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Abstract

This contribution covers the topic of my talk at the 2016-17 Warwick-

EPSRC Symposium: “PDEs and their applications”. As such it con-

tains some already classical material and some new observations. The

main purpose is to compare several avatars of the Kato criterion for

the convergence of a Navier–Stokes solution, to a regular solution of

the Euler equations, with numerical or physical issues like the presence

(or absence) of anomalous energy dissipation, the Kolmogorov 1
3 law

or the Onsager C0, 13 conjecture. Comparison with results obtained after

September 2016 and an extended list of references have also been added.

1.1 Introduction and uniform estimates.

In this contribution I will describe the main topics of my talk at the 2016-

17 Warwick-EPSRC Symposium: PDEs in Fluid Mechanics in Septem-

ber 2016. Most of these issues are the results of a long term collaboration

with Edriss Titi. I will also comment on some more recent (after Septem-

ber 2016) results (also collaboration with Edriss Titi and several other

coworkers). In the same way I am going to include (mostly with no de-

tails) some recent results of other researchers and an extended list of

references whenever they contribute to the understanding of the prob-

lems. Eventually one of the guidelines is the comparison between the

use of weak convergence and the use of a statistical theory of turbulence.

Hence the paper is organized as follows. After introducing some basic and

well-known estimates, the zero viscosity limit of solutions of the Navier–
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2 C. Bardos

Stokes equations is considered with no-slip boundary condition but in

the presence, for the same initial data, of a Lipschitz solution of the Eu-

ler equations. This leads to an extension of Kato’s theorem and to the

introduction of several (equivalent) criteria for convergence to a smooth

solution and for the absence of anomalous energy dissipation. Compar-

ison of these criteria with physical observations or classical ansatz are

made. In particular emphasis is given to the issue of the anomalous en-

ergy dissipation which leads to the comparison with the Kolmogorov 1
3

law in the statistical theory of turbulence. Then this leads to the issue

of the Onsager C0, 13 conjecture.

As a starting point consider solutions of the Euler equations and of

the Navier–Stokes equations in a space-time domain

Ω× [0, T ] ⊂ Rd × R+
t , d = 2, 3.

We assume that the boundary ∂Ω is a C1 manifold with �n(x) denoting

the outward normal at any point x in ∂Ω. Then we introduce the function

d(x) = d(x, ∂Ω) = inf
y∈∂Ω

|x− y| ≥ 0

and the set

Uη = {x ∈ Ω , d(x) < η},

which have the following classical geometrical properties.

Proposition 1.1 For 0 < η < η0 small enough d(x)|Uη
∈ C1(Uη)

and for any x ∈ Uη there exists a unique point σ(x) ∈ ∂Ω such that

d(x) = |x− σ(x)| . Moreover for every x ∈ Uη we have

x = σ(x)− d(x)�n(σ(x)) and ∇xd(x) = −�n(σ(x)). (1.1)

To focus on the boundary effects, first, we consider a smooth (Lip-

schitz) solution u(x, t) of the incompressible Euler equations with the

impermeability condition:

∇ · u = 0 and ∂tu+ u · ∇u+∇p = 0 in Ω× [0, T ]

and u · �n = 0 on ∂Ω× [0, T ] .
(1.2)

The value of such solution for t = 0 is denoted by u0(x) = u(x, 0). For

the same initial data uν(x, 0) = u0(x) and for any ν > 0 one considers a

family uν(x, t) of Leray–Hopf solutions of the Navier–Stokes equations
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with the no-slip boundary condition:

∂tuν + uν · ∇uν − νΔuν +∇pν = 0 and ∇ · uν = 0 in Ω× [0, T ]

with uν = 0on ∂Ω× [0, T ].
(1.3)

For Lipschitz solutions of the Euler equations we have the obvious

energy balance relation∫
Ω

|u(x, t)|2
2

dx =

∫
Ω

|u(x, 0)|2
2

dx, for all t ∈ [0, T ], (1.4)

while for any Leray–Hopf solution of the Navier–Stokes equations we

obtain∫
Ω

|uν(x, t)|2
2

dx+ν

∫ t

0

∫
Ω

|∇uν(x, s)|2 dx ds ≤
∫
Ω

|uν(x, 0)|2
2

dx, (1.5)

for all t ∈ [0, T ].

