
PART I. 

Questions of General Background and Methodology 
Relating to Aerodynamic Phenomena in Stellar Atmospheres. 

Summary-Introduction 

J . - C . P E C K E R and R. IS. T H O M A S 

Observatoire de Meudon and Boulder Laboratories-NBS 

1. - Introduction. 

This paper is an in t roduct ion to t he astronomical mater ia l underlying 
t h e Varenna Symposium on Aerodynamical Phenomena in Stellar Atmospheres . 
The te rm «aerodynamica l p h e n o m e n a » ra the r t h a n simply « velocity fields » 
is used in the t i t le of t he symposium to imply t h a t p r imary concern centers 
as much on the physical phenomena and consequences associated with t he 
presence of velocity fields as i t does simply on the velocity fields themselves. 
To fully appreciate this dist inction between aerodynamical phenomena and 
velocity fields from the as t ronomer ' s viewpoint, one mus t consider it against 
t h e background of t he classical theory (*) of stellar a tmospheres , which assumes 
t h a t all t he propert ies of t he a tmosphere are strictly controlled b y t h e radiat ion 
field. The the rmodynamic s ta te of t he classical a tmosphere is fixed by the 
th ree conditions of radia t ive equil ibrium (no energy t r anspor t other t h a n 
b y radiat ion), hydros ta t i c equil ibrium (no mechanical m o m e n t u m t ranspor t ) , 
and local t he rmodynamic equil ibrium a t a t empera tu re fixed by the local 
energy-densi ty of t he radia t ion field (complete coupling between radiat ion 
field and a tomic degrees of freedom). Analyses of stellar spectra under the 
framework of this classical a tmospher ic model t ake account of t he presence 
of velocity fields (other t h a n thermal) only in thei r effect upon t he a tomic 

(*) It is necessary to distinguish between what astronomers call empirical models 
of a stellar atmosphere and theoretical models, when discussing models of stellar 
atmospheres and the assumptions underlying their construction. An empirical model 
has as its basis an empirical determination of the distribution of Te through the atmos­
phere. (There are, of course, assumptions underlying the particular empirical deter­
mination of T e , which also may be questioned, as we discuss in the following.) The 
theoretical model is based wholly on a set of assumptions which suffice to determine 
the temperature structure. In the following, we hold literally to these definitions. 
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absorpt ion coefficient, no t in their energetic or m o m e n t u m coupling to t h e 
t he rmodynamic s ta te of t h e a tmosphere . Thus,, if we become interes ted in 
ae rodynamic phenomena in stellar a tmospheres , we m u s t invest igate t h e 
possible pe r tu rba t ion these velocity fields m a y have upon t h e t h e r m o d y n a m i c 
s ta te of t h e a tmosphere . W e develop a p r imary concern wi th differential 
mot ions , velocity gradients , and dissipation mechanisms — all quant i t ies 
which m a y produce a local non-rela t ive energy source — ra the r t h a n direct ing 
our a t t en t ion only a t stellar ro ta t ion a n d uniform expansion of an a tmosphere . 
Thus , w h a t we call aerodynamic phenomena embraces no t only velocity fields 
b u t also thei r influence upon t h e the rmodynamic s ta te of t h e a tmosphere . 

Gran ted such a p r imary concern wi th aerodynamic aspects , r a t h e r t h a n 
simply wi th velocity fields as such, one mus t still recognize t h a t t h e only 
direct observat ional approach to t he existence of these aerodynamica l aspects 
lies in empirical studies of velocity fields. The inadequacy of astrophysical 
exploi ta t ion of such empirical studies lies, for t he most pa r t , in failure to ask 
t h e physical consequences a t t end ing t h e existence of such observed velocity 
fields. The physical consequences are of two types , re turn ing to t h e dist inction 
between empirical and theoret ical a tmospher ic models m a d e earlier. F i r s t , 
on the side of empirical models, t ak ing bo th velocity fields a n d the rma l s t ruc tu re 
as known empirically, can we construct a self-consistent a tmospher ic model 1? 
Second, on t h e side of the theoret ical models, t ak ing the velocity fields as 
known empirically, w h a t can we say abou t the modification of t he assumpt ions , 
in t roduced to construct a theoret ical model a tmosphere and t e m p e r a t u r e 
dis t r ibut ion, over those assumpt ions used in the absence of the velocity 
fields'? The whole class of mechanical energy dissipative problems, and the i r 
coupling wi th the rma l s t ruc ture , enters here. 

These last considerations lead to t h e possibility of an indirect observat ional 
approach to the existence of ae rodynamic phenomena, which would act t o 
modify t he the rmodynamic s ta te of t h e a tmosphere over t h a t predicted 
b y t h e classical model, by looking for phenomena t h a t would be anomalous 
under t h e classical model predict ions. 

The whole class of var iable s tars forms an immedia te example , b u t t he re 
a p r i m a r y source of information is observation of the velocity fields often 
associated wi th such var ia t ion. Magnetic and spectral var iabi l i ty suggest, 
b u t do no t directly establish, t h e presence of aerodynamic (including hydro -
magnet ic) effects. Evidence for mass-ejection, usually b u t no t always based 
on associated velocity measures , is another example. Possibly t h e mos t 
in teres t ing k ind of indirect evidence — from the s tandpoin t of cur ren t in teres t 
in high-energy aerodynamics — is t h a t based upon spectroscopic evidence 
for t h e existence of effects of non-equi l ibr ium thermodynamics in t h e stellar 
a tmospheres , of t h e kind t h a t would be associated wi th a non-radia t ive energy 
supply per turb ing the radia t ive control upon which the classical model is 
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based. The most detai led investigations of such evidence h a v e thus far been 
carried out on t h e solar chromosphere and corona, and t hey are summarized 
in d e t a i l b y T H O M A S and A T H A Y (1961). A number of the phenomena char­
acterizing wide classes of stars have not been subjected to detai led analysis, 
b u t offer promise of providing the same kind of indirect evidence on aerodynamic 
phenomena. Examples are t h e presence of emission cores in t he absorpt ion 
lines of C a + ; and thet presence of emission lines themselves in certain cases. 

