2m

(2) Ki(r,0,2)d0 = 2/ hay(r? cos? 6, rsin 8, z2)dh.
0 0

Proof. In cylindrical coordinates the functions fi,¢; and hy; with the symmetry 75 has the
form

fi(r,0,2) = fn(rz cos® 0, rsin b, %),
(r,0,2) =rcos® g1 (r®cos® 0, rsind, z*) + 2 Gio(r? cos* 0, rsin 6, %),
(r,0,2) = hyy(r? cos® 6,7 sin 6, 22).

Then, by equations (44) we have that

G
In

Fi(r,0,z) = f11(r2 cos® 6, 7sin, z2) cos 6 + [r cos §11(r2 cos> 6, rsiné, z2) + z §12(r2 cos’ 0, rsin, 22)] sin 6,

Ki(r,0,2) = h11(r? cos® 0, rsin 0, 2%).

Now, we analyze the following integrals that are part of the first equation in (44)

2
I, = / f11(r* cos? 0, rsin 6, 2*) cos 06,
0
21
I, :r/ cos 0 sinf §i1(r? cos* §, rsin 6, 2*)db,
0

2w
I3 =rz / sin@ §ia(r? cos® 0,7 sin 6, 2*)do.
0
It is verified that Iy = 0, I, = 0 by virtue of the previous Lemma 5.4. Since the integrand is
polynomial, it results in a combination of sine and cosine functions of that form
cos? 1 9sin™ 0, sin? cos 0,
and using the items of the previous Lemma 5.4, we obtain the result. 0

Remark 8. In general, it is not true that F1 =0 and K1 = 0. In fact, we obtain

Fi(r,z) =rabyrz
— 1
Kl (7", Z) = g7’(’7’2 [(822(0022 + 0202) + 202207"2 + 02407"4)} .
c
Moreover, we obtain a unique zero given by (ro =2 —ﬁ,zo = 0) under the condi-
C240
. . . . . . 2m%bo11Cagg
tion caoocaa0 < 0. It is verified that the determinant of its monodromy matriz is ———5——.
€240

If we impose that bo1ca90C240 # 0, we obtain a family of periodic solutions with period close
to 27 by the Averaging method.

Now, as we see in Theorem 1.3 with j = 1, we obtain a family of initial conditions
parameterized by € as follows (r(€),0(¢),2(¢)) = (ro + or(e),7/2,0) (with the same value of

ro). However, by the use of the Averaging method, we obtain a family of initial conditions
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given by (7(e),0(c), 2()) = (ro + O(£%),0,0 + O(c®)). Furthermore, we obtain, via our
method and the Averaging theory, the bifurcation of periodic solutions from the same point
(1o, 20 = 0). Howewver, theses families of initial conditions are not the same as shown in the

figure 3.

Z():O

FIGURE 3. Families of initial conditions (r(g),z(¢) = 0) and (r*(¢), z2*(¢))
parameterized by €, obtained by Theorem 1.3 with j = 1 (this is the T5-
symmetry) and the Averaging theorem respectively, when the field (2) is under
the reversible symmetry T5 and 6y = 7/2.

5.1.5. Analysis of the symmetry 7j. For the purpose of analyzing the symmetry 7§,
we will again assume that the functions fi, g1, h; are polynomials. Then, by virtue of the
symmetry we have that

fi(z,y2) =y fulz, v, 2) + 2 foz,y?,2%),
g1(z,y,2) = gu(z, y?, 2%),
hi(z,y,2) = hiu(z, 9%, 22).
for some polynomials f1,¢; and hy. In cylindrical coordinates the functions take the form,
fi(r,0,2) = rsin® fi1(rcos,r?sin®0, 22) + z fio(rcos 0, r?sin® 0, 22),
G1(r,0,2) = gi1(rcosd, r*sin 4, 22),
hi(r,0, 2) = hyy(rcos 6,72 sin? 0, 22).

