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Abstract

We discuss complete mapping polynomials of finite fields, which are a special class of permutation
polynomials. Complete mapping polynomials of small degree are classified. Results are obtained on a
class of complete mapping binomials and on permutation binomials.

1980 Mathematics subject classification (Amer. Math. Soc.): 12 C 05.

1. Introduction and general properties

We discuss a special class of mappings of a finite field into itself which arises in
connection with combinatorial and algebraic problems. We start with the follow-
ing general definition.

DEFINITION 1. Let G be a group and ¥: G — G a bijection of G. Then a
bijection 8: G —» G is called a y-complete mapping of G if 7: G —» G defined by
7(g8) = 8(g)Y(g) for g € G is also a bijection of G. If ¥ = 1, the identity
mapping on G, we speak of a complete mapping of G.

Complete mappings were introduced in [8], where they were shown to be
pertinent to the problem of constructing orthogonal latin squares. Considerable
attention has been given to the question of determining which groups possess
complete mappings (see for example {3]), and one result obtained is that every
group of odd order possesses at least one complete mapping. From the following
result we see that a problem involving J-complete mappings can be reduced to a
problem involving only complete mappings.
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PROPOSITION 1. Let G be a group and . G — G a bijection of G. Then a mapping
6: G — G is a y-complete mapping of G if and only if the composition 6 o Y™ is a
complete mapping of G.

PROOF. Let 7: G — G be defined by 7(g) = 0(g)y(g). Then 8 is a y-complete
mapping of G if and only if @ and 7 are both bijections of G. Now, since ¢ is a
bijection of G, 8 and  are bijections of G if and only if § o ¢! and 70 ! are
bijections of G. But (o y ') g) = (8¢ ')g)g for all g € G. Hence, 0 is a
y-complete mapping of G if and only if 8 o y ! is a complete mapping of G.

If F, is a finite field with g elements, then §: F, > F, is called a complete
mapping of F, if it is a complete mapping of the additive group of F,. In [9] it was
shown that nonsimple Bol loops of order pr, p > r odd primes, can be char-
acterized by pairs of complete mappings of F,. This raises the problem of finding
interesting classes of complete mappings of finite fields. The present paper
addresses itself to this question.

By known interpolation techniques, for example Lagrange’s interpolation for-
mula, one shows that any mapping 6 of an arbitrary finite field F, into itself can
be represented by a polynomial, in the sense that there exists f € F,[x] such that
6(c) = f(c) for all ¢ € F,. The polynomial f is unique if we require deg(f) <g.
In fact, for f, h € F[x] we have f(c) = h(c) for all ¢ € F, if and only if
f(x) = h(x)mod(x? — x). The degree of the reduction of f modulo (x? — x) is
called the reduced degree of f. Thus, the reduced degree is always less than ¢.

A polynomial f € F,[x] is called a permutation polynomial of F, if the induced
mapping ¢ € F,f(c) is a bijection (see [7]). By analogy, we call f € F[x] a
complete mapping polynomial of F, if ¢ € F,+ f(c) is a complete mapping of F,
that is if both f(x) and f(x) + x are permutation polynomials of F,. Trivial
examples of complete mapping polynomials are the linear polynomials f(x) = ax
with @ # 0, —1. One of our aims will be to find complete mapping polynomials of
reduced degree > 1. The following result, stated and proved in [5], [7], provides a
useful criterion for permutation polynomials.

PROPOSITION 2. A4 polynomial f € F,[x] is a permutation polynomial of F, if and
only if the following two conditions are satisfied:

(1) f has a unique root in F;

(ii) for each integer n with 1 < n < q — 2 and gcd(n, q) = 1, the nth power f" of
f has reduced degree < q — 2.

A consequence of this result is that if f € F [x] has reduced degree m > 1 and
m divides g — 1, then fis not a permutation polynomial of F,. We also obtain the
following restriction on the reduced degree of a complete mapping polynomial.
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THEOREM 1. For a finite field F, with odd q > 3, any complete mapping poly-
nomial of F, has reduced degree < q — 3.

ProOF. By (ii) of Proposition 2, a complete mapping polynomial f(x) of F, has
reduced degree < g — 2. Similarly, f(x)? and (f(x) + x)? have reduced degrees
< g — 2. But (f(x) + x)? = f(x)* + 2xf(x) + x2, and since ( f(x) + x)?, f(x)?,
and x? have reduced degrees < g — 2, then 2xf(x) has reduced degree < g — 2
and the result follows.

