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Quantitative laws of large numbers in non-
commutative probability*

Junming Cao, Yong Jiao, Sijie Luo" and Dejian Zhou

Abstract. In this paper, we investigate the quantitative law of large numbers for noncommutative
random variables. Firstly, we establish a Baum-Katz theorem for noncommutative successively inde-
pendent random variables, which resolves an open problem posed by Stoica ([48]). Our approach
differs from the classical treatment but relies on the theory of asymmetric maximal inequality for
noncommutative martingales. Additionally, we derive a moderate deviation inequality for noncom-
mutative successively independent sequences, and extend this result together with the Baum-Katz
theorem to noncommutative martingales. Finally, we conclude the paper by applying our results
to derive a noncommutative Marcinkiewicz-Zygmund type strong laws of large numbers theorem,
which extends the result of Luczak ([37]) in some aspects.

1 Introduction

The convergence rate of the law of large numbers plays an essential role in probabil-
ity theory, which is closely related to the large deviation theory (see [4, 29, 39, 45, 46)),
concentration of measure phenomenon (see [34]), Markov chains (see [5, 32, 41, 44]) and
related areas (see [9, 30]). One of the most fundamental results in this area, known as the
Baum-Katz theorem, which is stated as follows.

Theorem 1.1 (Buam-Katz-Chow) Let {X, X;;,n > 1} be a sequence of i.i.d. random vari-
ables and S, = Yi_ Xy forn > 1. Forr > 1, p > Oand r/p > 1/2, the following
statements are equivalent:

(1) E|X|P < oo
(2 Yoy n"zP{lSn —nb| > sn’/p} < oo, forall e > 0;
(3) Yo, n P {maxlgms,, |S,, —mb| > anr/”} < oo, foralle > 0,

where b =0ifr/p > land b =E[X]if1/2<r/p < 1

The equivalence between (1) and (2) was proved by Baum and Katz [2], and that
between (1) and (3) was by Chow [8]. Since then, a great deal of effort has been devoted to
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generalizing the Baum-Katz theorem to general sequences and sharpening the parame-
ters in the theorem. We refer to [33, 14, 18, 36, 50] for more details. Notably, if there are
no independence assumptions on the sequence {X,, }," |, condition (3)is strictly stronger
than (2). Hence, in the sequel, we will only investigate the equivalence between (1) and
(3) in the noncommutative framework.

Motivated by the study of operator algebras and noncommutative analysis, numerous
significant probability inequalities in the noncommutative case have been developed in
the past decades. One of the most critical developments in this area is the Burkholder-
Gundy inequality for noncommutative martingales established by Pisier and Xu [40].
Since then, fundamental martingale inequalities such as the Doob maximal inequality
[24] and the Burkholder/Rosenthal inequality [25, 26] have been well developed in the
noncommutative setting, leading the noncommutative martingale theory into an attrac-
tive area in probability theory. We refer to [6, 3, 16, 20, 21, 42] for more information. In
the present paper, we aim to continue the fruitful line of investigating noncommutative
deviation inequalities.

In 2009, Stoica [48, Theorem 1] adapted the method of Katz [27, Theorem 2(a)] and
provided a noncommutative extension of Theorem 1.1 for successively i.i.d. sequence
with 1/2 < r/p < 1. However, it was stated by Stoica that his approach cannot tackle
the case forr/p > 1(see [48, p. 321]), leaving it as an open problem. In the present paper,
we apply the weak type asymmetric maximal inequality for noncommutative martin-
gales to establish a noncommutative Baum-Katz theorem for r/p > 1, settling the
problem of Stoica.

To state our results precisely, we begin with recalling basic concepts and notations
from noncommutative analysis. By a noncommutative probability space (M, ), we
mean that (M, 7) is a tracial von Neumann algebra equipped with a normal faithful
tracial state 7. Let Lo(M) be the *-algebra of all T-measurable operators with respect
to (M, ). The noncommutative counterpart of the maximal column tail probability
introduced in [28] is stated as follows, which is closely related to the almost uniform
convergence in Lo(M). For a sequence (x,),>1 € Lo(M) and ¢ > 0, define

Prob$ {sup|xn| > t} = ir/l\f[ {r(1=¢e):||lxnell < tforalln > 1},
ee My

nx>1

where M ; stands for the lattice of projections in M. Our noncommutative Baum-Katz
theorem for successively independent sequence (see the definition in §2) is stated as
follows.

Theorem 1.2 Suppose that {xy } x> is a sequence of successively independent random vari-
ables in Lo(M), which have the same distribution of x € Lo(M). Let S,, = X7_| x be the
partial sum. Forr > 1and p > Owithr/p > 1/2, lety : R* — R* be a continuous
increasing function with y(t) = O(t"~"*"/P) for each t > 0 such that {lﬁ(n)/nr/p}fl":1
forms an increasing sequence and

an_l‘l' [e(¢(n),oo)(|x|)] < 00, (1.1)

n=1
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Then we have

Z n 2t [e(sw(,,),oc)(lSn - nbl)] <00, Ve>0, (1.2)
n=1
and
Z n"~*Prob< { sup |S; —mb| > sw(n)} <00, VYe>0, (1.3)
1<m<n

n=1

whereb =0ifr/p>landb =7 (x)ifl/2<r/p <L

From [23, Remark 3.4], we see that (1.3) implies (1.2). It is worthwhile to mention that
Theorem 1.2 is a noncommutative Baum-Katz theorem under a more general integra-
bility condition, which enables one to deal with y with n”/P < y/(n) < n"~'*"/P for
sufficiently large n > 1. In particular, if  (n) = n"'P (1.1) goes back to Theorem 1.1 (1).
Thanks to the noncommutative Borel-Cantelli lemma, we get the following noncommu-
tative strong law of large numbers by Luczak [37, Theorem 3.6] by applying Theorem
1.2.

Corollary 1.3 Let 0 < p < 2 and {xg}x>1 S Lp(M) be a successively independent
identically distributed sequence. Then

n
n’l/pZ(xk - b1) 20 as n— oo,
k=1

whereb =0for0O < p <landb =1 (x;)for1 < p <2

Note here that, for the case ¥/(n) = (nlogn)”/?, the Baum-Katz theorem holds
only for r > 1 in the commutative setting. For the case r = 1, the estimate
P {|Sn | > e(nlogn) 1/1’} is called the moderate deviation, which was first studied by Davis
[11] and later generalized by Rohatgi [43]. Hence, the second main result of the present
paper is the noncommutative moderate deviation inequality stated as follows.

