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Quantitative laws of large numbers in non-
commutative probability∗

Junming Cao, Yong Jiao, Sijie Luo† and Dejian Zhou

Abstract. In this paper, we investigate the quantitative law of large numbers for noncommutative

random variables. Firstly, we establish a Baum-Katz theorem for noncommutative successively inde-

pendent random variables, which resolves an open problem posed by Stoica ([48]). Our approach

differs from the classical treatment but relies on the theory of asymmetric maximal inequality for

noncommutative martingales. Additionally, we derive a moderate deviation inequality for noncom-

mutative successively independent sequences, and extend this result together with the Baum-Katz

theorem to noncommutative martingales. Finally, we conclude the paper by applying our results

to derive a noncommutative Marcinkiewicz-Zygmund type strong laws of large numbers theorem,

which extends the result of Łuczak ([37]) in some aspects.

1 Introduction

The convergence rate of the law of large numbers plays an essential role in probabil-

ity theory, which is closely related to the large deviation theory (see [4, 29, 39, 45, 46]),

concentration of measure phenomenon (see [34]), Markov chains (see [5, 32, 41, 44]) and

related areas (see [9, 30]). One of the most fundamental results in this area, known as the

Baum-Katz theorem, which is stated as follows.

Theorem 1.1 (Buam-Katz-Chow) Let {𝑋, 𝑋𝑛, 𝑛 ≥ 1} be a sequence of i.i.d. random vari-
ables and 𝑆𝑛 =

∑𝑛
𝑘=1 𝑋𝑘 for 𝑛 ≥ 1. For 𝑟 ≥ 1, 𝑝 > 0 and 𝑟/𝑝 > 1/2, the following

statements are equivalent:

(1) E|𝑋 |𝑝 < ∞;

(2)
∑∞

𝑛=1 𝑛
𝑟−2P

{
|𝑆𝑛 − 𝑛𝑏 | > 𝜀𝑛𝑟/𝑝

}
< ∞, for all 𝜀 > 0;

(3)
∑∞

𝑛=1 𝑛
𝑟−2P

{
max1≤𝑚≤𝑛 |𝑆𝑚 − 𝑚𝑏 | > 𝜀𝑛𝑟/𝑝

}
< ∞, for all 𝜀 > 0,

where 𝑏 = 0 if 𝑟/𝑝 > 1 and 𝑏 = E[𝑋] if 1/2 < 𝑟/𝑝 ≤ 1.

The equivalence between (1) and (2) was proved by Baum and Katz [2], and that

between (1) and (3) was byChow [8]. Since then, a great deal of effort has been devoted to
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generalizing the Baum-Katz theorem to general sequences and sharpening the parame-

ters in the theorem. We refer to [33, 14, 18, 36, 50] for more details. Notably, if there are

no independence assumptions on the sequence {𝑋𝑛}∞𝑛=1, condition (3) is strictly stronger
than (2). Hence, in the sequel, we will only investigate the equivalence between (1) and

(3) in the noncommutative framework.

Motivated by the studyof operator algebras andnoncommutative analysis, numerous

significant probability inequalities in the noncommutative case have been developed in

the past decades. One of the most critical developments in this area is the Burkholder-

Gundy inequality for noncommutative martingales established by Pisier and Xu [40].

Since then, fundamental martingale inequalities such as the Doob maximal inequality

[24] and the Burkholder/Rosenthal inequality [25, 26] have been well developed in the

noncommutative setting, leading the noncommutativemartingale theory into an attrac-

tive area in probability theory. We refer to [6, 3, 16, 20, 21, 42] for more information. In

the present paper, we aim to continue the fruitful line of investigating noncommutative

deviation inequalities.

In 2009, Stoica [48, Theorem 1] adapted the method of Katz [27, Theorem 2(a)] and

provided a noncommutative extension of Theorem 1.1 for successively 𝑖.𝑖.𝑑. sequence
with 1/2 < 𝑟/𝑝 ≤ 1. However, it was stated by Stoica that his approach cannot tackle

the case for 𝑟/𝑝 > 1 (see [48, p. 321]), leaving it as an open problem. In the present paper,

we apply the weak type asymmetric maximal inequality for noncommutative martin-

gales to establish a noncommutative Baum-Katz theorem for 𝑟/𝑝 > 1, settling the

problem of Stoica.

To state our results precisely, we begin with recalling basic concepts and notations

from noncommutative analysis. By a noncommutative probability space (M, 𝜏), we
mean that (M, 𝜏) is a tracial von Neumann algebra equipped with a normal faithful

tracial state 𝜏. Let 𝐿0 (M) be the ∗-algebra of all 𝜏-measurable operators with respect

to (M, 𝜏). The noncommutative counterpart of the maximal column tail probability
introduced in [28] is stated as follows, which is closely related to the almost uniform

convergence in 𝐿0 (M). For a sequence (𝑥𝑛)𝑛≥1 ⊆ 𝐿0 (M) and 𝑡 > 0, define

Prob𝑐𝜏

{
sup
𝑛≥1

|𝑥𝑛 | > 𝑡
}
:= inf

𝑒∈M𝜋

{𝜏(1 − 𝑒) : ∥𝑥𝑛𝑒∥∞ ≤ 𝑡 for all 𝑛 ≥ 1} ,

whereM𝜋 stands for the lattice of projections inM. Our noncommutative Baum-Katz

theorem for successively independent sequence (see the definition in §2) is stated as

follows.

Theorem 1.2 Suppose that {𝑥𝑘}𝑘≥1 is a sequence of successively independent random vari-
ables in 𝐿0 (M), which have the same distribution of 𝑥 ∈ 𝐿0 (M). Let 𝑆𝑛 =

∑𝑛
𝑘=1 𝑥𝑘 be the

partial sum. For 𝑟 ≥ 1 and 𝑝 > 0 with 𝑟/𝑝 > 1/2, let 𝜓 : R+ → R+ be a continuous
increasing function with 𝜓(𝑡) = 𝑂 (𝑡𝑟−1+𝑟/𝑝) for each 𝑡 > 0 such that {𝜓(𝑛)/𝑛𝑟/𝑝}∞𝑛=1
forms an increasing sequence and

∞∑
𝑛=1

𝑛𝑟−1𝜏
[
𝑒 (𝜓 (𝑛) ,∞) (|𝑥 |)

]
< ∞. (1.1)

2025/12/10 23:05

https://doi.org/10.4153/S0008414X25101946 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X25101946


Quantitative laws of large numbers in noncommutative probability 3

Then we have
∞∑
𝑛=1

𝑛𝑟−2𝜏
[
𝑒 (𝜀𝜓 (𝑛) ,∞) ( |𝑆𝑛 − 𝑛𝑏 |)

]
< ∞, ∀𝜀 > 0, (1.2)

and
∞∑
𝑛=1

𝑛𝑟−2Prob𝑐𝜏

{
sup

1≤𝑚≤𝑛
|𝑆𝑚 − 𝑚𝑏 | > 𝜀𝜓(𝑛)

}
< ∞, ∀𝜀 > 0, (1.3)

where 𝑏 = 0 if 𝑟/𝑝 > 1 and 𝑏 = 𝜏 (𝑥) if 1/2 < 𝑟/𝑝 ≤ 1.

From [23, Remark 3.4], we see that (1.3) implies (1.2). It is worthwhile tomention that

Theorem 1.2 is a noncommutative Baum-Katz theorem under a more general integra-

bility condition, which enables one to deal with 𝜓 with 𝑛𝑟/𝑝 ≤ 𝜓(𝑛) ≤ 𝑛𝑟−1+𝑟/𝑝 for

sufficiently large 𝑛 ≥ 1. In particular, if𝜓(𝑛) = 𝑛𝑟/𝑝 , (1.1) goes back to Theorem 1.1 (1).

Thanks to the noncommutative Borel-Cantelli lemma,we get the following noncommu-

tative strong law of large numbers by Łuczak [37, Theorem 3.6] by applying Theorem

1.2.

Corollary 1.3 Let 0 < 𝑝 < 2 and {𝑥𝑘}𝑘≥1 ⊆ 𝐿𝑝 (M) be a successively independent
identically distributed sequence. Then

𝑛−1/𝑝
𝑛∑

𝑘=1

(𝑥𝑘 − 𝑏1)
a.u.−→ 0 as 𝑛→ ∞,

where 𝑏 = 0 for 0 < 𝑝 < 1 and 𝑏 = 𝜏 (𝑥1) for 1 ≤ 𝑝 < 2.

Note here that, for the case 𝜓(𝑛) = (𝑛 log 𝑛)𝑟/𝑝 , the Baum-Katz theorem holds

only for 𝑟 > 1 in the commutative setting. For the case 𝑟 = 1, the estimate

P
{
|𝑆𝑛 | > 𝜀(𝑛 log 𝑛)1/𝑝

}
is called themoderate deviation, whichwas first studied byDavis

[11] and later generalized by Rohatgi [43]. Hence, the second main result of the present

paper is the noncommutative moderate deviation inequality stated as follows.

Theorem 1.4 Let {𝑥𝑘}𝑘≥1 ⊆ 𝐿𝑝 (M) be a sequence of successively independent random
variables with the same distribution of 𝑥 ∈ 𝐿𝑝 (M). Let 𝑆𝑛 =

∑𝑛
𝑘=1 𝑥𝑘 for each 𝑛 ≥ 1. Then,

for any 𝜀 > 0, we have

(1) for 𝑝 = 2,
∞∑
𝑛=1

log 𝑛

𝑛
𝜏
(
𝑒 (𝜀 (𝑛 log 𝑛)1/2 ,∞) ( |𝑆𝑛 − 𝑛𝜏(𝑥) |)

)
< ∞,

(2) for 1 < 𝑝 < 2,
∞∑
𝑛=1

log 𝑛

𝑛
Prob𝑐𝜏

{
sup

1≤𝑚≤𝑛
|𝑆𝑚 − 𝑚𝜏(𝑥) | > 𝜀(𝑛 log 𝑛)1/𝑝

}
< ∞.

It is worthwhile to mention that for the case 𝑝 = 2, we apply the noncommutative

Fuk-Nagaev inequality in the proof of Theorem 1.4, rather than the symmetrization
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method used in Davis’ original approach [11]. Moreover, motivated by the law of the

iterated logarithm [12], we adapt the proof of Theorem 1.4 (1) to obtain a corresponding

result for P
{
|𝑆𝑛 | > 𝜀(𝑛 log log 𝑛)1/2

}
in Corollary 3.11.

Remark 1.5 The original proof of the equivalence between (1) and (2) in Theorem 1.1

relies on theLevý inequality.However, the noncommutative versionof theLevý inequal-

ity is not yet to bewell-developed, which is one of themain obstructions in our approach

of proving the noncommutative analogue of Theorem 1.1 in full generality.

Motivated by the recent development of noncommutative martingale theory, we

also extend the Baum-Katz theorem to the noncommutative martingale framework.

In the commutative setting, it has been pointed out by Lesigne and Volný [35] that

P ( |𝑆𝑛 | > 𝜀𝑛) = 𝑂
(
𝑛−𝑝/2) if sup𝑘≥1 E |𝑋𝑘 |𝑝 < ∞ with 𝑝 ≥ 2, and the exponent 𝑝/2

is optimal, even for strictly stationary and ergodic sequences of martingale differences.

Thus, for the martingale case, the Baum-Katz theorem does not hold without additional

assumptions.

FollowingChung [10], we consider a non-decreasing function 𝑓 : [0,∞) → R+ such
that

∞∑
𝑛=1

1

𝑓 (2𝑛) < ∞. (1.4)

Specifically, if 𝑓 (𝑡) =
(
log+ |𝑡 |

)1+𝜀
, 𝑡 ∈ [0,∞) and 𝜀 > 0, it is easy to see that 𝑓 fulfills

(1.4). Hence, the following results contain several important examples in studying the

law of large numbers. Suppose that {𝑋 𝑗 }∞𝑗=1 is a sequence of random variables fulfill-

ing the uniform moment condition: sup 𝑗≥1 E[|𝑋 𝑗 |𝑝 𝑓 (|𝑋 𝑗 |)] < ∞. Chung [10, Corollary

1] derived the Marcinkiewicz-Zygmund strong law of large numbers for independent

random variables {𝑋 𝑗 }∞𝑗=1 satisfying the uniform moment condition. Later, under the

same condition, Chung’s result was further extended by Stout [49] and Balka et al. [1]

in related areas. The following two theorems extend results in [1] to noncommutative

martingales.