Lemma 5.6. Assume that the vector field (2) and (39) has the reversible symmetry Tg.
Then, we have the following:

2 2
/ Fi(r,0,z)d0 = z
0

fra(rcos 6, 7%sin? 0, 2*) cos 0d6,

28
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27 T
/ hi1(rcos@,rsin? 6, 2%)df = 2 / hi1(rcos @, rsin? 6, 2%)df.
0 0
Proof. By the equations (44), the integral of F; takes the form
27
/ [(r sin fu(r cos 977"2 sin’ 0, z2) +z flz(r cos B, 7% sin? 0, z2)) cos 0 + g11(r cos 0, 7% sin 0, z2) sin 0} dé.
0

and we write it as the sum of the following three integrals
2m B
I, = / rsin @ fi1(r cos 6, r*sin’ 6, 2*) cos db,
0
2 B
I, = / 2 fia(r cos 6, r%sin® 6, 2*) cos Odb,
0
2w
I3 = / sin@ §y(r cos,r?sin* 0, z*)d6.
0

It is verified that Iy = 0 and I3 = 0 due to the parity of the integrand, since they are odd in
the variable 8. For the integral I, we cannot say anything because the integrand is even in
0. Now we rewrite the integral

2w

2m ™
/ hi(rcosf,rsin®6, z*) = / hi(rcos®,r?sin? 0, 2*)dd + / hi(rcos®,r?sin® 0, z%)d6.
0 0 ™
Let u = 2m — 6 be a change of coordinates and observe that
2 0 _
/ hi(rcos®,r?sin® 0, 2*)df = — / hyi(r cos(2m — ), r* sin® (27 — u), 2°)du,
= / hy (r cos u, 72 sin? u, 0)du.
0

This concludes the proof. 0J

Remark 9. By item (1) of the previous Lemma 5.6, it is possible to apply the averaging
method and obtain information about the existence of periodic solutions when the vector
field (2) or (39) admits the reversible symmetry Ts. Our objective now is to present the
differences between both methods, highlighting the advantages and disadvantages of each.
For this purpose, we will present three examples that we consider important to illustrate the
relevance of these differences depending on the symmetry.

Example 5.1. Consider the system (2) with the following functions that admit symmetry
T

fi(@1, @, 23) =a21077 72 + ag30xs + azo1 27T,
(51) g1(x1, 2, T3) 2512033135% + b102$133;2; + 502233%1%7

2 92 2 2
hi(x1, T2, T3) =Ca20T1T5 + Co20T5 + Co0223,
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where a;;,b;; and c¢;; are arbitrary real numbers, and Ry = Ry = R = 0. The previous
functions in cylindrical coordinates takes the form

fi (1,0, 2) =ag1or” cos® 0 sin  + agser® sin® § 4 ago; 272 cos® 0,
G1(r,0, 2) =b1gor® cos Osin® § + bygar2? cos  + boyr®z? sin? 0,
hy (1,0, 2) =cagor® cos® Osin? § 4 cogor? sin? 4 o2
We verified that Fy(r,z) = 0, thus, we cannot apply the Averaging method of first order.
Next, we present other important example for the analysis.
Example 5.2. Let
fi(z1, T2, T3) =anox s + agzors + asnrixs + aznr’z,
(52) 91(T1, T2, T3) =b1ag175 + b1o22175 + b2 T373,
hi (21, T2, T3) =Can0iT5 + Coz0T5 + 60029537

be polynomials that admits the reversible symmetry Ts where a;;,bi; and c;; are arbitrary real
numbers, and Ry = Ry = R3 = 0. The previous functions in cylindrical coordinates takes
the form

fi (1,0, 2) =ag1or® cos® O sin § + agser® sin® O + ago; 272 cos® O + 122 cos® ),
G1(1,0, 2) =b1gor® cos 0sin § + bygar2z? cos § + boyr?z? sin? 0,
le(r, 0, z) =cagor® cos? §sin? 6 + coaor? sin? 6 4 copp 2>

We obtain that

— 3
Fi(r,z) = %r?’z,

1
K1 (T’, Z) = Z_J;ﬂ- (8C00222 + 4C0207”2 + C2207”4) .

This system has a zero with radius ro = 2 2‘;—23 and z = 0, when the condition cygacasy < 0

it is satisfied.

c220’