Theorem 1.4  Let {xy}x>1 S L, (M) be a sequence of successively independent random
variables with the same distribution of x € L,,(M). Let S, = Y.} _, X for eachn > 1. Then,
for any € > 0, we have

(1) forp =2,

— logn
> R (e tutogny ) (S = (D)) < o,
n=1

(2 fori < p <2

o 1 :
Z OgnProb‘T{ sup |S, —mt(x)| > g(nlogn)l/p} < o0,
n

1<m<n

It is worthwhile to mention that for the case p = 2, we apply the noncommutative
Fuk-Nagaev inequality in the proof of Theorem 1.4, rather than the symmetrization
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method used in Davis’ original approach [11]. Moreover, motivated by the law of the
iterated logarithm [12], we adapt the proof of Theorem 1.4 (1) to obtain a corresponding
result for P {|Sn| > g(nloglog n)l/z} in Corollary 3.11.

Remark 1.5 The original proof of the equivalence between (1) and (2) in Theorem 1.1
relies on the Levy inequality. However, the noncommutative version of the Levy inequal-
ity is not yet to be well-developed, which is one of the main obstructions in our approach
of proving the noncommutative analogue of Theorem 1.1 in full generality.

Motivated by the recent development of noncommutative martingale theory, we
also extend the Baum-Katz theorem to the noncommutative martingale framework.
In the commutative setting, it has been pointed out by Lesigne and Volny [35] that
P(|S,| > en) =0 (n_p/z) if sups; E|Xk|” < co with p > 2, and the exponent p/2
is optimal, even for strictly stationary and ergodic sequences of martingale differences.
Thus, for the martingale case, the Baum-Katz theorem does not hold without additional
assumptions.

Following Chung [10], we consider a non-decreasing function f : [0, 00) — R* such
that

. (1.4)
Z; @) ©

Specifically, if f(r) = (log* |t|)1+8, t € [0,00) and € > 0, it is easy to see that f fulfills
(1.4). Hence, the following results contain several important examples in studying the
law of large numbers. Suppose that {X;}%  is a sequence of random variables fulfill-
ing the uniform moment condition: sup ;. E[|X;|? f (1X;|)] < eo. Chung[10, Corollary

1] derived the Marcinkiewicz-Zygmund strong law of large numbers for independent
random variables {X; }°° | satisfying the uniform moment condition. Later, under the
same condition, Chung s result was further extended by Stout [49] and Balka et al. [1]
in related areas. The following two theorems extend results in [1] to noncommutative
martingales.

Theorem 1.6 (Noncommutative martingales with 1 < p < 2) For1l < p < 2
andr > lorr = p = 1, let {dx;};>, be a martingale difference sequence satisfying
sup;s; T (|dx; [P f (dx;])) < oo, where f fulfills (1.4). Then the following holds

Z n"~?Prob< { sup

=1 1<k<n

k

S

i=1

> snr/”} < oo, Ve>0.

Theorem 1.7 (Noncommutative martingales with p > 2) Forp > 2andr/p > 1/2,
let g = 2p(r — 1)/(2r — p) and {dx;};5, be a martingale difference sequence satisfying
sup;s; T (|dx;|? f (|dx;|)) < oo, where f fulfills (1.4). The following holds

Z " 2Probc{ sup

n=1 1<k<n

k

de

=1

>enr/P}<oo Ve > 0.
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Remark 1.8 It was pointed out in [10] implicitly that the uniform moment condition
mentioned in the previous theorems is necessary even for commutative martingales.
More precisely, the series in Theorem 1.6 and Theorem 1.7 diverge whenever (1.4) fails.

A direct consequence of Theorem 1.6 is the following law of large numbers for non-
commutative martingales, which extends the result of Euczak [37, Theorem 3.6] (see also
Corollary 1.3) at some points.

Corollary 1.9 Let 1 < p < 2 and {x,},1 in Lo(M) be a martingale difference sequence
such that sup,,51 T (|xa]” f (|xn])) < oo, where f fulfills (1.4). Then

n

Zxk/nl/p 250 as n — oo. (1.5)
k=1

Recently, it has been shown by Ricard and Hong [17] that the noncommutative L p
martingales need not be convergent uniformly whenever 1 < p < 2. Thus, Corollary
1.9 is of independent interest in studying the convergence theorem for noncommutative
martingales.

Inspired by the recent work on noncommutative large deviation inequalities of Jiao
et al. [19], we obtain following result on moderate deviation, extending [47, Theorem 1]
of Stoica to the noncommutative martingales.

Theorem 1.10  Let p > 4 and {dx;};> be an L,-bounded noncommutative martingale
difference sequence. Then

) k

1
E OgnProbi sup E dxi| > e(nlogn)'?} < 00, Ve >o0.
iRl 1<k<n |75

For the case 1 < p < 4, it has been pointed out by Miao, Yang and Stoica in [38,
Theorem 2.4] that Theorem 1.10 fails in general. Furthermore, by applying a more spe-
cific calculations in the proof of Theorem 1.10, we obtain a slight variant of Theorem
1.10 in Corollary 4.9.

Our paper is organized as follows. In Section 2, we collect necessary materials from
noncommutative analysis, such as noncommutative Lebesgue spaces, the noncommuta-
tive independence, and noncommutative martingales. In Section 3, we provide detailed
proofs of the noncommutative Baum-Katz type theorem and the noncommutative mod-
erate deviation inequality for successively independent sequences. In Section 4, we
extend results obtained in the previous section from the successively independent case
to the noncommutative martingales case. In Section 5, as an application of our result, we
conclude the paper with a noncommutative Marcinkiewicz-Zygmund type strong laws
of large numbers.

Throughout the paper, let (M, 7) be a fixed noncommutative probability space. We
write A <, B to mean that A < C),B with a positive constant C;, depending only on
the parameter p, and we ignore the subscript when the constant is universal.
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2 Preliminaries

2.1 Noncommutative L ,-spaces

Let Lo(M) denote the topological #-algebra of measurable operators with respect to
(M, 7). Equipping Lo (M) with the topology induced by the convergence in measure
makes Lo (M) a topological vector space, and the elements in Ly(M) are called (non-
commutative) random variables. In the sequel, all random variables are noncommutative
if no confusions arise. Given 0 < p < oo, the noncommutative L, space is defined by

LAMk:%eMMOWmVﬁ<mL

equipped with (quasi-) norm ||x||, = 7 (|x|p)% for x € L,(M). As usual, we let
Lo(M) = Mand || - || is the operator norm on M.
For x € Lo(M), its distribution function is defined by

As(x)=1 (esl(|x|)) , Vs>0,

where ey (|x]) = e(s,00) (|x]) is the spectral projection of |x| associated with the interval
(s,00).Forany s, > 0and x,y € Ly(M), their distribution functions satisfy that

Asar (Jx +y]) < As(Ix]) + A (1)) 2.1)

Forx € L,(M) with 0 < p < oo, we have the Chebyshev inequality

llx]15

As(x) < >

, VYs>0. (2.2)

The concept of almost uniform convergence was introduced by Lance [31], which can be
viewed as a noncommutative substitution of the almost everywhere convergence in Lo (M).

