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Abstract

We consider the stability of the zero solution of a system of impulsive functional-differential
equations. By means of piecewise continuous functions, which are generalizations of clas-
sical Lyapunov functions, and using a technique due to Razumikhin, sufficient conditions
are found for stability, uniform stability and asymptotical stability of the zero solution of
these equations. Applications to impulsive population dynamics are also discussed.

1. Introduction

In the last few years impulsive differential equations have become the object of in-
creasing investigation. A natural generalization of impulsive ordinary differential
equations is impulsive functional-differential equations. In spite of the great possibil-
ities for applications, the theory of these equations is developing rather slowly due to
a series of difficulties of technical and theoretical character [1-3].

Effective application of these equations in mathematical modelling assumes knowl-
edge of various criteria for stability of their solutions.

In this paper we investigate the stability of the zero solution of a system of impulsive
functional-differential equations by virtue of piecewise continuous functions which
are analogues of classical Lyapunov functions [4] in conjunction with a technique due
to Razumikhin [5-7].
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2. Preliminary notes and definitions

Let R” be the n-dimensional Euclidean space with the norm | - |,  a domain in R"
containing the origin and let R, = [0, 00). Alsolet# € Rand 7 > 0.
We consider the system of impulsive functional-differential equations

x@®)=fx), t>ty, t £,

Ax(tk)=x(tk+0)—x(tk—0)=1k(x(tk-0)), >, k=1,2,..., 1

where f : (%,00) x D —» R*; D = {® : [-1,0] - Q, ®(r) is continuous
everywhere except for a finite number of points 7 at which ®(f — 0) and ® (7 + 0)
existand @ —0) = D), L : QL > R k=1,2,...;t0 <ty <t < -+
limy, o0 & =00 and for ¢ > 4, x, € D isdefined by x,(s) =x(t +s5), -1 <5 < 0.

Let ¢ € D. We denote by x(t) = x(¢; to, ¢o) the solution of the system (1), which
satisfies the initial conditions

x(tto, o) = ot —f), th—T <t <1,

2)
x(to + 0; to, 9o) = ¢o(0).

The solution x (¢) = x (¢; to, ¢o) of the initial value problem (1), (2) is characterized
by the following:

(a) Fort — 1 <t < 4 the solution x (¢) satisfies the initial conditions (2).
(b) For ity <t <1, x(¢) coincides with the solution of the problem

X(t) =f(t, x1), t >,
x,(s) =@o(s), —-Tt<s<0

At the moment ¢t = t; the mapping point (¢, x(z; 1o, ¢o)) moves “instantly” from the
position (21, x (1 fo, 9o)) into the position (¢, x(#1; fo, vo) + 1) (x (41 to, ¥0)))-
(c) Fort <t <t, the solution x (¢) coincides with the solution of the problem

y)y=f(@y), t>un,

Yo = ¢1, ¢ €D,
where
wo(t — 1)) forte[y—1,6]1N[H -1, 4],
oi(t — 1) = L x(t; to, o) for t € (t, t),

x(t3 10, 00) + Li(x(t; 10, 90)) fort=4.

At the moment ¢t = ¢, the mapping point (¢, x (¢; &, ¢o)) moves “instantly” and so on.
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The solution x (t) = x(¢; t, o) of the initial value problem (1), (2) is a piecewise
continuous function for ¢+ > £, with points of discontinuity of the first kind ¢, k =
1,2,..., where it is continuous from the left.

We also introduce the following notation:

I =ty —1,00); Iy = [1, 00);
Ge={(t,x)elyxQ:t, <t<t), k=12, ...; G=UGk;
k=1

[Pl = sup |P(s)]is the norm of the function ¢ € D.

s€[—1,0}

Let J C R. We define the following classes of functions:

PCLJ,R*]={0o : J > R” : o(¢) is continuous everywhere except for
some points ¢, at which o(# — 0) and o (#; + 0) exist and
ot —0) =a(t)};

PC![J,R"] ={o € PC[J,R"] : a(¢) is continuously differentiable every-
where except for some points # at which ¢ (#, —0) and & (¢, +0)
existand o (f, — 0) = 6 (1)});
K ={a e C[R,, R.]: a(w) is a strictly increasing function
with respect to u and a(0) = 0}.

We also introduce the following conditions:

Hl. f € C[l, x D,R"].

H2. f(,0)=0,1t¢€ I.

H3. The function f satisfies Lischitz’s condition with respect to its second argu-
ment in Iy x D uniformly with respect to ¢t € .