I n the following, we l imit ourselves to a s u m m a r y of t he methodology 
b y which direct astrophysical knowledge of velocity fields in stellar a tmos­
pheres has been obtained. W e stress bo th t he conceptual basis upon which 
t h e methodology in current use rests, and the conceptual problems which 
have either been set aside for simplicity or have been ignored. These l a t t e r 
m a y raise non-tr ivial question on the in terpre ta t ion of t he results of existing 
analyses. W e nei ther present nor discuss par t icular observat ional results, 
nor their in te rpre ta t ion ; these points are covered in t he individual summary-
in t roductory papers of t he Varenna program. W e do no t include here a discus­
sion of the k ind of non-equi l ibr ium-thermodynamic effects upon which indirect 
inference on aerodynamic phenomena rests. Our a im is simply to present 
for the aerodynamicist-physicist par t ic ipants some background in the con­
ceptual basis upon which res t t he astronomical inference of velocity fields; 
and to raise for t h e astrophysicist a critical commenta ry upon these ma t t e r s . 

W e distinguish four kinds of inferential procedures upon which astro-
physical knowledge of velocity fields is based : 1) and 2) refer to t he empirical 
approach defined earlier; 4) to the theoret ical ; and 3) to something 
in termediate . 

1) Direct observation of motion at some angle to the line of sight. - Such 
observations are possible only in a few cases. One is in t h e case of solar 
phenomena observed on the solar l imb, such as prominences . Another is t h e 
case of shells in novae and supernovae. The p r imary problem in interpre­
t a t ion lies in separat ing t he motion of an exci tat ion front from the ac tua l 
mot ion of mater ia l . The spectroscopic aspects of this problem are similar 
to those in 2) below. Aside from this complication, however, the re is no th ing 
part icular ly novel t o t h e astronomical , as contras ted to a n y other, s i tuation. 
There is no par t icular question of general methodology; so we do no t consider 
this procedure further. 

• 2) Interpretation of a spectrum to infer Une-of-sight motion. - Such inter­
pre ta t ion requires a detai led theory of the formation of a spectral line in a 
gaseous a tmosphere , wi th and wi thout the presence of velocity fields. Two 
ex t reme si tuations are par t icular ly easy to in te rpre t — one, a l ine 
symmetrical ly broadened b y r a n d o m motions in an optically th in gas ; t h e 
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other , displacement of the line as a whole due to uniform mot ion of t h e entire 
b o d y of gas. I n general, however, t h e observed line profile is a composi te of 
r a n d o m a n d non-random mot ions which bo th displace a n d broaden t h e line in 
a complicated manner . W e concentra te our discussion in this paper upon this 
a l te rna t ive 2 ) , from which comes b y far the most of the astrophysical 
information. 

3 ) Partly-empirical, partly-theoretical inference. - One observes some 
phenomenon, and from i t infers t h e existence of some velocity field. For 
example , one observes t he differential ro ta t ion of a s tar (the sun), a n d infers 
from i t as a necessary physical consequence t he existence of vert ical currents . 
The first suggestion of the existence of tu rbu len t motions in stellar a tmospheres 
came from such reasoning. R O S S E L A N D ( 1 9 2 9 ) commented t h a t stellar ro ta t ion 
ex is t s ; computed a Reynolds ' n u m b e r based upon t h e stellar radius as a 
character is t ic length, a n d the observed rota t ional velocity, finding the 
Beynolds ' number to be very la rge; t hen suggested t h a t on t he basis of labo­
r a t o r y experience such a Reynolds ' number requires tu rbu len t mot ion in the 
stellar a tmosphere . Such a first-approximation procedure mus t be refined 
for a detai led quant i t a t ive t r e a t m e n t ; we are not aware of such a more refined 
discussion; such mus t be carried out before much can be said abou t t h e prop­
erties of a n y turbulen t mot ion to be expected to accompany stellar ro ta t ion . 

A similar background for t h e in t roduct ion of an empirical « astronomical 
turbulence » mus t be ment ioned. The concept arose in considerations of the 
s t a t e of t h e solar chromosphere, a l though similar a rguments h a v e been applied 
t o t h e a tmospheres of certain eclipsing stars . I n the solar chromosphere, the 
change of intensi ty with height of m a n y emission lines is observed to lie an 
order of magni tude lower t h a n t he isothermal densi ty gradient corresponding 
t o a t empera tu re associated wi th t he continuous dis tr ibut ion of energy in the 
optical spect rum. Under t he classical stellar model , t he t empera tu re of the 
a tmosphere decreases monotonical ly ou tward . Thus , these emission gradients 
were identified with a tmospher ic densi ty gradients , and an «as t ronomical 
tu rbu lence» postulated, which main ta ined this low densi ty gradient with­
out , however, coupling energetically t o t h e the rmodynamic s ta te of t he a tmos­
phere ( M C C R E A , 1 9 3 3 ) . Since t h e velocity of such « turbulence » is highly super-
thermic , t he suggestion is ha rd ly tenable from a s tandpoin t of physical con­
sistency ( C H A N D R A S E K H A R , 1 9 3 4 ; T H O M A S , 1 9 4 8 ) . The necessity for such a 
construct ion has now been removed, b y applying an analysis of t he observa­
t ional mater ia l from t h e s tandpoin t of non-equi l ibr ium-thermodynamics . 
The emission gradients have been shown to differ from t h e densi ty gradient , 
a n d t h e ac tua l densi ty gradient has been inferred and shown to satisfy hydro­
s ta t ic equil ibrium wi thout in t roducing any « tu rbu lence» , as t ronomical or 
otherwise (cf., t he summary of work on this point by T H O M A S and A T H A Y , 1 9 6 1 ) . 
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Similar analyses m u s t be applied to other cases in which this concept of 
« astronomical turbulence » has been invoked to explain apparen t ly anomalous 
densi ty gradients , before such suggestions can be t aken as serious evidence 
for t he existence of this k ind of «as t ronomical tu rbu lence» in a stellar 
a tmosphere . 