It is well known that in dimension two the solution uν is smooth,

unique and (1.5) is actually an equality instead of an inequality. The is-

sue of the regularity of the solutions of (1.3) plays no role in the present

contribution which focuses on the zero viscosity limit. It turns out there

are no other estimates uniformly valid for all positive ν, and in partic-

ular for ν going to zero, other that the one that follows from (1.3). It

implies the existence of (may be not unique) limits, in the weak star

L∞(0, T ;L2(Ω)) topology, of subsequence of solutions uν of (1.3). Any

such limit is denoted by uν , and the main question is whether or not we

have

uν = u in Ω× [0, T ].

As shown in Kato (1972) and Constantin (2005), in the absence of phys-

ical boundaries (torus or the whole space) uν converges to u.

In the presence of physical boundaries, this is much more subtle. The

obvious difficulty comes from the fact that when ν → 0 only the imper-

meability boundary condition remains while (here τ denotes the tangen-

tial component at the boundary) the relation (uν)τ = 0 does not persist.

Therefore the solution has to become singular near the boundary. It cre-

ates a shear flow near the boundary, in solutions of (1.3), which generates

vorticity that may propagate inside the domain by the advection term

and by the effect of the pressure. This turns out to be the most natural

way to generate turbulence (even homogeneous turbulence far from the

boundary).
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4 C. Bardos

For any Lipschitz vector field w we denote by S(w) its symmetric

stress tensor

S(w) =
∇w + (∇w)⊥

2
.

Denote by (·, ·) the L2(Ω) scalar product. Then since both uν and u

are divergence-free Lipschitz vector fields and since u is tangent to the

boundary of Ω we obtain, by integration by parts, the classical formula

(uν · ∇uν − u · ∇u, uν − u) = (uν − u, S(u)(uν − u)). (1.6)

From (1.2) and (1.3) we also have

∂t(uν − u) + uν · ∇uν − u · ∇u− νΔuν +∇pν −∇p = 0. (1.7)

Taking the L2(Ω) inner product of (1.7) with (uν − u) and observing

that on the boundary Ω we have uν = 0 and u · �n = 0, thanks to (1.6),

we obtain

d

dt

1

2
|uν − u|2L2(Ω) + ν

∫
Ω

|∇uν |2 dx

≤ |(uν − u, S(u)(uν − u))|+ ν

∫
Ω

(∇uν : ∇u) dx

− ν

∫
∂Ω

(∂�nuν)τ · u dσ.
(1.8)

The analysis of the term

−ν
∫
∂Ω

(∂�nuν)τ · u dσ,

which appears in the right-hand side of (1.8) is, in this section and in the

next one, the cornerstone of this contribution. We observe that (∂�nuν)τ
is the tangential component of the stress at the boundary. It creates a

shear flow near the boundary and generates vorticity. In order to see

this more clearly notice that since (uν)τ = 0 on the boundary of Ω we

obtain the following equality

−(∂�nuν)τ · u = (∇∧ uν) · (�n ∧ u). (1.9)

Therefore all the considerations concerning the left hand-side of (1.9) do

have their counterpart on the right-hand side, i.e. in terms of the trace

of the vorticity of uν on ∂Ω .

Moreover, from (1.8) it follows the very easy, but essential result.
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Proposition 1.2 Let u be a Lipschitz solution of the Euler equations

(1.2) and uν the solutions of the Navier–Stokes equations (1.3) with

initial data uν(x, 0) = u(x, 0) = u0(x). Then under the hypothesis

lim sup
ν→0

∫ T

0

−ν
∫
∂Ω

(∂�n · uν)τu dσ dt

= lim sup
ν→0

ν

∫ T

0

∫
∂Ω

−((∂�nuν)τ · uτ )− dσ dt ≤ 0

(1.10)

any weak limit uν coincides with u in Ω× [0, T ].

In the proposition and throughout the paper we use (X)− = inf(0, X).