Theorem 1.6 (Noncommutative martingales with 1 < 𝑝 < 2) For 1 < 𝑝 < 2

and 𝑟 ≥ 1 or 𝑟 = 𝑝 = 1, let {𝑑𝑥𝑖}𝑖≥1 be a martingale difference sequence satisfying
sup𝑖≥1 𝜏 ( |𝑑𝑥𝑖 |𝑝 𝑓 ( |𝑑𝑥𝑖 |)) < ∞, where 𝑓 fulfills (1.4). Then the following holds

∞∑
𝑛=1

𝑛𝑟−2Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛

����� 𝑘∑
𝑖=1

𝑑𝑥𝑖

����� > 𝜀𝑛𝑟/𝑝
}
< ∞, ∀𝜀 > 0.

Theorem 1.7 (Noncommutative martingales with 𝑝 ≥ 2) For 𝑝 ≥ 2 and 𝑟/𝑝 > 1/2,
let 𝑞 = 2𝑝(𝑟 − 1)/(2𝑟 − 𝑝) and {𝑑𝑥𝑖}𝑖≥1 be a martingale difference sequence satisfying
sup𝑖≥1 𝜏 ( |𝑑𝑥𝑖 |𝑞 𝑓 ( |𝑑𝑥𝑖 |)) < ∞, where 𝑓 fulfills (1.4). The following holds

∞∑
𝑛=1

𝑛𝑟−2Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛

����� 𝑘∑
𝑖=1

𝑑𝑥𝑖

����� > 𝜀𝑛𝑟/𝑝
}
< ∞, ∀𝜀 > 0.
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Remark 1.8 It was pointed out in [10] implicitly that the uniform moment condition

mentioned in the previous theorems is necessary even for commutative martingales.

More precisely, the series in Theorem 1.6 and Theorem 1.7 diverge whenever (1.4) fails.

A direct consequence of Theorem 1.6 is the following law of large numbers for non-

commutativemartingales, which extends the result of Łuczak [37, Theorem3.6] (see also

Corollary 1.3) at some points.

Corollary 1.9 Let 1 ≤ 𝑝 < 2 and {𝑥𝑛}𝑛≥1 in 𝐿0 (M) be a martingale difference sequence
such that sup𝑛≥1 𝜏 (|𝑥𝑛 |𝑝 𝑓 ( |𝑥𝑛 |)) < ∞, where 𝑓 fulfills (1.4). Then

𝑛∑
𝑘=1

𝑥𝑘/𝑛1/𝑝
a.u.−→ 0 as 𝑛→ ∞. (1.5)

Recently, it has been shown by Ricard and Hong [17] that the noncommutative 𝐿𝑝

martingales need not be convergent uniformly whenever 1 ≤ 𝑝 < 2. Thus, Corollary

1.9 is of independent interest in studying the convergence theorem for noncommutative

martingales.

Inspired by the recent work on noncommutative large deviation inequalities of Jiao

et al. [19], we obtain following result on moderate deviation, extending [47, Theorem 1]

of Stoica to the noncommutative martingales.

Theorem 1.10 Let 𝑝 > 4 and {𝑑𝑥𝑖}𝑖≥1 be an 𝐿𝑝-bounded noncommutative martingale
difference sequence. Then

∞∑
𝑛=1

log 𝑛

𝑛
Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛

����� 𝑘∑
𝑖=1

𝑑𝑥𝑖

����� > 𝜀(𝑛 log 𝑛)1/2
}
< ∞, ∀𝜀 > 0.

For the case 1 ≤ 𝑝 ≤ 4, it has been pointed out by Miao, Yang and Stoica in [38,

Theorem 2.4] that Theorem 1.10 fails in general. Furthermore, by applying a more spe-

cific calculations in the proof of Theorem 1.10, we obtain a slight variant of Theorem

1.10 in Corollary 4.9.

Our paper is organized as follows. In Section 2, we collect necessary materials from

noncommutative analysis, such as noncommutative Lebesgue spaces, the noncommuta-

tive independence, and noncommutative martingales. In Section 3, we provide detailed

proofs of the noncommutative Baum-Katz type theoremand the noncommutativemod-

erate deviation inequality for successively independent sequences. In Section 4, we

extend results obtained in the previous section from the successively independent case

to the noncommutativemartingales case. In Section 5, as an application of our result, we

conclude the paper with a noncommutative Marcinkiewicz-Zygmund type strong laws

of large numbers.

Throughout the paper, let (M, 𝜏) be a fixed noncommutative probability space. We

write 𝐴 ≲𝑝 𝐵 to mean that 𝐴 ≤ 𝐶𝑝𝐵 with a positive constant 𝐶𝑝 depending only on

the parameter 𝑝, and we ignore the subscript when the constant is universal.
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2 Preliminaries

2.1 Noncommutative 𝐿𝑝-spaces

Let 𝐿0 (M) denote the topological ∗-algebra of measurable operators with respect to

(M, 𝜏). Equipping 𝐿0 (M) with the topology induced by the convergence in measure

makes 𝐿0 (M) a topological vector space, and the elements in 𝐿0 (M) are called (non-
commutative) random variables. In the sequel, all random variables are noncommutative

if no confusions arise. Given 0 < 𝑝 < ∞, the noncommutative 𝐿𝑝 space is defined by

𝐿𝑝 (M) :=
{
𝑥 ∈ 𝐿0 (M) : 𝜏 ( |𝑥 |𝑝)

1
𝑝 < ∞

}
,

equipped with (quasi-) norm ∥𝑥∥ 𝑝 := 𝜏 ( |𝑥 |𝑝)
1
𝑝 for 𝑥 ∈ 𝐿𝑝 (M). As usual, we let

𝐿∞ (M) := M and ∥ · ∥∞ is the operator norm onM.

For 𝑥 ∈ 𝐿0 (M), its distribution function is defined by

𝜆𝑠 (𝑥) = 𝜏
(
𝑒⊥𝑠 ( |𝑥 |)

)
, ∀𝑠 > 0,

where 𝑒⊥𝑠 (|𝑥 |) = 𝑒 (𝑠,∞) ( |𝑥 |) is the spectral projection of |𝑥 | associated with the interval
(𝑠,∞). For any 𝑠, 𝑡 > 0 and 𝑥, 𝑦 ∈ 𝐿0 (M), their distribution functions satisfy that

𝜆𝑠+𝑡 (|𝑥 + 𝑦 |) ≤ 𝜆𝑠 ( |𝑥 |) + 𝜆𝑡 (|𝑦 |). (2.1)

For 𝑥 ∈ 𝐿𝑝 (M) with 0 < 𝑝 < ∞, we have the Chebyshev inequality

𝜆𝑠 (𝑥) ≤
∥𝑥∥ 𝑝𝑝
𝑠𝑝

, ∀𝑠 > 0. (2.2)

The concept of almost uniform convergence was introduced by Lance [31], which can be

viewed as a noncommutative substitutionof the almost everywhere convergence in 𝐿0 (M).

Definition 2.1 A sequence {𝑥𝑛}𝑛≥1 ⊆ 𝐿0 (M) is said to converge almost uniformly (a.u.
in short) to 𝑥 ∈ 𝐿0 (M), if for any 𝜀 > 0 there is a projection 𝑒 ∈ M such that

𝜏 (1 − 𝑒) < 𝜀 and lim
𝑛→∞

∥(𝑥𝑛 − 𝑥) 𝑒∥∞ = 0.

Moreover, {𝑥𝑛}𝑛≥1 is said to converge bilaterally almost uniformly (b.a.u. in short) to 𝑥 if
for any 𝜀 > 0 there is a projection 𝑒 ∈ M such that

𝜏 (1 − 𝑒) < 𝜀 and lim
𝑛→∞

∥𝑒 (𝑥𝑛 − 𝑥) 𝑒∥∞ = 0.

It is obvious that the a.u.convergence implies the b.a.u. convergence. When (M, 𝜏)
is commutative, the Egorov theorem entails that the a.u. convergence coincides with the

a.e. convergence in 𝐿0 (M).
We conclude this subsection by introducing the column weak space Λ𝑝,∞ (M; ℓ𝑐∞),

which is deeply connected with the probability of Prob𝑐𝜏
(
sup𝑛≥1 |𝑥𝑛 | > 𝑡

)
. The space

Λ𝑝,∞ (M; ℓ𝑐∞) is defined as the sequences (𝑥𝑛)𝑛≥1 satisfying that

(𝑥𝑛)𝑛≥1

Λ𝑝,∞ (M;ℓ𝑐∞ ) = sup
𝜆>0

inf
𝑞∈M𝜋

{
𝜆𝜏((1 − 𝑞))

1
𝑝 : ∥𝑥𝑛𝑞∥∞ ≤ 𝜆 for all 𝑛 ≥ 1

}
< ∞,
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whereM𝜋 is the lattice of projections inM. One can also define the row space by taking

adjoints.

2.2 Noncommutative Orlicz spaces

Let Φ be an Orlicz function on [0,∞). We sayΦ satisfies the △2-condition if Φ(2𝑡) ≤
𝐶Φ(𝑡) for all 𝑡 > 0 and some 𝐶 > 0. It is not hard to check that Φ satisfies the △2-

condition if and only if for any 𝛼 > 0, there is a constant 𝐶𝛼 > 0 such that Φ(𝛼𝑡) ≤
𝐶𝛼Φ(𝑡) for all 𝑡 > 0. For 1 ≤ 𝑝 ≤ 𝑞 < ∞, we say that Φ is 𝑝-convex if the function
𝑡 ↦→ Φ

(
𝑡1/𝑝

)
is convex, and is 𝑞-concave if the function 𝑡 ↦→ Φ

(
𝑡1/𝑞

)
is concave. In

addition,Φ satisfies the Δ2-condition if and only if it is 𝑞-concave for some 𝑞 < ∞. For

𝑥 ∈ 𝐿0 (M), we have (see e.g. [13, Corollary 2.8])

𝜏(Φ(|𝑥 |)) =
∫ ∞

0

Φ(𝑡)d𝜏 (𝑒𝑡 ) , (2.3)

where 𝜏(𝑒𝑡 ) = 𝜏(𝑒 (−∞,𝑡 ) (|𝑥 |)) is the spectral measure. For (𝑥𝑖)𝑛𝑖=0 ⊂ 𝐿0 (M, 𝜏), 𝜆𝑖 ∈
(0, 1) with∑𝑛

𝑖=0 𝜆𝑖 ≤ 1, we have the following Jensen’s inequality (see e.g. [13, Theorem

4.4])

𝜏

[
Φ

(����� 𝑛∑
𝑖=0

𝜆𝑖𝑥𝑖

�����
)]

≤
𝑛∑
𝑖=0

𝜆𝑖𝜏 (Φ (|𝑥𝑖 |)) . (2.4)

The noncommutative Orlicz space 𝐿Φ (M) is defined by

𝐿Φ (M) =
{
𝑥 ∈ 𝐿0 (M) : 𝜏

[
Φ

(
|𝑥 |
𝑐

)]
< ∞, for some 𝑐 > 0

}
,

equipped with the norm

∥𝑥∥Φ = inf{𝑐 > 0 : 𝜏(Φ(|𝑥 |/𝑐)) ≤ 1}.