< 

4) Wholly theoretical inference, for which there is apparently some indirect 
observational confirmation. - The best example is t h e inferred existence of 
vert ical convection in t he lower solar photosphere . One computes t he existence 
of a zone of rad ia t ive ins tabi l i ty arising from t h e ionization of hydrogen and 
helium ( U N S O L D , 1 9 3 0 ) , (C . P E C K E R , 1 9 5 3 ) , (also cf. t he recent summary b y 
J - C . P E C K E R , 1 9 5 9 ) t hus infers t he onset of convection. The existence of solar 
granula t ion appears to confirm the theoretical result . The problem is to obta in 
sufficiently detailed astronomical observations, and a sufficiently complete 
physical theory of such convection in the stel lar-atmospheric environment , 
t h a t t he two m a y be compared in detail . The comparison involves not only 
velocity fields, b u t spectral , and angular (over the solar disk), distr ibutions 
of radiat ion. W e defer consideration of such phenomena to t he detailed t rea t ­
m e n t in t he Symposium proceedings P a r t IV-A. 

Of these four kinds of inferential procedures, 2) has provided by far t he 
greatest body of astrophysical results. Thus , we concent ra te our discussion 
upon it. 

2 . - A quick look at the conventional astronomical approach to the analysis of 
spectral lines. 

I n discussing t h e analysis of a stellar spectral line, we will a t t imes emphasize 
questions relat ing t o a difference of only a few percent in t h e in tensi ty a t some 
poin t on t h e line-profile, insisting on t h e critical n a t u r e of th is apparent ly-
small difference for a de terminat ion of velocity fields. The velocity we h a v e 
t o determine is ob ta ined b y comparison of « a » theoret ical line-profile and 
« the» observed one. Because t he differences between a lmost a n y theoret ical 
line-profile and t h e observed one are usually no t gross, i t is essentially t h e 
si tuat ion t h a t a first-order approximat ion on the de te rmina t ion of t h e velocity 
requires a second-order approximat ion on the theory of t h e line-profile. Such 
a second-order approximat ion requires a knowledge of the chemical compo­
sition of the a tmosphere , and of the distr ibut ion th rough t he a tmosphere of 
t empera tu re and occupat ion numbers of energy levels (as given b y thermody­
namic equil ibrium dis t r ibut ion functions or not) . Very often, astrophysical 
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work has been l imited to the first-order approximat ion (constant t empera tu re 
a n d root-mean-square va lue of velocity, the rmodynamic equil ibrium relations), 
which has given valuable information for the invest igat ion of differences of 
chemical composition be tween different kinds of s tars , and of stellar evolution. 

P u t this ano the r way. W e can t r y to distinguish the interest of three kinds 
of people, in these questions of velocity fields, a t this symposium. One group 
are those astrophysicists whose p r imary concern lies in questions of stellar 
composit ion and evolution, a n d who wish to el iminate as far as possible a 
consideration of the details of physical processes enter ing l ine-formation except 
insofar as they make a large difference in results on composit ion. A second 
group, on t he other ex t reme, are aerodynamicists who would like t he fullest 
possible information on aerodynamic phenomena occurring in stellar a tmos­
pheres , as a possible extension of experience from terrestr ial laboratories, 
a n d wi th not much concern for details of stellar evolution except insofar as 
t h e y bear on aerodynamic questions. Finally, there is an in te rmedia te group, 
astrophysicists-physicists, whose p r imary interest lies simply in the physical 
problems associated wi th the interact ion between radia t ion and velocity fields, 
a n d thus interested in t he fullest possible a t ten t ion to details of l ine-formation. 
F o r t he first category of interests , i t often appears sufficient to deal wi th the 
to t a l energy in the spectral line, ignoring details of t he line-profile, par t icular ly 
since they wish to deal wi th large numbers of stars , some qui te faint , for which 
detai led spectra are unavai lable . The other two categories require a detailed 
consideration of l ine-structure, par t icular ly in the very central regions of the 
l ine, where velocity fields have thei r m a x i m u m influence upon the absorpt ion 
coefficient. Clearly, our discussion here mus t a im pr imari ly a t t he two la t te r 
categories, and to a large ex ten t deal with problems of t he k ind of analysis 
F h i c h should be applied, even though only few of t h e necessary d a t a m a y 
be presently available. However , we introduce the discussion b y a glossary 
of s t anda rd astrophysical terminology, and an in t roductory first-order physical 
exposit ion, which essentially reflects the viewpoint of t h e first category above. 

2*1. Glossary of terminology. 

1) The spectral line represents a t ransi t ion between energy levels, whose 
occupat ion numbers we denote b y n2 (upper level) and nx (lower). The spon­

taneous t ransi t ion probabi l i ty between levels is A21. 
- i 2 W e use subscript «c» to denote cont inuum, «s» 

A v to denote selective process in t h e line, a n d « r » 
to represent the combined line and con t inuum, which 

J i is t he observed quan t i ty . nk denotes a concent ra t ion; 
Fig. 1. - Schematic denotes an integral over some p a t h length, t hus 

transition. n u m b e r / c m 2 . 
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2) I , 

h 

h 

t 
oc.. 

•• specific in tensi ty (erg c m - 2 s - 1 v~x solid a n g l e - 1 ) a t frequency v. 
specific in tensi ty in the cont inuum immedia te ly adjacent to 
t he line. 

I c - I v -
emission coefficient per a tom in upper level (erg s - 1 v~x). 
absorpt ion coefficient per a t om in lower level ( c m - 2 ) , 
profile of absorption coefficient such t h a t jcpvdv = 1. 
av including s t imulated emission (similar definitions with the 
index X). 

777, 

Fig. 2 . - Notation for the spectral line (indices A can be replaced by indices v ) . 

