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ABSTRACT

This work concerns representations of a finite flat group scheme G defined over a
noetherian commutative ring R. The focus is on lattices, namely, finitely generated
G-modules that are projective as R-modules, and on the full subcategory of all
G-modules projective over R generated by the lattices. The stable category of
such G-modules is a rigidly-compactly generated, tensor triangulated category. The
main result is that this stable category is stratified and costratified by the natural
action of the cohomology ring of G. Applications include formulas for computing the
support and cosupport of tensor products and the module of homomorphisms, and a
classification of the thick ideals in the stable category of lattices.
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1. Introduction

In recent years, there has been a surge of interest in the structure and properties of tensor
triangulated categories arising in algebra, algebraic geometry, and topology. In the algebraic
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context the starting point is the groundbreaking contributions by Hopkins [Hop87] and Neeman
[Nee92, Neell]. Since then, the subject has expanded into modular representation theory for
finite groups, finite group schemes over fields, Lie algebras, rings of differential operators, and
equivariant homotopy theory, among others. A central problem is the classification of thick
ideals in essentially small tensor triangulated categories, along with the more challenging task of
identifying localising and colocalising ideals in the associated big tensor triangulated categories.

In this work we provide such a classification for the big category of representations of finite
groups and finite group schemes over commutative noetherian rings. The tensor triangulated
category we introduce serves as a unifying framework for two contexts that have been extensively
studied. In the special case of the trivial group, it is the derived category of a commutative
noetherian ring, and the corresponding classification is due to Neeman. At the other end of the
spectrum, when the coefficient ring R is a field, one gets the stable module category of a finite
group or a finite group scheme. Here is our main theorem.

THEOREM A (Theorems 9.1 and 10.1). For G a finite flat group scheme over a commutative
noetherian ring R, the tensor triangulated category Rep(G, R) is stratified and costratified by
the canonical action of the cohomology ring H*(G, R).

The category Rep(G, R) arises as a suitable ind-completion of the bounded derived category
rep(G, R) of lattices: representations of G that are finitely generated and projective over R. We
provide two complementary constructions of this category: in §§2 and 4, we use Frobenius exact
categories to give a homological model of Rep(G, R), and in §5 we study Rep(G, R) as the ind-
completion in the co-categorical sense. The ring H*(G, R), which identifies with Exth (R, R),
is a graded-commutative noetherian R-algebra, by recent work of van der Kallen [vdKal23].

Group representations over rings are pervasive, encompassing representations over rings of
integers of algebraic number fields; see, for example, [CR81, Chapter 3]. In this context the
representations of interest are the torsion-free ones, that is to say, lattices, and these have
become objects of study in their own right [Rei70, Swa70, Zim22]. Lattices already appeared
in the work of Brauer and Nesbitt [BN41] in the context of integral representations of finite
groups as an intermediary between ordinary and modular representations. While classification
of indecomposable modules in such categories is usually out of reach, Theorem A provides
structural information on the category Rep(G, R). Namely, the stratification by H*(G, R) that
it gives can be restated as a natural bijection between the nonzero localising ideals of Rep(G, R),
the nonzero colocalising ideals of Rep(G, R), and subsets of Spec H*(G, R):

localising ideals ~ subsets of ~ colocalising ideals
of Rep(G, R) Spec H*(G, R) of Rep(G, R)

The general results in [BIK1la, BIK12] allow us to deduce several other desirable conse-
quences from Theorem A; see §10 for details. These include the calculation of the Balmer
spectrum [Bal05] of rep(G, R):

Spc(rep(G, R)) = Spec H*(G, R). (1.1)

This isomorphism encodes a natural bijection between the nonzero thick ideals of rep(G, R)
and specialisation closed subsets of Spec H*(G, R). This is the restriction of the bijection above
for the big category Rep(G, R) to the small category rep(G, R). In view of the fact that clas-
sification of indecomposable lattices is generally a hopeless task, the parametrisation of thick
tensor ideals offers a partial solution; it classifies G-lattices over R up to homological operations
(shifts, extensions, retracts, and tensoring).
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1.1 Historical remarks and related works

As already mentioned, the case G =1 in Theorem A yields the classification for the big derived
category of R-modules and is due to Neeman [Nee92]. This was preceded by the classification
of thick subcategories for the bounded derived category of lattices over R by Hopkins [Hop87],
following the work of Devinatz, Hopkins, and Smith [DHS88] in stable homotopy theory. Studying
representations of a finite group G over a field k, Benson, Carlson, and Rickard [BCR97] classified
thick tensor ideals in stmod kG, the small stable category of kG, which is closely related to
rep(G, k) as we explain in §2. Continuing with the small categories, the isomorphism (1.1) for
G a finite group scheme and R =k still a field was established in [FP07]. The first result on
classifying localising ideals in a big category is due to Benson, Iyengar, and Krause [BIK11al;
their classification recovers the case Rep(G, k) of Theorem A where k is a field and G is a finite
group. This was generalised by the last four authors of this paper to finite group schemes in
[BIKP18].

Moving to more recent history, and in fact to the motivating development for this work, we
arrive at a theorem of Lau [Lau23] who established the calculation (1.1) for G a finite group and
R any commutative noetherian ring. Hence, Theorem A generalises Lau’s work in two directions:
from finite groups to finite group schemes, and from rep(G, R) to its ind-completion Rep(G, R).
In line with earlier work on representations over a field, both of these passages are far from
routine, and require new ideas and methods.

For a start, while the objects in rep(G, R) can be described in simple terms and have been
studied for a long time, as far as we know the category Rep(G, R) has not appeared in the
literature before, and even the objects in it are mysterious when R is not a regular ring. Our
first task is to establish the basic structural properties of Rep(G, R), and the paragraph below
outlines some of our key findings.

1.2 The category Rep(G, R)

Throughout, G is a finite flat group scheme over a noetherian commutative ring R. The group
algebra RG is a cocommutative Hopf R-algebra that is finitely generated and projective as an
R-module. We consider representations of G over R which can be identified with RG-modules.

Let Mod(G, R) be the category of RG-modules that are projective as R-modules, and
mod(G, R) its full subcategory consisting of the finitely generated modules, in other words,
lattices. We write K(Proj G, R) for the subcategory of K(Proj G) consisting of complexes that
are K-projective when restricted to R. For our purposes the more pertinent object is a sub-
category of K(Proj G, R) whose objects satisfy a local finiteness condition; this is the category
Rep(G, R). When R is regular, Rep(G, R) coincides with K(Proj G), and this case is discussed
in [Bar22, BIKP24]. However, these categories differ for general rings. In §11 we discuss an
example that illustrates this, based on the representation theory of Z/2 x Z /2.

The key features of these homotopy categories and the associated stable categories are
described in §§2—4, and this section includes a recollement relating them; see Corollary 2.13.
The constructions apply more generally to any Frobenius R-algebra and the results of §2 are
stated in that greater generality.

By way of motivation, we state the fundamental properties satisfied by Rep(G, R) that make
it a suitable homotopy category for us to consider.

(i) The category Rep(G, R) is a rigidly-compactly generated symmetric tensor triangulated
category with product ®pg, unit R, and End*(R) = H*(G, R).
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(ii) The compact objects in Rep(G, R) identify with
rep(G, R) = D(mod(G, R)) ,
the bounded derived category of lattices.

Inspired by the work of [Lau23], Barthel [Bar21] proposed a homotopy theoretic model for
Rep(G, R), proved that it satisfies the properties above, and showed that it is stratified by
H*(G, R), when R is a Dedekind domain. Subsequently, this result was generalised to all regular
rings R, from a homotopical [Bar22] and a homological [BIKP24] perspective, but for neither
work could the methodology be readily generalised to arbitrary noetherian coefficients. The
current work provides a model that unifies all these frameworks.

In §5 we describe how one can enhance the structure on Rep(G, R) so that it becomes a
symmetric monoidal stable co-category. This allows us to compare the model of this paper to
the oo-category of derived representations of a finite group G studied in [Bar21, Bar22]. The
latter is a natural candidate suggested by the co-category context that extends well to other ring
spectra; see [BCHT25]. We prove that the two categories are equivalent in the strongest possible
sense, thereby reconciling the homological with the homotopical approach; see Proposition 5.4.
This section serves as a motivation and as a bridge from modular representation theory to higher
algebra; the rest of the paper is independent of it.

Next we describe other key ingredients that go into the proof of Theorem A.

1.3 Reduction to fibres

As noted above, Rep(G, R) is a rigidly-compactly generated symmetric tensor triangulated
category. Heuristically, it can be viewed as a sheaf of categories over Spec R with fibres
Rep(Gp), k(p)), for p ranging over the prime ideals of R and G, denoting the group scheme
base-changed along R — k(p). This perspective is crucial for Lau’s approach to computing the
Balmer spectrum of D®(mod(G, R)) for a finite group G, and the approach to stratification in
[BIKP24, GIK22].

Let X () := X ®r k(p) denote the base change of an object X € Rep(G, R) along R — k(p).
The results below illustrate how the global structure of Rep(G, R) is controlled by its fibres.

THEOREM B (Theorem 8.1). Let G be a finite flat group scheme over a noetherian commutative
ring R. The following statements hold.

(i) (Detection.) For any X € Rep(G, R) one has
X=0 <= Xiu) =0 forall p€eSpecR.
(ii) (Building.) The following conditions are equivalent for X,Y € Rep(G, R):

(a) X € Loc®(Y) in Rep(G, R); and
(b) X(p) € Loc® (Yy(p)) in Rep(Gry), k(p)) for each p € Spec R.

As we explain in § 3, ‘detection’ holds for any Frobenius algebra; see Proposition 3.5. Part (2),
given in Theorem 8.1, is a generalisation of [BIKP24] from regular to arbitrary noetherian
coefficients; it immediately implies (1), but from a conceptual point of view it is useful to
separate these two conditions.

Another crucial result is that the spectrum of the cohomology ring H*(G, R) is also controlled
by the fibres.
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THEOREM C (Theorem 6.1). For each p in Spec R, base change along R — k(p) induces a
homeomorphism

Spec H*(G, k(p)) == Spec(H* (G, R) ®g k(p)).

The proof of this theorem occupies § 6. The ideas that go into it are rather different from those
involved in proving Theorem B. They build on earlier work of Benson and Habegger [BH87],
and Lau [Lau23] that establishes the result for finite groups. The critical new inputs are recent
results of van der Kallen [vdKal23] concerning torsion and finite generation of the cohomology
ring H*(G, R) for a finite flat group scheme G over R; see §6.6.

Theorems B and C allow us to employ the general theory of [BIK08, BIK11a] for describing
localising ideals in this context; we recall the relevant notions in §7. One of the key insights
of [BIKP24] is that stratification for regular rings may be checked fibrewise, thereby reducing
the problem to the case of field coefficients. After the preparation we have done so far, this
now extends verbatim to arbitrary noetherian rings and finite group schemes, leading to the
stratification part of Theorem A. The costratification is then a formal consequence, by combining
the abstract bootstrap theorem of [BCHS23] with fibrewise detection; see §§9 and 10. The results
of van der Kallen mentioned above are again vital inputs in the arguments.