Proof From (1.8), using the Cauchy–Schwarz and Young inequalities

we deduce that

|uν − u|2L2(Ω)(t)+ ν

∫ t

0

∫
Ω

|∇uν(x, s)|2 dx ds

≤ ν

∫ t

0

∫
Ω

|∇u|2 dx ds

+ 2|S(u)|L∞(Ω×[0,T ])

∫ t

0

|(uν − u)(s)|2L2(Ω) ds

+ 2

∫ t

0

−ν
∫
∂Ω

(∂�nuν)τ · u dσ ds.

(1.11)

Then, under the hypothesis (1.10), we have

lim sup
ν→0

|(uν−u)(t)|2L2(Ω)

≤|S(u)|L∞(Ω×[0,T ])

∫ t

0

lim sup
ν→0

|(uν − u)(s)|2L2(Ω) ds,
(1.12)

which implies, by Gronwall’s inequality, that

lim sup
ν→0

|(uν − u)(t)|2L2(Ω) = 0, for all t ∈ [0, T ],

and consequently, the relation

|uν − u|2L2(Ω)(t) ≤ lim sup
ν→0

|(uν − u)(t)|2L2(Ω) (1.13)

implies uν = u in Ω× [0, T ].
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6 C. Bardos

1.2 Kato criterion for convergence to the regular
solution.

In a remarkable paper Kato (1984) related the convergence to the smooth

solution of the Euler equations to the absence of anomalous energy dis-

sipation in a boundary layer of size ν. At present it turns out that this

criterion (this is the object of the Theorem 1.3 below) has several equiv-

alent forms (see Theorem 4.1 in Bardos & Titi (2013) and Constantin

et al (2018) for more references). Some of these equivalent forms (in

particular the above hypothesis (1.10)) have natural physical interpre-

tations.

Theorem 1.3 Assume the existence of a Lipschitz solution u(x, t) of

the incompressible Euler equations in Ω×]0, T [. Let uν(x, t) be a Leray–

Hopf weak solution of the Navier–Stokes equations (1.3) with no slip

boundary condition, that coincides with u at the time t = 0. Define the

region

Uν = Ω ∩ {d(x, ∂Ω) < ν}.

Then the following facts are equivalent:

lim
ν→0

ν

∫ T

0

∫
∂Ω

((∂�nuν)τ · uτ )− dσ dt = 0, (1.14a)

uν(t)→ u(t) in L2(Ω) uniformly in t ∈ [0, T ], (1.14b)

uν(t)→ u(t) weakly in L2(Ω) for each t ∈ [0, T ], (1.14c)

lim
ν→0

ν

∫ T

0

∫
Ω

|∇uν(x, t)|2 dx dt = 0, (1.14d)

lim
ν→0

ν

∫ T

0

∫
Uν

|∇uν(x, t)|2 dx dt = 0, (1.14e)

lim
ν→0

1

ν

∫ T

0

∫
Uν

|(uν(x, t))τ |2 dx dt = 0, and (1.14f)

lim
ν→0

ν

∫ T

0

∫
∂Ω

(
∂uν

∂�n
(σ, t))τ · w(σ, t) dσ dt = 0

for all w(x, t) ∈ Lip(∂Ω× [0, T ]) tangent to ∂Ω.

(1.14g)
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Proof The proof is an updated version (cf. Bardos & Titi, 2013) of the

basic result of Kato (1984). First observe that (1.14a) is (with w = u) a

direct consequence of (1.14g).

The fact that (1.14a) implies (1.14b) was observed in the previous

section, while (1.14c) clearly follows from (1.14b).

From (1.14c), for any 0 < t < T, we deduce

lim
ν→0

2ν

∫ t

0

∫
Ω

|∇uν(x, s)|2 dx ds

≤
∫
Ω

|u(x, 0)|2 dx− lim inf
ν→0

∫
Ω

|uν(x, t)|2 dx

≤
∫
Ω

|u(x, 0)|2 dx−
∫
Ω

|u(x, t)|2 dx ≤ 0,

(1.15)

which gives (1.14d) from which (1.14e) easily follows, as Uν ⊂ Ω.

Since uν = 0 on ∂Ω×]0, T [ the estimate (1.14f) is deduced from (1.14e)

using the Poincaré inequality.