3) Fo r a Doppler profile of absorption coefficient (only velocity broad­
ening) 

Tie* 
">=—-fi*F(V)&V, 

me 
v = v0(l + Vjc) , 

/ 1 2 = oscillator s t r eng th , Jf & V — 1 , 

subscript 0 refers to line center , 

F(V) is the local velocity distr ibution. If F(V) is Gaussian — i.e. r a n d o m 
velocity dis t r ibut ion: 

Tie2 1 &v 
0CV = — Ut 7^r XT7 oxp [ - ( A I > / A L > D ) 2 ] , 

Av D = (v0lc)(2V2)l', t he rmal motion—V 1 = hTjma. 

• 4) The t ime- independent equat ion of radia t ive transfer in an a tmosphere 
where curva ture effects m a y be neglected is 

dlv _ 
ix — = Iv 

where rv is called the optical depth , and defined b y 

rv = rs + rc , = n2oc'v&x; 
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x is dis tance measured along stellar r ad ius ; [i = cos 0 where 6 is t he angle 
be tween t h e ou tward radius a n d t h e direction of propagat ion of t h e b e a m ; 
thus as obseryations on the stellar disk move from center to edge, t he va lue 
of jbt for t he emergent beam of radia t ion varies from 1 to 0. 

8 is called t he source-function a n d defined b y 

_ 88 + rv8c _ r]vS8 + 8C 

1 + r , ~ + 1 ' 

' 88 = N2jvlNxci'v; rv = rfv

x = d r j d r , . 

5) Equiva len t width — measures « to t a l absorption » in a l ine: 

w f(Ie-Ix)&X [Rxdk 
=] TC

 =J ~TT' 
Rx = Ic — I* , 

subscripts A and v on I and R denote quant i t ies per un i t wave-length or un i t 
frequency, respectively. 

6) BV(T9) = P lanck function for electron t empera tu re , Te. 

7) e = ra t io of ra tes of collisional to radia t ive de-excitat ion eva lua ted 
a t t he local values of ne and Te under conditions of local ther­
modynamic equil ibr ium. 

rjB* = ra t io of ra tes of radia t ive ionization from t h e lower level 
to spontaneous downward t ransi t ion in t h e line. 

rj = ra t io of ra tes of rad ia t ive ionization from upper level t o 
spontaneous downward transi t ion in t h e line. 

8) jB(AA) = broadening function used b y H u a n g and S t ruve due t o 
macroscopic mass motion. 

R'{X) = physical Doppler broadening function used b y H u a n g and 
Struve. 

R(X) = geometrical Doppler broadening function used b y H u a n g 
and St ruve . 

9) No te t h a t t he following pairs of quant i t ies should no t be confused; 
t h e y h a v e noth ing to do wi th each o the r : 

rj and rjv; Bv(Te), £* , and 5(AA); Rx and R(X). 

W e have simply followed no ta t ion used in the astronomical l i tera ture 
for ease of supplementing this article wi th references. W e have changed one 
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i t em of nota t ion — Ss replacing SL used in the l i tera ture for t he source-function 
in the line. 

2*2. Total energy in the line — rough approach. - I n a rough, semi­
quant i t a t ive way, we distinguish the manner in which th ree major effects 
enter to determine t he to t a l energy carried by the line. I n Fig. 3, we p lo t 

log N 

Fig. 3. - Influence of T, dT/d/i on total absorption using LTE relations. 

t h e behavior of t he to ta l in tegra ted absorption (ordinate) as a function of t h e 
abundance of a toms in t he ground level (abscissa), wi th differing curves cor­
responding to differing values of the t empera tu re gradient in t h e a tmosphere , 
and to differing kinet ic t empera tu re (or other very small-scale r andom motion) . 
W e see from the figure t h a t an increase in dTjdh by a factor 2 increases t h e 
equivalent width , W, b y t he same factor; and t h a t this same effect requires 
an increase b y a factor 4 in the kinetic t empera tu re . W e m a k e these com­
puta t ions on the basis of t he assumed applicabil i ty of thermodinamic equi­
l ibr ium relations. 

Generally speaking, measurements of t he dis t r ibut ion of energy in t h e 
continuous spect rum have given relatively fair knowledge of t h e t empera tu re 
of the a tmosphere , using classical equil ibrium the rmodynamics . These t em­
peratures have been used t o compute t he theoretical in tens i ty of the line, and 
t h e differences between this theory and observations have been laid to velocity 
fields wi thout questioning t h e underlying hypotheses . (We will be pr imari ly 
concerned in Section 3 wi th t h e val idi ty of these hypotheses.) 

2*3. Profile of a line — rough approach. - Consider t h e first integral of t h e 
equat ion of transfer, in a semi-infinite a tmosphere , under t he assumption 

00 
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t h a t 8V does not increase inward as fast as exp [ r j . This integral gives the 
emergent specific intensi ty a t some position, ju, on t he stellar disk as 

<1) 

00 

Iv(rv = 0 , (i) = J8V exp [— rj/x] drvljLc 

(The restriction on the inward r a t e of increase of 8y is no t a serious one, 
b u t we do no t discuss i ts justification here.) Consider now the s i tuat ion where 
local the rmodynamic equil ibrium, L T E , is satisfied so t h a t 

(2) Sv = Bv(Te), 

Then, because of the exponent ia l t e rm in eq. (1), we have , roughly 

( 3 ) 1,(0, p) ~ 8v(rv ~ p) ~ Bv(Te[rv ~ fi) . 