This bound is in a sense best possible since f(x) = x* + 3x is a complete
mapping polynomial of F, of reduced degree 4. It would be of interest to
determine whether Theorem 1 holds also for even q. Let Fy denote the multiplica-
tive group of nonzero elements of F,.

THEOREM 2. If f(x) is a complete mapping polynomial of F,, then so are the
following polynomials:

W f(x+a)+bforalla, b€ F;

(ii) af(a~'x) for all a € F*;

(iii) any polynomial representing the inverse mapping of ¢ € F, - f(c).

PROOF. (i) is trivial. For (ii) write f(¥(x) = af(a™'x) and g(x) = f(x) + x,
then f(x)+ x = af(a”'x) + aa™'x = ag(a 'x), so that both f{“(x) and
f(x) + x are permutation polynomials being compositions of permutation
polynomials. For (iii) let # € F [x] be any polynomial representing the inverse
mapping of ¢ € F,~ f(c). Then h is a permutation polynomial and A(c) + ¢ =
h(c) + f(h(c)) = g(h(c)) for all ¢ € F, so that h(x) + x is a permutation
polynomial.

2. Complete mapping polynomials of small degree

We shall determine all complete mapping polynomials of degree < 6, as well as
those of degree 6 for finite fields of order prime to 6. To do this, we make use of
the classification given by Dickson [4], [5] of the corresponding set of permutation
polynomials.

Let f € F [x] be a polynomial of degree n = 1. If ged(n, g) =1, let f(x) =
agx" + na;x" "' + a,x""?+ --- +a,. The normalized polynomial f of f is de-
fined by

f(x) = a5'[ f(x = aya") = f-ana3')].
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If ged(n,q)>1, let f(x) = agx" +a;x""' + --- +a,. The normalized poly-
nomial fis then defined by

f(x) = a5'[ f(x) = a,].

The normalized polynomial has the property of being monic of degree n and
having no constant term. Furthermore, when ged(#n, ¢) = 1, the coefficient of
x"~'in f(x) is zero.

Let f € F [x] have degree n = 1 and leading coefficierlt a,, and let f be its
normalized polynomial. If ged(n, g) = 1, then f(x) = a,f(x + b) + ¢ for some
b,c € F,, and if ged(n, g) > 1, then f(x) = aof(x) j— ¢ for some ¢ € F,. Note
that £ is a permutation polynomial of F, if and only if f is one.

We include here Dickson’s results in the form of a table listing all normalized
permutation polynomials of F, of degree < 6 and those of degree 6 for finite
fields F, with ged(q, 6) = 1.

TABLE ]

Normalized Permutation Polynomials q
X all g
x? g =0mod 2
x3 qZ 1mod 3
x*—ax, anotasquarein F, g =0mod 3
x*x3x 7
x*+ ax* + bx if x = Qisits only root in F, g =0 mod 2
x? qgZ 1mod5
x> —ax,  anota fourth powerin F, g=0mod5
x> +ax, da*=2 9
x3 +2x? 7
x* +ax’ = x* + 3a’x,  anotasquarein F, 7
x5+ ax® + 57a%x, a € F, arbitrary g=+2mod5
x*+ax’ + 3a’x,  anotasquarein F, 13
x®—2ax®+a’x, anotasquareinF, g=0mod5
x®+2x ) 11
x® = a%x? + a’x? = 5x, a0 11
x®=4a’x*> +ax>=4x, a=0 or anotasquareinF, 11

The following result provides the connection between complete mapping poly-
nomials and normalized permutation polynomials.
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THEOREM 3. Let f € F,[x] be of degree n withn = 3 if ged(n, q) = 1 and n =2
if ged(n, q) > 1, and let f be the normalized polynomial of f. Then f is a complete
mapping polynomial of F, if and only if there exists a normalized polynomial § such
that:

() fand g are permutatton polynomials of F,

(i) g(x) — f(x) = ay'x, where a, is the leadmg coefficient of f.

ProOF. If ged(n,q) =1, let f(x)=apx"+ na;x" "'+ a,x"" 2+ --- +a,.
Then

f(x)= aa'[f(x ~a,a3') — f(-a, ao‘)]
and the normalized polynomial g(x) of f(x) + x is given by
g(x)= a(')'[f(x — aa3') + (x — aya3') — f(-a,a3') + ala()']
= aal[f(x —aya3') + x —f(—a,a(,‘)].

