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Extension of the Notion of Wave-surface to Space of
n Dimensions.

By Professor P. H. ScrouTE.

1. The following two modes of generation of the wave-surface
are pretty generally known.

(a) A given ellipsoid E=a"/a’+x,%/a, +x?/a?~ 1 =0 (surface
of elasticity) is cut by any central plane = along an ellipse of semi-
axes A, and A,. If = varies, the two pairs of planes =’ parallel
to = at distances A*/A,, ¥*/A, (k=constant) from it envelope the
wave-surface W, represented by the tangential equation

i=3
2 alul/(a} ~ kZu?)=0,
i=1
if the tangential coordinates v, depend on Zux+1=0.

(b) A given ellipsoid V =a e’ + a’x? + a’x® - k* =0 (surface of
velocity) is cut by any central plane = along an ellipse of semi-axes
Py po. If w varies, the locus of the two pairs of points P, situated
in the normal to = through the centre O of V and at distances

p1, po from 0, is the wave-surface W, represented by the equation
i=3
2 x}/(k~aZxl)=0.
i=1
The surfaces W, and W, coincide. This result found by Professor
Mannheim, who gave a very elegant geometrical demonstration
of it (dnnuaire de Uassociation francaise, Congrés de Lille, 1874)

is not easily verified by analysis.

2. In the Nieww Archief (series 2, vol. 3,p. 239, 1897) I have
extended the two modes of generation stated above to n-dimensional
space 8"

My results are as follows : —

() A given quadratic space of » — 1 dimensions represented by
E~1= ¥ z/a’-1=0 is cut by any central linear space of
fml

1 dimensions o in a quadratic space E"? of semi-axes

n—
A A AL
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If o varies, the n — 1 pairs of linear spaces o' parallel to o at
distances &*/A;, A%/A,, ... K*/A,_, from it envelope the wave-space
W~ represented by

i=n
S afu(a} - H2Zulr)=0.

i=1

(B) A given quadratic space represented by

i—n
V== = aZ’-k=0

i=1
is cut by any central linear space o in a quadratic space V*—* of
semi-axes i, fs . . . M,;. If o varies, the locus of the n-1
pairs of points, situated in the normal to ¢ through the centre
O of V™! at distances p, g . . . m,, from O, is the wave-space
W, represented by

i=n
> wp/(k - a2Sa?)=0.
i=1

The spaces W,*! and W,*? coincide in the same quadratic space
Wn-1 of degree and class 2(n - 1).

3. In various publications Professor Mannheim has introduced a
third mode of generation of the wave-surface. The object of this
paper is to give an analytical demonstration of this third mode of
generation, and to solve the question whether it is capable of as
simple an extension to n-dimensional space.

, According to the mode of generation in view, the wave-surface
is the locus of the point P that admits with respect to a given
ellipsoid L an enveloping cone, one of the principal sections of
which is a right angle.

If we put Li=x2b"+ x,%/b;* + 25*/b? — 1 =0, the enveloping cone
with the vertex P (v,, %, ¥;) is represented by
s Y5 _ )x_lz_ s Ydls . _
335+ 5 1) - g o
referred to parallel axes through P.
This corresponds to the symbolical form (¢, + e, + ¢35)* =0,
if we put

1 2 2
n=73 y_22 + 3/_32 - 1) ) cn= —YaYs[bs'y’, ete.
b*\b;* by
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Now, according to the conditions of the problem the equation

in S,—
) Cr2 Ciz
D= | ¢y Cp—S Coy =0
Cy Cx Cyy— S

must have two roots whose sum is zero.

If D, is the value of D for 8=0, and C,;, Cp, C; be the
minors of D, with respect to ¢;, ¢y ¢, the condition is

(Cu +Cp+ 033)(011 4 022 + 033) = Do'

In this way we find after some calculation
(b, +b5%)y” 2y’ - Z(bS + b7)(20° + b + bl)y,”
+2b;? 2b,%b — bbby =0,
which reduces to
3
2tk - afZy?)=0
by the substitution
b2+bi=ktal, b24bl=k'a?, b +br=kar

So we find that the new surface coincides with W, and W,, if I, has
the equation

g1 1 1y 1
iz a) e o) el ag) e o

4. Let us proceed now to the space 8" and seek the locus of the

point P that admits with respect to a given quadratic space
t-— nx, 2 . ..