Definition 2.1 A sequence {x, },>1 € Lo(M) is said to converge almost uniformly (a.u.
in short) to x € Lo(M), if for any & > 0 there is a projection ¢ € M such that

T(l-e)<e and lim ||(x; —x)ell, =0.
n—oo

Moreover, {x, },>1 is said to converge bilaterally almost uniformly (b.a.u. in short) to x if
for any € > O there is a projection e € M such that

T(l-¢)<e and lim |le (x, —x)e|l, =0.
n—oo

It is obvious that the a.u.convergence implies the b.a.u. convergence. When (M, )
is commutative, the Egorov theorem entails that the a.u. convergence coincides with the
a.e. convergence in Lo(M).

We conclude this subsection by introducing the column weak space A o (M; £S,),
which is deeply connected with the probability of Prob$ (sup,,»|xx| > 7). The space
Ap.co (M LS,) is defined as the sequences (x,),,»; satisfying that

1
= 'f{ﬂ 1-q)7 : . < Aforall 21}< ,
[zl orees) = supinf {A7((1= )7 : lbngls < Aforalln 00
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where M, is the lattice of projections in M. One can also define the row space by taking
adjoints.

2.2 Noncommutative Orlicz spaces

Let @ be an Orlicz function on [0, c0). We say @ satisfies the A,-condition if ®(2¢) <
CD(r) forall > 0 and some C > 0. It is not hard to check that ® satisfies the A;-
condition if and only if for any @ > 0, there is a constant C, > 0 such that ®(at) <
Co®(¢) forallt > 0.For 1 < p < g < oo, we say that ® is p-convex if the function
t—> @ (tl/l’) is convex, and is g-concave if the function t — ® (tl/q) is concave. In
addition, @ satisfies the A,-condition if and only if it is g-concave for some g < co. For
x € Lo(M), we have (see e.g. [13, Corollary 2.8])

w(@(a) = [ olodr (e, 0.3)

0
where T(e;) = T(€(=co,r)(|x])) is the spectral measure. For (x;)jg € Lo(M, 1), 4; €
(0, 1) with 3}y A; < 1, we have the following Jensen’s inequality (see e.g. [13, Theorem

4.4)
Zn: /lixi
i=0

The noncommutative Orlicz space Lg (M) is defined by

() (li)] < 00, for some ¢ > O} s
c

T|D

) < Y 4T (@ (xil)) - (2.4)

=0

Lo(M) = {x e LoM): T

equipped with the norm

x|l = inf{c > 0 : T(®(|x|/c)) < 1}.
2.3 Noncommutative martingales

The following materials on noncommutative martingales are standard. Let { M, },,5¢
be an increasing sequence of von Neumann subalgebras of M such that the union of the
M, is w*-dense in M. For every n > 0, let &, be the conditional expectation from M
onto M,, satisfying

(1) Eulxy) =En(x)y, En(yx) = yE,(x),n > 0and y € M,;
) E,E, = &, form > n;
3) 7(&Ep(x)) =1(x),n = 0.

The noncommutative martingale is a sequence x = {x,},>1 in L;(M) satisfying
En (Xp41) = x, foralln > 1. The martingale differences sequence (dx )y is defined
by dx; = x; and dxy = x; — x,—; with k > 1. Given a martingale x in L, (M), its
L, norm is given by ||x||, = sup,;5; [[xallp. If [|X]|, < oo, x is called an L ,-bounded
martingale. More generally, given an Orlicz function ®, we say that x = (x;),>1 is an
Lg-bounded martingale if ||x]lo = sup,sq [xalle < .

Now we introduce an important noncommutative weak type asymmetric maximal
inequality taken from [15, Theorem A(ii)].

2025/12/10  23:05

https://doi.org/10.4153/S0008414X25101946 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101946

8 J. Cao, Y. Jiao, S. Luo and D. Zhou

Theorem 2.1 For every n > 0, let &,, be the conditional expectation defined as above. For
1 < p <2, we have

[[(€n ()1

1/2
2
Ap(MitS) = €P (Z e ) :

n>1 LP(M)

where ¢, > 0 is a constant depending only on p.

24 Noncommutative independence

Recall the noncommutative independences of Junge and Xu (see [26]) as follows.

Definition 2.2 Assume that { My } x>0 are von Neumann subalgebras in M.

(1) We say that { My } x>0 are independent with respect to 7, if 7(xy) = 7(x)7(y) holds
for eachx € M and y belongs to the von Neumann algebra generated by { M} j+«.

(2) We say that {Myi}x>o0 are successively independent with respect to 7, if
vN (Mo, ..., Mi-1) and vN (M) are independent for each k > 1,
where vN (Mo ..., Mi_1) denotes the von Neumann subalgebra generated by
Mo, e ,Mkfl.

(3) We say that the random variables sequence {x }r>¢ is independent or successively
independent, if for each k > 0, the unital von Neumann subalgebras M} generated
by x are independent or successively independent with respect to 7.

Remark 2.2 Assume that { My } x>0 are von Neumann subalgebras in M.

(1) Let {My}x>0 be independent with respect to 7. Then { My }r>o are successively
independent with respect to 7; see [26, Lemma 1.2].

(2) Let (My)ys0 be successively independent with respect to 7. Then for each k > 0,
[26, Remark 1.1] yields that

EvN Mo, M) (X) =T (x), xeMj, j>k,

where &, N (M,...., M) is the conditional expectation from M to vN (M, ..., My).
Therefore,if x; € L, (M) witht (xg) = 0, then {xg } k>0 is a martingale difference
sequence with respect to the filtration (VN (Mo, ..., Mi))rso-

We say {xy }n>1 is identically distributed if the distribution functions 7 (¥ (|x,|))
are identical for alln € N.

We conclude the preliminaries section with the noncommutative Rosenthal inequal-
ity established by Junge and Xu [26, Theorem 2.1], which is one of the key ingredients
in our proof of Theorem 1.2.
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Theorem 2.3 (Junge-Xu) Let 2 < p < oo, {xg}k=1 € L, (M) with 7 (xx) = 0. If
{Xk }r>1 is successively independent, then

1 1
|| < max (ankuz)p,(Zuxkn%)Z <2|> w
p

k>1

E

C
2
p k>1 k>1 k>1 p

where C is an absolute constant.