2.3 Noncommutative martingales

The following materials on noncommutative martingales are standard. Let {M𝑛}𝑛≥0
be an increasing sequence of vonNeumann subalgebras ofM such that the union of the

M𝑛 is 𝑤
∗-dense inM. For every 𝑛 ≥ 0, let E𝑛 be the conditional expectation fromM

ontoM𝑛 satisfying

(1) E𝑛 (𝑥𝑦) = E𝑛 (𝑥)𝑦, E𝑛 (𝑦𝑥) = 𝑦E𝑛 (𝑥), 𝑛 ≥ 0 and 𝑦 ∈ M𝑛;

(2) E𝑛E𝑚 = E𝑛 for 𝑚 ≥ 𝑛;
(3) 𝜏 (E𝑛 (𝑥)) = 𝜏(𝑥), 𝑛 ≥ 0.

The noncommutative martingale is a sequence 𝑥 = {𝑥𝑛}𝑛≥1 in 𝐿1 (M) satisfying

E𝑛 (𝑥𝑛+1) = 𝑥𝑛 for all 𝑛 ≥ 1. The martingale differences sequence (𝑑𝑥𝑘)𝑘≥1 is defined
by 𝑑𝑥1 := 𝑥1 and 𝑑𝑥𝑘 := 𝑥𝑘 − 𝑥𝑘−1 with 𝑘 ≥ 1. Given a martingale 𝑥 in 𝐿𝑝 (M), its
𝐿𝑝 norm is given by ∥𝑥∥ 𝑝 := sup𝑛≥1 ∥𝑥𝑛∥ 𝑝 . If ∥𝑥∥ 𝑝 < ∞, 𝑥 is called an 𝐿𝑝-bounded

martingale. More generally, given an Orlicz function Φ, we say that 𝑥 = (𝑥𝑛)𝑛≥1 is an
𝐿Φ-bounded martingale if ∥𝑥∥Φ = sup𝑛≥0 ∥𝑥𝑛∥Φ < ∞.

Now we introduce an important noncommutative weak type asymmetric maximal

inequality taken from [15, Theorem A(ii)].
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Theorem 2.1 For every 𝑛 ≥ 0, let E𝑛 be the conditional expectation defined as above. For
1 ≤ 𝑝 ≤ 2, we have



(E𝑛 (𝑥))𝑛≥1



Λ𝑝,∞ (M;ℓ𝑐∞ ) ≤ 𝑐𝑝








(∑
𝑛≥1

|𝑑𝑥𝑛 |2
)1/2







𝐿𝑝 (M)

,

where 𝑐𝑝 > 0 is a constant depending only on 𝑝.

2.4 Noncommutative independence

Recall the noncommutative independences of Junge and Xu (see [26]) as follows.

Definition 2.2 Assume that {M𝑘}𝑘≥0 are von Neumann subalgebras inM.

(1) We say that {M𝑘}𝑘≥0 are independent with respect to 𝜏, if 𝜏(𝑥𝑦) = 𝜏(𝑥)𝜏(𝑦) holds
for each 𝑥 ∈ M𝑘 and 𝑦 belongs to the vonNeumann algebra generated by {M 𝑗 } 𝑗≠𝑘 .

(2) We say that {M𝑘}𝑘≥0 are successively independent with respect to 𝜏, if

𝑣𝑁 (M0, . . . ,M𝑘−1) and 𝑣𝑁 (M𝑘) are independent for each 𝑘 ≥ 1,

where 𝑣𝑁 (M0 . . . ,M𝑘−1) denotes the von Neumann subalgebra generated by

M0, . . . ,M𝑘−1.
(3) We say that the random variables sequence {𝑥𝑘}𝑘≥0 is independent or successively

independent, if for each 𝑘 ≥ 0, the unital von Neumann subalgebrasM𝑘 generated

by 𝑥𝑘 are independent or successively independent with respect to 𝜏.

Remark 2.2 Assume that {M𝑘}𝑘≥0 are von Neumann subalgebras inM.

(1) Let {M𝑘}𝑘≥0 be independent with respect to 𝜏. Then {M𝑘}𝑘≥0 are successively

independent with respect to 𝜏; see [26, Lemma 1.2].

(2) Let (M𝑘)𝑘≥0 be successively independent with respect to 𝜏. Then for each 𝑘 ≥ 0,

[26, Remark 1.1] yields that

E𝑣𝑁 (M0 ,...,M𝑘 ) (𝑥) = 𝜏 (𝑥) , 𝑥 ∈ M 𝑗 , 𝑗 > 𝑘,

whereE𝑣𝑁 (M0 ,...,M𝑘 ) is the conditional expectation fromM to 𝑣𝑁 (M0, . . . ,M𝑘).
Therefore, if 𝑥𝑘 ∈ 𝐿𝑝 (M𝑘)with 𝜏 (𝑥𝑘) = 0, then {𝑥𝑘}𝑘≥0 is amartingale difference

sequence with respect to the filtration (𝑣𝑁 (M0, . . . ,M𝑘))𝑘≥0.

We say {𝑥𝑛}𝑛≥1 is identically distributed if the distribution functions 𝜏
(
𝑒⊥𝑠 ( |𝑥𝑛 |)

)
are identical for all 𝑛 ∈ N.

We conclude the preliminaries section with the noncommutative Rosenthal inequal-

ity established by Junge and Xu [26, Theorem 2.1], which is one of the key ingredients

in our proof of Theorem 1.2.
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Theorem 2.3 (Junge-Xu) Let 2 ≤ 𝑝 < ∞, {𝑥𝑘}𝑘≥1 ∈ 𝐿𝑝 (M) with 𝜏 (𝑥𝑘) = 0. If
{𝑥𝑘}𝑘≥1 is successively independent, then

𝐶

𝑝2






∑
𝑘≥1

𝑥𝑘







𝑝

≤ max


(∑
𝑘≥1

∥𝑥𝑘 ∥ 𝑝𝑝

) 1
𝑝

,

(∑
𝑘≥1

∥𝑥𝑘 ∥22

) 1
2  ≤ 2






∑
𝑘≥1

𝑥𝑘







𝑝

,

where 𝐶 is an absolute constant.

3 Noncommutative Baum-Katz theorem and moderate
deviation inequality

3.1 Noncommutative Baum-Katz theorem

This subsection is devoted to proving Theorem 1.2. We now begin with a sequence of

elementary lemmas on the estimate of the maximal tail probabilities. The first lemma is

the weak type asymmetric maximal inequality associated with a convex function.

Lemma 3.1 Let Ψ be a 2-convex, 𝑝-concave Orlicz function with 2 ≤ 𝑝 < ∞ and 𝑥 =
(𝑥𝑛)𝑛≥1 be an 𝐿Ψ-bounded martingale. Then for any 𝜆 > 0,

Ψ(𝜆)Prob𝑐𝜏
{
sup
𝑛≥1

|𝑥𝑛 | > 𝜆
}
≤ 𝑐𝑝𝜏 (Ψ (|𝑥 |)) ,

where 𝑐𝑝 is a constant depending only on 𝑝.

Proof By [21, Lemma 5.4], it follows that for a 1-convex, 𝑟-concave Orlicz functionΦ
with 1 ≤ 𝑟 < ∞, there exists a projection 𝑞 such that sup𝑛 ∥𝑞𝑥𝑛𝑞∥ ≤ 𝑡 for any 𝑡 > 0,

and

Φ(𝑡)𝜏(1 − 𝑞) ≤ 𝑐𝑟𝜏(Φ( |𝑥 |)). (3.1)

On the other hand, we have

sup
𝜆>0

inf
𝑒

{
Ψ(𝜆)𝜏(1 − 𝑒) : sup

𝑛≥1
∥𝑥𝑛𝑒∥∞ ≤ 𝜆

}
= sup

𝜆>0
inf
𝑒

{
Ψ(𝜆1/2)𝜏(1 − 𝑒) : sup

𝑛≥1



𝑒 |𝑥𝑛 |2𝑒

∞ ≤ 𝜆
}

≤ sup
𝜆>0

inf
𝑒

{
Ψ(𝜆1/2)𝜏(1 − 𝑒) : sup

𝑛≥1



𝑒E𝑛 ( |𝑥 |2)𝑒



∞ ≤ 𝜆

}
,

where we use E𝑛 (𝑥)∗E𝑛 (𝑥) ≤ E𝑛 (𝑥∗𝑥) in the inequality (E𝑛 is the conditional

expectation fromM toM𝑛). By (3.1), we deduce that for any 𝜆 > 0,

Ψ(𝜆)Prob𝑐𝜏
{
sup
𝑛≥1

|𝑥𝑛 | > 𝜆
}
≤ 𝑐𝑝𝜏

(
Ψ

( (
E𝑛 ( |𝑥 |2)

)1/2)) ≤ 𝑐𝑝𝜏 (Ψ (|𝑥 |)) ,

which completes the proof.
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Lemma 3.2 Let (𝑥𝑛)𝑛≥1 and (𝑦𝑛)𝑛≥1 be sequences of randomvariables. Then, for any 𝑡 > 0,
we have

Prob𝑐𝜏

{
sup
𝑛≥1

|𝑥𝑛 + 𝑦𝑛 | > 𝑡
}
≤ Prob𝑐𝜏

{
sup
𝑛≥1

|𝑥𝑛 | > 𝑡/2
}
+Prob𝑐𝜏

{
sup
𝑛≥1

|𝑦𝑛 | > 𝑡/2
}
. (3.2)

Proof For projections 𝑝1 and 𝑝2 satisfying ∥𝑥𝑛𝑝1∥ ≤ 𝑡/2 and ∥𝑦𝑛𝑝2∥ ≤ 𝑡/2 for all
𝑛 ≥ 1, we set 𝑝 = 𝑝1 ∧ 𝑝2. Then the triangle inequality yields that

∥(𝑥𝑛 + 𝑦𝑛)𝑝∥∞ ≤ ∥𝑥𝑛𝑝∥∞ + ∥𝑦𝑛𝑝∥∞ = ∥𝑥𝑛𝑝1𝑝∥∞ + ∥𝑦𝑛𝑝2𝑝∥∞ ≤ 𝑡.

Hence, we have

Prob𝑐𝜏

{
sup
𝑛≥1

|𝑥𝑛 + 𝑦𝑛 | > 𝑡
}
≤ 𝜏(1 − 𝑝1) + 𝜏(1 − 𝑝2),

and the desired estimate follows by taking the infimum on the right hand side of the

inequality.

Lemma 3.3 Let (𝑥𝑛)𝑛≥1 be a sequence of random variables. Assume that there exists a
projection 𝑞 such that 𝑥𝑛𝑞 = 𝑥𝑛 holds for each 𝑛 ≥ 1. Then we have

Prob𝑐𝜏

{
sup
𝑛≥1

|𝑥𝑛 | > 𝑡
}
≤ 𝜏 (𝑞) for 𝑡 > 0. (3.3)

Proof It suffices to observe that ∥𝑥𝑛 (1 − 𝑞)∥∞ = 0 < 𝑡.

The following four technical lemmas regarding the estimate of the distribution for

noncommutative random variables are essential in our proof of Theorem 1.2.

Lemma 3.4 Let 𝑟 ≥ 1, 𝑝 > 0 and 1/2 < 𝑟/𝑝 ≤ 1. Let 𝑥 ∈ 𝐿0 (M) and 𝜓 : R+ → R+

be a continuous increasing function with 𝜓(𝑡) = 𝑂 (𝑡𝑟−1+𝑟/𝑝) for each 𝑡 > 0 such that
{𝜓(𝑛)/𝑛𝑟/𝑝}∞𝑛=1 forms an increasing sequence and (1.1) holds. Then

𝑛𝜏
(
𝑥𝑒 (𝜓 (𝑛) ,∞) ( |𝑥 |)

)
/𝜓(𝑛) → 0, 𝑛→ ∞.

Proof Recall that the generalized inverse 𝜓−1 is defined by

𝜓−1 (𝑠) = inf{𝑡 > 0 : 𝜓(𝑡) > 𝑠}, ∀𝑠 > 0,

with 1(𝑛,∞)
(
𝜓−1 (·)

)
= 1(𝜓 (𝑛) ,∞) (·) almost everywhere. Thus, by (1.1),

𝜓−1 ( |𝑥 |)



𝑟
𝑟
≲

∞∑
𝑛=1

𝑛𝑟−1𝜏
(
𝑒 (𝑛,∞)

(
𝜓−1 (|𝑥 |)

) )
< ∞.