Using this rough relation, we see the s t ructure under lying the analysis 
of t he to ta l absorption in the line, summarized in Section 2; and also see how 
t h e more extensive analysis pe rmi t t ed b y the line-profile gives us more detailed 

information abou t t h e a tmosphere . 
Fi rs t , t he relat ion ( 3 ) demon­

strates t h a t t h e form of t h e line-pro­
file simply reflects d T J d r — f o r the 
line-profile simply corresponds to 
looking to different dep ths in the 
a tmosphere in t h e line a n d t h e conti­
n u u m , deeper in the con t inuum t h a n 
in t he line. Thus , Te decreasing 
ou tward gives an absorpt ion l ine; 
increasing outward , an emission line 
(cf. Fig . 4 ) . A line wi th a greater 
rat io T 9 / T c gives a more pronounced 
absorption, a deeper line, greater Ev 

(for d T e / d r v > 0). Thus , we see the 
effect of bo th model (change in value 

Fig. 4 . - The influence of the temper­
ature gradient on the profile of a line 

(schematic). 
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of d T e / d r ) and of abundance (value of TS/T<), as a l ready i l lus t ra ted in Section 2 
for to ta l absorpt ion in t he line. 

Second, t he relat ion ( 3 ) gives a me thod for obta in ing an empirical model, 
T e (r) , for the a tmosphere . I t gives the mapping of Te(rv) from Iv(fx) for every 
point , or value of v, on t he line. Each point covers a range in rv equal to 
t h e range in fx, or abou t a factor 1 0 , since astronomical observations generally 
cover the range 1 > ^ > 0 . 1 . Observations of the con t inuum let us m a p the 
deeper layers ; of the lines, t he higher layers. Thus , we obta in a series of 
line-segments, each giving Te(r) over a l imited port ion of t he a tmosphere . 
If we know, a priori , d r c / d r 8 , or d r v l / d r v 2 , we can directly relate t he segments 
de te rmined from observations a t t he several vt. Such an a priori knowledge 
requires two kinds of informat ion: knowledge of the ^-dependence of the 
absorption coefficient; knowledge of the relative concentrat ions in the lower 
levels of the transi t ions considered. The relat ive concentrat ions depend upon 
bo th abundance of a tom considered, and dis t r ibut ion over excited energy 
s t a t e s ; in the L T E case, the la t te r is specified by the L T E distr ibut ion functions, 
leaving only abundance as a free parameter . Thus , for the sun, the only 
s ta r whose disk we can resolve, we can use line-profiles to get abundance by 
forcing agreement of the Te(rv) segments determined from different ions. 

Third, because we can use both 
Iv(fx), and I(v) for a fixed fx, to infer 4 A V 

Te, a t different dep ths , we have an j _ 
empirical me thod of invest igat ing 
t he ^-dependence of rv, and thus the 
r-dependence of <xv. I n the central 
regions of the line, ocv has a frequency-
dependence fixed b y t he velocity 
field; thus , an empirical result for the 
^-dependence of a v gives an empirical 
measure of the velocity field. Fig. 5. - Effect of a microscopic velocity 

In Section 3, we comment in field on the absorption coefficient, 

more detai l on each of these points , 
together with thei r val idi ty , which rests upon equat ion (2). Here , however, 
we have tr ied only to give a rough picture of the usual general approach to 
t h e astrophysical analysis of a spectral line. 

3 . - Critical look at the general astronomical methodology. 

I n the s t ruc ture of this discussion, we wan t to do two things. On the one 
hand , we wan t t o m a k e clear t he difference between t h e factors influencing 
t h e shape of the line-profile in the usual astrophysical s i tuat ion, where one 

<JJ 
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generally studies an optically-thick gas, and those factors in the usual l abora tory 
s i tuat ion, where one generally studies an optically-thin gas. On t h e o ther 
hand , we wan t to make clear t h e physics underlying t h e analyt ical procedure 
for t h e in terpre ta t ion of line-profiles as it has thus far evolved in astrophysics . 
I n such a way, we hope to m a k e clear t he basis upon which astrophysical 
knowledge of velocity fields rests , and also the problems faced in applying 
the analyt ical techniques developed in astrophysics to t he si tuat ions encoun­
tered in high-energy aerodynamics a n d labora tory p lasma physics. 

W e proceed to this analysis in four s tages: A) a comparison of the labo­
r a t o r y and astrophysical s i tuat ions wi th respect to line-profile format ion; 
B) analysis of a line-profile formed in an a tmosphere where t h e velocity fields 
are wholly t he rma l ; G) analysis of a spectral line formed in an a tmosphere 
where t he velocity fields exist ing are those in which t he variations of t he 
velocity, over any scale larger t h a n some dimension m u c h smaller t h a n one 
pho ton free pa th , are completely uncorre la ted; D) analysis of a spectral line 
formed in an a tmosphere where t h e velocity fields are of a n y other type . 
Because we concentrate on t h e methodology, deferring results to t h e several 
presentat ions a t Varenna, t he reader m a y wish to consult more specific refer­
ences. W e give these in t h e t ex t on detailed points . As more general summary-
t y p e references, we suggest t he articles by K. O. W R I G H T ( 1 9 5 5 ) , C. D E 

J A G E R ( 1 9 5 9 ) , S - S . H U A N G and O. S T R U V E ( 1 9 6 0 ) . The first summarizes 
detai led numerical results on r a n d o m velocities inferred from to ta l line-
absorp t ion ; t he second, summarizes solar mater ia l ; t he last gives a method­
ological crit ique and bibl iography on empirical results on « stellar tu rbu lence» . 

3*1. Astrophysical vs. laboratory situations. - Consider a small sample of 
rad ia t ing gas in the laboratory , whose optical thickness is negligible, a n d 
within which those quant i t ies fixing the frequency-profile of t he emission 
coefficient are independent of position. Then i t will produce an emission line, 
whose specific intensi ty will be 

( 4 ) Iv=N2jvA21/±7i. 

T h a t is, t he frequency-profile of t he line will be given by the frequency-
profile of the emission coefficient, j v . If we know from theoret ical consider­
at ions the dependence of j v upon velocity field, then t h e profile gives us 
direct ly t h e velocity. Indeed, if we consider a th in a tmosphere , t h e profile 
of j v is jus t the Doppler profile, so t h e first-order dependence of the line-profile 
is upon t h e velocity field. Thus , t he analysis of an observed profile for velocity 
of emi t t ing a toms is reasonably straightforward. 