Hence g(x) — f(x) = ay'x. If f is a complete mapping polynorma] of F, then (i)
and (ii) follow. Conversely, if (i) and (ii) hold, then f(x) =a, f(x + b) +c for
sultable b,c € F,, and s0 f(x) and ao8(x + b) tc— b= ao[f(x + b) + a,

ag'b) + ¢ — b f(x) + x are permutation polynomlals of F, that is f is a
complete mapping polynomial of F,.

If ged(n, ¢) > 1, let f(x) = apgx" + a;x" ' + - , then f(x) = aj'[ f(x)
— a,] and the normalized polynomial g(x) of f(x) + x 1s given by g(x) =
a;'[f(x) + x — a,]. Hence g(x) — f(x) = ag'x. The proof is completed in the
same way as in the case where ged(n, q) =

Degree < 1. f(x) = ax + b € F[x] is a permutation polynomial of F, if and
only if a # 0. Thus f(x) is a complete mapping polynomial of F, if and only if
a#0, -1

Degree 2. If f(x) = ax*+bx+cEF, ,[x] 1s a complete mapping polynomial
of F, of degree 2, then by Theorem 3 and Table 1 we have g even and
f(x) = (x) = x% Thus a 'x = g(x) — f(x) = 0, a contradiction. There are thus
no complete mapping polynomials of degree 2.

Degree 3. If f(x)=aox*+---+a; EF, ,[x] is a complete mapping poly-
nomial of F, of degree 3, then by Theorem 3 and Table 1 either ¢ = 2mod 3 or
qg= 0mod3 If ¢ = 2mod 3, then f(x) = g(x) = x3, thus ag'x = g(x) — f(x) =
0, a contradiction. Let ¢ = 0mod 3. Then f(x) # g(x), otherwise we obtain a
contradiction. Thus either (i) g(x) = x> — ax and f(x) = x*; (i) §(x) = x* and
f(x) = x* — ax; or (iii) g(x) = x> — ax and f(x) = x> — bx, where a # b and
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both are nonsquares in F. If (i) holds, then a, x = §(x) — f(x) = -ax, therefore
a, = —-a”'. If (ii) holds, then aj'x = §(x) — f(x) = ax, thus a, =a™". If (iii)
holds, then aj'x = §(x) — f(x) = (b — a)x, thus a, = (b — a@)”". Thus f(x) €
F,[x] is a complete mapping polynomial of F, of degree 3 if and only if
g =0mod3 and either f(x) = -ax’+¢, f(x)=ax’—x+¢, or f(x)=(b—
a)y'x® —b(b—a)'x + ¢, where a % b are nonsquares in F, and ¢ € F, is
arbitrary.

In like manner, the complete mapping polynomials of degree 4 and 5 can be
determined, as can be those of degree 6 for fields of order relatively prime to 6.
These results are summarized in the following table.

TABLE 2
Complete Mapping Polynomials q
ax + b, a,bEFq, a#0,-1 all g
—ax*+e, ax*—x+c¢, (b—a)y' X} —bb—a)'x+e, g=0mod:
a,b,c € F,, a7 bnonsquares in F,
~(x+a)*+3x+b, (x+a)*+3x+b, a,b€E F,arbitrary 7
a'(x*+bx*+cx)+d, a,b,c,dEF, a+0, g=0mod:

such that x* + bx? + cx and x* + bx? + (a + ¢)x
each have x = 0 as the unique root in F,

S5a ?[(x + b)® + a(x + b)® + 8a’x] + ¢, 13
8a~2[(x + b)® + a(x + b)® + 3a’x] + ¢,
a,b,c € Fi;, anotasquarein F),

a(x + b)Y’ + ¢, a(x+ b)Y’ =x+c, b,c€E Fyarbitrary, a>=2 9

—ax’+e¢, ax>—x+e¢, (a—b)y'x —a(a—b)'x +e¢, g =0mod ¢
a,bceF, a# b not fourth powers in F,

S(x+b)¥+x+c, 2x+b)P—4x+c, Ax+ b)Y —4x+ec, 11
S(x+b)¥+x+c, -3(x+b)°+5x+c 3(x+b)P+5x+c,

S(x +b)¥° —2x+c¢, -2Ax+b)¥+3x+c, 2Ax+b)¥+3x+ec,
“S(x+b)¥—2x+c, Hx+b)*+5x+c -4x+b)P°+5x+c,
b, ¢ € F,, arbitrary
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3. A special class of complete mapping binomials

In this section we obtain a necessary and sufficient condition for a binomial in
F[x] of the form ax'e*""Y/" + bx, g =1modn, n>2, to be a complete
mapping polynomial of F,, and the case n = 2 is examined more closely. In this
way we will establish the existence of complete mapping polynomials of reduced
degree > 1 for all F, with g > 5.