2. Frobenius algebras

In this section we introduce the various module categories and homotopy categories of complexes
that arise in our work. While our focus is on finite group schemes, some basic constructions
and results apply more generally to Frobenius algebras. This is the content of this section. The
methods build on those in [Kra05]; we take this work, and also [Kra22], as our standard references
for the material below.

Throughout, R is a commutative ring (not necessarily noetherian) and A a finite projective
R-algebra; that is to say, an R-algebra that is finitely generated and projective as an R-module.
As usual, Mod A stands for the category of all left A-modules, but we drop the term ‘left’ in
what follows. We write Proj A for the full subcategory of projective A-modules. Our focus is on
the subcategory of Mod A consisting of modules that are projective as R-modules; we denote
this by Mod(A, R). We write mod(A, R) for the full subcategory of Mod(A, R) consisting of
modules that are finitely generated over R.

LEMMA 2.1. In Mod A the subcategory Mod(A, R) is extension closed and so carries a natural
exact structure, given by the short exact sequences of A-modules.

Let Proj(Mod(A, R)) be the full subcategory of projective objects in Mod (A, R), and let
Inj(Mod(A, R)) be the full subcategory of injective objects. The duality functor is an equivalence:

D :=Hompg(—, R) : (mod(A, R))°® =~ mod(A4°", R). (2.1)
For all M € mod(A4, R) and N € mod(A°P, R) one has
Homy (M, DN) = Hom gor (N, DM).

It follows that the exact category mod(A, R) has enough projective and enough injective objects.
We set

wa/m = Homp(A, R);

this is the dualising bimodule of the R-algebra A.
2915
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For any A-module M let add M denote the full subcategory of Mod A consisting of direct
summands of finite direct sums of copies of M, and Add M denote the corresponding subcategory
where all direct sums are permitted. When M is in Mod (A, R), so is every module in Add M.

LEMMA 2.2. The exact category Mod (A, R) has enough projective and enough injective objects,
with
Proj(Mod(A4, R)) = Add A=ProjA and Inj(Mod(A, R))=Addw,,p.

Proof. We view Proj R as an exact category; in it all objects are projective and injective. The
forgetful functor u: Mod(A, R) — Proj R is exact. Thus its left adjoint uy = A ® g — preserves
projectivity, while its right adjoint u, = Hompg(A, —) preserves injectivity. For M € Mod(A, R)
the counit eps: uyu(M)— M provides an epimorphism such that uyu(M) is projective, while
the unit nas : M — u,u(M) provides a monomorphism such that u,u(M) is injective. The map
u(epr) is a split epimorphism, while u(nys) is a split monomorphism. Thus ;7 and 7, provide
exact sequences in Mod(A4, R).

The equality Proj(Mod(A, R)) = Proj A is clear since u) maps the category of free R-modules
onto the category of free A-modules.

Given that u, preserves injectives and that it also preserves all direct sums, since A is finitely
generated as an R-module, it follows that the objects in Inj(Mod(A, R)) are precisely the direct
summands of direct sums of copies of w4 /. O

We obtain a pair of functors X, 2: Mod(A, R) — Mod(A, R) by completing, for any module

M in Mod(A, R), the morphisms 7,s and €7 to exact sequences
0— M5 uu(M) — M — 0, 2.2)
0 — QM — upu(M) 25 M — 0. '

Iterating this process yields an injective and a projective resolution of M; we denote these,
respectively, by iM and pM.

2.1 Derived categories

We write D(A) to denote the derived category of an exact category A; see [Kra22, §4.1]. The
main examples for us are the exact category Mod(A, R) and its subcategory mod(A4, R).

PROPOSITION 2.3. The inclusion Mod(A, R) C Mod A of exact categories induces a quotient
functor

D(Mod(A4, R)) — D(Mod A)
with kernel given by the complexes in Mod(A, R) that are acyclic in Mod A.

Proof. Consider the localising subcategory of D(Mod(A, R)) generated by A. Its right orthogonal
in D(Mod(A, R)) is the full subcategory of complexes that are acyclic in Mod A. It follows
that the right adjoint of the inclusion is a quotient functor that identifies with the functor
D(Mod(A, R)) — D(Mod A) induced by the inclusion Mod(A, R) — Mod A. O

In what follows, by a perfect complex over a ring A we mean a complex that is quasi-
isomorphic to a bounded complex of finitely generated projective A-modules.

PROPOSITION 2.4. The inclusions mod(A, R) C Mod(A, R) C Mod A of exact categories induce
functors
D’(mod(A, R)) — D(Mod(A, R)) — D(Mod A),
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where the first one and the composite are fully faithful, identifying D®(mod(A, R)) with the
subcategory of complexes in D(Mod A) that are perfect over R.

Proof. The composite of functors in question and also the first one are fully faithful, because
mod(A, R) is cofinal in Mod A. This means that for any exact sequence

0—X—Y—Z7—0 with Z€mod(A4,R)

there is an epimorphism A®pr Z — Z in mod(A, R) that factors through Y — Z; see [Kra22,
Proposition 4.2.15]. It is clear that the essential image consists of complexes in D(Mod A) that
are perfect over R. As for the converse claim, let X be a complex of A-modules that is perfect
over R. We claim that X is quasi-isomorphic to a bounded complex consisting of A-modules that
are finite and projective over R; this would complete the argument, for the latter is evidently in
the image of D¥(mod (A, R)).

Indeed, since X is perfect over R its homology modules H;(X) are finitely generated as
R-modules, and so also as A-modules, and are zero for |i| > 0. Without loss of generality we
can assume H;(X)=0 for i <0. Thus X has a resolution P over A where each P; is finitely
generated projective and zero for i < 0. For each integer n, set Q,, := Coker(P,+1 — P,). Then
X is quasi-isomorphic to the complex

X(n): -++—0—Q, —PFP1— —FP—0—--

for each n > s := max{i | H;(X) # 0}. The A-module Q; is perfect over R. Let p denote its projec-
tive dimension. Then the module €2, is projective over R, and therefore the complex X (s + p)
is quasi-isomorphic to X and in mod(A4, R). O

The following example has been suggested by Greg Stevenson in order to illustrate the
difference between the derived categories of Mod(A, R) and Mod A.

Ezample 2.5. Let k be a field and choose A :=k[t]/(t?) =: R. Then D(Mod(A4, R)) equals the
homotopy category K(Proj A) of complexes of projective A-modules, and the kernel of the
canonical functor D(Mod (A, R)) — D(Mod A) identifies with the stable module category of A.
In particular, a complex is in the kernel if and only if it is a direct sum of copies of the complex

LN N LN B

2.2 Frobenius algebras
We are interested in the case when the exact category Mod(A, R) is Frobenius, that is to say, it
has enough projective and enough injective objects, and these coincide.

LEMMA 2.6. Let R be a commutative ring and A a finite projective R-algebra. The following
conditions are equivalent.

(1) There is an equality add w,/r = add A.
(2) The exact category mod(A, R) is a Frobenius category.
(3) The exact category Mod(A, R) is a Frobenius category.

Proof. The equivalence (1) < (2) is clear since add w,,r equals the category of injective objects
in mod(A, R), while add A equals the category of projectives.
(1) & (3) follows from Lemma 2.2. O

A ring A is a Frobenius R-algebra if it is a finite projective R-algebra satisfying the conditions
in the result above; see the work of Scheja and Storch [SS74, § 14], where this notion is introduced
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via condition (1). When R is noetherian, this condition can be detected in terms of the fibres of
A over R; see Lemma 3.2. Evidently A is a Frobenius R-algebra if and only if the same is true
for A°P, because of the duality (2.1).

2.3 The stable module category

For any Frobenius category A we write St.A for the stable category obtained from A by annihi-
lating the projective and injective objects; this carries a natural triangulated structure [Kra22,
§3.3]. We denote by ¥ the suspension in St A, which for any M € A is given by an exact sequence

0—M-—Q—XM—0
such that @ is an injective, and so also a projective, object. For M, N in A we set
Hom 4 (M, N):=Homy4 (M, N)/PHomyx (M, N),

where PHom 4 (M, N) denotes the subgroup of morphisms M — N that factor through a
projective object.
Let A be a Frobenius R-algebra. We set

stmod(A, R) :=St(mod(A4, R)) and StMod(A4, R):=St(Mod(4, R)),

and consider these categories with their natural triangulated structure.

2.4 The homotopy category of projectives

Let A be a ring and K(ProjA) its homotopy category of (unbounded) complexes of projec-
tive A-modules. Consider the canonical functor q:K(ProjA) — D(Mod A) which inverts the
quasi-isomorphisms. Taking projective resolutions yields a left adjoint X — pX that identi-
fies the derived category D(Mod A) with the full subcategory of K-projective complexes in
K(Proj A).

Let A be a Frobenius R-algebra. We write K(Proj A, R) for the full subcategory of complexes
in K(Proj A) that are K-projective when restricted to R; this is a localising subcategory. Let
Ac(Proj A, R) denote the full subcategory of complexes in K(Proj A, R) that are acyclic; this
is again a localising subcategory. The term ‘acyclic’ refers to the exact structure of the ambient
exact category, which is either Mod A or Mod(A, R). In both cases we obtain the same class of
acyclic complexes. It is clear that a complex is acyclic in Mod A if it is acyclic in Mod(A, R).
On the other hand, if a complex is acyclic in Mod A and also K-projective over R, then it is
contractible over R and therefore acyclic in Mod(A4, R).

Recall that each M in Mod(A, R) has an injective and a projective resolution, denoted by
iM and pM; see (2.2). A complete resolution of an M in Mod(A, R) is an acyclic complex tM
of projective A-modules with Coker(d; ;) = M; here, d;;; denotes the (—1)st differential in the
complex tM. Then iM and tM are K-projective over R, since A is a Frobenius R-algebra; the
complex pM is always K-projective over R.

LEMMA 2.7. When A is a Frobenius R-algebra the assignment X ~ Coker(dy') induces an
R-linear triangle equivalence

Ac(Proj A, R) = StMod(A, R).

Proof. Each X in Ac(Proj A, R) is contractible when restricted to R. Thus the assignment
X — Coker(dy') is well-defined. The quasi-inverse takes M € Mod(A4, R) to a complete resolution
tM in Proj A. O
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ProproSITION 2.8. When A is a Frobenius R-algebra the canonical functor
K(Proj A, R) — D(Mod A)
induces a localisation sequence

t P
Ac(ProjA,R) & K(ProjA,R) = D(Mod 4).

Proof. The left adjoint p:D(Mod A) — K(Proj A) clearly lands in K(Proj A, R). For any
X € K(Proj A), completing the counit pX — X to an exact triangle

pX — X —tX —
provides the left adjoint t for the inclusion of Ac(Proj A, R). O]

2.5 Compact generation

Let A be a Frobenius R-algebra. We write Mod!(A4, R) for the localising subcategory of
Mod(A, R) generated by the modules in mod(A, R). By a localising subcategory we mean a
full subcategory closed under all coproducts and satisfying the two-out-of-three property: for any
exact sequence

0—X—Y —7—0,

if any two of X,Y, or Z is in the subcategory so is the third. The subcategory Modlf(A, R)
contains all the projective objects in Mod(A, R), and so is itself a Frobenius category, with
induced exact structure. When R is regular, Mod' (A, R) = Mod(A, R), by Proposition 2.14, but
not for general R; see §11. Set

StMod! (A, R) := St(Mod'(4, R)).
Here are the key properties of this triangulated category.