Remark 10. By the Theorem (1.3) with j = 2, the point (7“0 =2,/920 > = O) is exactly the

point (1o, 0) from which the Tg-reversible symmetric periodic solution close to the z = 0-plane
bifurcate. However the curve of initial conditions that generated by the Averaging method is
not the same curve of initial condition generated by our method, similiar to happened with
the symmetry Ts, so in this case, the curve of initial condition is taken in zg = 0 and 0y = 0
and it s on the x-axis as shown in the Figure 4

Example 5.3. Consider the following polynomials
fi(@1, 22, 23) =asioxias + agzxs + 2 (613001153 + a500$5) ;
(53) g1(x1, T2, 3) =b120$1$§ + 5102551517% + 50223733%,

2.2 2 2
hy(x1, T2, T3) =Ca20x1T5 + Co20%5 + Co02%5,
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FIGURE 4. Families of initial conditions (r(g),z(¢) = 0) and (r*(¢), z2*(¢))
parameterized by e, obtained by Theorem 1.3 with j = 2 (this is, the Tg-
symmetry) and the Averaging theorem respectively, when the field (2) has the
reversible symmetry Ty and 6y = 0.

that admit the Ts-reversible symmetry, a;j, bj; and c;; are arbitrary real numbers, and Ry =
Ry = R3 = 0. The previous functions in cylindrical coordinates takes the form

f1(r, 0, 2) =ag107> cos® @ sin O + agser® sin® 0 + z (a201r2 cos? 0 + 12 cos® 9) ,

G1(r, 0, 2) =bigor® cos @ sin® 0 + byporz? cos 6 + byr?z* sin? 6,

hi(r,0,2) =caor* cos? 0sin® 0 + cogor? sin? 6 + cope2”.

We have that

— 3
Fi(r.2) = =,

1
Ky(r,z) = v (8000222 + deggor? + 02207’4) )

Then, solving the equations F1(r,z) = 0 and K,(r,z) = 0, we obtain three no-degenerate
1solated zeros
31

https://doi.org/10.4153/5S0008414X25101910 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101910

€020
ro=2,/—, 20=0,
0220
2
, \/> /aaoo N 3 \/ 10 aso0 as00 Co20 — 3a30 C220
0 — - )
a500 500 1/ Co02
, \/7 /0300 3 v/ 10a300 @500 Co20 — 30300 C220
0 .
a500 a500 +/Co02

Thus, by the Averaging theorem of first order from each point, there are periodic solutions
close to each plane zy respectively. Now, using our Theorem 1.3, we obtain the existence of

reversible symmetric periodic solutions close to circle with radius ro = 2 C;’—ig on the plane

zo = 0 under the condition that cagacazg > 0 .

Note that in this work, our analysis does not cover the case of double symmetry, because
the vector field of system (2) does not form a group under the composition of its reversible
symmetries, unlike what occurs in Hamiltonian systems (see, for example, [14]).

In order to get an approximation of the reversible symmetric periodic solutions, we propose
an approximation of the solution for the system (2):

x(t, € €) = x(t) + ¥z (t) + O(e*™)
(54) y(t7 57 5) = yO(t) + 6ayl (t) + O(ga—H)
2(t,€,¢) = 2(t) + %21 (t) + O(e*)

where £ = (o, Yo, 20) is the initial condition. By the change of cylindrical variables, we have
that

x(t) = r(t) cosO(t)
(55) y(t) = r(t)sind(t)
2(t) = 2(t)

where (r(t),0(t), z(t)) is as in (7). Thus, the approximation of the solution of the complete
system is given by

x(t) = (ro(t) + i (t) + O(e®)) cos(Bp(t) + 0, (t) + O(e*T)),
(56) y(t) = (ro(t) +e“ri(t) + O(%)) sin(fo(t) + €61 (t) + O(e*™)),
2(t) = 2o(t) + %21 (t) + O(e*t)
when,
zo(t) =ro(t)cosby(t), xi1(t) =ri(t)cosby(t),
(57) yo(t) =ro(t)sinby(t), wyi(t) =ri(t)sinby(t),
Zo(t) = ZQ(t), 21 (t) = 21 (t)

In our approach, it is possible to compute a second approximation of the solution but

additional information is required.
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