From Theorem 8.92 of [7] it follows that, for ¢ sufficiently large, permutation
polynomials of F, of the form x(4*"~D/" + bx, g = 1 mod n, n = 2, exist. Poly-
nomials of the form x‘9*"/2 + bx, godd, have been studied in [1], [2], and
sufficient conditions were obtained for such binomials to be permutation poly-
nomials of F,.

If n = 2 is an integer and ¢ = 1 mod n, let w be a primitive nth root of unity in
F,. Let y,: F, - F, be the mapping defined by y,(c) = c4=Y/" ¢ € F,. Then ,
maps F; homomorphically onto the subgroup of F* generated by w.

LEMMA 1. If n = 2 is an integer such that ¢ = 1 mod n, then x'9*"~V/" + px €
F;[?c] is a permutation polynomial of F, if and only if the following conditions hold:

@O (b)) # 1;

(i) ¢, (b + Wb+ w/))# /™ for all 0 <i<j<n, where w is a fixed
primitive nth root of unity in F,.

PrROOF. Put f(x) = x9""~V/" 4+ bx. Let b satisfy (i) and (ii) of the lemma. If
f(c) = 0 for some ¢ € F}, then for some 0 <i < n we have 0 = bc + "~ V/7
=(b+ 9 V" =(b+ ). Now (-b)" # 1 implies that b + «' 5= 0, hence
¢ = 0, a contradiction. If f(¢,) = f(c,), ¢}, ¢; € F}, then (b + ¢{9~ D/ ")e, = (b
+ ¢§77V/M)¢,, thus for some 0<i, j<n we have (b + w')c, = (b + w')c,.
Without loss of generality we may assume i < j. Thus (b + o )}(b + @’/)' = ¢yc7,
hence ¥,((b + &' Xb + w/)!) = ¢ (c;)¥,(c;') = w/ 77, which is a contradiction
unless / = j. In this case c,c;! = (b + &' )b + &')™' = 1, thus ¢; = c,. Therefore
f(x) is a permutation polynomial of F,.

To prove the necessity, suppose first that (-b)" = 1. Then b + «' = 0 for some
0 <i <n. Let c € F,be such that y,(c) = «". Then ¢ % 0 and f(¢) = 0 = f(0), so
that f(x) fails to be a permutation polynomial of F,.

Suppose ¥,((b + &'} b + /)Y =w/ " forsome 0 <i<j<n. Leta=(b+
w')(b + w’/)" and let d € F} be such that y,(d) = w’. Then (b + ' }(b + «’)"
=a=dd'a and Y, (da’') = '. Therefore (b + ')da™' = (b + w/)d and
f(da™) = f(d), so that f(x) fails to be a permutation polynomial of F, since
a# 1.
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THEOREM 4. If n = 2 is an integer such that ¢ = 1 mod n, then ax9""~V/" 4+ px
€ F[x], a # 0, is a complete mapping polynomial of F, if and only if the following
conditions hold:

1) 6" # (-a)", (b + 1)" # (-a)";

(i) ¥,((b + aw' )b + aw’)™") # /™ and (b + 1 + aw')(b+ 1 + aw’))
# /7! for all 0 < i <j <n, where w is a fixed primitive nth root of unity in F,.

PROOF. f(x) = ax9*""D/" + bx is a complete mapping polynomial of F, if
and only if a'f(x) and a”'( f(x) + x) are permutation polynomials of F,. But by
Lemma 1, a”'f(x) and a™'( f(x) + x) are permutation polynomials of F, if and
only if:

(A) (=a'b)" # 1, (<a” (b + )" # 1;

(B) ¢,((a”'b+ W'} a b+ w/) ") # /" and Y,[(a (b + D)+ &N a(b+ 1)
+ w/) N #w/ T forall0<i<j<n.

(i) is equivalent to (A) and (ii) is seen to be equivalent to (B) by noting that
(a'b+ ') a'b+ ) =(b+ aw' )b+ aw/)! and (a7(b+ 1)+ &' Na'(b
+ 1+ w)'=>b+1+a0’)(b+1+aw’)t

Let n = 2 and q be odd. We shall denote ¢, simply by . In this case w = -1,
and y(c) = 1 if and only if ¢ # 0 and c is a square in F,.

THEOREM 5. Let q be odd and f(x) = x'9+V/2 4 px € F [x). Then f(x) is a
permutation polynomial of F, if and only if y(b* — 1) = 1.