3 Noncommutative Baum-Katz theorem and moderate
deviation inequality

3.1 Noncommutative Baum-Katz theorem

This subsection is devoted to proving Theorem 1.2. We now begin with a sequence of
elementary lemmas on the estimate of the maximal tail probabilities. The first lemma is
the weak type asymmetric maximal inequality associated with a convex function.

Lemma 3.1 Let ¥ be a 2-convex, p-concave Orlicz function with 2 < p < oo and x =
(Xn)nx>1 be an Ly-bounded martingale. Then for any A > 0,

W(1)Prob: :sup [x] > /l} <cpt (P (Ix]),
n>1

where ¢, is a constant depending only on p.

Proof By [21, Lemma 5.4], it follows that for a 1-convex, 7-concave Orlicz function ®

with 1 < 7 < oo, there exists a projection ¢ such that sup,, ||gx,gl|| < t foranyt > 0,
and

Q()7(1 - q) < cr7(P(|x])). (.1

On the other hand, we have

sup inf {‘P(/l)‘r(l —e) :sup||xpelle < /l}
>0 ¢ nxl

= sup inf {‘I‘(/ll/z)‘r(l —e):sup ||e|x,,|ze||m < /l}
>0 € n>1

< supinf {‘P(/ll/z)‘r(l —e) :sup ||e<9n(|x|2)e||OO < /l} ,
>0 ¢ n>1

where we use &,(x)*E,(x) < &,(x*x) in the inequality (&, is the conditional
expectation from M to M,,). By (3.1), we deduce that for any 4 > 0,

¥ (1)ProbS {521? x| > /l} <cpT (‘P ((Sn(|x|2))1/z)) <cpt (Y (x]),

which completes the proof.
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Lemma3.2 Let (xp),>and (yn), > be sequences of random variables. Then, foranyt > 0,
we have

Prob$ {sup |xn + yul > t} < Prob$ {sup |xn| > t/2}+Pr0b$ {sup |yl > t/Z} . (3.2

nx>1 nx>1 nx>1

Proof For projections p; and p; satisfying ||x,p1]| < #/2 and ||y,p2|| < /2 for all
n > 1,weset p = p; A p;. Then the triangle inequality yields that

[(tn + yn)Plleo < [IXnplleo + [1ynrlloe = lXnp1plleo + lynp2plleo < 1.

Hence, we have

Prob$ {sup |xXn + Vil > t} <t(1=py)+7(1 - p2),

n>1

and the desired estimate follows by taking the infimum on the right hand side of the
inequality.

Lemma 3.3 Let (x,),>; be a sequence of random variables. Assume that there exists a
projection q such that x,q = x,, holds for each n > 1. Then we have

Prob$ {sup [xn] > t} <71(q) fort>D0. (3.3)

n>1

Proof It suffices to observe that ||x, (1 — ¢g)|l, =0 < ¢.

The following four technical lemmas regarding the estimate of the distribution for
noncommutative random variables are essential in our proof of Theorem 1.2.

Lemma 34 Letr >1,p>0and1/2 <r/p < 1. Letx € Lo(M) andy : R* —» R*
be a continuous increasing function with y(t) = O(t""*/P) for each t > O such that
{¥(n) /n’/p};l"’:1 forms an increasing sequence and (1.1) holds. Then

nt (xe(y(n),00) (X)) /¥ (n) > 0, n— oco.
Proof Recall that the generalized inverse ¢ ! is defined by
yl(s) =inf{t > 0:4(1) > s}, Vs>0,

with 1, o) (1//_1 ()) = 1(y(n),00) () almost everywhere. Thus, by (1.1),

0

b (Dl D0 n" e (e (07 (D)) < oo.

n=1

By the functional calculus of |x|, we have

|7 (xe wn).c0) (1K) < T (K€ (4 (n).00) (1XD]) < 7 (1xl€ (g (0).00) (1XD)) -
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Quantitative laws of large numbers in noncommutative probability 11
Since {y/(n)/n"/P} 51 is increasing,
n |7 (xe gy, (1XD)] /0 (n) < '~ 7P7 (1xle o) (" (D))
<t (7 D) 7 e oo (67 (16D) )

We claim that (! (t))l_r/p t < (7 (2))" foreacht > 0.Indeed, this is equivalent to
that (t”/(”’”_”)) S tie,¥y(t) =0 (tr_”r/p) . Hence, by the fact ||w_1(|x|)“r <
00, it follows that

1|7 (xeum,em (D) 0 () < 7 (071 (6D) en (7 (D)) = 0, 1= 0.

Lemma 3.5 Letr > 1,p > Oandr/p > 1. Letx € Lo(M) andy : R* — R* be a
function such that {gl/(n)/nr/P}:f:l forms an increasing sequence and (1.1) holds. Then

nr (xe(o,w(n)](|x|)) /w(n) >0, n— .
Proof By the functional calculus of |x|, for any 1 < N < n, we have
7 (xe 0,01 (IXD)] < 7 ([xe0,p (1 (IXD]) < 7 (Ixleo,u 1 (X))

=7 (leco.un (X)) + - 7 (Ileqwi-1.um(XD) -
i=N+1

It is clear that {n/y(n) },> is decreasing. Therefore,

Y(n) ™'t (Ixle o,y o (D) <n " PU(N) + () ~'n 3" w7 (ewi-n.um (D)

i=N+1
n
<n'Py(N) + Z it (eqy -1 (X)) -
i=N+1

By (1.1),ie, X2, iT (e(l//(i—l),w(i)] (|x|)) =i T((e(w(,-),oo)(|x|)) < 0o, the desired
convergence follows from taking n — coand N — oo.

Lemma 3.6 Forr > land p > 2, let x € Lo(M) and  : R* — R* be a function such
that {ys(n) /n"/P Yoo | forms an increasing sequence and (1.1) holds. Then

n (1ee ooy (161)) /i (n)? < Con' =27

Proof Puti(0) = 0and we have

n

7 (KPeumi(ih) = ) (wPequr-n.umn (%))

k=1
< D Wt (euir-nuor (kD).
k=1
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12 J. Cao, Y. Jiao, S. Luo and D. Zhou
For the positive increasing sequence {gb(n)nfr/p }nz ,» it follows that

w(k)/w(n) < (k/n)"'P
forany 1 < k < n. Therefore,

n

7 (IPeo.u 1 (1KD) /w(m)? < n' =277 3" 2P (e g ey g1 (D) -
k=1

It follows from p > 2 that

3

n
DK (equie-n.wun (XD) < XK T (equr-n.uaen (KD)
k=1 k=1

[(k+1)" = k"] 7 (e(yk).0) (1X]))

>~
Il

0
<1+r2" le e(w(k) oo)(l-xl)) C, < oo,
which yields the desired result.