ProOPOSITION 2.9. Let A be a Frobenius R-algebra. The triangulated category StModlf(A, R)
is compactly generated and its subcategory of compact objects identifies with the idempotent
completion of stmod(A, R).

Proof. The canonical functor Mod"(A, R) — StMod'(A, R) preserves coproducts, and hence
stmod(A, R) consists of compact objects. They generate StMod" (A, R) as a triangulated cat-

egory by definition, so an arbitrary compact object is a direct summand of an object in
StMod! (A, R); see [Kra22, Proposition 3.4.15]. O

Remark 2.10. The category stmod(A, R) is idempotent complete when R is a complete local
ring. This need not be the case for a general R.

Indeed, the local ring A:=Clz, 9], /(2* —y*(y+1)), viewed as an algebra over R:=
Cl](), is a Frobenius R-algebra; this can be checked easily. Since R is a DVR, a finitely generated
module over it is projective (equivalently, free) if and only if it is torsion-free. Thus an A-module
is in mod (A, R) if and only if it has positive depth, that is to say, it is maximal Cohen—Macaulay.
Thus stmod(A, R) is the stable category of maximal Cohen-Macaulay A-modules. This category
is not idempotent complete; see [Kra22, Lemma 6.2.12] for a proof.

For an example where A is the group algebra of a finite group, see the forthcoming work of
J. Grodal and A. Krause.

Set A :=Mod(A, R). For a full additive subcategory € C A we write K(C) for the homotopy
category of chain complexes. We set

KM (@) ={X e KT (C)| H"X =0 for |n|> 0}
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where KT (€) denotes the complexes X with X™ =0 for n <0, and the condition H"X =0
means that d?{_l can be written as the composite

X" Ker dy — X"

of an admissible epimorphism and an admissible monomorphism in A. In particular, the subcat-
egory KT°(C) depends on the ambient category A, even though it is not part of the notation.
The subcategory K—*(€) is defined analogously.

LEMMA 2.11. Let A be a Frobenius R-algebra. For an object X in K(Proj A), the following
conditions are equivalent:

(1) X is compact in K(Proj A) and K-projective over R;

(2) X fits into an extension 0 — X' — X — X" —0 such that X'=1iM for some M €
mod(A, R) and X" is perfect; and

(3) X is in KT*(proj A).

Moreover, such an X is perfect over R.

Proof. (1)=>(2) Let X be compact and K-projective over R. The restriction functor K(Proj A) —
K (Proj R) preserves compactness, since its right adjoint Hompg(A, —) preserves coproducts. Thus
X is compact over R. Since it is also K-projective over R we deduce that it is perfect over R.
So X belongs to K*(proj A) by [Nee08, Proposition 7.6], and H*(X) =0 for all i >n and some
n € Z. We truncate in degree n and write X as an extension 0 — X' — X — X” — 0 such that
X'’ is concentrated in degrees i >n and X" is concentrated in degrees i <n. Clearly, X" is
perfect and hence X’ is K-projective over R. Splicing X" together with a projective resolution
of M :=Ker d'% yields a complex over R that is acyclic and K-projective, and hence contractible.
Thus X" =iM with M € mod(A, R).

(2)=(1) It suffices to verify that X” and X’ are compact and K-projective over R. Clearly
X" has these properties. Also X’ is K-projective over R. For any Y in K(Proj A) one has an
isomorphism

HOHIK(A) (IM, Y) = HOHIK(A) (M, Y) >
by [Kra05, Lemma 2.1], so X’ is compact.
(2)<(3) This is clear.
The last assertion was verified in proving (1)=-(2). O

We write K'f(Proj A, R) for the localising subcategory of K(Proj A) that is generated by the
objects satisfying the equivalent conditions in Lemma 2.11. Thus one has inclusions

K'(Proj A, R) C K(Proj A, R) C K(Proj A)

which become equalities when the ring R is regular; cf. Proposition 2.14. In fact, it is not hard
to verify that equality holds on the right only if R is regular. Equality holds on the left when,
for instance, A = R, and also in some other cases, but not always; see §11.

PROPOSITION 2.12. Let A be a Frobenius R-algebra. The triangulated category K!f(Proj A, R)
is compactly generated and the canonical functor K (Proj A, R) — D(Mod A) induces a triangle
equivalence

K (Proj A, R)* =~ D’(mod(4, R)).

Proof. The triangulated category K!(Proj A, R) is compactly generated by construction. For
the description of the compact objects recall that mod(A, R) is an exact category with enough
injective objects. Thus we have a triangle equivalence K (proj A) = D% (mod(A, R)) which
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restricts to an equivalence
K (Proj A, R)° = K™*(proj A) = D’(mod(4, R)). O

We write DPf(A) for the category of perfect complexes, which identifies with the full
subcategory of compact objects in D(Mod A).

COROLLARY 2.13. Let A be a Frobenius R-algebra. Then the canonical functor K¥(Proj A, R)
— D(Mod A) induces a recollement

t P
StMod! (4, R) —— K (Proj A, R) ——— D(Mod A)
&« —

and the pair of left adjoints (p,t) induces (when restricted to compact objects) a triangle
equivalence

D’(mod(A, R))/DP(A) = stmod (A, R) .

Proof. Recall that p is left adjoint to q:KY(ProjA, R) —D(Mod A). The latter preserves
coproducts so it admits a right adjoint, by Brown representability. This yields the right half
of the recollement; the left half is a consequence.

Indeed, we have the full subcategory of acyclic complexes in K'(Proj A, R) on the left,
which identifies with a localising subcategory of StMod(A, R) by Lemma 2.7. This subcategory
is generated by the modules from mod(A4, R) since K (Proj A, R) is generated by their injective
resolutions, and therefore it equals StMod' (4, R).

As for the description of the compact objects, q preserves coproducts so the left adjoint
p preserves compactness. The compacts in D(Mod A) identify with the category DPf(A)
of perfect complexes, while the compacts in K'(Proj A, R) identify with D?(mod(A, R)) by
Proposition 2.12. This yields the last assertion, since for any Frobenius category A with full
subcategory of projectives P we have

D’(A)/D°(P) = St A,
for example by [Kra22, Proposition 4.4.18]. O

2.6 Regular base

A commutative ring R is regular if it is noetherian and the local ring Ry, has finite global dimen-
sion for each p in Spec R; when the Krull dimension of R is finite, R is regular if and only if its
global dimension is finite (see [BH98, §2.2]). In what follows, we often use the following charac-
terisation of regularity: a noetherian commutative ring R is regular if and only if every complex of
projective R-modules is K-projective; equivalently, every acyclic complex of projective modules
is contractible (see, for instance, [I109, §3]).

PROPOSITION 2.14. Let R be a regular ring and A a Frobenius R-algebra. There are equalities
Mod! (A, R) =Mod(A, R) and KY(ProjA, R)=K(ProjA).
Moreover, there is an equality D(Mod(A, R)) =D(Mod A).

Proof. By [Nee08, Proposition 7.14], the triangulated category K(Proj A) is compactly gener-
ated. From Lemma 2.11 and the regularity of R, it follows that each compact object belongs to
K'f(Proj A, R). Thus K(Proj A, R) = K(Proj A). Comparing the diagrams in Proposition 2.8
and Corollary 2.13 and using Lemma 2.7, we conclude that StMod!(4, R) =StMod(4, R).
Therefore, any M € Mod(A, R) may be represented by an object in Mod" (A4, R) up to a projec-
tive summand. Since projectives are in Mod!(4, R), it follows that Mod' (4, R) = Mod(A, R).
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The last equality follows from Proposition 2.3 once one observes that, for any complex in
Mod(A, R), being acyclic in Mod A implies being contractible in Mod R and therefore also acyclic
in Mod(A4, R). O

3. Fibrewise detection

Let R be a noetherian commutative ring and A a finite projective R-algebra. In this section we
prove that certain homological properties of A-modules can be detected locally. To that end, for
each p in Spec R, let k(p) denote the residue field of R at p, and for any A-complex X, set

Xi(p) =X @r k(p).
The assignment X — Xj,,) induces exact fibre functors
Mod(A, R) — Mody,p) Ak(p) = Mod Ay,
K(Proj A, R) — K(Proj Ay, k(p)) = K(Proj Agp))-
We prove that these functors are jointly conservative when p runs through Spec R; see

Proposition 3.5. This requires some preparations.

LEMMA 3.1. Let R be a noetherian commutative ring, A a flat R-algebra, and F' an A-module
that is flat over R. If for each p € Spec R the Ay, -module Fy ) is flat, then the A-module F' is
flat.

Proof. The argument follows Deligne’s proof of [Del72, Proposition 5.5.23].
We begin with a general observation. For any ideal I of R we write

V(I)={p€SpecR|ICp}

for the corresponding closed subset. Then for V' =V (I) and any A-module M, its submodule of
sections

I'vM ={z e M |I"z =0 for some n >0}

equals the maximal A-submodule N C M supported on V, that is N, =0 for p ¢ V. Note that
M =colimy I'y M where V' runs through all closed subsets of Spec R.

We prove by noetherian induction on closed subsets V' of Spec R that for each (right)
A-module M supported on V one has

Tor (M, F)=0 fori>1.
Say V =V(I) for some reduced ideal I in R. For each integer n > 0 the subset
M, :={xeM|I"z=0}
is an A-submodule of M, and since M is supported on V we get that M = Un>0 M,. Since

Tor{ (M, F) = colim,, Tor}(M,, F), it suffices to verify the desired vanishing for M such that
I"M =0. Then M has a finite filtration

O=I"MCI"'MC...CIMCM

by A-submodules and each subquotient is annihilated by I. Thus we can replace M by one
of these subquotients and assume /M =0. Let p be a prime ideal in R minimal in V(I), and
consider the exact sequence

0— M'— M = My — M” — 0. (3.1)

Observe that ¢ is A-linear so the exact sequence is one of A-modules. Since [ is reduced and p is
minimal over I, the map ¢, is bijective, and hence M, = 0= M. In particular M’ and M" can
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be expressed as filtered colimits of A-submodules supported on proper closed subsets W C V.
Thus the induction hypothesis yields

Tor (M, F) =0=Tor(M",F) fori>1.
Moreover since A and F' are flat over R one has the first isomorphism below
Tor{(My(p), F) 2 Tor; "™ (My (), Fi(p)) =0 for i >1

The equality holds by the hypotheses on the flatness of Fj,). These computations and (3.1)
yield the desired vanishing. O

A ring A is called self-injective if the injective and projective A-modules coincide. Then the
opposite ring A° is also self-injective and the ring is artinian; cf. [Kra22, Example 3.3.4] for
details. The importance of the result below is that, for algebras finite projective over a noetherian
commutative ring, the Frobenius property is detected on fibres. In [BIKP24] such an A is said
to be fibrewise self-injective; in this work, we prefer to call it a Frobenius algebra, in view of
Lemma 2.6.