PROOF. By Lemma 1 with n = 2 and w = -1, f(x) is a permutation polynomial
of F, if and only if b2 —1#0and y[(b+ 1)(b— 1)) # —1. But [(b + 1)(b —
D' =¢l(b + 1B — 1)'I(b — 1)*) = Y(b> — 1), and b* — 1 # 0 if and only
if Y(b* — 1) # 0. Thus f(x) is a permutation polynomial of F, if and only if
Y(b* — 1) # 0, - 1. Since the image of y is {0, =1}, the result follows.

REMARK 1. It is easily seen that y(b*> — 1) = 1 precisely if b is of the form
b= (c*+ 1)(c* — 1) for some ¢ € F, with ¢?> # 0, 1. Carlitz [1] has shown that
for elements b of this form, x(9*"/2 + bx is a permutation polynomial of F,. One
arrives at a simpler form for b by noting that y(b> — 1) = 1 if and only if
b=2"'(c + ¢") for some ¢ € F, with ¢*> # 0, 1.

THEOREM 6. Let g be odd and f(x) = ax'9"V/? + bx € F,[x]), a # 0. Then f(x)
is a complete mapping polynomial of F, if and only if Yb? —a?) =yY((b + 1) —
a*)=1.
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ProoF. Using arguments similar to those in the proof of Theorem 4, this
follows from Theorem 5.

REMARK 2. It can be verified that the family of polynomial mappings in F,[x]
of the form ax‘?*D/2 + px is closed under composition. In fact, if f(x) =
ax{@*V/2 + px and fo(x) = ex9*D/% + dx are in F,[x], g odd, then

(f,° £,)(x) =(ae + bc)x9*V/2 + (af + bd )x mod(x7 — x),
wheree + f=(c+d)9*Y/2and e — f = (d — c)(9+ /2,

REMARK 3. Let ¢ > 3 be odd and f(x) = bx?"2 + x{47)/2 € F,[x]. By argu-
ments similar to those in Lemma 1 and Theorem 5 one shows that f(x) is a
permutation polynomial of F, if and only if Y(b? — 1) = 1. It should be noted,
however, that for  # 0, f(x) is never a complete mapping polynomial of F,. This
follows from Theorem 1 and the fact that f(x) has reduced degree g — 2.

The criterion in Theorem 6 leads to enumerative results which indicate that
there are comparatively many complete mapping polynomials of F, of the form
x@*tD/2 4 px,

THEOREM 7. The number N of elements b € F, such that x“*/? + bx is a
complete mapping polynomial of F, salisfies

(1) N=ig—3— 347
if F,is of characteristic > 3. If F, s of characteristic 3, we have
-9
qT if ¢ = 1mod 4,
-3

qT if g = 3mod 4.

@) N=

1

PROOF. Let 1 be the quadratic character of F,. Then from Theorem 6 and the
definition of Y we get for F, 7 of characteristic > 3,

N=i 3 [a =]t +a(e+1)7-1)]

b#—2,—(l],0,l
- %sz [1+ 06> — D][1 + (6 + 1) = 1)] = §(4 + 20(3) + 2n(-1))
=4q+1 2 (B> —1)+5 T a((b— 1)b(b+ 1)(b+2))

—1=3(n(3) + 9(-1)).
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Now

(3) D a((b+c)b+c,))=-1 fore,,c, €F, ¢, #c,,
bEF,

by [6], Lemma 14.1.1, and so

N=ig=1=3(0) T a(-0) + 4 3 a((b = Db(s+ (5 +2).

According to Weil’s estimate for character sums (see [11, page 43, Theorem 2C'])
we have

S n((b— 1)b(b + 1)(b + 2))[< 3¢,

hence (1) follows. If F, is of characteristic 3, then

N=% 3 [1+a=D][1+a((6+1) - 1)]

bEF,
b#0,%1
-3
=4 =48 3 w1+ 2 a(b(b+1)(6 - 1))
bEF, bEF,
b#0,+1 b#0,+1
-3
=941 T =) —da(-) +§ T a(b(b+ 1) —n(-1)
bEF, bEF,

=14(q—6~3n(-1))

by (3). Thus (2) follows since n(-1) =1 for 4 = 1 mod4 and n(-1) = -1 for
g = 3mod4.

COROLLARY 1. Complete mapping polynomials of F, of the form x'9*D/2 + bx
exist exactly for all odd q = 13 and for g = 7.