The only non trivial statement is the fact that (1.14f) implies (1.14g)

and its proof is inspired by the construction of Kato (1984). We introduce

a cut-off function

Θ ∈ C∞(R), with Θ(0) = 1 and Θ(s) = 0 for s > 1. (1.16)

Then, with ν < η0 , use Proposition 1.1 to extend w to a Lipschitz,

divergence-free, tangent to the boundary vector field ŵν according to

the formula:

ŵν(x, t) = 0, for x /∈ Uν ,

ŵν(x, t) = ∇∧ (�n(σ) ∧ w(σ, t)d(x, ∂Ω)Θ(
d(x, ∂Ω)

ν
)),

for x = σ(x)− d(x, ∂Ω)�n(σ(x)) ∈ Uν .

(1.17)

Multiplication of the Navier–Stokes equation satisfied by uν and inte-

grating by part gives

ν

∫
∂Ω

(
∂uν

∂�n
(σ, t))τw(σ, t) dσ

= ν(∇uν ,∇ŵν)L2(Ω) − (uν ⊗ uν ,∇ŵν)L2(Ω) + (∂tuν , ŵν)L2(Ω) .
(1.18)

To show that the right-hand side of (1.18) goes to 0 with ν observe that,

the only non trivial terms to consider are those that contain the highest

power of ν−1.

We have the following estimates, where C denotes any constant which
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depends on the geometry and on the Jacobian of the transformation

defined on Uν by the relation x = σ(x)− d(x, ∂Ω)�n(σ(x)).

ν

∣∣∣∣ ∫ T

0

∫
Uν

|(∇uν ,∇ŵν)| dx dt
∣∣∣∣

= −ν
∣∣∣∣∣
∫ T

0

∫
Uν

uν : Δŵν dx dt

∣∣∣∣∣
≤ νC

∫ T

0

∫ ν

0

∫
σ∈∂Ω

|(uν)τ (σ, s)||w(σ)|
s

ν3
|Θ′′′

(
s

ν
)| ds dσdt

+ o(ν)
(1.19)

and

∣∣∣∣∣
∫ T

0

∫
Uν

(uν ⊗ uν ,∇ŵν)L2(Ω) dt

∣∣∣∣∣
≤
∣∣∣∣∣
∫ T

0

∫
Uν

((uν)τ (uν)n∂n(ŵτ ) dx dt

∣∣∣∣∣+ o(ν)

≤ C

∫ T

0

∫ ν

0

∫
σ∈∂Ω

|(uν)τ (σ, s)||(uν)n(σ, s)||w(σ, t)|
s

ν2
Θ

′′
(
s

ν
) ds dσ dt

+ o (ν).
(1.20)

Therefore using Cauchy–Schwarz we obtain from (1.19)

∣∣∣∣ν ∫ T

0

∫
Uν

(∇uν ,∇ŵν) dx dt

∣∣∣∣
≤ C

1

ν2

(∫ T

0

∫ ν

0

∫
σ∈∂Ω

|(uν)τ (σ, s)|2 ds dσ dt

) 1
2

×
(∫ T

0

∫
∂Ω

∫ ν

0

s2 ds dσ dt

) 1
2

≤ C

(
1

ν

∫ T

0

∫ ν

0

∫
σ∈∂Ω

|(uν)τ (σ, s)|2 ds dσ dt

) 1
2

(1.21)

and similarly for (1.20) we have
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∣∣∣∣∣
∫ T

0

∫
Uν

|(uν ⊗ uν ,∇ŵν)| dx dt
∣∣∣∣∣

≤
∣∣∣∣∣
∫ T

0

∫
Uν

((uν)τ (uν)n∂n(ŵτ ) dx dt

∣∣∣∣∣+ o(ν)

≤ C

∫ T

0

∫ ν

0

∫
σ∈∂Ω

|(uν)τ (σ, s)||(uν)n(σ, s)||w(σ, t)|
s

ν2
Θ

′′
(
s

ν
) ds dσ dt

+ o(ν)

≤ C

ν

∫ T

0

∫ ν

0

∫
σ∈∂Ω

|(uν)τ (σ, s)||(uν)n(σ, s)||w(σ, t)| ds dσ dt+ o(ν)

≤ C

(
1

ν

∫ T

0

∫ ν

0

∫
σ∈∂Ω

|(uν)τ (σ, s)|2 ds dσdt
) 1

2

×
(
1

ν

∫ T

0

∫ ν

0

∫
σ∈∂Ω

|(uν)n(σ, s)|2 ds dσ dt

) 1
2

+ o(ν).