Lemma3.7 Forr>1,p>0ands > p,letx € Lo(M) andy : R* — R* be a function
such that {t,b(n)/nr/p}"0 | Jorms an increasing sequence and (1.1) holds. Then

Z"’ 7 (Ix* e 0.pmy1 (1XD) /9 (n)* < .

n=1

Proof Observe that

n

n
7 (el eumikl) = )5 7 (Wl equu-n.wmn(xD) < D w1 (i (xD)
k=1

k=1
Hence,
an ! |)C| €(o, ¢(n)]|x|) /';b(n)3 Zl/’(k) T E(w(k 1,0 (k)] (le)) an_l/l//(}’l)s
n= n=k
<Zk8r/"7 e(y(k-1),4 (k)] (le))z r-1-sr/p
k=1 n=k
Srps D KT (et w1 (D)

k=1

Srop.s 1+7r2"~ IZk e(¢(k) oo)(|x|)) < 00,

where the first inequality is due to the fact ¢ (k) /s (n) < (k/n)"/P for any n > k.

Now we are ready to prove Theorem 1.2.
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Proof of Theorem 1.2 It suffices to show that (1.1) implies (1.3). By Lemma 3.4 and 3.5,
(1.3) is equivalent to

an_zProbﬁ { sup Z (xk = 7 (xke(o,u ) 1xk1))| > Sl//(n)} < oo, VYe>O0.
n=1 I<ms<n |77

Thanks to (3.2), it follows that

m
Prob$ { sup Z (xk -7 (xke(o,w(n)](|xk|))) > Sljl(n)} <A, +B,,
l<smsn |15

where
A,, = Prob$ {1 sup Z (xke(¢(n),m)(|xk|)) > (s/Z)w(n)},
<m<n =1
and
m
By = prob;{ sup | " (xkeo,pm ekl = 7 (xe o,y brel))| > (s/z)w(n)}.
I<ms<n |77

Applying Lemma 3.3, we get

n n
Ap <7 (\/€(¢(n),oo)(IXk|)) < Z T (ewm.o (kD) -

k=1 k=1

From (1.1), it is immediate that n'"2A, < oo. It now remains to show that
po. n" 2B, < oo. For any s > 2, it follows from Remark 2.2 (2) and Lemma 3.1 with
Y(t) =¢t° forallt > O that

n

B, Ss,6 W(n)™° (xre 0,y lxkl = T (xke o,y )] 1xkl))

k=1

S

Note here that {xe 0,y (n)] 1%k | =T (Xk€(0,4(n)]1Xk|) }k>1 is a mean zero sequence, then
it follows from Theorem 2.3 that

n N

D bkeoumbeel = 7 (xke o brel)
k=1

A

n n s/2
Soe| 2 oo (el + (Z ke o.um) |Xk|||§)
k=1 k=1

<o.ent (11 e 0.0 (X)) + (17 (1Xe o,y (kD)7
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14 J. Cao, Y. Jiao, S. Luo and D. Zhou

Therefore, the following inequality holds

[oe]

Z n B,

n=1
< an_l'#(n)_sT (IxI*e 0,y )1 (Ixk1)) + an_z'#(n)_s (nt (|x|ze(0,z//(n)J(lka))S/z
n=1 n=1

=1+ L.

Forp > 2,lets > (p—p/r)/(1=p/2r)(Ge,r—=2—sr/p+s/2 < —1). Then it follows
from Lemma 3.6 that

()™ (n7 (1xPeo.wm (kD)™ = (w(m) 2 - nt (1xPeo.pm) (%))
< n—sr/p+s/2.

Thus I, S Yoo, n"~2757/P+$/2 < oo Note that s > (p — p/r)/(1 — p/2r) > p. Then
it follows from Lemma 3.7 that /; < c0.For 0 < p < 2,lets = 2 and note that I} = I,
in this case. Hence, Lemma 3.7 implies that Iy = I, < oo, which completes our proof in
full generality.

3.2 Moderate deviation inequality

In this subsection, we provide a proof of Theorem 1.4, and the following two lemmas are
needed in our approach. Lemma 3.9 is a noncommutative analogue of [11, Lemma 1].

Lemma 3.8 Letl<p <ooandx € L,(M). Then
n'=VP(logn)~V/Pr (xe[(nlogn)l/p’oo)(|x|)) — 0, n— oo,
Proof Sincen'~'/P(logn)™'/P < (nlogn)'~"/P forn > 3, we have

n'=YP (logn)~!/P |T (xe[(nlogn)l/p,oo)(le))) < (nlogn)'~VP¢ (lxl e[(nlogn)l/p’oo)(lxl))
<7 (1917 € oy (6D
The desired result follows from the assumptionx € L,(M).

Lemma3.9 Let1 < p < ocoandx € L,(M). Then

(oY)

> P! (log )P (e(miogn,co) (1x1)) < .

n=1

Proof It is clear that the function # +— tlogt is an increasing convex function on
[1, ), and let ¢ be its inverse function, thatis ¢ (¢ log?) =t forallz > 1.Fory = ¢(|x|),
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we have
N p-1 p < - )
Z nP~ (logn)Pr (e(n1ogn,oo)(|x|)) = Z nP~(logn)Pt (e(n’oo) (y))
n=1 e
sl k
S Z 7 (e(k.kr17(¥)) Z nP~1(logn)?
k=1 n=1

< Y (klogk)P7 (e (k1 ())
k=1

< [lylogylly = lle™ M5 = lIxlIp,

which completes the proof.
Now we give the proof of Theorem 1.4 for 1 < p < 2.