PrOOF. The lower bound in (1) and the expressions in (2) are positive for
g > 25. Thus it remains to consider the odd prime powers ¢ < 25. We can take
b=2forg=23and25,b=3forg=7and 17,b = 5 for g = 19, and b = 6 for
q = 13. The cases ¢ = 3 and 9 can be eliminated by (2), and for ¢ = 5 and 11 one
shows by inspection that there is no complete mapping polynomial of the desired
form.

A basic question for the applications (see for example [9]) is that of the

existence of complete mapping polynomials of reduced degree > 1, which can
now be settled as follows.
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THEOREM 8. For any finite field F, with q>5 there exist complete mapping
polynomials of F, of reduced degree > 1.

PROOF. For ¢ = 7 and all odd ¢ = 13, this follows from Corollary 1. For g = 9
and 11, polynomials of the desired type can be obtained from Table 2. For even
q > 5, we use the following argument to show that there exist complete mapping
polynomials of F, of degree 4. The number of monic irreducible polynomials over
F, of degree 3 is given by (¢* — q)/3. On the other hand, there are g* ordered
pairs of elements of F,. Since (¢° — q)/3 > q® for ¢ > 5, there exist an ordered
pair (a,, a,) with a,, a, € F, and two distinct elements d,, d, € F, such that
x* + a,x* + a,x + d, is irreducible over F, for i = 1,2. Changing x into x — a,,
we get two irreducible polynomials x* + bx + ¢, i =12, over F, with ¢, # ¢,. It
follows then from Table 2 that (¢, — ¢,)"'(x* + bx? + ¢,x) is a complete map-
ping polynomial of F,.

REMARK 4. Theorem § is best possible in the sense that for g <5 every
complete mapping polynomial of F, is of reduced degree 1. This is trivial for
q = 2. For g = 3 it is obvious and for ¢ = 4,5 it follows, respectively, from the
remark after Proposition 2 and Theorem 1 that every complete mapping poly-
nomial of F, has reduced degree < 2. Since there are no quadratic complete
mapping polynomials (see Section 2), the claim is established.

REMARK 5. Theorem 8 can also be proved elementarily, that is without using
Corollary 1 which depends on Weil’s estimate. If F, is of characteristic > 7, then
Theorem 6 shows that 24x(¢* /2 + 25x is a complete mapping polynomial of F,
of reduced degree > 1. If F, is of characteristic 3 or 5, then suitable polynomials
can be obtained from Table 2. If F, is of characteristic 7, then x(¢*D/2 + 3x is
suitable by Theorem 6. For F, of characteristic 2 the same argument as in the
proof of Theorem 8 is used. We note that “almost universal” complete mapping
polynomials obtained from Theorem 6, such as 24x(9*D/2 + 25x, are obviously
connected with Pythagorean triples.

4. Permutation binomials

In the preceding section we considered binomials ax* + bx with k depending
on ¢, and many complete mapping polynomials were obtained. If k& is fixed
independently of g, the situation changes. In fact, apart from some obvious
exceptions, such a binomial is not even a permutation polynomial of F, once q is
sufficiently large. One such exception is the case b = 0, since it is known that ax*,
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a € Fy, is a permutation polynomial of F, if and only if ged(k, ¢ — 1) = 1, and
from this it follows easily that for fixed k = 1 there exist infinitely many ¢ such
that x* is a permutation polynomial of F,. For if k is odd, take the infinitely
many primes ¢ =2mod k. If k is even, consider ¢ =2" and note that
ged(k,2” — 1) > 1 if and only if 2” = 1 mod p, for one of the odd prime divisors
p; of k. But the latter condition is equivalent to r = 0 mod e, for some i, where e,
is the multiplicative order of 2 mod p;, and there are of course infinitely many
which do not satisfy any of these congruences.

LEMMA 2. The binomial ax* + bx € F,[x] with ab # 0 is permutation polynomial
of F, if and only if the equation

(4) Yl rab (XA T Xk 24 o +x + 1) =0

only has solutions (X, y,) € F, X F, with either x, = 1 or y, = 0.

PROOF. Suppose the condition of the Lemma is satisfied. Now let ack + bc, =
ack + bc, with ¢, ¢, € F,, ¢, # ¢,. Without loss of generality, we can assume
¢, ¥ 0. Then

acé‘[(clcgl)k - l] + bey(eye;' — 1) = 0.

Put x, = ¢,¢c5' # 1, yy = ¢;' # 0. Then ayg “(xf — 1) + byy'(xo — 1) = 0, hence
e+ ab '\ (xET + xk72+ - +x,+ 1) = 0, a contradiction. Thus ax* + bx
is a permutation polynomial of F,. The converse is shown similarly.