(1.22)

Moreover, since uν = 0 on ∂Ω , with the Poincaré inequality, we have∫ T

0

∫ ν

0

∫
∂Ω

|(uν)n(σ, s, t)|2 ds dσ dt

≤ ν2
∫ T

0

∫ ν

0

∫
∂Ω

|(uν)n|2 ds dσ dt ≤ C‖u0(x)‖2L2(Ω).

(1.23)

Therefore the last term of both (1.21) and (1.22) is uniformly bounded

by

C
1

ν

∫ T

0

∫
Uν

|(uν(x, t))τ |2 dx dt+ o(ν)

and this shows that (1.14f) implies (1.14g), completing the proof.

1.3 Mathematical and physical interpretation of
Theorem 1.3

1.3.1 Recirculation

Since uν = 0 on ∂Ω and u is tangent to the boundary, the fact that

(
∂uν

∂�n
(σ, t))τuτ = ((∇∧ uν) ∧ �n) · u < 0

https://doi.org/10.1017/9781108610575.002 Published online by Cambridge University Press

https://doi.org/10.1017/9781108610575.002


10 C. Bardos

 

Laminar regime

Prandlt boundary layer recirculation and triple-deck ansatz

Figure 1.1 Laminar flow with recirculation around an airfoil.

for ν small enough, indicates that somewhere near the boundary the

viscous flows uν go in the opposite direction to the base flow u that

solves the Euler equations, or equivalently that this flow exhibits some

backward vorticity. This configuration is known as “recirculation” and

does not prevent the fluid from remaining laminar or from having an

asymptotic behavior given by the Euler equations, as long as such recir-

culation is not too big. And this moderate recirculation, shown in Figure

1.1, corresponds to the hypothesis (1.10).

1.3.2 The Prandtl equations and the Stewartson

triple-deck ansatz.

As already observed, in the zero-viscosity limit, the boundary condition

(uν)τ = 0 may not persist; hence some type of singularity has to appear

near the boundary. However, for linear parabolic problems of the form

∂tuν − νΔuν = 0, uν(x, 0) = u0(x), uν(x, t)|∂Ω = 0 (1.24)

and also, for the linearised Navier–Stokes equations (cf. Ding & Jiang,

2018), the solution converges strongly away from the boundary and near

the boundary, in a layer B√
ν = {x ∈ Ω, d(x, ∂Ω) <

√
ν} of size

√
ν. It

can be described in the laminar regime by a “parabolic scaling”, that is,
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by a smooth function of the form

x = xτ − d(x, ∂Ω)�n(xτ ) 
→ U

(
d(x, ∂Ω)√

ν
, xτ

)
.

In fact, Prandtl (1904) proposed to represent the solution of the Navier–

Stokes equation according to the formula

uν(x, t) � Uτ

(
d(x, ∂Ω)√

ν
, xτ , t

)
+
√
νU�n

(
d(x, ∂Ω)√

ν
, xτ , t

)
, (1.25)

where the indices τ and �n refer to tangent and normal components of

the fluid velocity U(x, t). To describe the behaviour near the boundary

one requires that

Uτ (0, xτ , t) +
√
νU�n(0, xτ , t) = 0 and

lim
y→∞

Uτ

(
y√
ν
, xτ , t

)
+
√
νU�n

(
y√
ν
, xτ , t

)
= uτ (xτ , t) .

(1.26)

Much later, Stewartson (1974) proposed an ansatz that would incor-

porate a certain amount of recirculation. To do so he considered three

layers of fluid near the boundary and hence called this ansatz “the triple

deck”.