H4. I, € CIQ,R"],k=1,2,....

HS. L(0)=0,k=1,2,.... :

H6. The functions (I + I;) : Q —> Q, k = 1,2,..., where [ is the identity
mapping in 2.

H7. h<ti<thb<---

HS. limk_.oo I = O0.

DEFINITION 1. The zero solution x (1) = 0 of the system (1) is said to be:
(a) Stable if

(Vo € R) (Ve > 0) (38 = 8(to, €) > 0)
(Y90 € D : llgoll < 8) (V1 > 10) = |x (10, o) < &.

(b) Uniformly stable if the number § from (a) can be chosen independently of 7, € R.
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(¢) Uniformly attractive if
GA>0(Ve>0) 3T =T() >0 (Vo € R)
(Voo € D : llgoll <A) (Vi= g+ T): |x(2;00, 00)| < €.
(d) Uniformly asymptotically stable if itis uniformly stable and uniformly attractive.

In the following considerations we shall use a class of piecewise continuous auxil-
iary functions, which are analogues of the Lyapunov functions [4].

DEFINITION 2. We say that the function V : I, x  — R, belongs to the class
Vif:

1. Ve C[G,R,]and V(r,0) =O0fort € I,.

2. The function V satisfies Lipschitz’s condition with respect to its second argument
x € 2 on each of the subsets G, k=1,2,....

3. Foreachk =1,2,... and all x € Q there exist the finite limits

V(e -0,x) =lim V(t,x),  V(s+0,x) =lim V(,x).

1<t 1>

4. Theequality V(t, —0,x) = V(5,x),x e R*, k= 1,2, ..., holds true.
Further on, we shall use the functional class

Q) ={x € PC[Ip),R"] : V(s,x(s)) < V(t,x(t)),t — 1 <5 < ¢,
t>1, Ve’

LetV ei Y.x € PC[I, R"), t # 1,k =1,2,.... We define the function
1
D_V(t,x(n) = lim m [V + h,x(®) +hf (1, x(1), x,)) — V(£, x(1))].
When proving the main results of the paper we shall use the following assertions.

LEMMA 1 ({3]). Let the following conditions hold:

1. Conditions H1-H8 are fulfilled.
2. The solution x(t) = x(&; ty, @o) of the initial value problem (1), (2) is such that
x € PC[1,R"1N PC'[I,, R"].
3. g€ PClly x R;,RINPC'[Iy x R;, R) and g(¢,0) = 0 fort € .
4, B, e C[R,,RLk=1,2,....
5. The maximal solution r(t; ty, up) of the impulsive problem
u(t) = g(t, u()), t>t, t#E L, k=12,...,
u(tO + O) = Uop,
Au(tk) = Bk(u(tk)), tk > tOy k = 15 2y cevy

is defined on the interval I,.
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6. The functions ¥, : Ry — R, ¥, = u+ By (u), k =1,2,..., are nondecreasing
with respect to u.
7. The function V € ¥is such that

V(1o + 0, 9o(0)) < uy,
D_V(t,x() <g V(,x(), tely t#14, x €,
V(e +0,x(8) + Li(x (1)) < (Ve x(8))), k=1,2,....

Then V(t, x(t;1, ¢o)) < r(t;to, ug), t € Iy.

COROLLARY 1. Let the following conditions hold:

1. Conditions H1-H8 are fulfilled.
2. Condition 2 of Lemma | holds true.
3. The function V € ¥ 'is such that

D_V(t,x(1)) <0, tely t £, x €,
Ve +0,x(8) + Li(x(8))) < V(e x(1)), k=1,2,....

Then V(t, x(t; 10, 90)) < V(to + 0, 0o(0)), t € Io.
3. Main results
THEOREM 1. Let the following conditions hold:

1. Conditions H1-H8 are fulfilled.
2. The functions V € ¥ and a € X are such that

a(|lx]) < V(t,x), (t,x) € Iy x Q2. )

3. The inequalities
D_V(t,x(1)) <0, tely, t#4, k=1,2,..., @
Va@+0,x()+ L(x()) < V(t,x@), t=1n, k=12,... 5)

hold true fort € Iy, x € Q,, V € ¥.

Then the zero solution of the system (1) is stable.