Proof of Theorem 1.4(2) Leta, = nlogn forn > 1. By Lemma 3.8, it suffices to prove

that

— logn c UL "

Z Prob sup Z (Xk -7 (xke 1/p (|xk|))) > gay, <o, Ve>o.
prr L " Ni<msn = (0,a,/")

It follows from (3.2) and Lemma 3.3 that

m

> (Xk -7 (Xke(o,a;l/p(lml)))

k=1

Prob$ { sup

1<m<n

> sa,l,/p} <nt (e[arll/p,m)(|xk|))+cn,

where

m

Cp, = Prob¢ { sup Z (xke(o’ayll/p)(lxkl) -7 (xke(o,a,‘,/”)(|xk|)))

1<m<n =1

> (g/2) a:,/p} )

From Lemma 3.9, ||x]|, < oo implies that ", lognT (e[al/,, w) (|x|)) < o0, It remains

to show that Y., (logn/n) C, < co. Applying Lemma 3.1 with ¥(-) = (-)? and the
orthogonality of martingale differences yields that

& 2 2
Co s (@™ 3 Jrve ey b, = @ 727m e o, 5D

Therefore,
o logn o _ I
% 5 C, < Zn Np(logn)‘ z/pzzal?/PT (e[ai_l’ai)(|x|17))
- - e
2 - —
ai/pT(e[ai-l,ai)(|x|p)) Zn 2P (log n)'=2/P
n=i

A

DM B

L
[}

ai (e[a;_y.ap) (1x[P)) < oo,

2025/12/10  23:05

https://doi.org/10.4153/S0008414X25101946 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101946

16 J. Cao, Y. Jiao, S. Luo and D. Zhou

where the last inequality follows from ||x||, < co. Hence, we complete the proof.

For the case p = 2, Davis’ symmetrization method heavily relying on the Levy
inequality which is not yet well developed in the noncommutative setting. Instead, our
approach relies on the following modified noncommutative Fuk-Nagaev inequality.

Lemma 3.10  Let {xy}x>1 C La(M) be a sequence of successively independent self-adjoint
random variables, which have the same distribution of x € L,(M) such that T(x) = 0. Let

Sy = Xipoy Xk for each n > 1. Then, for any t1, 1, > 0,

7 (€[1,00) (ISn])) < 1T (€[1y,00) (|X])) +2 (

<1t (€f4,00) (IX])) +2 (

Proof By the proof of [7, Theorem 2], it is clear that

7 (€[11.00) (Sn))

t 1
<nT (e[s,,00) (X)) + exp {é - [g (11 — nt(xe(,,1(Ix])) +

Since x is a self-adjoint element in L, (M) and 7(x) = 0, we get that

1t

nllx|I3

[r(xe(0.01 (1XD)] = [T (e (1,000 (1XD)] < xll27 (€ 13,000 (0)) 2 < x5 /02,

)},

where we used the Cauchy-Schwarz inequality in the first inequality and the Chebyshev
inequality T(e(s,,00) (1X])) < ||x||%/t§ in the last inequality. Therefore, we have

1 nl|x]I3
& (t1 = nt(xe o, (1)) + 2 2>

2

and

T (e[tl,oo)(Sn)) <nt (e[,z’m)(x)) + el (
By replacing x with —x and xj with —x, the desired result follows.

Now we give the proof of Theorem 1.4 for the case p = 2.

Proof of Theorem 1.4(1) For the case {xi }r>1 are self-adjoint, we apply Lemma 3.10

with parameters 1 = e4/nlogn and 1, = e+/nlogn/3 to get that

n>2

n>2
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Note that the fact x € L, (M) implies the convergence of the series. For general ran-
dom variables, it suffices to split the sequence into the complex combination of two
self-adjoint sequences and apply the triangle inequality of distribution function (2.1) to
conclude the proof.

It is easy to derive the convergence rate for the law of the iterated logarithm as
follows.

Corollary 3.11 Let {xg}x>1 S L2(M) be a sequence of successively independent self-
adjoint random variables, which have the same distribution of x € Ly(M). Let S, = 37| xx
foreach n > 1. Then for any € > 0, we have

S
nz:; nlogn (e<8("loglogn>l/2,oo> (1S = nT(X)I)) <o

Proof Leta, = nloglogn forn > 3. Applying Lemma 3.10 with #; = &+/a, and
t, = erJa, /2 yields that

1
Z nlognT (E[EM’W)OS" B nT(x)|)) s Z lognT (6[@/2,00)095 - T(X)D)
n>3 n>3
1
+ —_—.
2
’; nlogn(loglogn)
Observe that
1 ( 1 5
T e[@,oo)ﬂx—?'(x)l)) = ( _)T(e[an,an+1)(|x_7(x)| ))
’; logn 1; S;k logn
<t (efapann (= 7(0D) 5 613
k>3

Hence, we complete the proof.

4 Baum-Katz Theorem and moderate deviation inequality for
noncommutative martingales

4.1 Baum-Katz theorem for noncommutative martingales

This subsection is devoted to establishing a Baum-Katz type theorem for noncommu-
tative martingales. We begin with recalling the following technical fact from Balka and
Témacs [1].

Fact 41 Suppose that f is a positive non-decreasing function defined on [0, co) with
Y ﬁ < oo for some ¢ > 0. Then the following holds

(1) Yy 1/(nf (n€)) < oo for some ¢ > 0,
(2) Yoy 1/(nf (en€)) < oo foralle, ¢ > 0.
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Remark 4.2 In what follows, we may assume that lim, . f(2"1)/f(2") = 1 if
Y ﬁ < oo. Indeed, if the f satisfies Y, ﬁ < oo, then by [1, Corol-
lary 3.2] there exists a positive non-decreasing function g defined on [0, c0) such that
Y ﬁ < oo, limsup,_,., g(t)/f(t) < 1and lim,_, g(2"*")/g(2") = 1.1t now
suffices to replace f by g in the proof.

Lemma 4.3 ([1])  Suppose that f is a positive non-decreasing function defined on [0, 00) with
Y ﬁ < 00, Then the following holds

(1) forall p > Othereisacp > O such that the function h,(x) = x~P f(c px) is decreasing
forx > 1,

(2) forall g > 1 there is a convex increasing function fg : [0,00) — R* and Ny > 0 such
that f, is affine on [0, Nq] and fy(x) = x4 f(/x) for x > Ny.

The following lemma is elementary and we omit its proof.

Lemma 4.4 Let {x,},>, be a sequence of random variables in Lo(M). Let ¢, p
[0, 00) — R*be non-decreasing functions such that limsup,_,, p(¢)/¢(t) < oo. Then

sup,s T (¢ (|xn|)) < oo implies that sup,, | T (p (|xn])) < 0.

Before showing the proof of Theorem 1.6, we need the following weak type asym-
metric maximal inequality which can be viewed as a suitable substitute of the weak type
(1, 1) Doob inequality.

Lemma 4.5 Let (xr)y» be a noncommutative martingale in Ly (M). Then for any positive
integer n, the following holds

-1a

Probi{ sup |xg| > t} <

1<k<n

n
Dlldxelly, Ve >o,
k=1

where C is an absolute constant.