1. In the Upper Deck {x ∈ Ω
∣∣√ν < d(x, ∂Ω)} the solution is described

by the Euler flow.

2 In the Lower Deck {x ∈ Ω
∣∣ 0 < d(x, ∂Ω) < ν

5
8 } the solution is

described by the above Prandtl boundary layer ansatz.

3 In Middle Deck {x ∈ Ω
∣∣ ν 5

8 < d(x, ∂Ω) <
√
ν}, which connects the

two above layers the following scaling is proposed:

uν(x, t) � (ν
1
8Uτ (

d(x, ∂Ω)

ν
5
8

,
xτ

ν
3
8

, t), ν
3
8U�n(

d(x, ∂Ω)

ν
5
8

,
xτ

ν
3
8

, t)). (1.27)

Observe that the Prandtl and the triple Deck ansatzs share in common

the following property. If they have, for 0 < t < T , a smooth solution and

if this solution gives an accurate description of the genuine behaviour of

the solution uν of the Navier–Stokes equation then uν satisfies any (and

of course all) the criteria of Theorem 1.3.

However, to the best of our knowledge there are no mathematical

results concerning the validity of the triple deck ansatz.

Additionally, results concerning the Prandtl equations have been es-

tablished near a flat boundary. The problem in general is ill posed. It

is well posed for analytic initial data (see Asano, 1991 and Sammartino

& Caflisch, 1998) or for Gevrey initial data (see Gerard-Varet & Mas-

moudi, 2015). However even with such data the solution may blow up in
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a finite time, see E & Enquist (1997). Eventually one can construct ex-

amples where both the Navier–Stokes and Prandtl equations have, with

the same initial data, a smooth solution for a finite time. But in this spe-

cial case the Prandtl equations do not provide a correct approximation

of Navier–Stokes equations as ν → 0.

Since a boundary layer of size ν is much smaller (as ν → 0) than a

boundary layer of size
√
ν it follows from the above considerations that

if the criteria (1.14e) is not satisfied asymptotic ansatz like the Prandtl

equation or the triple deck cannot be uniformly valid for the description

of the zero viscosity limit.

1.3.3 Von Karman turbulent Layer

From the above considerations on boundary layers one deduces that

turbulence generation in a region of size ν around the boundary is the

basic cause for the non convergence to the smooth solution of the Euler

equations. Despite the absence of any type of proof I think that it may

be useful to compare this issue with the empirical rule for turbulence

at the boundary. Since convergence in a strong norm is not expected, a

turbulent boundary layer for uν should be present, in general, around

some part of the boundary.

To the best of my knowledge, the only practical thing available is

a description based on experiment, numerical analysis and dimensional

analysis: the Prandtl–Von Karman turbulent layer (1932). It provides

an ansatz for the tangential component of the velocity uτ (x�n, xτ , t) in

the layer

Bturbulent = {x ∈ Ω, d(x,Ω) < ν} ∩W ,

with W denoting a neighborhood of some part of the boundary.

On ∂Ω ∩W the quantity

u∗ =
√

ν∂�nuτ , (1.28)

which has the dimension of a velocity, is assumed to be of the order of

one.

Then in Bturbulent we have

uτ (x�n, xτ ) = u∗Uτ (s) , s = u∗x�n
ν
, (1.29)

with Uτ (s) an intrinsic function of the quantity s. With phenomenolog-

ical arguments this function is almost linear for 0 < s < 20 and given
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by a Prandtl–Von Karman wall law of the form

Uτ (s) = κ log s+ β for 20 < s < 100. (1.30)

However, either with (1.28), which implies that

ν∂�n(uτ )|∂Ω ≥ α > 0

or with (1.29), which implies that

ν

∫
{x∈Ω\d(x,∂Ω)<ν

1
2 }
|∇uν(x, , t)|2 dx ≥ ε > 0 (1.31)

we observe that the existence of such a boundary layer is consistent

with the fact that uν does not converge to the smooth solution u. This

is necessary for the appearance of a turbulent wake.