LEMMA 3.2. Let R be a noetherian commutative ring. A finite projective R-algebra A is
Frobenius if and only if Ay, is self-injective for each p in suppp A.

Proof. Since A is finite projective over R, for each p in Spec R one has an isomorphism of
A (p)-bimodules:

Wa/R QR F(P) Z WA, /k(p)-

An algebra A that is finite-dimensional over a field k is self-injective if and only if add wy /, =
add A. Thus the isomorphism above and Lemma 2.6 yield that when A is Frobenius, the ring
Ap(p) 1s self-injective.

Suppose Ay is self-injective for each p in Spec R. Then the Ay (,)-module wy,/r @ k(p) is
projective for each p, by the isomorphism above. For finitely presented modules, flatness and
projectivity agree, so Lemma 3.1 yields that wy, g is a projective A-module, that is to say, it is
in add A. Using duality, we deduce that A is in addw, /. Thus the R-algebra A is Frobenius,
by Lemma 2.6. O

LEMMA 3.3. Let R be a noetherian commutative ring, A a Frobenius R-algebra, and M
an A-module that is projective over R. If M is flat over A, then so are the A-modules XM
and QM.

Proof. Clearly, when the A-module M is finitely generated, if it is projective, so are XM and
QM. A module is flat if and only if it is a filtered colimit of finitely generated projective modules.
Thus the assertion follows from the fact that the functors ¥ and €2 defined via the exact sequences
(2.2) preserve filtered colimits. O

PROPOSITION 3.4. Let R be a noetherian commutative ring and A a Frobenius R-algebra. For
each M € Mod(A, R) the following conditions are equivalent:

(1) M is a flat A-module;

(2) M is a projective A-module;

(3) My is a projective Ay ,)-module for each p € Spec R; and
(4) My is a flat Ay,)-module for each p € Spec R.

Proof. (1) = (2) It follows from Lemma 3.3 that the flat modules in Mod(A, R) are closed under
the suspension > and its stable inverse X7 := (). For each n € Z we obtain an exact sequence
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0—X"M — P, — X" M — 0 such that P, is projective, by setting
(XM, n>0,
"M =< M, n=0,
(X M), n<O.
These yield an exact sequence
0—@PoM—PHr— P M —o.
nez nez nez
Thus the module M =@, X" M is flat and periodic. Then it follows from [BG00, Theorem 2.5]
that M is projective, and in particular that M = XYM is projective.
(2) = (3) = (4) Clear.
(4) = (1) This follows from Lemma 3.1. O

PrOPOSITION 3.5. Let R be a noetherian commutative ring and A a Frobenius R-algebra. For
an object X in K(Proj A, R) we have X =0 if and only if Xj,) =0 in K(Proj Ay,) for all
p € Spec R.

Proof. The ‘only if’ direction is clear. So suppose Xj ) =0 for all p € Spec R. Applying the
functor p from Proposition 2.8 we obtain an object pX in the derived category D(Mod A) such
that pX ®p k(p) is acyclic for all p € Spec R. Considering pX as an object in D(Mod R) and
applying a result of Neeman [Nee92, Lemma 2.12] we conclude that pX is acyclic. Hence X is
homotopy equivalent to an object in Ac(Proj A, R). Since the latter is equivalent to StMod (A, R)
by Lemma 2.7, the statement now follows from Proposition 3.4. OJ

4. Finite flat group schemes

From now on R is a noetherian commutative ring and G a finite flat group scheme over R.
The coordinate algebra R[G] is a finitely generated projective R-module and a commutative
Hopf R-algebra. The group algebra RG = Homp(R[G], R) is then a finitely generated projective
R-module and a cocommutative Hopf algebra. Hence, RG is a Frobenius R-algebra, so the results
of the previous sections apply. Examples of finite flat group schemes are given at the end of this
section.

There is an equivalence of categories between R-linear representations of G and RG-modules.
Since RG is a Hopf algebra there is more structure associated to its various module categories.
This is the topic of this section. In what follows, by a G-module we mean an RG-module, and
we write mod(G, R) for mod(RG, R), Proj G instead of Proj RG, and so forth.

4.1 Tensor structure

Given G-modules X and Y, there is a natural diagonal G-module structure on X ® Y, obtained
by restricting its (G x G)-module structure along the coalgebra map A: RG — RG ®g RG.

LEMMA 4.1. Let P, Q be G-modules. If the G-module P is projective and () is projective over R,
then the G-module P @ Q) is projective.

Proof. This follows from the standard adjunction isomorphism
HOHIG(P R Q7 _) = HOIHG(P, HOHIR(Q, _)) [

The preceding result implies that @ induces a tensor product on K(Proj ), the homotopy
category of projective G-modules.
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LEMMA 4.2. The triangulated category K(Proj G) is tensor triangulated, with product @ g and
unit the injective resolution iR in mod(G, R).

Proof. We have seen that ®p provides a tensor product on K(Proj G). It remains to verify the
assertion about the unit; for this, see [BK08, Proposition 5.3], whose proof extends to finite flat
group schemes, and also [BIKP24, Lemma 4.2]. O

4.2 Rigidity
The tensor product on K(ProjG) induces one on K¥(Proj G, R), the subcategory introduced
following Lemma 2.11. By construction, it is compactly generated, and our aim is to show that
it is also rigidly-compactly generated, in the sense recalled below.

Let T be a compactly generated tensor triangulated category, with tensor product ® and
unit 1. We assume that 1 is compact. Being a compactly generated tensor triangulated category,
T has an internal function object, Hom(—, —), defined by the property that

Homg (X ® Y, Z) = Homg (X, Hom(Y, Z))
for X,Y and Z in T. There is a natural map
Hom (X, 1) ®Y — Hom(X,Y) (4.1)

and X is rigid if this map is an isomorphism for all Y. Since 1 is compact, every rigid object is
compact, and one says that T is rigidly-compactly generated when the converse holds: compact
objects and rigid objects coincide. It is straightforward to verify that this property holds if and
only if:

(1) the subcategory of compact objects is closed under ®, and
(2) the map (4.1) is an isomorphism when X, Y are compact.

We get back to the tensor triangulated category K(Proj G) with product ®pg, where G is a
finite flat group scheme over R.

PROPOSITION 4.3. The tensor product ®p induces on K (ProjG, R) a tensor-triangulated
structure that is rigidly-compactly generated.

Proof. We claim that the tensor product on K(Proj G) restricts to a product on K (Proj G, R).
Because K (Proj G, R) is compactly generated it suffices to show that for any compact objects
X,Y in K*(ProjG, R), the complex X ®rY is again in K¥(ProjG, R). For the rigidity we
need to verify that X ®rY is also compact and that (4.1) is an isomorphism. We use the
identification of the compact objects in K¥(ProjG, R) with the objects in D’(mod(G, R));
see Proposition 2.12. For M, N in D’(mod(G, R)) it is clear that the complex M ®% N is in
D’(mod(G, R)) since M and N are perfect complexes over R. Now we can identify Hom (M, N) =
RHomp (M, N) and it remains to observe that the map

RHompz(M, R) @% N — RHomg (M, N)

of G-complexes is an isomorphism, because M is perfect over R. O

4.3 Cohomology

With G acting trivially on R, we consider the cohomology algebra S := Extf (R, R) of G. Since
G is a group scheme, standard arguments yield that S is a graded-commutative R-algebra. For
any G-module M, set

H*(G, M) := Ext’,(R, M).
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This is a graded module over S, under cup-products; see [Ben98|. Friedlander and Suslin [FS97]
prove that S is finitely generated—equivalently, noetherian—when R is a field; this result
has been extended by van der Kallen [vdKal23] to cover any noetherian commutative ring R
(see §6.6).

For any map R — R’ we write G/ for the group scheme over R’ obtained by base change of
G along R — R’. This induces a map of graded-commutative rings

H*(G,R) — H*(Gg, R').
For any R’-module M’ one has an isomorphism of H*(G, R)-modules
H*(G> M/) gH*(GR’a M,) )

where M’ is viewed as a G-module via restriction, as usual. This is compatible with the map of
graded algebras H*(G, R) -+ H*(Gg, R').

4.4 Examples

We list examples of finite flat group schemes over rings; the purpose is to indicate that there is
a plethora of such things. We are grateful to Sean Cotner for sharing his expertise on this topic.

Ezample 4.4. For R a noetherian commutative ring (satisfying mild conditions), Oort and Tate
[TO70] classified finite group schemes with coordinate algebra R[z]/(zP). When R is a complete
local ring with residue field of characteristic p, there is such a group scheme for any factorisation
p=ac in R. Two such group schemes are isomorphic if the pairs (a,c) and (d/, ) differ by
multiplication by a unit in R.

When R contains F,, the group algebra of such a group scheme is R[z]/(zP — Az) for A € R,
and two such group schemes are isomorphic if the scalars A differ by a unit.

Ezample 4.5. To construct examples of higher rank, consider an F,-algebra R and the additive
group scheme G, g over R. Its coordinate algebra is R[z]. Let

f : Ga,R — Ga,R
be a map of group schemes defined by the map on coordinate algebras
[ RlE]— Rla), f@) =2 +apaa? " 4t age

for some n > 1, and elements a; in R. This is a Hopf algebra map since f*(z) is primitive by
construction and hence defines a map of group schemes. Let G be the scheme theoretic kernel
of f. Then G is a finite flat group scheme over R with coordinate algebra Rz|/(f*(x)), of
rank p".

For example, take R = k[[t]], with k a field of positive characteristic p, and f*(x) = 2P — tP~1z.
The fibres of G :=Ker f over R are different group schemes. The special fibre, at ¢ =0, has the
coordinate algebra k[z]/(z?), so Gy = Gg(1), the first Frobenius kernel of G,. On the other hand,
the generic fibre Gy, (1)) has coordinate algebra k((t))[x]/(z? — t?~ 1), which splits into p copies
of k((t)). Hence it is the constant finite group scheme Z/p.

Another family of commutative finite flat group schemes is given by the (scheme-theoretic)
p-torsion subgroups of supersingular abelian varieties defined over Fp-algebras; see [LO98,
Chapter 13]. The next family is again based on G, but consists of noncommutative group
schemes.
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Ezample 4.6. Set R =Ek[t]/(t?) where k is a field of characteristic p. Consider the cyclic group
Z/p with a generator o acting on G, r via multiplication by (¢t + 1):

cos—(t+1)s

for any s € G4 . On the level of the coordinate algebra R[G,] = R[z], the R-algebra automor-
phism o is defined by o(x) = (¢t + 1)z. This action commutes with the Frobenius homomorphism
on Gg g and, hence, restricts to the Frobenius kernels G,(,) . We consider finite flat group
schemes over R which are semi-direct products with respect to this action: G, = Gy g X Z /D

Explicitly, the group algebra RG) is the smash product: RG, = RG, . # RZ/p. The coproduct
is inherited from that on RG,y = R[z1, ..., z,]/(2}, ..., 27) and RZ/p= Ro]/(c? — 1) and is
cocommutative. The product is twisted with the action of o:

(1#0)(1‘1#1) = (t + 1)%1#0;
(1#0)(zi#]) = zi#0, 1<i<r.