By the functional calculus of |𝑥 |, we have��𝜏 (
𝑥𝑒 (𝜓 (𝑛) ,∞) ( |𝑥 |)

) �� ≤ 𝜏 (��𝑥𝑒 (𝜓 (𝑛) ,∞) ( |𝑥 |)
��) ≤ 𝜏 (

|𝑥 |𝑒 (𝜓 (𝑛) ,∞) (|𝑥 |)
)
.
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Since {𝜓(𝑛)/𝑛𝑟/𝑝}𝑛≥1 is increasing,

𝑛
��𝜏 (
𝑥𝑒 (𝜓 (𝑛) ,∞) (|𝑥 |)

) �� /𝜓(𝑛) ≲ 𝑛1−𝑟/𝑝𝜏
(
|𝑥 |𝑒 (𝑛,∞)

(
𝜓−1 (|𝑥 |)

) )
< 𝜏

( (
𝜓−1 (|𝑥 |)

)1−𝑟/𝑝 |𝑥 |𝑒 (𝑛,∞)
(
𝜓−1 (|𝑥 |)

) )
.

We claim that
(
𝜓−1 (𝑡)

)1−𝑟/𝑝
𝑡 ≲

(
𝜓−1 (𝑡)

)𝑟
for each 𝑡 > 0. Indeed, this is equivalent to

that 𝜓
(
𝑡 𝑝/(𝑟 𝑝+𝑟−𝑝) ) ≲ 𝑡, i.e., 𝜓(𝑡) = 𝑂

(
𝑡𝑟−1+𝑟/𝑝

)
. Hence, by the fact



𝜓−1 (|𝑥 |)



𝑟
<

∞, it follows that

𝑛
��𝜏 (
𝑥𝑒 (𝜓 (𝑛) ,∞) ( |𝑥 |)

) �� /𝜓(𝑛) ≲ 𝜏
( (
𝜓−1 (|𝑥 |)

)𝑟
𝑒 (𝑛,∞)

(
𝜓−1 ( |𝑥 |)

) )
→ 0, 𝑛→ ∞.

Lemma 3.5 Let 𝑟 ≥ 1, 𝑝 > 0 and 𝑟/𝑝 > 1. Let 𝑥 ∈ 𝐿0 (M) and 𝜓 : R+ → R+ be a
function such that {𝜓(𝑛)/𝑛𝑟/𝑝}∞𝑛=1 forms an increasing sequence and (1.1) holds. Then

𝑛𝜏
(
𝑥𝑒 (0,𝜓 (𝑛) ] (|𝑥 |)

)
/𝜓(𝑛) → 0, 𝑛→ ∞.

Proof By the functional calculus of |𝑥 |, for any 1 ≤ 𝑁 ≤ 𝑛, we have��𝜏 (
𝑥𝑒 (0,𝜓 (𝑛) ] ( |𝑥 |)

) �� ≤ 𝜏 (��𝑥𝑒 (0,𝜓 (𝑛) ] (|𝑥 |)
��) ≤ 𝜏 (

|𝑥 |𝑒 (0,𝜓 (𝑛) ] (|𝑥 |)
)

= 𝜏
(
|𝑥 |𝑒 (0,𝜓 (𝑁 ) ] (|𝑥 |)

)
+

𝑛∑
𝑖=𝑁+1

𝜏
(
|𝑥 |𝑒 (𝜓 (𝑖−1) ,𝜓 (𝑖) ] ( |𝑥 |)

)
.

It is clear that {𝑛/𝜓(𝑛)}𝑛≥1 is decreasing. Therefore,

𝜓(𝑛)−1𝑛𝜏
(
|𝑥 |𝑒 (0,𝜓 (𝑛) ] (|𝑥 |)

)
≲𝑛1−𝑟/𝑝𝜓(𝑁) + 𝜓(𝑛)−1𝑛

𝑛∑
𝑖=𝑁+1

𝜓(𝑖)𝜏
(
𝑒 (𝜓 (𝑖−1) ,𝜓 (𝑖) ] (|𝑥 |)

)
≤𝑛1−𝑟/𝑝𝜓(𝑁) +

𝑛∑
𝑖=𝑁+1

𝑖𝜏
(
𝑒 (𝜓 (𝑖−1) ,𝜓 (𝑖) ] (|𝑥 |)

)
.

By (1.1), i.e.,
∑∞

𝑖=2 𝑖𝜏
(
𝑒 (𝜓 (𝑖−1) ,𝜓 (𝑖) ] ( |𝑥 |)

)
=

∑∞
𝑖=1 𝜏(

(
𝑒 (𝜓 (𝑖) ,∞) ( |𝑥 |)

)
< ∞, the desired

convergence follows from taking 𝑛→ ∞ and 𝑁 → ∞.

Lemma 3.6 For 𝑟 ≥ 1 and 𝑝 ≥ 2, let 𝑥 ∈ 𝐿0 (M) and 𝜓 : R+ → R+ be a function such
that {𝜓(𝑛)/𝑛𝑟/𝑝}∞𝑛=1 forms an increasing sequence and (1.1) holds. Then

𝑛𝜏
(
|𝑥 |2𝑒 (0,𝑛𝑟/𝑝 ] (|𝑥 |)

)
/𝜓(𝑛)2 ≤ 𝐶𝑟𝑛

1−2𝑟/𝑝 .

Proof Put 𝜓(0) = 0 and we have

𝜏
(
|𝑥 |2𝑒 (0,𝜓 (𝑛) ] ( |𝑥 |)

)
=

𝑛∑
𝑘=1

𝜏
(
|𝑥 |2𝑒 (𝜓 (𝑘−1) ,𝜓 (𝑘 ) ] (|𝑥 |)

)
≤

𝑛∑
𝑘=1

𝜓(𝑘)2𝜏
(
𝑒 (𝜓 (𝑘−1) ,𝜓 (𝑘 ) ] (|𝑥 |)

)
.
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For the positive increasing sequence
{
𝜓(𝑛)𝑛−𝑟/𝑝

}
𝑛≥1, it follows that

𝜓(𝑘)/𝜓(𝑛) ≤ (𝑘/𝑛)𝑟/𝑝

for any 1 ≤ 𝑘 ≤ 𝑛. Therefore,

𝑛𝜏
(
|𝑥 |2𝑒 (0,𝜓 (𝑛) ] ( |𝑥 |)

)
/𝜓(𝑛)2 ≤ 𝑛1−2𝑟/𝑝

𝑛∑
𝑘=1

𝑘2𝑟/𝑝𝜏
(
𝑒 (𝜓 (𝑘−1) ,𝜓 (𝑘 ) ] ( |𝑥 |)

)
.

It follows from 𝑝 ≥ 2 that

𝑛∑
𝑘=1

𝑘2𝑟/𝑝𝜏
(
𝑒 (𝜓 (𝑘−1) ,𝜓 (𝑘 ) ] (|𝑥 |)

)
≤

𝑛∑
𝑘=1

𝑘𝑟𝜏
(
𝑒 (𝜓 (𝑘−1) ,𝜓 (𝑘 ) ) (|𝑥 |)

)
=

∞∑
𝑘=0

[(𝑘 + 1)𝑟 − 𝑘𝑟 ] 𝜏
(
𝑒 (𝜓 (𝑘 ) ,∞) (|𝑥 |)

)
≤ 1 + 𝑟2𝑟−1

∞∑
𝑘=1

𝑘𝑟−1𝜏
(
𝑒 (𝜓 (𝑘 ) ,∞) (|𝑥 |)

)
:= 𝐶𝑟 < ∞,

which yields the desired result.

Lemma 3.7 For 𝑟 ≥ 1, 𝑝 > 0, and 𝑠 > 𝑝, let 𝑥 ∈ 𝐿0 (M) and 𝜓 : R+ → R+ be a function
such that {𝜓(𝑛)/𝑛𝑟/𝑝}∞𝑛=1 forms an increasing sequence and (1.1) holds. Then

∞∑
𝑛=1

𝑛𝑟−1𝜏
(
|𝑥 |𝑠𝑒 (0,𝜓 (𝑛) ] ( |𝑥 |)

)
/𝜓(𝑛)𝑠 < ∞.

Proof Observe that

𝜏
(
|𝑥 |𝑠𝑒 (0,𝜓 (𝑛) ] |𝑥 |

)
=

𝑛∑
𝑘=1

𝜏
(
|𝑥 |𝑠𝑒 (𝜓 (𝑘−1) ,𝜓 (𝑘 ) ] ( |𝑥 |)

)
≤

𝑛∑
𝑘=1

𝜓(𝑘)𝑠𝜏
(
𝑒 (𝜓 (𝑘−1) ,𝜓 (𝑘 ) ] (|𝑥 |)

)
.

Hence,

∞∑
𝑛=1

𝑛𝑟−1𝜏
(
|𝑥 |𝑠𝑒 (0,𝜓 (𝑛) ] |𝑥 |

)
/𝜓(𝑛)𝑠 =

∞∑
𝑘=1

𝜓(𝑘)𝑠𝜏
(
𝑒 (𝜓 (𝑘−1) ,𝜓 (𝑘 ) ] ( |𝑥 |)

) ∞∑
𝑛=𝑘

𝑛𝑟−1/𝜓(𝑛)𝑠

≤
∞∑
𝑘=1

𝑘𝑠𝑟/𝑝𝜏
(
𝑒 (𝜓 (𝑘−1) ,𝜓 (𝑘 ) ] ( |𝑥 |)

) ∞∑
𝑛=𝑘

𝑛𝑟−1−𝑠𝑟/𝑝

≲𝑟 , 𝑝,𝑠

∞∑
𝑘=1

𝑘𝑟𝜏
(
𝑒 (𝜓 (𝑘−1) ,𝜓 (𝑘 ) ] ( |𝑥 |)

)
≲𝑟 , 𝑝,𝑠 1 + 𝑟2𝑟−1

∞∑
𝑘=1

𝑘𝑟−1𝜏
(
𝑒 (𝜓 (𝑘 ) ,∞) (|𝑥 |)

)
< ∞,

where the first inequality is due to the fact 𝜓(𝑘)/𝜓(𝑛) ≤ (𝑘/𝑛)𝑟/𝑝 for any 𝑛 ≥ 𝑘 .

Now we are ready to prove Theorem 1.2.
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Proof of Theorem 1.2 It suffices to show that (1.1) implies (1.3). By Lemma 3.4 and 3.5,

(1.3) is equivalent to

∞∑
𝑛=1

𝑛𝑟−2Prob𝑐𝜏

{
sup

1≤𝑚≤𝑛

����� 𝑚∑
𝑘=1

(
𝑥𝑘 − 𝜏

(
𝑥𝑘𝑒 (0,𝜓 (𝑛) ] |𝑥𝑘 |

) ) ����� > 𝜀𝜓(𝑛)
}
< ∞, ∀𝜀 > 0.

Thanks to (3.2), it follows that

Prob𝑐𝜏

{
sup

1≤𝑚≤𝑛

����� 𝑚∑
𝑘=1

(
𝑥𝑘 − 𝜏

(
𝑥𝑘𝑒 (0,𝜓 (𝑛) ] (|𝑥𝑘 |)

) ) ����� > 𝜀𝜓(𝑛)
}
≤ 𝐴𝑛 + 𝐵𝑛,

where

𝐴𝑛 := Prob𝑐𝜏

{
sup

1≤𝑚≤𝑛

����� 𝑚∑
𝑘=1

(
𝑥𝑘𝑒 (𝜓 (𝑛) ,∞) (|𝑥𝑘 |)

) ����� > (𝜀/2)𝜓(𝑛)
}
,

and

𝐵𝑛 := Prob𝑐𝜏

{
sup

1≤𝑚≤𝑛

����� 𝑚∑
𝑘=1

(
𝑥𝑘𝑒 (0,𝜓 (𝑛) ] |𝑥𝑘 | − 𝜏

(
𝑥𝑘𝑒 (0,𝜓 (𝑛) ] |𝑥𝑘 |

) ) ����� > (𝜀/2)𝜓(𝑛)
}
.