We note that when k = 2, we cannot have a permutation polynomial of F, of
the form ax? + bx, ab # 0. This follows either from Lemma 2 or directly from
the fact that such a binomial has two distinct roots in F,. Thus we can assume
k>2.

Equation (4) is of the form y? — f(x) = 0, which has been studied extensively
both by the methods of algebraic geometry and by the well-known elementary
methods of Stepanov and Schmidt. When k > 2, then for equation (4) we have
d=k—1, m=deg(f)=k — 1, thus we have here a case where Stepanov’s
standard condition gcd(m, d) = 1 is not satisfied. We will therefore use Schmidt’s
more general results for absolutely irreducible equations (see {10], {11]). By an
absolutely irreducible equation we mean an equation G(x, y) = 0 with G(x, y)
absolutely irreducible over F,, that is irreducible over the algebraic closure IT"q.

LEMMA 3. Let k > 2. Then y* ™' + c(x* "'+ x*72 4+ .- +x+ 1), c EF}, is
absolutely irreducible over F, if and only if k is not a power of the characteristic of

F,.
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PROOF. We use the fact that y¢ — f(x) is absolutely irreducible over F, if and
only if D = ged(d, d,,...,d,) = 1, where d,,...,d, are the multiplicities of roots
of f(x) (see [11], page 11, Lemma 2C). In our case f(x) = —c(x* — 1)/(x — 1).
Let p be the characteristic of F, and k = p'u, ged(p, u) = 1. If = 0, then f(x)
has only simple roots, hence D = 1. If ¢t >0, u = 2, then f(x) has the root 1
of multiplicity p' — 1 and u# — 1 roots # 1 of multiplicity p’, hence D =
ged(k— 1, pr— L p',....p") = 1. If t>0, u=1, then f(x) has the root 1 of
multiplicity p* — 1 =k — 1, thus D = ged(k — 1, k — 1) > 1 since k > 2.

THEOREM 9. Let k > 2. Then: (i) if k is not a prime power, then for all finite fields
F, with q = (k* — 4k + 6)° there is no permutation polynomial of F, of the form
ax* + bx € F [x] with ab # 0; (ii) if k is a power of the prime p, then for all finite
fields F, with q = (k?* — 4k + 6)? and characteristic # p there is no permutation
polynomial of F, of the form ax* + bx € F,[x] with ab # 0.

ProoF. If the equation (4) is absolutely irreducible, then the number N of
solutions (x,, yy) € F, X F, satisfies

(5) |N = q|<(k—2)q"?
by [11, page 80]. On the other hand, the number N* of solutions with either
xo =1 or y, = 0 satisfies N* < 2(k — 1). For ¢ = (k> — 4k + 6)* we get from
),
N =g g% — (k — 2)"] = (k? — 4k + 6)[k? — 4k + 6 — (k — 2)7]
=2(k*— 4k + 6) > 2(k — 1) = N*.

Thus there exists a solution (x,, y,) of (4) with x; # 1 and y, # 0. The result
follows now from Lemmas 2 and 3.

COROLLARY 2. If k and q are as in Theorem 9, then there is no complete mapping
polynomial of F, of the form ax* + bx € F [x] witha # 0.

In the exceptional case of Theorem 9, namely when k is a power of the
characteristic of F,, one can show that the conclusion of Theorem 9 is not valid.

THEOREM 10. For fixed k = p* > 2, p prime, there are infinitely many finite fields
F, of characteristic p for which there exist complete mapping polynomials of F, of the
form ax* € F,[x]. If p = 3, one can find complete mapping polynomials of this form
for any F, of characteristic p.
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PROOF. If F, is of characteristic p, then axk, a € F}, is always a permutation
polynomial of F,. Thus it remains to show that for infinitely many F, there exist
permutation polynomials of F, of the form ax*+ x,a € F7. Since the mapping
cEF,- ac* + c is a linear operator on F,, considered as a vector space over F,,
ax* + x is a permutation polynomial of F, if and only if the polynomial only has
the root 0 in F,, or equivalently, if and only if —a7'is not a (k — 1)st power of an
element of F;. Such an element a € Fy can be found precisely if ged(k — 1,
g—1D>1LIfp=3 then ged(k —1,g— 1) =ged(p'—1,g— 1 =p—1, so
the condition is always satisfied. If p = 2, then k = 2’ with ¢ = 2, and one can
find infinitely many powers ¢ of 2 with ged(k — 1, ¢ — 1) > 1, for example take g
to be any power of k.