Precisely t he same s i tuat ion holds, if we consider an absorpt ion line for­
m e d b y passing a light b e a m th rough a th in layer of gas. I n this case, t he 
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absorpt ion coefficient ocv replaces the emission coefficient j v J and its profile 
is fixed b y the velocity field. The observed spectral line-profile is t hen t h e 
profile of a v . 

Consider, b y contras t , t h e astronomical s i tuat ion, where except in unusual 
circumstances t he expression for the line-profile comes from t h e first-integral 
of the equat ion of radia t ive transfer, in an a tmosphere where curva ture effects 
can be neglected and where the optical opaci ty along t h e line of sight is 
l a rge ; viz., 

Tv(MAX) 

(5) 1,(0, i*)=jsv exp [ - xv\n\dr,/^ , 
0 

assuming either no incident ra t ia t ion a t r v ( m a x ) or, in t h e most usual case 
of direct observations of t he stellar disk, where r v ( r a a x ) = o o , t h a t 8V does 
no t increase inward as fast as exp [ r j , and eq. (5) becomes eq. (1). There 
a re exceptional cases in astrophysics where t he s i tuat ion reduces to the labo­
ra to ry case of t he th in a tmosphere , in which case the integral of eq. (5) becomes 

rv rv Y(MAX) 

<6) Iv =jSv exp [ - ty/JM] drjfj, ^zXiJs* d r v = ^ 2 1 j?>« dyj^ji , 
0 0 0 

which is eq. (4) in an a tmosphere where j v and n2 va ry wi th position. Examples 
a re gaseous nebulae, a tmospheres viewed tangent ia l ly as a t a solar eclipse, etc . 
W e consider here, however, t he most usual case where r <\c 1. 

Then, we see t h e essential character of the problem t h a t plagues the working 
as t ronomer—the line-profile represents an integrat ion over t h e optical depth 
var ia t ion of t he source-function, Sv, and Sv is in general no t constant even 
if t he quant i t ies fixing the frequency profiles of absorpt ion a n d emission coeffi­
cients are cons tant th roughou t t he a tmosphere . T h a t is, t he first-order 
dependence of t h e observed line-profile is no t upon <x(v)—or upon j(v)—but 
upon 8v(r, v). Thus , there are two kinds of dependence of the line-profile 
upon the rmodynamic quant i t ies in t he a tmosphere : (i) t h e dependence of 
profile upon gradient of 8V in t h e a tmosphere th rough t h e two relations 8(r) 
a n d x(v)—the last being equivalent t o <x(v) and (ii) t h e dependence of profile 
upon a n y v-dependence of 8 (at a par t icular poin t in t he a tmosphere) . If we 
could inver t t he in tegral in eq. (5) to obta in directly 8(r) a n d <x(v), knowledge 
of <x(v) would give us direct ly t h e to ta l velocity field, precisely as in the labo­
ra to ry case corresponding t o eq. (4) a n d t h e simplified as t rophysical case cor­
responding to eq. (6). Then, in bo th labora tory and astrophysical cases, we 
m u s t separate t he rma l from non- thermal components . The possibility of infer­
r ing Te in the labora tory case lies in a discussion of N2; in t he astrophysical 
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case, of 8V. Thus , in the astrophysical case, t he problem is to analyse t h e 
line-profile in such a way as t o inve r t eq. ( 3 ) t o obtain b o t h 8v(rv) and a(r) . 
oc(v) gives to ta l velocity field, and we m u s t ask t he relation between t h e value 
of Sv a n d the value of Te. 

A precise parallel to t h e l abora tory case would arise if we were able to 
by-pass t h e determinat ion of 8{T) and determine directly oc(v). W e first sum­
marize an approach to such a procedure, which has been used in astrophysics 
b u t is actual ly only valid under certain highly restr ict ive assumptions , t hen 
consider t h e more general case where oc(v) cannot be determined wi thou t prior 
or s imultaneous determinat ion of 8(r). 

3*1.1. D i r e c t d e t e r m i n a t i o n of oc(v). The following me thod has 
been used b y several au thors (cf. D E J A G E R , 1 9 5 2 ; A T H A Y a n d T H O M A S , 

1 9 5 7 , 1 9 5 8 , who critically examined 
its use ; G O L D B E R G , 1 9 5 8 ; U N N O , 1 9 5 9 ) . 

One observes several lines originat ing 
on a common lower level, t h e n proceeds 
to analyse the observations under the 
two assumptions t h a t Sv is v- independent 
over a given line, a n d is t he same for 
all t he lines considered. Observat ions 
of the line-profiles are compared a t t h e 
same point on t he solar disk. F i n d 
two points of equal in tensi ty , one on 
each line. We have J V j = Z ^ (distin­
guishing the lines simply b y pr imed 

and unpr imed nota t ion cf. Fig . 6 ) . Since Sv is the same for bo th lines, consider 
i ts functional form expressed in t e rms of r , say. F u r t h e r define t h e rat ios , a t 
a given geometric point in t he a tmosphere : 

Fig. 6. - Intercomparison of two spectral 
lines to obtain AAp, assuming a common 
v-independent 8V; Gaussian distribution 

of velocities. 

(7) 

A and d are generally functions of position, of course. Then eq. ( 1 ) gives 

( 8 ) 0 = IVi — I'v, = j{Sv(rVt) exp [— T„J&r V i — 8v(r'VjA) exp [ - r'Vj]&r'Vj} = 
0 

oo 

=jsv(rVt) exp [— T„J{1 — d-1 exp [rVt(l — A-1)]}^^ , 

One solution corresponds to A = d == 1 , thus fixes empirically t he ^-depend-
ence of a. This requires constancy through the a tmosphere of ocv—which 
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requires constancy of Av^ or to ta l velocity. This solution is no t the only one, 
b u t i t is t he only one t h a t has been used thus far in astrophysical practice, as 
some kind of first approximat ion . Other solutions correspond to variable velocity 
fields, and can be obta ined only i terat ively. 