Applying Lemma 3.3, we get

𝐴𝑛 ≤ 𝜏
(

𝑛∨
𝑘=1

𝑒 (𝜓 (𝑛) ,∞) (|𝑥𝑘 |)
)
≤

𝑛∑
𝑘=1

𝜏
(
𝑒 (𝜓 (𝑛) ,∞) ( |𝑥𝑘 |)

)
.

From (1.1), it is immediate that
∑∞

𝑛=1 𝑛
𝑟−2𝐴𝑛 < ∞. It now remains to show that∑∞

𝑛=1 𝑛
𝑟−2𝐵𝑛 < ∞. For any 𝑠 ≥ 2, it follows from Remark 2.2 (2) and Lemma 3.1 with

Ψ(𝑡) = 𝑡𝑠 for all 𝑡 ≥ 0 that

𝐵𝑛 ≲𝑠,𝜀 𝜓(𝑛)−𝑠





 𝑛∑
𝑘=1

(
𝑥𝑘𝑒 (0,𝜓 (𝑛) ] |𝑥𝑘 | − 𝜏

(
𝑥𝑘𝑒 (0,𝜓 (𝑛) ] |𝑥𝑘 |

) )




𝑠
𝑠

.

Note here that {𝑥𝑘𝑒 (0,𝜓 (𝑛) ] |𝑥𝑘 |−𝜏
(
𝑥𝑘𝑒 (0,𝜓 (𝑛) ] |𝑥𝑘 |

)
}𝑘≥1 is amean zero sequence, then

it follows from Theorem 2.3 that




 𝑛∑
𝑘=1

(
𝑥𝑘𝑒 (0,𝜓 (𝑛) ] |𝑥𝑘 | − 𝜏

(
𝑥𝑘𝑒 (0,𝜓 (𝑛) ] |𝑥𝑘 |

) )




𝑠
𝑠

≲𝑠,𝜀
©­«

𝑛∑
𝑘=1



𝑥𝑘𝑒 (0,𝜓 (𝑛) ] (|𝑥𝑘 |)


𝑠
𝑠
+

(
𝑛∑

𝑘=1



𝑥𝑘𝑒 (0,𝜓 (𝑛) ] |𝑥𝑘 |


2
2

)𝑠/2ª®¬
≲𝑠,𝜀𝑛𝜏

(
|𝑥 |𝑠𝑒 (0,𝜓 (𝑛) ] ( |𝑥𝑘 |)

)
+

(
𝑛𝜏

(
|𝑥 |2𝑒 (0,𝜓 (𝑛) ] ( |𝑥𝑘 |)

) )𝑠/2
.
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Therefore, the following inequality holds

∞∑
𝑛=1

𝑛𝑟−2𝐵𝑛

≲
∞∑
𝑛=1

𝑛𝑟−1𝜓(𝑛)−𝑠𝜏
(
|𝑥 |𝑠𝑒 (0,𝜓 (𝑛) ] ( |𝑥𝑘 |)

)
+

∞∑
𝑛=1

𝑛𝑟−2𝜓(𝑛)−𝑠
(
𝑛𝜏

(
|𝑥 |2𝑒 (0,𝜓 (𝑛) ] ( |𝑥𝑘 |)

) )𝑠/2
:=𝐼1 + 𝐼2.

For 𝑝 ≥ 2, let 𝑠 > (𝑝 − 𝑝/𝑟)/(1− 𝑝/2𝑟) (i.e., 𝑟 − 2− 𝑠𝑟/𝑝 + 𝑠/2 < −1). Then it follows
from Lemma 3.6 that

𝜓(𝑛)−𝑠
(
𝑛𝜏

(
|𝑥 |2𝑒 (0,𝜓 (𝑛) ] (|𝑥𝑘 |)

) )𝑠/2
=

(
𝜓(𝑛)−2 · 𝑛𝜏

(
|𝑥 |2𝑒 (0,𝜓 (𝑛) ] (|𝑥𝑘 |)

) )𝑠/2
≲ 𝑛−𝑠𝑟/𝑝+𝑠/2.

Thus 𝐼2 ≲
∑∞

𝑛=1 𝑛
𝑟−2−𝑠𝑟/𝑝+𝑠/2 < ∞. Note that 𝑠 > (𝑝 − 𝑝/𝑟)/(1 − 𝑝/2𝑟) > 𝑝. Then

it follows from Lemma 3.7 that 𝐼1 < ∞. For 0 < 𝑝 < 2, let 𝑠 = 2 and note that 𝐼1 = 𝐼2
in this case. Hence, Lemma 3.7 implies that 𝐼1 = 𝐼2 < ∞, which completes our proof in

full generality.

3.2 Moderate deviation inequality

In this subsection, we provide a proof of Theorem 1.4, and the following two lemmas are

needed in our approach. Lemma 3.9 is a noncommutative analogue of [11, Lemma 1].

Lemma 3.8 Let 1 < 𝑝 < ∞ and 𝑥 ∈ 𝐿𝑝 (M). Then

𝑛1−1/𝑝 (log 𝑛)−1/𝑝𝜏
(
𝑥𝑒 [ (𝑛 log 𝑛)1/𝑝 ,∞) ( |𝑥 |)

)
→ 0, 𝑛→ ∞.

Proof Since 𝑛1−1/𝑝 (log 𝑛)−1/𝑝 ≤ (𝑛 log 𝑛)1−1/𝑝 for 𝑛 ≥ 3, we have

𝑛1−1/𝑝 (log 𝑛)−1/𝑝
���𝜏 (

𝑥𝑒 [ (𝑛 log 𝑛)1/𝑝 ,∞) ( |𝑥 |)
)��� ≤ (𝑛 log 𝑛)1−1/𝑝𝜏

(
|𝑥 | 𝑒 [ (𝑛 log 𝑛)1/𝑝 ,∞) ( |𝑥 |)

)
≤ 𝜏

(
|𝑥 |𝑝 𝑒 [ (𝑛 log 𝑛)1/𝑝 ,∞) ( |𝑥 |)

)
.

The desired result follows from the assumption 𝑥 ∈ 𝐿𝑝 (M).

Lemma 3.9 Let 1 ≤ 𝑝 < ∞ and 𝑥 ∈ 𝐿𝑝 (M). Then

∞∑
𝑛=1

𝑛𝑝−1 (log 𝑛) 𝑝𝜏
(
𝑒 (𝑛 log 𝑛,∞) (|𝑥 |)

)
< ∞.

Proof It is clear that the function 𝑡 ↦→ 𝑡 log 𝑡 is an increasing convex function on

[1,∞), and let 𝜑 be its inverse function, that is 𝜑(𝑡 log 𝑡) = 𝑡 for all 𝑡 ≥ 1. For 𝑦 = 𝜑( |𝑥 |),
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we have

∞∑
𝑛=1

𝑛𝑝−1 (log 𝑛) 𝑝𝜏
(
𝑒 (𝑛 log 𝑛,∞) (|𝑥 |)

)
=

∞∑
𝑛=1

𝑛𝑝−1 (log 𝑛) 𝑝𝜏
(
𝑒 (𝑛,∞) (𝑦)

)
≲

∞∑
𝑘=1

𝜏
(
𝑒 (𝑘,𝑘+1] (𝑦)

) 𝑘∑
𝑛=1

𝑛𝑝−1 (log 𝑛) 𝑝

≲
∞∑
𝑘=1

(𝑘 log 𝑘) 𝑝𝜏
(
𝑒 (𝑘,𝑘+1] (𝑦)

)
≲ ∥𝑦 log 𝑦∥ 𝑝𝑝 = ∥𝜑−1 (𝑦)∥ 𝑝𝑝 = ∥𝑥∥ 𝑝𝑝 ,

which completes the proof.

Now we give the proof of Theorem 1.4 for 1 < 𝑝 < 2.

Proof of Theorem 1.4 (2) Let 𝑎𝑛 = 𝑛 log 𝑛 for 𝑛 ≥ 1. By Lemma 3.8, it suffices to prove

that

∞∑
𝑛=1

log 𝑛

𝑛
Prob𝑐𝜏

{
sup

1≤𝑚≤𝑛

����� 𝑚∑
𝑘=1

(
𝑥𝑘 − 𝜏

(
𝑥𝑘𝑒 (0,𝑎1/𝑝

𝑛 ) (|𝑥𝑘 |)
))����� > 𝜀𝑎1/𝑝𝑛

}
< ∞, ∀𝜀 > 0.

It follows from (3.2) and Lemma 3.3 that

Prob𝑐𝜏

{
sup

1≤𝑚≤𝑛

����� 𝑚∑
𝑘=1

(
𝑥𝑘 − 𝜏

(
𝑥𝑘𝑒 (0,𝑎1/𝑝

𝑛
( |𝑥𝑘 |)

))����� > 𝜀𝑎1/𝑝𝑛

}
≤ 𝑛𝜏

(
𝑒 [𝑎1/𝑝

𝑛 ,∞) (|𝑥𝑘 |)
)
+𝐶𝑛,

where

𝐶𝑛 := Prob𝑐𝜏

{
sup

1≤𝑚≤𝑛

����� 𝑚∑
𝑘=1

(
𝑥𝑘𝑒 (0,𝑎1/𝑝

𝑛 ) (|𝑥𝑘 |) − 𝜏
(
𝑥𝑘𝑒 (0,𝑎1/𝑝

𝑛 ) (|𝑥𝑘 |)
))����� > (𝜀/2) 𝑎1/𝑝𝑛

}
.

FromLemma 3.9, ∥𝑥∥ 𝑝 < ∞ implies that
∑∞

𝑛=1 log 𝑛𝜏
(
𝑒 [𝑎1/𝑝

𝑛 ,∞) ( |𝑥 |)
)
< ∞. It remains

to show that
∑∞

𝑛=1 (log 𝑛/𝑛) 𝐶𝑛 < ∞. Applying Lemma 3.1 with Ψ(·) = (·)2 and the

orthogonality of martingale differences yields that

𝐶𝑛 ≲ (𝑎𝑛)−2/𝑝
𝑛∑

𝑘=1




𝑥𝑘𝑒 (0,𝑎1/𝑝
𝑛 ) ( |𝑥𝑘 |)




2
2
≤ (𝑎𝑛)−2/𝑝𝑛




𝑥𝑒 (0,𝑎1/𝑝
𝑛 ) (|𝑥 |)




2
2
.

Therefore,

∞∑
𝑛=2

log 𝑛

𝑛
𝐶𝑛 ≲

∞∑
𝑛=2

𝑛−2/𝑝 (log 𝑛)1−2/𝑝
𝑛∑
𝑖=2

𝑎2/𝑝𝑖 𝜏
(
𝑒 [𝑎𝑖−1 ,𝑎𝑖 ) (|𝑥 |𝑝)

)
=

∞∑
𝑖=2

𝑎2/𝑝𝑖 𝜏
(
𝑒 [𝑎𝑖−1 ,𝑎𝑖 ) ( |𝑥 |𝑝)

) ∞∑
𝑛=𝑖

𝑛−2/𝑝 (log 𝑛)1−2/𝑝

≲
∞∑
𝑖=2

𝑎𝑖𝜏
(
𝑒 [𝑎𝑖−1 ,𝑎𝑖 ) (|𝑥 |𝑝)

)
< ∞,
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where the last inequality follows from ∥𝑥∥ 𝑝 < ∞. Hence, we complete the proof.

For the case 𝑝 = 2, Davis’ symmetrization method heavily relying on the Levý

inequality which is not yet well developed in the noncommutative setting. Instead, our

approach relies on the following modified noncommutative Fuk-Nagaev inequality.

