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1. Introduction. The Jacobi expansion
sin(zsindx) =2 ) Jy, 4 (2)sin(n+4)x 1))
n=0

is well known and easily obtained from the generating function of the Bessel coefficients.
The sum of the series on the right of equation (1) when sin (n+4)x is replaced by cos (n+4)x
cannot be found in this way but it can be expressed in terms of a definite integral as shown
below. The result so obtained is useful in reducing certain triple cosine series to dual series
and so simplifying the solution given by one of us for such series in an earlier paper [1].

2. The series > J,,, (z)cos(n+4)x. Starting with the result [2, p. 53]
V]

n=

1/2

(cosx—cosu)” O<x<u<n),

V2 i cos(n+4)x P,(cosu) = {
n=0

0 O<u<x<mn),

and using the orthogonality relations for the Legendre polynomials, we have

"sinuP,(cosu)du \/5 cos(n+4)x

« (cosx—cosu)'/? n+i #))
Also [3, p. 140]
YzJo(zsindu) = Y (2n+1)P(cosu)d,,,(2) 3)
n=0

when the hypergeometric function in Watson’s formula is expressed as a Legendre polynomial.
Multiplication of (3) by sin u (cos x—cos u)~!/?, integration with respect to u between x and n
and use of (2) then gives

hd z ["sinuJy(zsindu)du
J =
";0 2"+1(Z) Cos (n+‘£')x 4\/2J; (COSX—COS u)l/z s

@)

and this is the result required.
It is interesting to note that similar analysis gives

- : _z [*sinuJy(zsinu)du
n§0J2n+1(z) sin(n+4)x = 4\/2“’0 (Cosu—cosx)' 2

and that, in this case, the integral on the right can be transformed into Sonine’s first finite
integral, which can then be evaluated [3, p. 373] to give the result (1).
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3. The reduction of triple cosine series. The coefficients B, are required to be found from
the triple series

i B,cos(n+4)x =0 O<x<a and f<x<mn), (5)
n=0
i (n+4)B,cos(n+4)x = f(x) (a<x<f), (6)

where f(x) is a prescribed function of x. We write

Z C J Jarsi(z Sln‘kﬂ)«’znﬂ(z)"“ )

and reduce the problem to that of finding the coefficients C, in certain dual series.
Substituting for B, from (7), interchanging the order of summation and integration and
using (4), we have

- I3 " sinudu
B =— _—
,.go ncos(n+4)x 4,/2 ,;0 C'J; (cos x—cosu)'/?

f Jar1(zsin$B)Jo(zsindu)dz.  (8)
Now [3, p. 401]

© 0 (u> B),
I 34 1(zsinif)J o(zsindu)dz =
0 cosecdf ,F,(r+1, —r;1;sin?4ucosec’1p) (u<p),

so that (8) shows that

Y B,cos(n+4)x=0, (x>p) )
n=0
and that, when 0 < x < §,
d cosecif & Bsinu,F,(r+1, —r; 1;sin®3u cosec® 4B) du
":L:OB,,cos(n-i-i)x =2 rZO . (cos x —cosw)”? (10)

The form chosen for B, in equation (7) is therefore such that the equation (5) when f <x <=
is automatically satisfied. The integral on the right of (10) can be transformed by writing

sin 10 = sin $u cosec 48, sin 3y = sin x cosec 18 (1)
and expressing the hypergeometric function as a Legendre polynomial to give, when 0 < x < ,
i sin @ P,(cos 6) d0
B,cos(n+ —_———
z (n+3)x = 4\/ ; j (cos y—cos §)!/?

%g cos(;+%y)

T3 O <y<m), (12)

the last step resulting from use of equation (2).
G2
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Equation (6) can be expressed in terms of C, and y as follows. Substituting from (7)
in (6) and interchanging the orders of integration and summation, we have

5 G atesindf) 3 04 Dann@cos o+ 95% = 100, (13
r=0 0 n=0

Differentiation of equation (1) with respect to x gives

$zcosixcos(zsindx) =2 i (n+1)J 2+ (2)cos(n+4)x,

n=0

so that equation (13) becomes

dcosix i C,fwlz,ﬂ(z sin3f) cos(zsinix)dz = f(x) (a<x <P (19)

r=0 0

Now [3, p. 405]

) - . 2r+1)sin™! (si
L Jrs 1(zsin3B) cos (zsin $x) dz = o { r(sinl s;ﬁl_ sff:;l;:) i:{c;sec 18)}
_ cos(r+3)y
~ sindfcosiy’

when use is made of the second of equations (11). Hence, finally, equation (14) gives

4sin4fcosty
(1—sin? $fsin? y)!/?

and, as equation (6) holds when ¢ < x < f, equation (15) is valid when y < y < &, where

i C,cos(r+d)y = S{2sin"!(sin4Bsin 4y)} (15)
r=0

sin 4y = sin 4o cosec 4. (16)

We have thus shown that the coefficients B, in the triple series equations (5) and (6) can
be found through the relation (7) from the coefficients in the dual series

f C,(r+«})"cos(r+i)y=d O<y<y),

r=0

(n

had ___4sin}fcosty
L Coos(ridy = e areas )

the value of y being given by equation (16). It is perhaps worth noting that this method of
reducing triple to dual series can also (by setting « = 0) reduce dual series to a single series
over the range (0, #) and that the coefficients in the latter series can be found by the usual
Fourier analysis.

i f{2sin™'(sindfsindy)} (r<y<n),
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