Proof Applying Theorem 2.1 with p = 1 and Minkowski inequality, it follows that
for each + > 0 and any positive integer n, there exists a projection e such that
SUp < <p llXrell < tand

n 1/2 n 1/2
tr(1—e) < C (Z |dxk|2) =C Z |dxi |2
k=1 1 k=1 1/

n n
<€) [Pl =€ 3 vl
k=1 k=1

We now provide the proof of Theorem 1.6.

2
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Proof of Theorem 1.6 We assume that sup;; 7 (|dx;|” f (|dx;])) = C < co withxy =
Zf-‘zl dx; foreach1 < k <mandn > 1. Foreach 1 <i < n, we define

Yin = dxie g pripy(ldxi]) — Eio (dxie(o,nr/p](|dxi|)) ,

Zin = dxie (rip ooy (|dXi]) — Ei- (dxie(nr/l’,oo)(ldxil)) .

Let A} = Z,’;l yinand B} = fozl zinforalll <k <mandn > 1.Itis easy to see that
both {A} }1<k<n and {Bj }1<k<n are martingales and xx = A} + B}. By Lemma 3.2, we
have

Prob$ { sup |xg| > sn’/p}

1<k<n
<Prob$ { sup |A2’| > (8/2);1”17} +Prob‘;{ sup |BZ| > (e/2)nr/1’}
1<k<n 1<k<n

=1, +1I,.

To estimate x we apply Lemma 4.5 to obtain

i n n
< ((e/207/7) " Y Nzinll < 07717 3" 7 (Idsileurim oy (dxiD) . 41)
i=1 i=1
It follows from the Borel functional calculus for |dx;| that

i il f (1bxil) € ol
np=Dr/p f (nr/n)

il
7 (Idxile g oy (1)) <
(4.2)
rip-r ripr

= WT(IdxiV’fﬂdxil)) < W-

Combining (4.1), (4.2) and Fact 4.1(1) entails that

(o] [ee] l
n 72, < — < 0o.
Z " Z nf (n'lp)

To estimate I,,, we apply Lemma 3.1 with W (¢) = ¢ for all > 0 to get

-1 1 n
I, < (sznzr/”) T (|AZ|2) = ;n 2r/p ZT (Iyi,nlz)

i=1

-1
< (82n2r/p) - (|dxi|2€(0,n"/1’](ldxil)) .

n
i=1
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Let ¢ = (2 — p)r/p and it follows from (2.3) that

an—z nd- 22/ t ]1(0 wrip) (D)7 (er)
n=1

2/\

uMg ubllﬂg ”Mg

n~972dr(e;)

0

/ n>max{l tpir}
q-1

/ max {i, tp/r}) dr(e;) = Z (I'+1}+ 1),

i=1

where

1 e 0o
Iil =/ 2ima-1 dr(e,), Il,l =/ $2ima-1 dr(e,), 11'3 =/ tp-pir dr(ey).
0 1 irlp

Note here that )72, Il.1 < X i"971 < oo. It follows from Lemma 4.3 (1) that
tP=2 f(cpt) is non-increasing for > 1 and some ¢, > 0. Combining that tp/rf(c,,t)
is non-decreasing yields that

/P p-2 o0 plr
t Ccpt t cplt
112 < i_q—l / t2 f( 14 ) dT(EI), P < / [P_p/VMdT(e[)_
1 i

I(P*Z)V/Pf (Cplr/p) ir/p lf (Cplr/p)

By Remark 4.2 and Lemma 4.4 we have
[ stepnanten = (1w 1 (e, lai)) < €.
0

Notice that Fact 4.1(2) implies )2, (112 + 113) < X C/(if (cpir/p)) < 0. Hence,

DMy s Y (I + I+ 1) < oo
n=1 i=1

Finally,

an_zProb.C,{ sup |xkl >8I’lr/p} Z 21, +Z "2, < oo,
=1 1<k<n =1
which yields the desired conclusion.

To show the case for p > 2, we recall the following noncommutative Burkholder-
Gundy inequality for Orlicz norms [22, Theorem 7.2].

Theorem 4.6  Let @ be a 2-convex and g-concave Orlicz function for some 2 < g < oo and
(Xk) k>0 be a sequence martingale differences that is bounded in Lo (M). Then

1/2 1/2
Zxk )) ~¢p max{ 7| D Z|xk|2) ,T|D Z *2)
k>0

k>0 k>0

T|D
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Lemma 4.7  Let f be the function fulfilling (1.4). Then, for any g > 2, we can modify f to
obtain a 2-convex and s-concave function @ for some 2 < s < oo.

Proof By Lemma 4.3 (2), there is an increasing convex function f;/, : [0,00) —
(0, 00) and positive numbers N, such that f, is linear on [0, Ny], and f,/»(t) =
192 f(\1) for all t > Ng. Define @, : [0, 00) — [0, %) by setting @, (1) = f;/2 (1*).
Obviously, @, is increasing and 2-convex. Clearly, ®,(0) = 0 and @, (¢) = ct? for
t € |0, \/I\Tq] with some constant ¢ > 0. For r > \/Nq we have @, (1) = t9f(z).
It follows from Remark 4.2 that @, satisfies the A,-condition. Hence, there exists an
s € [2, 00) such that @, is s-concave.

Now we give the proof of Theorem 1.7.

Proof of Theorem 1.7 Assume without loss of generality that x; = 2{;1 dx; is self-

adjoint for each k € N*. Since g = % > 2, it follows from Lemma 4.7 and Lemma

4.4 that there exists a 2-convex and s-concave function @ for some 2 < s < co with

supT (d)q (Idxi|)) < suplw (|dx;|? f (|dx;])) < oo.
i>1 i>

Let K = sup;s; 7 (®g (ldx;|)) and we apply Lemma 3.1 to the finite martingale
{xx/Vn}1<k<n to get that

_ 70y (/v

c r/p - -
ProbT{ sup |xi| > en } oy (en P12 .

1<k<n

It follows from Theorem 4.6 that

7 [@y (Ixal/Vn)] < 7| @y

D laxl /n) =7 (fq/z (Z i /n)) :
i=1 i=1

Applying the Jensen inequality (2.4) to the convex function f,/, yields that

7 (fq/z (i jdxi /n)) < (1/n) i‘r (fa2 (1)) = (1) Zn’; (@, (Jdxi])) < K.
1 i=1

i=1 i=

2p/(2r-p)
For en’/P=1/2 > Ny, thatis, n > (\/Nq/s)

K
ProbS{ sup |xx|>en/P} < — —
T{lsk§n|k| } @, (en'IP-172)
K Kn'~"

B g‘ln‘l(r/."_l/z)f (gnr/P_I/z) - g‘lf (Snr/p—l/Z) ’

= ng, we have

A

Hence, taking the sum over all n € N* and applying Fact 4.1(2) yield that

K
r—2 c ripl < § _
E n Prob.,{ sup |xi| > en } S ginf (Snr/p—l/l) <o

n>nop I<ks<n n>nop
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For general martingales, it suffices to apply the hermitian dilation technique to reduce
to the self-adjoint martingale case.