PROOF. Let ¢ > 0. It follows from the condition V(#, 0) = 0 and the properties of
the function V(#, x) that there exists a constant § = 5(¢y, £€) > 0 such that if [x]| < é
then sup,,.; V(% + 0, x) < a(e).
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Letgo € D: |lgoll < 8. Then Jgo(0)] < [l¢oll < & and therefore
V(5o + 0, 9o(0)) < a(e). (6)

Let x(t) = x(t;t, go) be the solution of the problem (1), (2). Since all the
conditions of Corollary 1 are fulfilled, we have

V(t, x(t: 10, 90)) < V(o + 0, 9(0)), ¢t € Io. @)
There follow from (3), (6) and (7) the inequalities
a(lx(t;t0, o)1) < V(t, x (¢ 80, 90)) < V(o + 0, 0(0)) < a(e),

whence we obtain that |x(#; 1, o)} < € for t > . This implies that the solution
x(2) = 0 of the system (1) is stable.

THEOREM 2. Let the conditions of Theorem 1 be fulfilled, and suppose that there
exists a function b € ¥, such that

V@, x) < b(x]), (t,x) el x Q. (8)
Then the zero solution of the system (1) is uniformly stable.

PROOF. Let ¢ > 0 be chosen. We get § = 8(¢) > 0 such that b(§) < a(e). Let
@0 € D : |lwoll < 8 and x(¢) = x(¢; &, @o) be the solution of the initial value problem

(1), (2).

As in Theorem 1 we prove that
a(|x(t: 10, o)1) < V(t, x(5;10, ¢0)) < V(o + 0, 90(0)).
The above inequalities and (8) imply the inequalities
a(lx(t; 1, o)) < V(to + 0, 9o(0)) < b(lo(0)]) < b(llpoll) < b(8) < ale),

whence it follows that |x (¢; t, @o)| < € for t € I,. This proves the uniform stability
of the zero solution of the system (1).

THEOREM 3. Let the following conditions hold:

1. Conditions H1-H8 are fulfilled.
2. The functions V € ¥and a, b € X are such that

a(lx|) = V(t,x) < b(lx]), (t,x) € Io x Q. 9
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3. The inequalities

D_V(i,x(®) < —c(x(@®)]), tely, t#u4, k=1,2,..., (10)
Vae+0,x()+ L(x@) < V(t,x(@), tely, t=t, k=1,2,... (11)

hold true forx € 2,, Ve ¥, ce X.

Then the zero solution of the system (1) is uniformly asymptotically stable.

PROOF. 1. Leta =const > 0: {x € Q: |x| < a} C Q. Foreach t € I, we denote
V,;' ={xeQ:Vit+0,x) <a(x)}
From (9) we deduce
VicixeQ:|x|<a)CQ.

It follows from conditions 2 and 3 of Theorem 3 that for each function ¢y € D :
@o(0) € V) we have x(t;10, 90) € V,!, t> 1.

Let ¢ > O be chosen. We get n = n(¢) > 0 such that b(n) < a(e), and let
T > bla)/c(n).

If we suppose that for each ¢ € [, 1, + T] the inequality |x(¢; %, o) = nis
fulfilled, then (10) and (11) imply the inequalities

o+T

V(to+ T, x(to + T; 15, 90)) = V(to + 0, o(0)) — / c(|x(s; o, @o)|) ds

o
< b(@) —c(mT <O,

which contradicts (9). Therefore, there exists ¢} € [#, to+ T] such that |x (¢'; t, @o)| <
n. Thus we obtain from (9), (10) and (11) that for ¢ > ¢} (and therefore for¢t > 7, + T)
the inequalities

a(lx(t; 10, o)) < V(t, x(2; 80, 90)) < V&, x(8]; 10, ¢0))
< b(lx(t}; to, o)) < b(n) < a(e)
are valid. Therefore |x(¢; 1, ¢o)| < e fort > o+ T.

2. Let A = const > 0 be such that b(A) < a(x). Then, if gy € D: |igoll < 4,
there follow from (9) the inequalities

V(to + 0, 90(0) < b(lgo(0)) =< b(llgol) < b(A) < a(a),

which show that g, € D: ¢(0) € V, ;.

It follows from the two points above that the zero solution of the system (1) is
uniformly attractive and since it is uniformly stable according to Theorem 2, then the
solution is uniformly asymptotically stable.
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COROLLARY 2. If the third condition (10) in Theorem 3 is replaced by
D_V(t,x(1)) < —cV(t,x(1)), (12)

forrelp t#t, k=1,2,...,x € Q, ¢c = const > 0, then the zero solution of the
system (1) is uniformly asymptotically stable.