These are noncommutative and finite flat over R, with RG, a free R-module of rank p"t!. The
smallest one, G, cannot be obtained via base change from a group scheme defined over any
integral domain. A proof of this claim was communicated to us by Sean Cotner.

5. Enhancements

Let G be a finite flat group scheme over a noetherian commutative ring R. In this section we
exhibit an oo-categorical enhancement of the triangulated category K (Proj G, R) and, when
G is a finite group, compare it to the derived oco-category Rep(G, R) of representations studied
in [Bar21, Bar22]. While this enhancement is not used in the remainder of this paper, it plays
an important role in related developments; see §5.5. The reader not familiar with the language
of oo-categories may consult Lurie’s writings [Lur09, Lurl7], or any of the other accounts that
have since appeared on this topic.

We begin with the construction of an enhancement of K(Proj A), for any ring A. Let
Ch(Proj A) be the category of (unbounded) chain complexes of projective A-modules, viewed as
a differential graded category. Following [Lurl7, Construction 1.3.1.6], we define

K(Proj A) :=Ngg(Ch(Proj A))

as the differential graded nerve of Ch(Proj A). This is a stable oo-category whose homotopy
category identifies with K(Proj A); see [Lurl7, §1.3.1].

With R and G as above, the tensor product on Ch(Proj G) induces a symmetric monoidal
structure on X(Proj G). It follows, as in the proof of Proposition 4.3, that the localising sub-
category of K(ProjG) spanned by those objects which satisfy the equivalent conditions of
Lemma 2.11 inherits a structure of a symmetric monoidal stable co-category. We denote this
oo-category K(Proj G, R); by construction, its homotopy category identifies with KX (Proj G, R).

Let DY(mod(G,R)) be the symmetric monoidal stable oo-category underlying
D®(mod(G, R))." Since compact objects, generators, and rigidity are detected at the level of the
homotopy categories, Propositions 2.12 and 4.3 translate into the statement that X(Proj G, R)
is rigidly-compactly generated with full subcategory of compact objects determined by the
equivalence

K (Proj G, R)¢ == D’(mod(G, R))

'As in [Lau23], one observes that D?(mod(G, R)) is equivalent to the derived category of perfect complexes on
the quotient stack Spec(R) / G.
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induced by the localisation functor that inverts the quasi-isomorphisms. Equivalently,
K(Proj G, R) is the ind-completion of D?(mod(G, R)), i.e., there is an equivalence
K (Proj G, R) —~= Ind D’(mod(G, R)) (5.1)
of rigidly-compactly generated symmetric monoidal stable co-categories. Passage to the homo-
topy category thus provides a model for K¥(ProjG, R). We refer to [Lur09, §5.3.5], [Lurl?,
Proposition 1.1.3.6], and [Lurl7, Corollary 4.8.1.14] for a discussion of ind-completions of
oo-categories and their monoidal properties.
In the remainder of this section, we specialise to the case that G is a finite group. In [Bar21],

the first author introduced a derived oo-category of R-linear G-representations; we recall the
definition.

Remark 5.1. Write BG for the classifying space of the finite group G, viewed as an co-groupoid.
The derived oco-category of representations is

Rep(G, R) :=Ind Fun(BG, DP*(R)) ,

the ind-category of the category of local systems on BG with coefficients in perfect R-modules.
Equipped with the pointwise tensor product, Rep(G, R) has the structure of a symmetric
monoidal stable co-category.

The starting point for our comparison between Rep(G, R) and K(Proj G, R) is the observation
that, by construction, Rep(G, R) is rigidly-compactly generated with full subcategory of compact
objects given by Fun(BG,DPe(R)). Consider first the oo-category Fun(BG, D(R)) of local
systems on BG with coefficients in D(R), equipped with the pointwise symmetric monoidal
structure. Let D(RG) be the derived oo-category of RG-modules with symmetric monoidal
structure coming from the coproduct on the cocommutative Hopf algebra RG, as above; its
homotopy category is D(Mod(RG)). The next result is folklore, so we only sketch the proof.

LEMMA 5.2. Let G be a finite group and R a commutative ring. There is an equivalence
Fun(BG,D(R)) ~D(RG) of symmetric monoidal stable oo-categories, which restricts to a
symmetric monoidal equivalence

Fun(BG, DPf(R)) ~ Db(mod(G, R)).

Proof. The R-linear dual A =Hom(RG, R) of RG has the structure of a dualisable commutative
algebra in D(G, R). Induction along the unit map R — A identifies with the restriction functor
Res: D(RG) — D(R) and the corresponding cosimplicial descent diagram takes the form

A — Cateo, o= [[axe D(R):=(D(R)=][D(R)=...).
We thus obtain a symmetric monoidal exact comparison functor to the totalisation,
D(RG) — Tot [[ o<« D(R). (5.2)

On the one hand, since Res is conservative, it follows from the Barr-Beck—Lurie theorem [Lurl?7,
Theorem 4.7.3.5] that the functor (5.2) is an equivalence. On the other hand, the standard
simplicial bar resolution of BG implies that the totalisation in (5.2) recovers the category of
local systems on BG with coefficients in D(R),

Fun(BG,D(R)) ~ Tot [ [« D(R) ,

equipped with its pointwise symmetric monoidal structure. Composing these two symmetric
monoidal equivalences, we obtain the first part of the claim:

Fun(BG, D(R)) ~ D(RG). (5.3)
2028
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The equivalence of (5.3) restricts to an equivalence on dualisable objects:
Fun(BG, D(R))®' ~ D(RG)®, (5.4)

On the one hand, since the tensor product is pointwise, the left side of (5.4) identifies

with Fun(BG, D(R)™!) ~ Fun(BG, D(R)P*f). On the other hand, the conservative functor
D(RG) — D(R) detects dualisable objects, so the right side of (5.4) is naturally equivalent
to D?(mod(G, R)) by Proposition 2.4, as claimed. O

Remark 5.3. Let i*R € Fun(BG, D(R)) be the local system arising from pushing R forward along
the inclusion of a chosen basepoint i :x — BG. Unwinding the construction, the equivalence of
Lemma 5.2 is determined by sending i*R to the regular representation RG € D(RG).

PROPOSITION 5.4. Let G be a finite group and R a noetherian commutative ring. The
equivalence of Lemma 5.2 induces an equivalence
Rep(G, R) ~K(Proj G, R)
of symmetric monoidal stable co-categories.
Proof. Recall that both sides of the desired equivalence are rigidly-compactly generated
oo-categories. Combining Lemma 5.2 with (5.1) thus yields equivalences
Rep(G, R) = Ind Fun(BG, DP(R))

~ Ind D’ (mod(G, R))

~Ind(X(Proj G, R))

~ X (ProjG, R)
of symmetric monoidal stable co-categories. O
Remark 5.5. One feature of the co-category Rep(G, R) is that its construction extends to any
topological group G and any symmetric monoidal coefficient co-category, such as perfect modules
over commutative ring spectra. This allows one to transport questions from modular represen-

tation theory to higher algebra and, vice versa, to apply homotopical techniques to problems in
representation theory; see [BCH™25].

6. Cohomology and fibres

As in §4, we fix a noetherian commutative ring R, a finite flat group scheme G over R, and
write S for the cohomology algebra Ext(,(R, R) of G. For each map of rings R — k with k a
field, consider the k-algebra

S(k):=Extg, (k, k).
The functor — ®Ié k induces a map of graded R-algebras S — S(k) and hence a map of graded

k-algebras
oS @k — S(k). (6.1)

The source and target are graded-commutative and finitely generated. Consider the induced
map on spectra:
Spec(¢x) : Spec S(k) — Spec(S ®@r k). (6.2)

In [Lau23] it is proved that this map is a homeomorphism when G is a finite group. The argument,
going back to [BH87], extends to finite flat group schemes and yields the result below. The key
new input is the work of van der Kallen [vdKal23], recalled in Remark 6.6.
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THEOREM 6.1. The map Spec(¢y) is a homeomorphism.

When the characteristic of k is zero, the source and target of the map ¢ are zero in non-
negative degrees, by a result of van der Kallen’s recalled below Remark 6.6, so Spec(¢y) is trivially
a homeomorphism. The real content of the result lies in the case when the characteristic of k is
positive. We deduce it from a more general result, Theorem 6.9; see Remark 6.10. Its statement
and proof are modeled on those in Benson and Habegger [BH87] and Lau [Lau23, §8], and
require some preparation.

6.1 Universal homeomorphisms

A map ¢: A— B of (possibly graded) commutative rings is a universal homeomorphism if for
each map A — A’ of rings the map on spectra induced by the base change map A’ — A’ ®4 B,
is a homeomorphism:

Spec(A’ ® 4 B) — Spec A'.

In particular Spec B — Spec A is a homeomorphism. A universal homeomorphism is universally
bijective (in the obvious sense), and the converse holds if ¢ is finite, but not in general: consider
the map Z,) — F, x Q for some prime number p.

Universal bijectivity is easier to track. Indeed, when Spec B — Spec A is surjective, so is the
map induced by base change. So the critical point is that the one-to-one property is preserved
under base change. It is not hard to verify that the following conditions are equivalent:

(i) ¢ is universally bijective;
(ii) p®a k(p):k(p) = B ®4 k(p) is universally bijective for p € Spec A; and
(iii) Spec(B ®4 k) is a point for each map A — k of rings, where k is a field.

This observation is used repeatedly in what follows, as is the following criterion to detect universal
homeomorphisms; see [Stal8, Tag 0BRA] for a proof.

Remark 6.2. Let p: A— B be a map of commutative rings and p be a prime number. Assume
the following conditions hold:

(i) B is generated as an A-algebra by elements b such that there exists an n > 1 for which
p"-band bP" are in Image(ip); and
(ii) each a € Ker(yp) is nilpotent.

Then ¢ is a universal homeomorphism. In particular, if A contains a field of positive characteristic
p and ¢ is an F-isomorphism, it is a universal homeomorphism.

Remark 6.3. Let G be a finite flat group scheme over R. Any map f: R — R” of R-algebras
induces a map

H*(f): H*(G,R)) ®p R’ — H*(G,R")

of graded R"-algebras. A caveat: usually H*(f) would stand for the map of rings H*(G, R') —
H*(G, R"), but in what follows the map above, which is obtained from the latter by base change
along R’ — R, is the relevant one.

Consider the collection

U(G):={f a map of R-algebras| H*(f) is a universal homeomorphism}.

The following statements are easy to verify, given the characterisations of universal
homeomorphisms and universal bijective maps.
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LEMMA 6.4. The collection U(G) is closed under compositions and contains all flat maps. When
K is a commutative ring, R a K-algebra, and f a map of R-algebras, the following conditions
are equivalent:

(1) fisin U(G); and
(2) f®k K, is in U(G) for each p in Spec K.