This procedure depends upon t he assumption t h a t 8V is bo th ^-dependent, 
and the same for several lines. The assumption of L T E , eq. (2), satisfies th is 
criterion, and is sometimes adop ted (cf. N E V E N and D E J A G E R , 1'954) . Other 
au thors have no t insisted upon t h e applicabili ty of L T E , b u t have taken i t 
as obvious t h a t lines originating on a common lower level, and having no t 
too great an energetic separat ion of upper levels, will satisfy t h e condition 
of a common 8V (cf. G O L D B E R G , M O H L E R , M U E L L E R , 1 9 5 9 ; U N N O , 1 9 5 9 ) . 

W e remark only t h a t t he val id i ty of these assumptions remains to be inve­
st igated in each case. W e t u r n in Sect. 3*2 to the question of w h a t form 8y 

should have in reali ty. 

3*1.2. J o i n t d e t e r m i n a t i o n of S(r) a n d oc(v). I n t he general case, 
we ask first whether we m a y no t avoid t he uncer ta in ty of assumpt ion on relation 
between 8V for several lines b y working a t several points on one line, looking 
a t t he variat ion of line-profile across the disk to obta in 8v(rv). The major 
uncer ta in ty accompanying such a procedure arises in t he possibility of depar ture 
of t h e a tmosphere from spherical symmetry . W e set this quest ion aside, for 
t he moment , and proceed under the assumption of spherical symmet ry . 

The difficulty in inver t ing eq. ( 5 ) to obta in 8v(rv) from an observed Iv([x) 
is often so great as to diver t t he astrophysical analysis from the recognition 
t h a t any physical in te rpre ta t ion of the results can only be m a d e on the basis 
of a set of local values—of 8V, of absorption coefficient, of occupation 
numbers—values referring to a par t icular point in the a tmosphere . I n t h e 
case of t he solar a tmosphere , and modern equipment , one has reasonably-
good success in actual ly observing Iv(p) wi th good resolution in bo th v and JU7 

t hen using Iv([x) to obta in 8v(rv). I n the stellar case, however, one always 
t rea t s observations referring to the stellar disk as a whole—integrat ion over 
fj,—and often results m u s t be based only on to ta l absorpt ion in t he l ine— 
integrat ion over v—because of t he poor spectral resolution associated wi th 
a faint object. I n such cases, passage from the observed in tegra ted quant i t ies 
to local quant i t ies is qui te difficult (physical in terpre ta t ion of numerical values 
of local quant i t ies can only come later) . 

To in terpre t local values of 8V, one asks two quest ions: (i) how much does 
t h e numerical va lue of 8V depend upon the local value of T e , and how much 
directly upon t he velocity field present ; (ii) how can we use t he empirical set 
of 8v(rv) to infer t h e r-dependence of a„, for this last fixes t h e velocity field 
jus t as in the labora tory case. W e consider first t he second quest ion, t hen 
consider the first question in Section 3*2. 
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W e ask now wha t procedure we m a y follow to in terpre t t h e set of empir­
ical values, j$v(tv), to rind the rma l a n d non- thermal components of a n y a tmos­
pher ic velocity fields. The procedure to be adopted depends very m u c h upon 
t h e w a y 8V depends upon the the rmodynamic parameters characterizing the 
s t a t e of t h e a tmosphere . Since in this subsection we are t ry ing to compare 
as t rophysical and labora tory s i tuat ions, we introduce a second idealization, 
t h e very specialized form of 8V holding under conditions of L T E ; viz., 8V given 
l>y eq. (2). F r o m this specialized example , we t r y to m a k e clear w h a t char­
a c t e r i s t i c s of 8V enter which p a r t of t he analysis, t hen in Sections 3*2-3*4 
wre m a y ask into the form expected for 8V from physical considerations, t hus 
t h e relat ion of 8V to Te a n d velocity fields. I t should be no ted t h a t t h e results 
of this specialized form are no t only of interest for i l lustrat ive purposes. W e 
b a v e a l ready remarked t h a t as t ronomical analyses have often been so highly 
preoccupied with the difficult problem of invert ing t he in tegrat ion problem 
t o ob ta in Sv(rv), t h a t t hey m a k e oversimplified assumption on the interpre­
t a t i o n of 8V. This assumpt ion usual ly takes the L T E form of eq. (2). Consider, 
then , how we obta in t he rma l and non- thermal velocity fields under this 
assumpt ion . 

Again to el iminate consideration of details of inver t ing eq. (5) a t this 
point , a n d to permi t us t o focus a t t en t ion on the essential characterist ics of 
t he joint analysis for 8(r) and a(i>), we introduce another specialized assumption, 
t h a t permi ts us to pass directly from a numerical value of Iv([x) t o a numer­
ical va lue of 8(r)j and links our sys temat ic discussion to the rough analysis 
of Section 2*3. W e assume 

<») S9(T9) = a,+ b , r 9 . 

Then for r v ( m a x ) > 1, eq. (3) leads immediately to 

<I0) Iv{n) = av + bvfjL=8v{rv = ix). 

I n such a case, as noted in Section 2*3, an observed set of values IV([jl) suf­
fices to m a p out Sv(rv) over t he range 1 > rv > fi (min). There is no a priori 
reason to expect such l ineari ty for Sv(rv), b u t over a l imited range in rv i t is 
often near ly t rue . As ment ioned, we use the assumption here simply for 
i l lus t ra t ive purposes, then comment on the problems its use introduces. 

Given 8V = BV9(Te), eq. (10) permi ts a mapping of t h e dis t r ibut ion of T e 

in t h e a tmosphere as a series of segments , Te(tv), one segment for each point 
on t h e line-profile, over t h e pe rmi t t ed range in xv. If one knew t h e relat ion 
between rn and rVj (i.e. t h e ^-dependence of a v ) , where vt a n d Vj are two points 
on t h e line-profile, the several segments could be combined to give Te(rvJ, 
say , over a large range in T„ o . Thus , one would m a p out t he thermal velocity 

CO 
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field over the a tmosphere , provided the assumptions of eq. ( 2 ) and (9 ) are 
satisfied. A T H A Y and T H O M A S ( 1 9 5 5 ) have discussed some of the difficulties 
of such an analysis in the case of the Balmer lines of hydrogen ; C U R Y , L E F E V R E 

and P E C K E R are current ly carrying out a somewhat more extensive investi­
gat ion of the problem for Ti. (Ed. note: cf. remarks by P E C K E R , P a r t I , 
Discussion). 