L= 2 3—2— 1=0 an enveloping cone, one of the principal
=1

sections of which is a right angle.

If we take parallel axes passing through P(y, #,...#,), the
equation of the enveloping cone of vertex P is

Z(b ,+%3;+ - ‘/" ) 2“1;/;!;’205%:0.
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This appears in the symbolical form

(e, + e+ . . . Fom,)=0
by the substitution
1 (y  yd Yo'
en= b_f(b—a? + b_:’ + .. +I_)? - l) y  cgi= —yy;/b7b} etc.

Now, according to the condition of the problem, the equation

en -8 Ci i G
D= |e¢, - =0
C Coo Pt —S

must have two roots in S whose sum is zero.

Forif 8,, 8, ... 8, be the roots, the equation of the enveloping
cone with reference to its axes of symmetry is 2Sx2=0 and the
principal plane section Sa?+ Sx?=0 situated in the plane X,0X|
is a right angle 2’ - =0 provided 8,+8,=0.

If we suppose the roots to be
SO’ SO’ TI’ T2’ L Tn—Z’

and represent respectively by A, s,, ¢, the square of S, and the
sum of the partial products % at a time of all the n roots, and of
the n - 2 roots T, we have

8 =4
82=t2—x
8y=15 ~ AL

g,=18,— At,

8y 2= tn—2 = Mﬂ—-l

Spq = - AL,y
8, = —M, g
The elimination of ¢, ¢, . . . ¢, , gives the two equations
Syt As, +M8, 4+ .. ... =0 ) )
8, +As, o+A%,_+..... =0

which can be treated by the dialytic method of Sylvester.
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We may obtain the equations (1) in an easier manner. For, if

the equation in S is written in the form

St 88145, 82 g, 834 L.

. o=0,

the conditions for the two solutions +8;, and -S, are

St £ S+, 8. L L.
or

St +8,8, %4854+ .... =0 }

S 1488+ . ... .. ..

=0

a system which is identical with (1) as is proved by the substitution

Sd=A

The general result being too complicated for practical use, we
consider the particular case n=4. Then we have

s+ A =0 8,4+ A5+ A2=0

and find

857 — 8,885+ 6,°8,=0.

Now the determinant

Cn C12 C13

Cn Cor Co3
D=

Ca Cy Css

Ca Coo Cy

leads to the notation
s=Cu+lntog+cuy 8=2 ) 3=

8,=D,,

Cu
Cou
C3y

Cus

ey G2 Oy
ey € €y |=2Cy,

€y Cp Cym

where the quantities and minors following the Z's belong to and
have principal minors belonging to the principal diagonal of D,.

Let P denote 3,%/b,* +v,%/b +y5'/b + v/ — 1, then the form

of D,,

Y1 Ys

LP_ZZ_I_ Ny Y
b 12( b la 4 blz b,z ’ bl’ bsz !
Y% 1_(:[,_.’/_22 Y Y
5362 5\ o2 T b7b3’

- b,2b2

_Y2 Y
5,202
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leads to the following values of s:
Bs, = Zb,°0.%y;" — Zb,%,°b;, Bs, = P(2b*y.? - Zb,%,")
Bs;=  P(Syt-352 Bs,= - P?, where B =05,,%,",.

Substitution of these values in the relation

i

85 — 8,88+ 8%, =0
gives
Wi= ("b %0,2b:%y 2 — by%h,2b 20 ) (Zyy® ~ Zb,7)
= (5050, — Zb°b,°0,%)(Zb,%ys® — Zb,°b,%)(Zy,® ~ 2b%)
- (Sb,%%y, ~ Tb,%,%0,7) = 0.

This equation represents a tridimensional space W,® of the sixth
order, which contains only once the imaginary sphere at infinity
common to all hyperspheres in 8!, Therefore it can not coincide
with W?=W,? of which that sphere is a double surface.

Of the space W, the bidimensional surface s,=0, s,=0 is a
double surface, in other words W.® passes two times through the
intersection of the quadratic space s, =0 and the hypersphere ¢,=0;
this double surface is not situated in a linear tridimensional space,
as that of W=

So we have shown that the third method of generation of the
wave-surface, found by Professor Mannheim, admits a generalisation
to n-dimensional space, but that this extension is of a more
complicated character than that of the two ordinary modes of
generation,
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