1.3.4 Energy limit and d’Alembert paradox.

Eventually the avatar

lim
ν→0

1

ν

∫ T

0

∫
{x∈Ω|d(x,∂Ω)<ν}

|(uν(x, t))τ |2 dx dt = 0 (1.32)

of the Kato criteria represents the asymptotic (for ν → 0) amount energy

exerted on the boundary of the vessel (or on the obstacle, such as an

airfoil for instance) by the flow. This may contribute to the explanation

of the d’Alembert paradox.

In a modern setting such a paradox would concern a fluid defined in a

domain Ω ⊂ R3 which is the complement of a bounded obstacle K with

a divergence-free velocity u constant at infinity.

lim
|x|→∞

u(x) = (u∞, 0, 0). (1.33)

If the evolution of the fluid is described by the Euler equations, with

initial data u0(x), satisfying condition (1.33) and ∇ ∧ u0 = 0, then

the vector field u would remain irrotational and satisfy the boundary

condition

u(x, t) · �n = 0 on ∂Ω.

Therefore u would be a potential flow u = ∇ϕ. And from the relation

(u · ∇u)i =
∑

1≤j≤d

uj∂xj
ui =

∑
1≤j≤d

∂xj
ϕ∂xj

∂xi
ϕ =

1

2
∂xi
|∇ϕ|2 (1.34)
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we deduce the equation

u · ∇u−∇( |u|
2

2
) = 0, (1.35)

which implies that u(x, t) is a stationary solution u(x, t) = U(x) satis-

fying:

∇ · U = Δϕ = 0 in Ω . (1.36)

The force exerted on the obstacle K = R3\∂Ω can be computed using

Green’s formula and we have (see Marchioro & Pulvirenti, 1994 page

54):

F =

∫
∂Ω

p�n dσ =

∫
∂Ω

(p�n+ (�n · U)U) dσ

=

∫
Ω∩{|x|<R}

(∇p+ U · ∇U) dx−
∫
|x|=R

(
�x

|x|p+ (
�x

|x| · U)U) dσ

= − lim
R→∞

∫
|x|=R

(
�x

|x|p+ (
�x

|x| · U)U) dσ = 0,

(1.37)

where we have taken R large enough so that K is contained in |x| < R.

This fact leads to the following conclusion.

If such stationary flows are described by the Euler equations birds and

planes cannot glide! To resolve the paradox one observes that the flow

around the obstacle cannot be a regular solution of the Euler equation

but on the other hand may well be the zero-viscosity limit of a flow

described by the Navier–Stokes equations with no slip boundary con-

dition. In such case the non-zero limit of the right-hand side of (1.32)

would represent the amount of energy needed to sustain the flight. This

also indicates that the case where the Kato criterion is satisfied seems

to be the exception rather than the general rule.

1.4 Kato’s criterion, anomalous energy dissipation,
and turbulence

Statistical theory of turbulence is based on a notion of an average 〈.〉. It
may denote the ensemble average, average of different quantities of the

same fluid at some point, time average, spatial average, etc. It involves

in particular two objects:

• the mean energy dissipation denoted by ε(ν) = ν〈|∇uν |2〉, and
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• the mean flow velocity increment denoted by 〈|uν(x+ r)− uν(x)|〉.

With the idea that the notion of weak convergence is a deterministic

counterpart of the notion of average, as used in the statistical theory of

turbulence, among other things to justify the Prandtl–Von Karman law

mentioned above it is interesting to compare what is presently known for

the relation between anomalous energy dissipation and loss of regularity.

Under the universality assumption about homogeneous isotropic tur-

bulence, these quantities are related by the Kolmogorov 1/3 law:〈
|uν(x+ r)− uν(x)|

|r| 13

〉
� ε

1
3 =

(
ν〈|∇uν |2〉

) 1
3

. (1.38)

One of the starting observations, object of the Kato criterion, is the fact

that if a weak limit uν of a sequence of solutions of the Navier–Stokes

equation is of constant energy, that is,

∀t ∈ [0, T ]

∫
Ω

|uν(x, t)|2 dx =

∫
Ω

|uν(0, t)|2 dx, (1.39)

then there is no anomalous energy dissipation, i.e.

lim
ν→0

∫ T

0

∫
Ω

|∇uν(x, t)|2 dx dt = 0. (1.40)