PROOF. The proof of Corollary 2 is analogous to the proof of Theorem 3. It uses
the inequality

V{t, x(t; 10, 90)) < V(o + 0, 9o(0)) eV,

which follows from (11) and (12).

In fact, leta =const > 0: {x € Q : |x| < a} C 2. We choose A > 0 such that
b(A) < a(a).

Lete > 0Oand T > (1/c)In(a(a)/a(e)). Then for ¢ € D : |lgoll < A and
t > 1y + T the inequalities

V(t,x(t;10,90) < V(to+0,0(0) e“™ < a(e), t>1+T

hold true.
The last inequality and (9) imply that the zero solution of the system (1) is uniformly
attractive.

4. Applications in impulsive population dynamics

Some of the results obtained in the present work will be applied below in studying
mathematical models in impulsive population dynamics.

4.1. We consider the system

x() =BWx@—-h@), t>0,t#, k=1,2,...,

(13)
Ax(1) = Cex(t), k=1,2,...,

where x € R"; B(¢) is a diagonal n x n-matrix valued function; h € C[R,, [0, t]];
C, = diag(ciux,-.. , )y Cit < —2;0 <ty < 5 < -+ and limy_, o # = 00.
Let V(t,x) = x%/2. Then

Q= {x € PC[R;, R"] : x¥(s) < x*(t), t—T <s <t t> 0} .
If oo € PC[[—7, 0], R*] and x (¢; ¢o) is the solution of the system (13) for which

x(t90) = po(t), te€[-1,0]

https://doi.org/10.1017/51446181100013067 Published online by Cambridge University Press


https://doi.org/10.1017/S1446181100013067

[9] Impulsive functional-differential equations 277
we have for t € R, and x € Q, that

D_V({t,x(1)=x@)x(t) =Bx()x(t—h(t)) < B(t)x2(t), t# 1, k=1,2,...
and
V(te+0,x(1) + Cex (1)) =[x (1) + Cex () P/2 < Ve, x (1)), k=1,2,....

If the elements of B(r) are nonpositive for t € R,, then D_V(z,x(#)) < 0 and the
zero solution of the system (13) is uniformly stable according to Theorem 2.

If B(¢t) = diag(b\(t),...,b,(t)) and b;(t) < —yx < 0, k = 1,2,... ,n, then
the conditions of Theorem 3 are fulfilled and the zero solution of the system (13) is
uniformly asymptotically stable.

4.2. Let us consider the equation

. x(t — 1)
x(=rx(®|1— , t>0,t#¢,
®) ()[ ] # I (14)
Ax () = apx (), >0 k=1,2,...,
wherer >0, K > 0,7 >0,a, =const >0, k=1,2,...;0<t, <t, <--- and

lim;_, o % = 00. Let x(s) = @o(s) > 0,5 € [—1, 0], ¢o(0) > 0 and ¢y(s) € D.
We consider the function
Vi, x)= (1 —-x/K)*.
Then
Q) ={x € PC[R;,(0,00)] : (1 —x(s)/K)* < (1 —x(1)/K)?,
t—t<s<tt=>0}
We have fort > 0,1 # t, and x € Q, that

D_V(t,x() = —-2k£ (1 — x—l(:—))x(t) (1 _ x(fI; T))

< —%x(t) Ve, x(1)) < 0.
Moreover, fork =1,2,...,
V(b +0,x(8) + ax (1)) = [1 — (1 + a)x @)/ KT < V(t, x(1)).
Since the conditions of Theorem 2 are met, then the zero solution of the system (14)
is uniformly stable.
4.3. Consider the equation

K — x(t —
(1) = rx(0) [TC;%_—T:)] . 1>0, 1 #£1,

AX(tk)=akX(tk), tk>0, k=1,2,...,

(15)
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where ¢ > 0.
If the function V (¢, x) = ((K — x)/(1 + crx))?, then

B [k=x7 [K-x 7
Ql— XGPC[R+,(O,w)].[m]S[m],t—fssstl.

For t > 0 and x € 2, the inequalities

_2r@ +ch)x(t)[ K —x(t) ][ K—x(t—1) ]
(1 + crx(¢))? T4+cerx(@®) |1+ crx(t—1)
< _2r(1 + crk)
- HN+crx(®]?

D_V(t,x(t)) =

x(OK—xF <0, t#4

hold true, and, fork =1, 2, ...,

K—(+a)x(®)
1+ cr(1+ a)x(t)

2
Vit +0, x(t) + aex () = [ ] < V(t, x(%)),

and by virtue of Theorem 2 the zero solution of the system (15) is uniformly stable.
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