Lemma 3.10 Let {𝑥𝑘}𝑘≥1 ⊆ 𝐿2 (M) be a sequence of successively independent self-adjoint
random variables, which have the same distribution of 𝑥 ∈ 𝐿2 (M) such that 𝜏(𝑥) = 0. Let
𝑆𝑛 =

∑𝑛
𝑘=1 𝑥𝑘 for each 𝑛 ≥ 1. Then, for any 𝑡1, 𝑡2 > 0,

𝜏
(
𝑒 [𝑡1 ,∞) (|𝑆𝑛 |)

)
≤ 𝑛𝜏

(
𝑒 [𝑡2 ,∞) (|𝑥 |)

)
+ 2

(
𝑒𝑛∥𝑥∥22

𝑛∥𝑥∥22 + 𝑡1𝑡2

) 𝑡1/𝑡2
≤ 𝑛𝜏

(
𝑒 [𝑡2 ,∞) (|𝑥 |)

)
+ 2

(
𝑒𝑛∥𝑥∥22
𝑡1𝑡2

) 𝑡1/𝑡2
.

Proof By the proof of [7, Theorem 2], it is clear that

𝜏
(
𝑒 [𝑡1 ,∞) (𝑆𝑛)

)
≤𝑛𝜏

(
𝑒 [𝑡2 ,∞) (𝑥)

)
+ exp

{
𝑡1
𝑡2

−
[
1

𝑡2

(
𝑡1 − 𝑛𝜏(𝑥𝑒 (0,𝑡2 ] (|𝑥 |))

)
+
𝑛∥𝑥∥22
𝑡22

]
log

(
𝑡1𝑡2

𝑛∥𝑥∥22
+ 1

)}
.

Since 𝑥 is a self-adjoint element in 𝐿2 (M) and 𝜏(𝑥) = 0, we get that��𝜏(𝑥𝑒 (0,𝑡2 ] (|𝑥 |))�� = ��𝜏(𝑥𝑒 (𝑡2 ,∞) (|𝑥 |))
�� ≤ ∥𝑥∥2𝜏(𝑒 (𝑡2 ,∞) (𝑥))1/2 ≤ ∥𝑥∥22/𝑡2,

where we used the Cauchy-Schwarz inequality in the first inequality and the Chebyshev

inequality 𝜏(𝑒 (𝑡2 ,∞) ( |𝑥 |)) ≤ ∥𝑥∥22/𝑡22 in the last inequality. Therefore, we have

1

𝑡2

(
𝑡1 − 𝑛𝜏(𝑥𝑒 (0,𝑡2 ] (|𝑥 |))

)
+
𝑛∥𝑥∥22
𝑡22

≥ 𝑡1/𝑡2,

and

𝜏
(
𝑒 [𝑡1 ,∞) (𝑆𝑛)

)
≤ 𝑛𝜏

(
𝑒 [𝑡2 ,∞) (𝑥)

)
+ 𝑒𝑡1/𝑡2

(
𝑛∥𝑥∥22

𝑛∥𝑥∥22 + 𝑡1𝑡2

) 𝑡1/𝑡2
.

By replacing 𝑥 with −𝑥 and 𝑥𝑘 with −𝑥𝑘 , the desired result follows.

Now we give the proof of Theorem 1.4 for the case 𝑝 = 2.

Proof of Theorem 1.4 (1) For the case {𝑥𝑘}𝑘≥1 are self-adjoint, we apply Lemma 3.10

with parameters 𝑡1 = 𝜀
√
𝑛 log 𝑛 and 𝑡2 = 𝜀

√
𝑛 log 𝑛/3 to get that∑

𝑛≥2

log 𝑛

𝑛
𝜏
(
𝑒 [𝜀

√
𝑛 log 𝑛,∞) ( |𝑆𝑛 − 𝑛𝜏(𝑥) |)

)
≲

∑
𝑛≥2

log 𝑛𝜏
(
𝑒 [𝜀

√
𝑛 log 𝑛/3,∞) (|𝑥 − 𝜏(𝑥) |)

)
+

∑
𝑛≥2

1

𝑛(log 𝑛)2 .
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Note that the fact 𝑥 ∈ 𝐿2 (M) implies the convergence of the series. For general ran-

dom variables, it suffices to split the sequence into the complex combination of two

self-adjoint sequences and apply the triangle inequality of distribution function (2.1) to

conclude the proof.

It is easy to derive the convergence rate for the law of the iterated logarithm as

follows.

Corollary 3.11 Let {𝑥𝑘}𝑘≥1 ⊆ 𝐿2 (M) be a sequence of successively independent self-
adjoint random variables, which have the same distribution of 𝑥 ∈ 𝐿2 (M). Let 𝑆𝑛 =

∑𝑛
𝑘=1 𝑥𝑘

for each 𝑛 ≥ 1. Then for any 𝜀 > 0, we have
∞∑
𝑛=3

1

𝑛 log 𝑛
𝜏
(
𝑒 (𝜀 (𝑛 log log 𝑛)1/2 ,∞) (|𝑆𝑛 − 𝑛𝜏(𝑥) |)

)
< ∞.

Proof Let 𝑎𝑛 = 𝑛 log log 𝑛 for 𝑛 ≥ 3. Applying Lemma 3.10 with 𝑡1 = 𝜀
√
𝑎𝑛 and

𝑡2 = 𝜀
√
𝑎𝑛/2 yields that∑

𝑛≥3

1

𝑛 log 𝑛
𝜏
(
𝑒 [𝜀√𝑎𝑛 ,∞) (|𝑆𝑛 − 𝑛𝜏(𝑥) |)

)
≲

∑
𝑛≥3

1

log 𝑛
𝜏
(
𝑒 [√𝑎𝑛/2,∞) ( |𝑥 − 𝜏(𝑥) |)

)
+

∑
𝑛≥3

1

𝑛 log 𝑛(log log 𝑛)2 .

Observe that∑
𝑛≥3

1

log 𝑛
𝜏
(
𝑒 [√𝑎𝑛 ,∞) (|𝑥 − 𝜏(𝑥) |)

)
=

∑
𝑘≥3

( ∑
3≤𝑛≤𝑘

1

log 𝑛

)
𝜏
(
𝑒 [𝑎𝑛 ,𝑎𝑛+1 ) ( |𝑥 − 𝜏(𝑥) |2)

)
≤

∑
𝑘≥3

𝑎𝑘𝜏
(
𝑒 [𝑎𝑛 ,𝑎𝑛+1 ) (|𝑥 − 𝜏(𝑥) |2)

)
≲ ∥𝑥∥22 .

Hence, we complete the proof.

4 Baum-Katz Theorem and moderate deviation inequality for
noncommutative martingales

4.1 Baum-Katz theorem for noncommutative martingales

This subsection is devoted to establishing a Baum-Katz type theorem for noncommu-

tative martingales. We begin with recalling the following technical fact from Balka and

Tómács [1].

Fact 4.1 Suppose that 𝑓 is a positive non-decreasing function defined on [0,∞) with∑∞
𝑛=1

1
𝑓 (2𝑐𝑛 ) < ∞ for some 𝑐 > 0. Then the following holds

(1)
∑∞

𝑛=1 1/(𝑛 𝑓 (𝑛𝑐)) < ∞ for some 𝑐 > 0,

(2)
∑∞

𝑛=1 1/(𝑛 𝑓 (𝜀𝑛𝑐)) < ∞ for all 𝜀, 𝑐 > 0.
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Remark 4.2 In what follows, we may assume that lim𝑛→∞ 𝑓 (2𝑛+1)/ 𝑓 (2𝑛) = 1 if∑∞
𝑛=1

1
𝑓 (2𝑛 ) < ∞. Indeed, if the 𝑓 satisfies

∑∞
𝑛=1

1
𝑓 (2𝑛 ) < ∞, then by [1, Corol-

lary 3.2] there exists a positive non-decreasing function 𝑔 defined on [0,∞) such that∑∞
𝑛=1

1
𝑔 (2𝑛 ) < ∞, lim sup𝑡→∞ 𝑔(𝑡)/ 𝑓 (𝑡) ≤ 1 and lim𝑛→∞ 𝑔(2𝑛+1)/𝑔(2𝑛) = 1. It now

suffices to replace 𝑓 by 𝑔 in the proof.

Lemma 4.3 ([1]) Suppose that 𝑓 is a positive non-decreasing function defined on [0,∞) with∑∞
𝑛=1

1
𝑓 (2𝑛 ) < ∞. Then the following holds

(1) for all 𝑝 > 0 there is a 𝑐𝑝 > 0 such that the function ℎ𝑝 (𝑥) = 𝑥−𝑝 𝑓 (𝑐𝑝𝑥) is decreasing
for 𝑥 ≥ 1,

(2) for all 𝑞 ≥ 1 there is a convex increasing function 𝑓𝑞 : [0,∞) → R+ and 𝑁𝑞 > 0 such
that 𝑓𝑞 is affine on

[
0, 𝑁𝑞

]
and 𝑓𝑞 (𝑥) = 𝑥𝑞 𝑓 (

√
𝑥) for 𝑥 ≥ 𝑁𝑞 .

The following lemma is elementary and we omit its proof.

Lemma 4.4 Let {𝑥𝑛}𝑛≥1 be a sequence of random variables in 𝐿0 (M). Let 𝜙, 𝜌 :

[0,∞) → R+be non-decreasing functions such that lim sup𝑡→∞ 𝜌(𝑡)/𝜙(𝑡) < ∞. Then
sup𝑛≥1 𝜏 (𝜙 ( |𝑥𝑛 |)) < ∞ implies that sup𝑛≥1 𝜏 (𝜌 (|𝑥𝑛 |)) < ∞.

Before showing the proof of Theorem 1.6, we need the following weak type asym-

metric maximal inequality which can be viewed as a suitable substitute of the weak type

(1, 1) Doob inequality.

Lemma 4.5 Let (𝑥𝑘)𝑘≥1 be a noncommutative martingale in 𝐿1 (M). Then for any positive
integer 𝑛, the following holds

Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛
|𝑥𝑘 | > 𝑡

}
≤ 𝐶

𝑡

𝑛∑
𝑘=1

∥𝑑𝑥𝑘 ∥1 , ∀𝑡 > 0,

where 𝐶 is an absolute constant.

Proof Applying Theorem 2.1 with 𝑝 = 1 and Minkowski inequality, it follows that

for each 𝑡 > 0 and any positive integer 𝑛, there exists a projection 𝑒 such that

sup1≤𝑘≤𝑛 ∥𝑥𝑘𝑒∥∞ ≤ 𝑡 and

𝑡𝜏(1 − 𝑒) ≤ 𝐶








(

𝑛∑
𝑘=1

|𝑑𝑥𝑘 |2
)1/2







1

= 𝐶






 𝑛∑
𝑘=1

|𝑑𝑥𝑘 |2





1/2
1/2

≤ 𝐶
𝑛∑

𝑘=1



|𝑑𝑥𝑘 |2

1/21/2 = 𝐶
𝑛∑

𝑘=1

∥𝑑𝑥𝑘 ∥1 .

We now provide the proof of Theorem 1.6.
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Proof of Theorem 1.6 We assume that sup𝑖≥1 𝜏 ( |𝑑𝑥𝑖 |𝑝 𝑓 ( |𝑑𝑥𝑖 |)) = 𝐶 < ∞ with 𝑥𝑘 =∑𝑘
𝑖=1 𝑑𝑥𝑖 for each 1 ≤ 𝑘 ≤ 𝑛 and 𝑛 ≥ 1. For each 1 ≤ 𝑖 ≤ 𝑛, we define

𝑦𝑖,𝑛 = 𝑑𝑥𝑖𝑒 (0,𝑛𝑟/𝑝 ] (|𝑑𝑥𝑖 |) − E𝑖−1
(
𝑑𝑥𝑖𝑒 (0,𝑛𝑟/𝑝 ] ( |𝑑𝑥𝑖 |)

)
,

𝑧𝑖,𝑛 = 𝑑𝑥𝑖𝑒 (𝑛𝑟/𝑝 ,∞) (|𝑑𝑥𝑖 |) − E𝑖−1
(
𝑑𝑥𝑖𝑒 (𝑛𝑟/𝑝 ,∞) ( |𝑑𝑥𝑖 |)

)
.