Here is a variation of the result above concerning universal bijectivity.

LEMMA 6.5. Let f: R'— R” be a map of commutative rings and ?q the composite R — R" —
k(q), where q € Spec R”. The following conditions are equivalent:

(1) H*(f) is universally bijective; and

(2) H*(f,) is universally bijective for each q € Spec R".

Remark 6.6. Recall that R is a noetherian commutative ring. Van der Kallen [vdKal23,
Theorem 1] proves the following results.

(i) There exists an integer d > 1 with
d-H?Y(G,—)=0 on ModR.

(ii) The R-algebra H*(G, R) is finitely generated, and hence noetherian, and the H*(G, R)-
module H*(G, M) is finitely generated whenever M is a finitely generated G-module.

These results are crucial to all that follows. When G is a finite group, one can take d to be the
order of the group. The statement is also obvious when d - R =0, so the essential case is when
the structure map Z — R is one-to-one.

LEMMA 6.7. Any surjective map f: R'— R" of R-algebras with Ker(f) nilpotent is in U(G).

Proof. Tt suffices to check that f, is in U(G) for each p in Spec R’, by Lemma 6.4, so we may
assume that R’ is a local ring. In particular, it contains Q or its residue field is of positive
characteristic p and R’ is p-local, that is to say, the natural map R’ — Z,) ®z R’ is bijective.
In the former case H>'(G, —) =0 on Mod R', and there is nothing left to verify; this is by
Remark 6.6(i). We may therefore assume that R’ is p-local. Then, again by Remark 6.6(i), one
gets
p"-H?'(G,~)=0 on Mod R’ and some n > 1.

Set I:=Ker(f); the hypothesis is that I®* =0 for some s > 1. It suffices to verify the statement
when s = 2, and to that end we verify that H*(f) satisfies the conditions in Remark 6.2. Condition
(2) clearly holds as [ is nilpotent. The exact sequence

0—I—R —R'—0

of R'-modules induces an exact sequence

(G, R) op B = 1 (G, R") 25 B (G, ).

Arguing as in the proof of [BIKP24, Lemma 5.2] or [Lau23, Lemma 8.17] yields that the
connecting map § is a derivation: For any z,y in H*(G, R"), one has

§(xUy)=d(z) Uy + (=1)*lzud(y).
Fix z € H?'(G, R"). When |z| and p are both odd, 22> =0 by the graded-commutativity

of H*(G,R'), so we can assume |x| is even or p=2. Either way, it follows from the fact
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that §: H*(G,R") — H*(G,R") — H*TY(G,I) is a derivation that &(2%)=iz""16(x). Since
p" - H?Y(G,—) =0, we deduce that §(zP") =0 and hence xP" is in the image of H*(f). Thus
condition (i) of Remark 6.2 is also satisfied. O

A surjective map R’ — R” is a complete intersection if its kernel can be generated by a regular
sequence.

LEMMA 6.8. Any surjective complete intersection map f:R' — R” of R-algebras with R’
noetherian is in U(G).

Proof. Arguing as in the proof of Lemma 6.7, we can assume that R’ is local, with residue field
of positive characteristic p, and that p"- H®!(G,—) =0 on Mod R’. Moreover, since U(G) is
closed under compositions it suffices to consider the case R” = R’ /t, where ¢ is not a zero-divisor
in R’. At this point one can argue as in the proof of [Lau23, Lemma 8.21] to deduce the desired
statement. Here is a sketch of the argument.

For each integer ¢ > 1 set

Ji := Ker(H*(G, R') - H*(G, R")).

The ring H*(G, R’) is noetherian, by van der Kallen’s result (Remark 6.6), so the chain of ideals
J1 C Jo C- - stabilises. Fix an integer s such that J; = J;11 for i > s. Since the map R'/t* — R/ /t
isin U(G), by Lemma 6.7, it suffices to verify that the map R’ — R’/t® is in U(G). Thus, replacing
t by t°, we can assume J; = J; for ¢ > 1. The sequence of G-modules

0—R -SRIy R/t—0
yields the exact sequence of H*(G, R')-modules

H*
0— R /top H* (G, R) Y i@, R ) 25 1, — 0.
It suffices to verify §(2P") =0 for x € H>1(G, R'/t); see Remark 6.2.
Let P be a projective resolution of R’ as a Gr-module. As t is not a zero-divisor on R/,
the complex P/tP is a projective resolution of R/t as a G/ sr-module, and the exact sequence
above is induced by the exact sequence

0 — Endg(P) — Endg(P) — Endg(P/tP) — 0.

The product on H*(G, R") and H*(G, R'/t) is induced by the composition product on the differ-
ential graded algebras Endg(P) and Endg(P/tP), respectively, and the map H*(f) is induced
by the map Endg(P) — Endg(P/tP) of dg algebras. Fix a cycle z in Endg(P/tP) and a pre-
image Z in Endg(P); then 6([z]) =[d(2)/t]. The graded-commutativity of the ring H*(G, R)
and the fact that p"HZY(G, R') =0 yields §([2]P") = [tw] for some w € Endg(P); see [Lau23,
Lemma 8.21] for details. Since td(w) = d(tw) = 0 in End(P) and ¢ is not a zero-divisor, d(w) = 0.
Then
t2[w] = t[tw] = t5([2]P") =0

since ¢ - Endg(P/tP)=0. So [w] is in Jo. Since Jo = J; we deduce that t[w] =0, that is to say,
that §([2]P") =0, as desired. O

A map R — R’ of commutative rings is said to be essentially of finite type if R is a localisation
of a finitely generated R-algebra.

THEOREM 6.9. Let R be a noetherian commutative ring, G a finite flat group scheme over R,
and f: R— R’ a map of commutative rings. The following statements hold.
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(1) H*(f) is universally bijective; and
(2) H*(f) is a universal homeomorphism if f is essentially of finite type.

Proof. (1) Given Lemma 6.5 it suffices to consider the case when R’ =k, a field. We claim that
then the map H*(f) is even a universal homeomorphism. To see this, set p :=Ker(f), a prime
ideal in R. The map f: R — k factors as

R— Ry, — k(p) — k,

where the first two maps are the natural ones. Since both maps R — R, and k(p) — k are flat
and hence in U(G), it suffices to verify that the map R, — k(p) is in U(G). We can thus assume
R is local and f: R — k is the quotient map, with & the residue field of R.

We induct on dim R to deduce that f is in U(G), and in particular universally bijective. The
base case dim R =0 is covered by Lemma 6.7, for then the ideal Ker(f) is nilpotent.

Suppose dim R > 1 and set [ := \/@ the nilradical of R; it is a nilpotent ideal, since R is
noetherian. Thus the map R — R/I is in U(G). Since the map R — k factors as R— R/I — k, it
suffices to verify that R/I — k is in U(G). So we can replace R by R/I and assume it is reduced.
Then, since dim R > 1, the maximal ideal of R is not an associated prime and hence contains an
element ¢ that is not a zero-divisor. The map R — k factors as

R— R/tR— k.

The map on the left is in U(G), by Lemma 6.8, and the one on the right is in U(G) by the
induction hypothesis, since dim(R/tR) =dim R — 1. We conclude that f is in U(G).

(2) Since f is essentially of finite type, it factors as R— R” — R’ where R— R” is the
localisation of a finitely generated polynomial ring over R, and R” — R’ is surjective. Since
R— R" is flat it is in U(G). We may thus replace R by R” and suppose f is surjective, and
hence a finite map. It follows that the map H*(f) is also finite, by van der Kallen’s theorem
(Remark 6.6(ii)), and hence the induced map Spec H*(f) is universally closed. Since H*(f) is
universally bijective, by part (1), we conclude that it is a universal homeomorphism. O

Remark 6.10. Theorem 6.1 is the special case of Theorem 6.9 where R’ is a field. On the other
hand, as can be seen from the proof, the latter result is proved by (a simple) reduction to the
case where R’ is a field.

7. Local cohomology and support

This section is a reminder about local cohomology functors and a general local-to-global principle
for triangulated categories; for details, see [BIK08, BIK11a].

7.1 Localisation and local cohomology
Let T be a triangulated category with suspension 3. Given objects X and Y in T, consider the
graded abelian groups
Hom’ (X,Y) =P Homy(X,%Y) and Endj(X)=Homj(X, X).
1€Z

Composition makes End5(X) a graded ring and Hom%(X,Y) a left-End%(Y') right-End5(X)
module.

Let S be a graded-commutative noetherian ring. In what follows we will only be concerned
with homogeneous elements and ideals in S. In this spirit, ‘localisation’ will mean homogeneous
localisation, and Spec S will denote the set of homogeneous prime ideals in S.
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We say that a triangulated category T is S-linear if for each X in T there is a homomor-
phism of graded rings ¢x : S — End5(X) such that the induced left and right actions of S on
Hom? (X,Y) are compatible in the following sense: for any r € S and o € Hom% (X, Y’), one has

oy (ra=(=1)"lagx (r).
An exact functor F': T — U between S-linear triangulated categories is S-linear if the induced

map
Hom3(X,Y) — Homy (FX, FY)

of graded abelian groups is S-linear for all objects X,Y in 7.

In what follows, we fix a compactly generated S-linear triangulated category T and write T
for its full subcategory of compact objects.

Let V' C Spec S be a specialisation closed subset. An S-module M is V -torsion if M, =0 for
all p in Spec S\ V. Analogously, an object X in T is V-torsion if the S-module Hom? (C, X) is
V-torsion for all C' € T¢. For an ideal I C S we use the more common term I-torsion instead of
V(I)-torsion. The full subcategory of V-torsion objects

IvT:={X €T| X is V-torsion}
is localising, and the inclusion I'yT C T admits a right adjoint, denoted Iy,. Then each object
X €T fits into a functorial exact triangle
Iy X —X—LyX —

and Ly denotes the corresponding localisation functor.

Fix a p in SpecS. An S-module M is p-local if the localisation map M — M, is invertible,
and an object X in T is p-local if the S-module Hom¥(C, X)) is p-local for all C' € T¢. Consider
the full subcategory of T of p-local objects

T, :={X €T | X is p-local}
and the full subcategory of p-local and p-torsion objects
IT:={X € T| X is p-local and p-torsion}.

Note that 1,7 C T, C T are localising subcategories. The inclusion T, — T admits a left adjoint
X — X, which identifies with the localisation functor with respect to the specialisation closed
set {q € Spec S |q ¢ p}, while the inclusion I},T — T, admits the right adjoint X ~— I'y(,) X. We
denote by I, : T — I',T the composite of those adjoints; it is the local cohomology functor with
respect to p.

7.2 Support
Let T and S be as above. The support of an object X € T is

suppg X :={p € Spec S | I, X #0}.
The next result is an important input in §9.

LEMMA 7.1. Let T and U be compactly generated S-linear triangulated categories. Let
E T — U be an S-linear exact functor that preserves arbitrary coproducts and compact objects.
With F' a right adjoint of E, for each X € T one has

suppg E(X) =suppg FE(X).