In particular, in passing to the limit, some regularity implies the absence

of anomalous energy dissipation. On the other hand, to prove that (1.40)

implies the convergence to a smooth solution of the Euler equations Kato

uses, in an essential way, an extra hypothesis: the existence of such a

smooth solution. To the best of our knowledge the Kato criterion pro-

vides the only deterministic (without involving any statistical theory of

turbulence) configuration where there is a complete equivalence between

regularity and absence of anomalous energy dissipation. In particular,

with simple examples (cf. Bardos & Titi, 2010), one can show the ex-

istence of solutions uν(x, t) of Navier–Stokes which converge weakly in

L∞(0, T ;L2(Ω)) to a non regular solution uν of the Euler equation that

conserves energy and hence without anomalous energy dissipation.

Then, from the Kolmogorov relation (1.38), one may infer that solu-

tions of the Euler equations which belong to L3((0, T );C0,α(Ω)) with

α > 1
3 are of constant total energy. This is the so called Onsager conjec-

ture. Mathematical proofs of this conjecture were given by Eyink (1994)

and by Constantin, E, & Titi (1994).

The pertinence of such a threshold was confirmed by the recent conclu-

sion by Buckmaster et al. (2018a) of the program initiated by C. De Lellis
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and L. Székelyhidi about convex integration and wild solutions. In Buck-

master et al. (2018a) the following fact is proved: given any β < 1/3 , a

time interval [0, T ] and any smooth energy profile e : [0, T ] 
→ (0,∞) ,

there exists a weak solution v ∈ Cβ([0, T ]×T3) of the three-dimensional

Euler equations with

e(t) =

∫
T3

|v(x, t)|2 dx .

Extension of some of these results to domains with boundary have

also been recently obtained. The conservation of energy for solutions in

L3((0, T );Wα,3(Ω) with α > 1
3 has been proven by Robinson, Rodrigo,

& Skipper (2018) when Ω = T2 × R+ using a symmetry argument. The

case of a general domain has been treated by Bardos & Titi (2018) and

by Bardos, Titi, & Wiedemann (2018) where first one proves the validity

of the local energy conservation:

∂t
|u|2
2

+∇x ·
((
|u|2
2

+ p

)
u

)
= 0 in D′(0, T )× Ω) (1.41)

under a “local” C0,α (with α > 1
3 ) hypothesis, using an approach in-

spired by a paper of Duchon & Robert (2000) and then extending the

property up to the boundary.

In contrast to what is done in Robinson et al. (2018) for the symmetric

case, some weak hypotheses on the pressure are requested. This can be

related to the following facts:

1 In the absence of boundary (Ω = R3 or Ω = T3) the presence of a

smooth solution u means that any admissible weak solution ũ that is a

solution in the sense of distributions and that satisfies the relation

∀0 < t < T

∫
Ω

|ũ(x, t)|2
2

dx ≤
∫
Ω

|u(x, 0)|2
2

dx with ũ(x, 0) = u(x, 0)

(1.42)

coincides with u(x, t) for t ∈ (0, T ) as proven in De Lellis & Székelyhidi

(2010).

2 However in the presence of boundary effects the above hypothe-

sis are not enough to show the coincidence of ũ and u and some extra

hypothesis on ũ and the corresponding pressure p̃ are compulsory (cf.

Bardos, Székelyhidi, & Wieidemann, 2014). With these “natural hypoth-

esis” one obtains (cf. Theorem 5.1. in Bardos et al., 2014) sufficient con-

ditions for the convergence to a smooth solution of the Euler equation

and for the absence of anomalous energy dissipation. It should be em-

phasized that the above conditions are compatible with the appearance
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of a parabolic boundary layer in the tangent component of the veloc-

ity in the neighborhood of the boundary, as described by the Prandtl

ansatz.

As a final remark, observe that the above results concerning the energy

conservation and the zero viscosity limit can be extended (under some

convenient hypothesis and basically before the formation of shocks) to

the solutions of the “compressible” Navier–Stokes and Euler equations,

see for instance Carrillo, Feireisl, & Gwiazda (2017), Feireisl et al. (2107),

and Bardos & Toan (2016).
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