More generally, one can study the question of finding permutation polynomials
of F, which are binomials

(6) ax* + bx/ € F,[x], ab#0,1<j<k.

In the same way as Lemma 2, one shows the following criterion.

LEMMA 4. The binomial (6) is a permutation polynomial of F, if and only if the
equation

™)

yk—j(xj—l + x4+ x+ 1)
+ab (T X 2 hx+ 1) =0
only has solutions (x,, yy) € F, X F, with either x, = 1 or y, = 0.

Let e = gcd(k, j), then we can write ax* + bx’/ = a(x°)*/¢ + b(x¢)’/¢. Since
the composition of two polynomials is a permutation polynomial if and only if
each constituent is one, we get the following,

LEMMA 5. The binomial (6) is a permutation polynomial of F, if and only if
ged(e,g — 1) = 1 and ax*/¢ + bx//* is a permutation polynomial of F,, where
e = ged(k, j).

We can thus concentrate on the case where gcd(k, j) = 1. The following
auxiliary results are needed.

LEMMA 6. Let ged(k, j) =1 and k, j> 1. Then for f(x) = c(x*~' + x*¥~?
+--tx+DEFx], c#0,and g(x) =x/""+x/"*+ .- +x+ 1 € Fx]
we have:

(i) f(x) and g(x) are relatively prime;

(i) if d and h are integers with 0 < h < d, then f(x)"'g(x)*~"* is not a dth power.
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PrROOF. Since ged(k, j) =1, f(x) =c(x*—1)/(x — 1) and g(x) = (x’ —
1)/(x — 1) are relatively prime. Furthermore, one of k and j is not divisible by
the characteristic of F,, and so one of f(x) and g(x) has only simple roots.
Property (ii) is then clear.

LEMMA 7. There exists a sequence My < M, < --- of positive integers with the
following property: for k> 2 and any finite field F, with q = M,, there is no
permutation polynomial of F, of the form ax* + bx’/ € F,[x]withab # 0,1 <j <k,
and ged(k, j) = 1.

ProoF. If ab # 0, 1 <j < k, and gcd(k, j) = 1, then it follows from Lemma 6
that the equation (7) satisfies the conditions of [11, page 175, Theorem 7B]. It
follows from this theorem that the number N of solutions (x,, y,) € F, X F, of
(7) satisfies

[N =q|<C(k~1,k—j)g'/?

for some positive constant C(k — 1, k — j) depending on k — 1 and k — j. With
C(k) = max;C(k — 1, k — ) we get

|N —q|<C(k)q">.
Let N* be the number of solutions with either x, = 1 or y, = 0. If x, = 1, then
(7) yields jyg ™/ + kab™' = 0, and since we cannot have j = k = 0 in F, because of

ged(k, j) = 1, we get at most k — j values for y,. If y, = 0, we obtain at most
k — 1 values for x,. Altogether,

N*<(k—j)+ (k—1)<2k-—3.
Now choose M; < M, < --- such that
qg— C(k)q"/*>2k—3 forallg=M,.

Then N > N* for g = M,, and the result follows from Lemma 4.

THEOREM 11. Let e = ged(k, j). If e = k/2, then there is no permutation
polynomial of F, of the form (6). If either e < k/2,e <j,ore<k/2,e=jandk/e
is not a prime power, then there exists M, such that for all finite fields F, with
q = M, there is no permutation polynomial of F, of the form (6). If e <k /2, e = j,
and k /e is a power of the prime p, then for all F, with ¢ = M, and characteristic # p
there is no permutation polynomial of F, of the form (6).

PROOF. If e = k /2, then j = e, and the resulting binomial ax?¢ + bx® is never a
permutation polynomial of F,. If e < k/2 and e < j, then by Lemmas-5 and 7 we
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will not get a permutation polynomial of F, of the form (6) if ¢ = M, ,,, thus a
fortiorinot if g = M,. If e < k/2 and e = j, then by Lemma $ and Theorem 9 we
get the desired results in the remaining cases.

REMARK 6. In the case not covered by Theorem 11, namely e < k/2, e = j, and
k/e a power of the characteristic p of F, say k /e = p’, the binomials are of the
form ax’?' + bx’ € F,[x]. If ged(j, ¢ — 1) > 1, no binomial of this form can be a
permutation polynomial of F,. If ged(j,¢ — 1) = 1, then by Lemma 5 and
Theorem 10 there are infinitely many F, of characteristic p for which there exist
permutation polynomials of F, of the form ax/*' + x/ with a € F.
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