Proof. Since E preserves compact objects, its right adjoint F' preserves coproducts. It thus follows
from [BIK12, Proposition 7.2] that the local cohomology functor I}, commutes with £ and F,
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for p in Spec S. In particular I, E(X) is isomorphic to E(I, X ), and hence in the essential image
of E. As F' is a right adjoint of F it is conservative on the essential image of E, so one gets the
first equivalence below:

ILE(X)=0 <= F(I[LE(X))=0 < [L,FE(X)=0.

The second equivalence holds by the observation above. This is as desired. O

7.3 Tensor triangulated categories

From now on 7 is a rigidly-compactly generated triangulated category, with product ® and unit
1 =14. We assume that there is a central action of S via a ring homomorphism S — Hom?-(1, 1).
By [BIKO08, Theorem 8.2], this implies that for each specialisation closed subset V' of Spec S there
are natural isomorphisms

IvX=2XxIyl and LngX(X)Lv]l.

In particular I, X = X ® I',1 for each p € Spec S.
For any class of objects X in T we write Loc®(X) for the smallest localising tensor ideal of T

containing X. The following local-to-global result for tensor triangulated categories is [BIK11b,
Theorem 3.6].

THEOREM 7.2. For each object X in T we have
Loc®(X) = Loc®({I}, X | p € Spec S}).

8. Building and fibres

Let R be a noetherian commutative ring and G a finite flat group scheme over R. To lighten the
notation we use the abbreviations

Rep(G, R) := K" (Proj G, R) and rep(G, R) :=D’(mod(G, R)).

One has Rep(G, R)¢ =rep(G, R), by Proposition 2.12. Moreover, when R is a field, one has
Rep(G, R) =K(Proj G), by Proposition 2.14.
Let k(p) be the residue field of R at p € Spec R, and, for any G-complex X, set

Xk(p) =X ®r k(p)
The assignment X — X}y induces an exact functor
T+ Rep(G, R) — Rep(Gipy, k(p)) = K(Proj Gip)-
Here is the main result in this section.

THEOREM 8.1. Let R be a noetherian commutative ring and G be a finite flat group scheme
over R, and fix X, Y in Rep(G, R). The following statements are equivalent:

(1) X € Loc®(Y) in Rep(G, R); and
(2) Xp(p) € Loc®(Yy(y)) in Rep(Gypy, k(p)) for each p € Spec R.

The proof is given towards the end of the section.

8.1 Reduction to the local case
Fix p € Spec R. For any G-complex X, set
ANX) =X ®rR,
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viewed as a complex of GGp-modules, where G|, is shorthand for the group scheme Gg, over R,.
As X preserves coproducts and compact objects it has a right adjoint, by Brown representability,
and we get an adjoint pair of coproduct-preserving functors

A
Rep(G, R) )\:> Rep(Gy, Ryp).
LEMMA 8.2. The composite A\ is naturally isomorphic to the functor X+ X,. Thus A,
identifies Rep(Gy, Ry) with the subcategory of p-local objects in Rep(G, R).
Proof. The functor A identifies with the localisation functor
— ®r Ry : rep(G, R) —> rep(Gy, Ry)

when restricted to compact objects; see Proposition 2.12. Thus for compact objects X,Y in
Rep(G, R) the unit Y — A A(Y) induces an isomorphism

HOH]K(G) (X, Y)p = HOHlK(Gp) ()\X, )\Y) = HOIHK(G) (X, )\r)\(Y))

This yields the first assertion since A and A, preserve coproducts. The second assertion is an
immediate consequence. O

8.2 The local case

For the proof of Theorem 8.1 the key is to analyse the situation where (R, m, k) is a noetherian
commutative local ring, with maximal ideal m and residue field k. One has an adjoint pair (m, ;)
of functors

Rep(G, R) 7= Rep(Gy, k) (8.1)

where (X)) := X ®pg k. The right adjoint exists because 7 preserves coproducts; since m preserves
compact objects, it follows that 7, also preserves coproducts.

Observe that 7 is a tensor functor. Because of rigidity this yields the following projection
formula. For X in Rep(G, R) and Y in Rep(Gy, k), one has

X@pm(Y)Zm(r(X) @ Y).

One can verify this directly, but this is a general fact about tensor functors between rigidly-
compactly generated tensor triangulated categories; see [BDS16, Theorem 1.3].

LEMMA 8.3. For any X in Rep(G, R) there is an equality
Loc®(m,m(X)) = Loc®(I'n X).

Proof. Let ig, k denote the injective resolution of the trivial Gi-module k, which is the unit of
the tensor triangulated category K(Proj Gy). We use the fact that « is a tensor functor, and
that, in particular,

m(iR) = (iR) ®r k Zig, k.
Because Rep(G, R) is rigid with unit iR, one has
X 2 X @p [m(iR).

The projection formula for the pair (7, 7,) and the fact that ig, k is the unit of Rep(Gy, k) yields
isomorphisms

T (X) 2 (7(X) @ i, k) = X @p m(ig k).
Thus it suffices to verify that
Loc®(m,(ig, k)) = Loc® (I (iR)).
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One can easily verify that m,(ig, k) is m-torsion, so one has
(g k) = T (ig k) 2w (ig k) @r Im(iR).
Thus 7, (ig, k) is in the tensor ideal localising subcategory generated by Iy (iR).

To complete the proof, it suffices to check that I',,(iR) is in the localising (and in particular
the tensor ideal localising) subcategory generated by 7, (i, k). From [BIK11a, Proposition 2.11],
one gets that

I'n(iR) € Loc((iR) Jm).
Here (iR)/m denotes a Koszul object of m on iR; see [BIK11a, §2.5]. Thus it suffices to verify
that
(iR)/m € Thick(m, (i, k))-
The key is that this can be checked in the derived category of G. To that end consider the
diagram of pairs of adjoint functors.

Rep(G, R) ﬁ D(Mod G)
1

NJJ\WT —®I;3ij\restriction

q:G,,
Rep(Gy, k) ———— D(Mod Gj,)

le

It is straightforward to see that the composition of left adjoints from the top left to the bottom
right commute:

qG, o T = q(_) ®% k.
It follows that the composition of right adjoints going the other way commute as well, which
allows us to deduce that
(g k) 2 ik.
Moreover, as i is an R-linear functor, one has
(iR)/m=i(R/m).
In D(Mod R) the object k finitely builds R/m since the cohomology of R/m has finite length.

The action of G on R and k factors through the augmentation RG — R. Thus the object k
finitely builds R/m in D(Mod G). We conclude that

(iR)/m ~i(R/m) € Thick(ik) = Thick(, (ig, k)).

This completes the proof that m,.7m(X) and I, X generate the same tensor ideal localising
subcategories. O

Proof of Theorem 8.1. (1) = (2) This implication is straightforward to verify once one observes
that the functor X — X ®p k(p) respects coproducts, and the tensor product. For X,Y in
Rep(G, R) there is a natural isomorphism

(X ORY)k(p) = Xitp) @nip) Yoy I Rep(Gigy), k(p))-

(2) = (1) Assume first that R is local and consider the adjoint pair (8.1). Suppose that
7(X) € Loc®(n(Y)). It follows that mm(X) is in Loc®(Y). Indeed, one has Loc®(n(Y))=
Loc(rep(G(p, k(p)) @ m(Y')), so the projection formula implies

T, m(X) € Loc(m (rep(Gip), k(p)) © 7(Y)))
= Loc(m, (rep(Gip), k(p))) @ Y)
C Loc®(Y).
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Then Lemma 8.3 implies [, X 6L0c®(Y). For general R and p in Spec R we have Xk(
(Xp)k;(p) and therefore Xj,,) € Loc®(Yk(p)) implies

I, X =T,(X,) € Loc®(Y,) C Loc®(Y).

p)

Here we use Lemma 8.2 to reduce to the local case, where p identifies with the maximal ideal
of Ry. Using Theorem 7.2 we conclude that X is in Loc®(Y). O

9. Stratification

Let S be a graded-commutative noetherian ring and 7T a rigidly-compactly generated tensor
triangulated category. Assume that S acts on T via a map of graded rings S — Hom?(1, 1). We
say that the tensor triangulated category T is stratified by the action of S if for any pair of
objects X, Y in T there are equivalences
suppg X C suppg Y <= Loc®(X) C Loc®(Y)
<= X € Loc®(Y).

Lemma 4.12 in [BIKP24] reconciles this notion with the one in [BIK11a, Section 7.2].

Let R be a noetherian commutative ring and G a finite flat group scheme over R. We consider

the cohomology algebra S :=Ext{,(R, R) of G and the cohomology algebras of the fibres of the
R-algebra RG. For each p in Spec R we set

S(p) :=Extg, , (k(p), k(p)).
The functor — ®% k(p) induces a map of graded R-algebras S — S(p) and this induces a natural
map of graded k(p)-algebras
kp: S QR k(p) — S(p).
The result below contains the first part of Theorem A. Recall that Rep(G, R) is an abbreviation
for K(Proj G, R).

THEOREM 9.1. Let R be a noetherian commutative ring and G a finite flat group scheme over
R. The tensor triangulated category Rep(G, R) is stratified by the action of S :=Ext5(R, R),
with support equal to Spec S. In particular one gets a computation of the Balmer spectrum of
the derived category of lattices:

Spc(rep(G, R)) = Spec H*(G, R).

As noted before, Lau [Lau23] computes the Balmer spectrum of rep(G, R) when G is a finite
group, and where the G-action on R is even allowed to be nontrivial.
The proof of the theorem above requires some preparation.

9.1 Support and fibres

As we will explain in the proof of Theorem 9.1 below, Theorem 8.1 combined with the main
theorem of [BIKP18] yields a stratification of Rep(G, R) in terms of subsets of the space

| | SpecsS(p),

pESpec R

where to each X in Rep(G, R) we associate the subset

L] suppsip) Xag)-
pESpec R

The task is to relate this to suppg X, viewed as a subset of Spec S.
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To that end consider the structure map 7n: R — S, which induces a map
n®: Spec S — Spec R.
The fibre of this map over p is
(1)~ (p) = Spec(S @r k(p)) ,

which we identify with a subset of Spec S in the usual way. In the following we use the map
Kp S ®pr k(p) = S(p) which induces the map
Ky : Spec S(p) — Spec(S ®g k(p)).

Theorem 6.1 yields that this map is a bijection; this fact is critical to all that follows. The result
below tracks the behavior of supports as we pass to the fibres.