Let 𝐴𝑛
𝑘 =

∑𝑘
𝑖=1 𝑦𝑖,𝑛 and 𝐵

𝑛
𝑘 =

∑𝑘
𝑖=1 𝑧𝑖,𝑛 for all 1 ≤ 𝑘 ≤ 𝑛 and 𝑛 ≥ 1. It is easy to see that

both {𝐴𝑛
𝑘}1≤𝑘≤𝑛 and {𝐵

𝑛
𝑘}1≤𝑘≤𝑛 are martingales and 𝑥𝑘 = 𝐴𝑛

𝑘 + 𝐵
𝑛
𝑘 . By Lemma 3.2, we

have

Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛
|𝑥𝑘 | > 𝜀𝑛𝑟/𝑝

}
≤Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛

��𝐴𝑛
𝑘

�� > (𝜀/2)𝑛𝑟/𝑝
}
+ Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛

��𝐵𝑛
𝑘

�� > (𝜀/2)𝑛𝑟/𝑝
}

:=I𝑛 + II𝑛.

To estimate 𝑥 we apply Lemma 4.5 to obtain

II𝑛 ≲
(
(𝜀/2)𝑛𝑟/𝑝

)−1 𝑛∑
𝑖=1

∥𝑧𝑖,𝑛∥1 ≲ 𝑛−𝑟/𝑝
𝑛∑
𝑖=1

𝜏
(
|𝑑𝑥𝑖 |𝑒 (𝑛𝑟/𝑝 ,∞) ( |𝑑𝑥𝑖 |)

)
. (4.1)

It follows from the Borel functional calculus for |𝑑𝑥𝑖 | that

𝜏
(
|𝑑𝑥𝑖 |𝑒 (𝑛𝑟/𝑝 ,∞) (|𝑑𝑥𝑖 |)

)
≤
𝜏
(
|𝑑𝑥𝑖 | |𝑑𝑥𝑖 |𝑝−1 𝑓 (|𝑑𝑥𝑖 |) 𝑒 (𝑛𝑟/𝑝 ,∞) |𝑑𝑥𝑖 |

)
𝑛(𝑝−1)𝑟/𝑝 𝑓

(
𝑛𝑟/𝑝

)
=
𝑛𝑟/𝑝−𝑟

𝑓
(
𝑛𝑟/𝑝

) 𝜏 ( |𝑑𝑥𝑖 |𝑝 𝑓 ( |𝑑𝑥𝑖 |)) ≲ 𝑛𝑟/𝑝−𝑟

𝑓
(
𝑛𝑟/𝑝

) . (4.2)

Combining (4.1), (4.2) and Fact 4.1(1) entails that

∞∑
𝑛=1

𝑛𝑟−2II𝑛 ≲
∞∑
𝑛=1

1

𝑛 𝑓
(
𝑛𝑟/𝑝

) < ∞.

To estimate 𝐼𝑛, we apply Lemma 3.1 with Ψ(𝑡) = 𝑡2 for all 𝑡 ≥ 0 to get

I𝑛 ≲
(
𝜀2𝑛2𝑟/𝑝

)−1
𝜏
(
|𝐴𝑛

𝑛 |2
)
=

1

𝜀2
𝑛−2𝑟/𝑝

𝑛∑
𝑖=1

𝜏
(
|𝑦𝑖,𝑛 |2

)
≲

(
𝜀2𝑛2𝑟/𝑝

)−1 𝑛∑
𝑖=1

𝜏
(
|𝑑𝑥𝑖 |2𝑒 (0,𝑛𝑟/𝑝 ] (|𝑑𝑥𝑖 |)

)
.
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Let 𝑞 = (2 − 𝑝)𝑟/𝑝 and it follows from (2.3) that

∞∑
𝑛=1

𝑛𝑟−2I𝑛 ≲
∞∑
𝑛=1

𝑛−𝑞−2
𝑛∑
𝑖=1

∫ ∞

0

𝑡21(0,𝑛𝑟/𝑝 ] (𝑡)d𝜏(𝑒𝑡 )

=
∞∑
𝑖=1

∫ ∞

0

𝑡2
∑

𝑛≥max{𝑖,𝑡 𝑝/𝑟}
𝑛−𝑞−2 d𝜏(𝑒𝑡 )

≲
∞∑
𝑖=1

∫ ∞

0

𝑡2
(
max

{
𝑖, 𝑡 𝑝/𝑟

})−𝑞−1
d𝜏(𝑒𝑡 ) :=

∞∑
𝑖=1

(
𝐼1𝑖 + 𝐼2𝑖 + 𝐼3𝑖

)
,

where

𝐼1𝑖 =
∫ 1

0

𝑡2𝑖−𝑞−1 d𝜏(𝑒𝑡 ), 𝐼2𝑖 =
∫ 𝑖𝑟/𝑝

1

𝑡2𝑖−𝑞−1 d𝜏(𝑒𝑡 ), 𝐼3𝑖 =
∫ ∞

𝑖𝑟/𝑝
𝑡 𝑝−𝑝/𝑟 d𝜏(𝑒𝑡 ).

Note here that
∑∞

𝑖=1 𝐼
1
𝑖 ≤ ∑∞

𝑖=1 𝑖
−𝑞−1 < ∞. It follows from Lemma 4.3 (1) that

𝑡 𝑝−2 𝑓 (𝑐𝑝𝑡) is non-increasing for 𝑡 ≥ 1 and some 𝑐𝑝 > 0. Combining that 𝑡 𝑝/𝑟 𝑓 (𝑐𝑝𝑡)
is non-decreasing yields that

𝐼2𝑖 ≤ 𝑖−𝑞−1
∫ 𝑖𝑟/𝑝

1

𝑡2
𝑡 𝑝−2 𝑓 (𝑐𝑝𝑡)

𝑖 (𝑝−2)𝑟/𝑝 𝑓
(
𝑐𝑝𝑖𝑟/𝑝

) d𝜏(𝑒𝑡 ), 𝐼3𝑖 ≤
∫ ∞

𝑖𝑟/𝑝
𝑡 𝑝−𝑝/𝑟 𝑡

𝑝/𝑟 𝑓 (𝑐𝑝𝑡)
𝑖 𝑓

(
𝑐𝑝𝑖𝑟/𝑝

) d𝜏(𝑒𝑡 ).
By Remark 4.2 and Lemma 4.4 we have∫ ∞

0

𝑡 𝑝 𝑓 (𝑐𝑝𝑡)d𝜏(𝑒𝑡 ) = 𝜏
(
|𝑑𝑥𝑖 |𝑝 𝑓

(
𝑐𝑝 |𝑑𝑥𝑖 |

) )
≲ 𝐶.

Notice that Fact 4.1(2) implies
∑∞

𝑖=1

(
𝐼2𝑖 + 𝐼3𝑖

)
≲

∑∞
𝑖=1 𝐶/

(
𝑖 𝑓

(
𝑐𝑝𝑖

𝑟/𝑝 ) ) < ∞. Hence,
∞∑
𝑛=1

𝑛𝑟−2I𝑛 ≲
∞∑
𝑖=1

(
𝐼1𝑖 + 𝐼2𝑖 + 𝐼3𝑖

)
< ∞.

Finally,

∞∑
𝑛=1

𝑛𝑟−2Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛
|𝑥𝑘 | > 𝜀𝑛𝑟/𝑝

}
≤

∞∑
𝑛=1

𝑛𝑟−2I𝑛 +
∞∑
𝑛=1

𝑛𝑟−2II𝑛 < ∞,

which yields the desired conclusion.

To show the case for 𝑝 ≥ 2, we recall the following noncommutative Burkholder-

Gundy inequality for Orlicz norms [22, Theorem 7.2].

Theorem 4.6 LetΦ be a 2-convex and 𝑞-concave Orlicz function for some 2 ≤ 𝑞 < ∞ and
(𝑥𝑘)𝑘≥0 be a sequence martingale differences that is bounded in 𝐿Φ (M). Then

𝜏

(
Φ

(�����∑
𝑘≥0

𝑥𝑘

�����
))

≈Φ max

𝜏 ©­«Φ

(∑
𝑘≥0

|𝑥𝑘 |2
)1/2ª®¬ , 𝜏 ©­«Φ


(∑
𝑘≥0

��𝑥∗𝑘 ��2)1/2ª®¬
 .
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Lemma 4.7 Let 𝑓 be the function fulfilling (1.4). Then, for any 𝑞 ≥ 2, we can modify 𝑓 to
obtain a 2-convex and 𝑠-concave functionΦ𝑞 for some 2 ≤ 𝑠 < ∞.

Proof By Lemma 4.3 (2), there is an increasing convex function 𝑓𝑞/2 : [0,∞) →
(0,∞) and positive numbers 𝑁𝑞 , such that 𝑓𝑞/2 is linear on [0, 𝑁𝑞] , and 𝑓𝑞/2 (𝑡) =
𝑡𝑞/2 𝑓 (

√
𝑡) for all 𝑡 ≥ 𝑁𝑞 . Define Φ𝑞 : [0,∞) → [0,∞) by setting Φ𝑞 (𝑡) = 𝑓𝑞/2

(
𝑡2
)
.

Obviously, Φ𝑞 is increasing and 2-convex. Clearly, Φ𝑞 (0) = 0 and Φ𝑞 (𝑡) = 𝑐𝑡2 for

𝑡 ∈ [0,
√
𝑁𝑞] with some constant 𝑐 > 0. For 𝑡 ≥

√
𝑁𝑞 we have Φ𝑞 (𝑡) = 𝑡𝑞 𝑓 (𝑡).

It follows from Remark 4.2 that Φ𝑞 satisfies the Δ2-condition. Hence, there exists an

𝑠 ∈ [2,∞) such thatΦ𝑞 is 𝑠-concave.

Now we give the proof of Theorem 1.7.

Proof of Theorem 1.7 Assume without loss of generality that 𝑥𝑘 =
∑𝑘

𝑖=1 𝑑𝑥𝑖 is self-

adjoint for each 𝑘 ∈ N+. Since 𝑞 = 2𝑝 (𝑟−1)
2𝑟−𝑝 ≥ 2, it follows from Lemma 4.7 and Lemma

4.4 that there exists a 2-convex and 𝑠-concave functionΦ𝑞 for some 2 ≤ 𝑠 < ∞ with

sup
𝑖≥1

𝜏
(
Φ𝑞 (|𝑑𝑥𝑖 |)

)
≲ sup

𝑖≥1
𝜏 (|𝑑𝑥𝑖 |𝑞 𝑓 (|𝑑𝑥𝑖 |)) < ∞.

Let 𝐾 = sup𝑖≥1 𝜏
(
Φ𝑞 ( |𝑑𝑥𝑖 |)

)
and we apply Lemma 3.1 to the finite martingale

{𝑥𝑘/
√
𝑛}1≤𝑘≤𝑛 to get that

Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛
|𝑥𝑘 | > 𝜀𝑛𝑟/𝑝

}
≲𝑟

𝜏
[
Φ𝑞

(
|𝑥𝑛/

√
𝑛|

) ]
Φ𝑞

(
𝜀𝑛𝑟/𝑝−1/2

) .

It follows from Theorem 4.6 that

𝜏
[
Φ𝑞

(
|𝑥𝑛 |/

√
𝑛
) ]

≲ 𝜏
©­«Φ𝑞


(

𝑛∑
𝑖=1

|𝑑𝑥𝑖 |2 /𝑛
) 1

2 ª®¬ = 𝜏

(
𝑓𝑞/2

(
𝑛∑
𝑖=1

|𝑑𝑥𝑖 |2 /𝑛
))
.

Applying the Jensen inequality (2.4) to the convex function 𝑓𝑞/2 yields that

𝜏

(
𝑓𝑞/2

(
𝑛∑
𝑖=1

|𝑑𝑥𝑖 |2 /𝑛
))

≤ (1/𝑛)
𝑛∑
𝑖=1

𝜏
(
𝑓𝑞/2

(
|𝑑𝑥𝑖 |2

))
= (1/𝑛)

𝑛∑
𝑖=1

𝜏
(
Φ𝑞 (|𝑑𝑥𝑖 |)

)
≤ 𝐾.