4.2 Moderate deviation inequality for martingale differences

Before showing the proof of Theorem 1.10, we need to recall the following deviation
inequality for noncommutative martingales taken from [19, Lemma 4.3].

Lemma 48 Let1 < p < oo, and (xg)ys in L, (M) be a noncommutative martingale.
Suppose that sup,. ||dxg||, < K for some K > 0. Then there exists C, > O such that

max{2,p}
all, < Cpn ™ 5K, V2 1.

We now provide the proof of Theorem 1.10 as follows.

Proof of Theorem 1.10 For each 1 <i < nand some a > 0, we define
Ui = dxie o, (logny«] (ldxi]) — Ei—1 (dxie (o, (1ognya] (ldxi])) ,
Vi = dXie ((logn)a,e0) (dxi]) = Ei—1 (dXie ((1ognya,oo) (di])) .
Let M}! = 2{;1 uinand N} = Z{;l vinpforalll < k < mandn > 1.Itis easy to see

that both {M}}1<k<n and {N}'}1<k<n are martingales. Denoted by xx = 2?:1 dx; for
1 < k < n, it follows that x; = MIZ’ + NZ. By Lemma 3.2, we have

Probi{ sup |xg| > s(nlogn)l/z} < Prob.c,{ sup ’M,';| > (8/2)(nlogn)1/2}

1<k<n 1<k<n

+Pr0b‘;{ sup |N,'§| > (e/2)(nlogn)1/2}
1

<k<n

=+ 10

Applying Lemma 3.1 with W(z) = % for t > 0, it follows from the orthogonality of
martingale differences that

n n
IT: < (nlogn)™! Z H"i,"nz < (nlogn)™! ZT (|dx,~|2e((logn)a,oo)(|dxi|)) .

i=1 i=1

By the Holder inequality and Chebyshev inequality (2.2),
7 (Idxil*e (togmya,o0) (ldxiD) < [lldxil?||, 5 [l€ogma.co) (x|, sy S (logm) 2P

Hence, we have I} < (logn)?~P)~!, For some ¢ > 2, applying Lemma 4.8 to
(M;Cl)lskSn with K = (logn)¥, it follows that

13|, < n''?(logm)”.
By Lemma 3.1, we obtain that

IZ < (nlogn)*q/2 ||M::“Z < (logn)aq—q/z‘
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Therefore,

! & (log n)@d-a/241 X (] (2-p)a
Z OgnProbc { sup |xk] > 8(n10gn)1/2} < Z (Ogn) +Z (Ogi’l) .
n=2 1<k<n o n g n
The series converges for the range p > 4, g > 22 42) and - <a < q4

Inspired by Zeng’s result [51], we study the convergence rate of the iterated logarithm
for noncommutative martingales.

Corollary 4.9 Let p > 2 and {dx;};>1 be an L ,-bounded noncommutative martingale
difference sequence. Then for any € > 0, we have

S
Z 1 Prob$ { sup
< nlogn

1<k<n

k

Z dx;

=1

> 8(nloglogn)1/2}

Proof By the same arguments used in the proof of Theorem 1.10, for some a > 0 and
g > 2, we have

k
dx i

i=1

oo 1 .
Z nlognPrObT { sup

1<k<n

> s(nloglogn)l/z}

loglogn)@d=4/2 &y (loglogn)2~P)a=1
Z g log Z g log

nlogn nlogn

The series converges by taking 0 < a < (¢ — 2)/2q.

It is worthwhile to mention that for 1 < p < 2, there exists an L ,-bounded martin-
gale difference sequence such that the series in Corollary 4.9 diverges (see [38, Theorem
2.4)).

5 Marcinkiewicz-Zygmund strong law of large numbers

In 1947, Chung [10] proved the following extension of the Marcinkiewicz-Zygmund
strong law of large numbers for independent random variables.

Theorem 5.1 Let 1 < p < 2 and {X,},>; be a sequence of mean-zero independent
random variables such that sup,5 E (|1Xu|” f (1Xnl)) < oo, where f fulfills (1.4). Then
limy o0 2y X /n'P = 0 almost surely.

Stout later extended Theorem 5.1 to the cases of martingale differences (see [49,
Theorem 3.3.9, Corollary 3.3.5]). In this subsection, we further extend Stout’s results to
the noncommutative framework. Recall the a.u convergence of sequences from Defini-
tion 2.1, and the following lemma is a noncommutative analogue of the Borel-Cantelli
lemma enabling one to derive an a.u. convergence result from convergence of specific
series of tail probabilities.
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o)

Lemma 5.2 (Noncommutative Borel-Cantelli lemma [28]) ~ Suppose {I,,},,_, is a sequence
of integers such that U;”_ I, = {k € N : k > no} for some ng € N. Let (z,,) be a sequence of
random variables. If for any & > 0,

Z Prob$ { sup |zm| > 6} < 00,
nxng meln
then

a.u.
Zn — 0 as n — oo,

It is worthwhile to mention that a slight modification in the proof of Lemma 5.2
ensures the validity of the conclusion if the following series

Z Prob$ : sup (|zm/(sup I,,)%]) > 6}

n>ng mely,

converges for some a > 0.

Proof of Corollary 1.9 Letr = 1in Theorem 1.6 and note that the series

[

1
Z nlogn -

n=2

It follows that there exists a positive constant C such that

. C
Probi{ sup |Sy| > snl/"} < ——, forallmeN.
1<m<n logn
Therefore, we obtain ), ; Prob$ {Suplgmszz" [Si] > 822"/”} < 00, By Lemma 5.2,
et x/n/P converges to 0 almost uniformly.

Remark 5.3 The proof of Corollary 1.3 is analogous to the proof of Corollary 1.9, and
we left the details for readers. In the commutative martingale setting, Chung [10] pointed
out that the uniform boundedness condition in our results is the best possible, i.e., (1.5)
diverges whenever (1.4) diverges. In addition, if we take f () = (log* |7|) "€ fort > 0
and &£ > 0in Corollary 1.9, we will see that the logarithmic factor compensates for weak-
ening the assumption concerning independence and identical distributions compared to
the classical Marcinkiewicz-Zygmund law.

Acknowledgement: We are grateful to the referee’s constructive suggestions which
substantially improve the paper.
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