LEMMA 9.2. For p in Spec R and X in Rep(G, R) there is an equality

K (supPs(p) Xk(p)) =supps X N (n*) " (p).
Proof. By Lemma 8.2, we can assume that (R, m, k) is a local ring and p = m, the maximal ideal
of R. Set S :=S®pk=.5/mS. Via the map kn : Sy — S(m), the S(m)-action on K(ProjGy)

induces an Sg-action. Applying [BIK12, Corollary 7.8(1)] to the identity functor on K(Proj Gy)
yields the first equality below:

Ko (SUPDg(m) X&) = suppg, Xy
=suppg Xj
= suppg(mmX)
= suppg ([ mX)
=suppg(X) NV (mS)
=suppg(X) N (1) " (m).
The same observation applied to the map S — Si yields the second equality. Now consider
the adjunction (8.1). Then Lemma 7.1 gives the third equality, and the next one follows from

Lemma 8.3. Now observe that I'm = Iy (m) = I'v(ms) by [BIK12, Proposition 7.5]. Then [BIK0S,
Theorem 5.6] yields the fifth equality, and the last one is clear since V(mS) = (n%)~!(m). O

Proof of Theorem 9.1. The main task is to verify that when X, Y are objects in Rep(G, R) with
suppg X Csuppg Y, one has X € Loc®(Y). By Theorem 6.1, for each p in Spec R the map Ky 18
a bijection, so Lemma 9.2 yields an inclusion

SUPP5(p) Xk(p) S SUPPs(p) Yi(p)-

Since G,y is a finite flat group scheme algebra over k(p), the triangulated category
K (Proj Gp)) is stratified by the action of its cohomology algebra, S(p); this is the main result
of [BIKP18]. Thus the inclusion above implies

Xk(p) S LOC® (Yk(p))-

This holds for each p in Spec R, so we can apply Theorem 8.1 to deduce that X is in Loc®(Y)
as desired.

It remains to observe that suppg 1 =Spec.S. This follows from Lemma 9.2, for 1y, is the
unit of K(Proj Gy,) and its support is Spec S(p).

A standard argument (see [BIK1la, Theorem 6.1]) yields the last part of the statement,
concerning the Balmer spectrum of rep(G, R), for this identifies with the category of compact
objects in Rep(G, R). O
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10. Costratification and other applications

The next result establishes costratification for Rep(G, R) in the sense of [BIK12]. Together with
Theorem 9.1, this completes the proof of Theorem A.

THEOREM 10.1. Let R be a noetherian commutative ring and G a finite flat group scheme
over R. The tensor triangulated category Rep(G, R) is costratified by the action of Extf,(R, R).

Proof. We again set S§:=Ext&(R,R). We verify the conditions of the bootstrap theo-
rem [BCHS23, Theorem 17.2], that is to say that the collection of functors
T : Rep(G, R) — Rep(G(py, k(p)),
indexed on p € Spec R, has the following properties:
(i) the images of the maps (¢ :=Spc(mp))pespec R cOver Spe(rep(G, R));
(ii) Rep(G, R) is stratified by the action of S; and
(iii) the categories Rep(Gyy), k(p)) are costratified for all p € Spec R.

Then Rep(G, R) is costratified over Spc(rep(G, R)), and hence is also costratified by the action
of S in light of the homeomorphism Spc(rep(G, R)) = Spec S.

Condition (ii) holds by Theorem 9.1, while the costratification of Rep(Gyy), k(p)) has
been established in [BIK12]|. Appealing to [BCHS24, Theorem 1.3], Condition (i) follows from
Proposition 3.5. Here is a direct argument for (i). Indeed, consider the commutative diagram

Spe(rep(Gipy, k(p))) o » Spc(rep(G, R))

ol /|

Spec Extg;,  (k(p), k(p)) 5~ Spec S®@r k(p) —— Spec S

Spec Ky J’ J(

Spec k(p) ——— Spec R

in which the maps p are Balmer’s comparison maps from [Ball0], the bottom right vertical
map is induced by the degree 0 inclusion R — S, and the horizontal maps are the ones induced
by base change. By construction, the right lower square is a pullback in topological spaces.
Theorem 9.1 shows that the maps p are homeomorphisms; moreover, Spec ky, is a homeomor-
phism, by Theorem 6.1. For p varying through the points of Spec R, this implies that the images
of ¢, jointly cover Spc(rep(G, R)), as desired. O]

Remark 10.2. It is possible to give a proof of this theorem by transcribing the argument from

[BCHS23] to the theory of costratification as developed in [BIK12].

10.1 Applications

We record some consequences of Theorems 9.1 and 10.1. The one below is by [BIK12,
Corollary 9.9].

COROLLARY 10.3. Let R and G be as before. The map sending a localising subcategory S of
Rep(G, R) to its right orthogonal S* induces a bijection
{ tensor closed localising } N { Hom closed colocalising }

subcategories of Rep(G, R) subcategories of Rep(G, R)

The inverse map sends a colocalising subcategory S to its left orthogonal *S.

One also gets (co)stratification of the big stable category of lattices.
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COROLLARY 10.4. The tensor triangulated category StModlf(G, R) is stratified and costratified
by the action of S, and its support equals Proj .S. Consequently

Spc(stmod(G, R)) = Proj H*(G, R).

Proof. One can prove this along the lines of Theorem 10.1. It can also be deduced from
Corollary 2.13, which implies that the canonical functor K¥(Proj G, R) — StMod(G, R) is a
finite localisation inducing the inclusion Proj S — Spec S. O

Given an object M in K'(Proj G, R) we write supps M and cosuppgM for its support and
cosupport, respectively, computed using the action of H*(G, R) on K¥(Proj G, R); see § 7. Here is
a noteworthy consequence of the fact that K (Proj G, R) is stratified by the action of H*(G, R):
for M, N in K¥(Proj G, R) one has equalities

suppz(M ®pr N) =supps M Nsuppg N, (10.1)
cosuppg Hom(M, N) = suppg M N cosuppN.

The formula for the support of the tensor product can be deduced from Corollary 10.4 as in the
proof of [BIK11b, Theorem 11.1]. The cosupport of the function objects follows from [BIK12,
Theorem 9.5].

Given a subgroup scheme H < G, restriction induces a map of graded R-algebras H*(G, R) —
H*(H, R); let res* denote the induced map on spectra. For any M in K¥(Proj G, R) there are
equalities

suppy (M L) = (res*QH)*l(suppG M), (10.2)
cosuppy (M L) = (ves¢; )~ (cosuppg M).

There are further applications, including a proof of the telescope conjecture for K (Proj G, R)
and StModlf(G,R), and versions of Theorems 9.1 and 10.1 for the Frobenius category
Mod!(G, R). The statements and proofs are analagous to those in [BIK1la, BIK12], which
deal with the case when R is a field.

11. An example

In this section we give an example, as promised in § 2, of a group G and a noetherian commutative

ring R with the property that the category Mod" (G, R) is properly contained in Mod(G, R).
Let k be a field of characteristic 2, set R:=k[t]/(t?) and G :=7Z/2, the elementary abelian

2-group of rank one. Setting x := g — 1, where g is the generator of G, one gets an isomorphism

klt, z]

(t?,2?)

which identifies with the group algebra over k of E := (Z/2)?, the Klein 4-group. The cohomology
algebra is

RG =

H:=H*(E, k)= k[t", z*],
where the basis t*, 2* of H' is dual to the basis ¢, z of (t,2)/(t,z)2. One has
Mod" (G, R) C Mod(G, R) C Mod(E, k).
This induces full and faithful inclusions
StMod" (@, R) C StMod (G, R) C StMod(E, k). (11.1)

Here is a key observation about these categories.
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LEMMA 11.1. Both StMod(G,R) and StMod"(G, R) are Iocalising subcategories of
StMod(E, k), with
suppy StMod(G, R) =Proj H \ {(t")},
suppy StMod" (G, R) = Proj H \ {(0), (t*)}.
Proof. A kE-module M is in Mod(G, R) if and only if it is projective when restricted to R;
equivalently, its support does not contain (¢*). This justifies the claim about the support of
StMod(G, R).

The support of any finite-dimensional kE-module M is closed, so M is in mod(G, R) if and
only if the subset {(0), (t*)} is not in its support. Thus this subset is not in the support of
any module that is in the localising subcategory of Mod(G, R) generated by mod(G, R). This
justifies the second equality. O

It follows from the result above that the generic module in StMod(FE, k), that is to say, the
kE-module I'g)k, is in StMod(G, R) but not in StMod (G, R).

The inclusions in (11.1) do not respect the tensor triangular structures, for the product on
the two categories on the left is — ®p — whereas for those on the right it is — ®; —. This is an
important point, and is discussed further below.

11.1 Thick and localising ideals

We continue with a description of thick and localising ideals of the stable categories
StMod! (G, R) and StMod(G, R).
The ideal (t) C RG is isomorphic to R as an RG-module, so the exact sequence

0—(t)— RG—R—0

defines an element in H'(G, R) =Exth,(R, R); we denote it as n. Since H*(G,R) is a
commutative R-algebra, one gets a morphism of R-algebras

R[n] — H*(G, R).
A simple computation yields the following.
LEMMA 11.2. The map above is an isomorphism.

Thus Proj H*(G, R) consists of a single point, in contrast to Proj H*(E, k) = IP’}C. This means
that there is a single nonzero thick ideal in stmod(G, R), whereas thick subcategories are aplenty
and are parametrised by specialisation closed subsets of P} \ {(0)}. Here is an example. Assume
k is algebraically closed and set

M, := RG/(at +bx) for [a,b] € Py.

Observe that these modules are in mod(G, R), except the one for [a,b] =[1,0]. Since there is
only a single thick ideal in stmod(G, R), these modules must tensor-generate each other. Indeed
as long as [a, b] # [1, 0], as G-modules one has

Mgy @r M[_qp) = Mgy = R.

We also deduce that StMod! (G, R) has no nontrivial localising ideals. This is another measure
of the difference between this category and StMod(G, R): the modules in the latter are precisely
those kE-modules not supported on the closed point V :={[1, 0]}, so

StMod (G, R) = Ly StMod(E, k).
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It follows that StMod(G, R) is also compactly generated, with compact objects generated by
Ly k. Moreover the minimal localising subcategories of StMod(G, R) are parametrised by the
points of P \ V. This set consists of closed points and the generic point {0}. The localising
subcategories corresponding to the closed points are compactly generated and hence contained
in StModf(G, R). Thus there are only two proper localising ideals in StMod(G, R), namely,
StModlf(G , R) and the localising subcategory generated by the G-module I'pyk supported at (0).

A similar analysis can be made of the categories K!(Proj G, R) and K(Proj G). Now there
is one more minimal localising ideal to take into account, namely the K-projective complexes in
K(Proj G).

Remark 11.3. The preceding construction can be generalised as follows to yield Frobenius
R-algebras A for which StMod!f(4, R) is smaller than StMod(A, R).

Let G be a commutative finite group scheme defined over a field k of positive characteristic p,
such that the cohomology ring H*(G, k) has Krull dimension at least 2. Choose a m-point

a:R:=k[t]/(t’) — kG=:A

such that the corresponding point [a] in Proj H*(G, k) is closed and has codimension > 1. Then
A is a Frobenius R-algebra and StMod(A, R) consists of those G-modules whose support does
not contain [a]. Choose a non-closed point p in Proj H*(G, k) whose closure contains [a]; it exists
because the codimension of [a] is positive. The module I,k is then in StMod(A, R) but not in
StMod! (4, R).

The construction above carries over to any finite flat group scheme G and m-point o whose
image is central in kG.
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