For 𝜀𝑛𝑟/𝑝−1/2 ≥
√
𝑁𝑞 , that is, 𝑛 ≥

(√
𝑁𝑞/𝜀

)2𝑝/(2𝑟−𝑝)
:= 𝑛0, we have

Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛
|𝑥𝑘 | > 𝜀𝑛𝑟/𝑝

}
≤ 𝐾

Φ𝑞
(
𝜀𝑛𝑟/𝑝−1/2

)
=

𝐾

𝜀𝑞𝑛𝑞 (𝑟/𝑝−1/2) 𝑓
(
𝜀𝑛𝑟/𝑝−1/2

) =
𝐾𝑛1−𝑟

𝜀𝑞 𝑓
(
𝜀𝑛𝑟/𝑝−1/2

) .
Hence, taking the sum over all 𝑛 ∈ N+ and applying Fact 4.1(2) yield that∑

𝑛≥𝑛0
𝑛𝑟−2Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛
|𝑥𝑘 | > 𝜀𝑛𝑟/𝑝

}
≲

∑
𝑛≥𝑛0

𝐾

𝜀𝑞𝑛 𝑓
(
𝜀𝑛𝑟/𝑝−1/2

) < ∞.

2025/12/10 23:05

https://doi.org/10.4153/S0008414X25101946 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X25101946


22 J. Cao, Y. Jiao, S. Luo and D. Zhou

For general martingales, it suffices to apply the hermitian dilation technique to reduce

to the self-adjoint martingale case.

4.2 Moderate deviation inequality for martingale differences

Before showing the proof of Theorem 1.10, we need to recall the following deviation

inequality for noncommutative martingales taken from [19, Lemma 4.3].

Lemma 4.8 Let 1 < 𝑝 < ∞, and (𝑥𝑘)𝑘≥1 in 𝐿𝑝 (M) be a noncommutative martingale.
Suppose that sup𝑘 ∥𝑑𝑥𝑘 ∥ 𝑝 ≤ 𝐾 for some 𝐾 > 0. Then there exists 𝐶𝑝 > 0 such that

∥𝑥𝑛∥ 𝑝 ≤ 𝐶𝑝𝑛
max{2, 𝑝}

2𝑝 𝐾, ∀𝑛 ≥ 1.

We now provide the proof of Theorem 1.10 as follows.

Proof of Theorem 1.10 For each 1 ≤ 𝑖 ≤ 𝑛 and some 𝑎 > 0, we define

𝑢𝑖,𝑛 = 𝑑𝑥𝑖𝑒 (0, (log 𝑛)𝑎 ] ( |𝑑𝑥𝑖 |) − E𝑖−1
(
𝑑𝑥𝑖𝑒 (0, (log 𝑛)𝑎 ] (|𝑑𝑥𝑖 |)

)
,

𝑣𝑖,𝑛 = 𝑑𝑥𝑖𝑒 ( (log 𝑛)𝑎 ,∞) (|𝑑𝑥𝑖 |) − E𝑖−1
(
𝑑𝑥𝑖𝑒 ( (log 𝑛)𝑎 ,∞) ( |𝑑𝑥𝑖 |)

)
.

Let 𝑀𝑛
𝑘 =

∑𝑘
𝑖=1 𝑢𝑖,𝑛 and 𝑁

𝑛
𝑘 =

∑𝑘
𝑖=1 𝑣𝑖,𝑛 for all 1 ≤ 𝑘 ≤ 𝑛 and 𝑛 ≥ 1. It is easy to see

that both {𝑀𝑛
𝑘 }1≤𝑘≤𝑛 and {𝑁𝑛

𝑘 }1≤𝑘≤𝑛 are martingales. Denoted by 𝑥𝑘 =
∑𝑘

𝑖=1 𝑑𝑥𝑖 for
1 ≤ 𝑘 ≤ 𝑛, it follows that 𝑥𝑘 = 𝑀𝑛

𝑘 + 𝑁𝑛
𝑘 . By Lemma 3.2, we have

Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛
|𝑥𝑘 | > 𝜀(𝑛 log 𝑛)1/2

}
≤ Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛

��𝑀𝑛
𝑘

�� > (𝜀/2)(𝑛 log 𝑛)1/2
}

+ Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛

��𝑁𝑛
𝑘

�� > (𝜀/2) (𝑛 log 𝑛)1/2
}

:= 𝐼∗𝑛 + 𝐼 𝐼∗𝑛.

Applying Lemma 3.1 with Ψ(𝑡) = 𝑡2 for 𝑡 > 0, it follows from the orthogonality of

martingale differences that

𝐼 𝐼∗𝑛 ≲ (𝑛 log 𝑛)−1
𝑛∑
𝑖=1



𝑣𝑖,𝑛

22 ≲ (𝑛 log 𝑛)−1
𝑛∑
𝑖=1

𝜏
(
|𝑑𝑥𝑖 |2𝑒 ( (log 𝑛)𝑎 ,∞) ( |𝑑𝑥𝑖 |)

)
.

By the Hölder inequality and Chebyshev inequality (2.2),

𝜏
(
|𝑑𝑥𝑖 |2𝑒 ( (log 𝑛)𝑎 ,∞) (|𝑑𝑥𝑖 |)

)
≤



|𝑑𝑥𝑖 |2

𝑝/2 

𝑒 ( (log 𝑛)𝑎 ,∞) ( |𝑑𝑥𝑖 |)



𝑝/(𝑝−2) ≲ (log 𝑛) (2−𝑝)𝑎 .

Hence, we have 𝐼 𝐼∗𝑛 ≲ (log 𝑛) (2−𝑝)𝑎−1. For some 𝑞 > 2, applying Lemma 4.8 to(
𝑀𝑛

𝑘

)
1≤𝑘≤𝑛 with 𝐾 = (log 𝑛)𝑎 , it follows that

𝑀𝑛

𝑛




𝑞
≲ 𝑛1/2 (log 𝑛)𝑎 .

By Lemma 3.1, we obtain that

𝐼∗𝑛 ≲ (𝑛 log 𝑛)−𝑞/2


𝑀𝑛

𝑛



𝑞
𝑞
≲ (log 𝑛)𝑎𝑞−𝑞/2.
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Therefore,

∞∑
𝑛=2

log 𝑛

𝑛
Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛
|𝑥𝑘 | > 𝜀(𝑛 log 𝑛)1/2

}
≲

∞∑
𝑛=2

(log 𝑛)𝑎𝑞−𝑞/2+1
𝑛

+
∞∑
𝑛=2

(log 𝑛) (2−𝑝)𝑎

𝑛
.

The series converges for the range 𝑝 > 4, 𝑞 > 4(𝑝−2)
𝑝−4 and 1

𝑝−2 < 𝑎 <
𝑞−4
2𝑞 .

Inspired byZeng’s result [51], we study the convergence rate of the iterated logarithm

for noncommutative martingales.

Corollary 4.9 Let 𝑝 > 2 and {𝑑𝑥𝑖}𝑖≥1 be an 𝐿𝑝-bounded noncommutative martingale
difference sequence. Then for any 𝜀 > 0, we have

∞∑
𝑛=3

1

𝑛 log 𝑛
Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛

����� 𝑘∑
𝑖=1

𝑑𝑥𝑖

����� > 𝜀(𝑛 log log 𝑛)1/2
}
< ∞.

Proof By the same arguments used in the proof of Theorem 1.10, for some 𝑎 > 0 and

𝑞 > 2, we have

∞∑
𝑛=3

1

𝑛 log 𝑛
Prob𝑐𝜏

{
sup

1≤𝑘≤𝑛

����� 𝑘∑
𝑖=1

𝑑𝑥𝑖

����� > 𝜀(𝑛 log log 𝑛)1/2
}

≲
∞∑
𝑛=3

(log log 𝑛)𝑎𝑞−𝑞/2
𝑛 log 𝑛

+
∞∑
𝑛=3

(log log 𝑛) (2−𝑝)𝑎−1

𝑛 log 𝑛
.

The series converges by taking 0 < 𝑎 < (𝑞 − 2)/2𝑞.

It is worthwhile to mention that for 1 ≤ 𝑝 ≤ 2, there exists an 𝐿𝑝-bounded martin-

gale difference sequence such that the series in Corollary 4.9 diverges (see [38, Theorem

2.4]).

5 Marcinkiewicz-Zygmund strong law of large numbers

In 1947, Chung [10] proved the following extension of the Marcinkiewicz-Zygmund

strong law of large numbers for independent random variables.

Theorem 5.1 Let 1 ≤ 𝑝 < 2 and {𝑋𝑛}𝑛≥1 be a sequence of mean-zero independent
random variables such that sup𝑛≥1 E (|𝑋𝑛 |𝑝 𝑓 (|𝑋𝑛 |)) < ∞, where 𝑓 fulfills (1.4). Then
lim𝑛→∞

∑𝑛
𝑘=1 𝑋𝑘/𝑛1/𝑝 = 0 almost surely.

Stout later extended Theorem 5.1 to the cases of martingale differences (see [49,

Theorem 3.3.9, Corollary 3.3.5]). In this subsection, we further extend Stout’s results to

the noncommutative framework. Recall the a.u convergence of sequences from Defini-

tion 2.1, and the following lemma is a noncommutative analogue of the Borel-Cantelli

lemma enabling one to derive an a.u. convergence result from convergence of specific

series of tail probabilities.
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Lemma 5.2 (Noncommutative Borel-Cantelli lemma [28]) Suppose {𝐼𝑛}∞𝑛=1 is a sequence
of integers such that ∪∞

𝑛=1𝐼𝑛 = {𝑘 ∈ N : 𝑘 ≥ 𝑛0} for some 𝑛0 ∈ N. Let (𝑧𝑛) be a sequence of
random variables. If for any 𝛿 > 0,∑

𝑛≥𝑛0
Prob𝑐𝜏

{
sup
𝑚∈𝐼𝑛

|𝑧𝑚 | > 𝛿
}
< ∞,

then

𝑧𝑛
a.u.−→ 0 as 𝑛→ ∞.

It is worthwhile to mention that a slight modification in the proof of Lemma 5.2

ensures the validity of the conclusion if the following series∑
𝑛≥𝑛0

Prob𝑐𝜏

{
sup
𝑚∈𝐼𝑛

(|𝑧𝑚/(sup 𝐼𝑛)𝑎 |) > 𝛿
}

converges for some 𝑎 > 0.

Proof of Corollary 1.9 Let 𝑟 = 1 in Theorem 1.6 and note that the series

∞∑
𝑛=2

1

𝑛 log 𝑛
= ∞.

It follows that there exists a positive constant𝐶 such that

Prob𝑐𝜏

{
sup

1≤𝑚≤𝑛
|𝑆𝑚 | > 𝜀𝑛1/𝑝

}
≤ 𝐶

log 𝑛
, for all 𝑛 ∈ N.

Therefore, we obtain
∑∞

𝑛=1 Prob
𝑐
𝜏

{
sup1≤𝑚≤22𝑛 |𝑆𝑚 | > 𝜀22

𝑛/𝑝} < ∞. By Lemma 5.2,∑𝑛
𝑘=1 𝑥𝑘/𝑛1/𝑝 converges to 0 almost uniformly.

Remark 5.3 The proof of Corollary 1.3 is analogous to the proof of Corollary 1.9, and

we left the details for readers. In the commutativemartingale setting, Chung [10] pointed

out that the uniform boundedness condition in our results is the best possible, i.e., (1.5)

diverges whenever (1.4) diverges. In addition, if we take 𝑓 (𝑡) =
(
log+ |𝑡 |

)1+𝜖
for 𝑡 ≥ 0

and 𝜀 > 0 inCorollary 1.9, wewill see that the logarithmic factor compensates forweak-

ening the assumption concerning independence and identical distributions compared to

the classical Marcinkiewicz-Zygmund law.

Acknowledgement:We are grateful to the referee’s constructive suggestions which
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