A knowledge of the relation between rVt and r mus t come either from a 
theoretical calculation, or from some empirical procedure. Such a theoretical 
calculation depends upon an a priori knowledge of the general atmospheric 
velocity field, in order to compute the v-variation of av. Since we do no t 
have this a priori knowledge, one requires an empirical relation between xVi 

and T , which is, of course, equivalent to an empirical investigation of the 
r-variat ion of A V , th is in t u r n being the basis for establishing t he characteristics 
of any existing velocity field. Thus, by establishing the I>-variation of A „ , 
we are able to join the segments to produce an overall T e ( r ) , thus extending 
our knowledge of the the rma l velocity field over t h a t pa r t of the a tmosphere 
contr ibut ing to the observed line, and also measure the to ta l velocity-field 
in the same atmospheric region. 

Again, the L T E assumption permits an inference of the required v-variation 
of olv directly from t h e empirical d a t a in t he following way. Since Sv is, under 
tins' assumption, independent of v over the line, the observed v-variation of IV 

simply reflects a combinat ion of the depth variat ion of Sv and the r-variat ion 
of A „ . If we find points and ju2 on the solar disk such t h a t IVl(fJLi) = Iv(fh)i 
the eq. (6) implies t h a t T,,. — JUX and T = /u2 refer to the same geometrical 
point in the a tmosphere . (Unless Te does not vary monotonically with height, 
b u t this can be determined empirically, and does not int roduce complication.) 
Thus , we have 

CO 

(11) 0 = r,,.//ii — tVJIJLI>> =jnl(ocVJ/jL1 — ocv.lfi2)da' -> avJocv. =̂  ̂ / / z , . 

y. 

Provided we have a sufficiently-detailed and accurate set of measures of 
IV(ju)j over the line-profile, this procedure suffices to give an empirical evalua­
t ion of the ^-dependence of a,,. Since we know how olv varies in the presence 
of a velocity field, we inver t t he empirical relation to infer t he velocity field. 
Our knowledge of Te(rv) permits us to separate out the the rmal and non­
the rma l components . 

Turn now to consider the effect of the simplifying assumptions represented, 
by , respectively, eq. ( 2 ) and ( 9 ) , upon the results jus t obta ined. E q . ( 2 ) 
is L T E ; eq. ( 9 ) is t he l ineari ty of Sv(rv). We consider first t he effect of eq. ( 9 ) . 
E q . ( 1 0 ) implies the highly restr icted result t h a t avJoc is cons tant th roughout 
the a tmosphere ; viz, t he effect of the velocity field on <xv is cons tant th roughout 

2 - Svjyplemento al Nuovo (Hmcnto. 
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t he a tmosphere . This l imita t ion is no t par t icular ly serious for our present 
purpose of comparison between th in gas in a laboratory, and stellar a tmosphere ; 
for i t corresponds to the condition of eq. (4). W e should, however, recognize 
the implicat ion of t he resul t in a discussion of astrophysical methodology. 
The result is a consequence of t h e assumpt ion (9) applied to a ^-independent Sv; 
i t can readily be shown t h a t these two conditions combine to require a constant 
value of <xvJocVf- Thus, when discussing a ^-independent 8V, we recognize t h a t 
only t h e non-linear te rms in Sv(rv) contain information on the height-gradient 
of t h e a tmospheric velocity field. W e make this point , because t he relation 
of eq. (8) is often extremely convenient to use in practice to m a k e a first-estimate 
of 8v(rv). More refined analysis often appears to show only small change from 
this first-approximation resul t ; e.g., a t / J = 1 , IV for a par t icular v m a y cor­
respond to 8V a t rv = 0.7, r a the r t h a n r v = l as required b y eq. (9). I t is, 
however, these small differences t h a t are impor tan t in specifying the detailed 
behavior of the velocity field. I t is often necessary to discuss t he concept of 
effective depth of formation of a line, part icularly when one does no t have 
avai lable a complete set of Iv(fi) as da ta , b u t some in tegra ted form of these. 
Unde r such circumstances, i t is i m p o r t a n t to keep in mind the points we have 
m a d e here. 

T u r n now to the second simplifying assumption, L T E given b y eq. (2), 
and ask wha t i t really does, in t he way of fixing the analyt ical procedure. 
F i rs t , t he assumption requires t he local value of 8V to depend only upon the 
local va lue of T e . Thus, t h e empirical value of Sv fixes immedia te ly the thermal 
velocity field, b u t i t has no direct connection with the non- thermal velocity 
field. Second, the assumption requires 8V to be frequency-independent over 
t he line. Consequently, .the observed line-profile becomes immedia te ly t rans­
la ted into the v-dependence of a„, th rough the in termediary of t he depth-
dependence of 8V. I n a sense, t h e L T E assumption reduces t he stellar-
a tmosphere case to an «equ iva l en t» th in-a tmosphere case. I t accomplishes 
this b y reducing 8V to a quan t i t y characterist ic of the line as a whole, sup­
pressing its r-dependence, wi th magn i tude fixed by the local the rmal veloci ty; 
and b y restrict ing t he influence of t he macroscopic velocity field wholly to ocv, 
whose var ia t ion wi th v t rans la tes t h e depth-dependence of 8V in to t he observed 
profile of the line. 

When , then , we t u rn to consider t he actual physical expecta t ion on the 
form of 8V in the stellar a tmosphere , these considerations suggest t h a t our 
p r imary a t ten t ion lie on two quest ions: 

(i) To w h a t ex tent can 8V be considered to be a quan t i t y characterist ic 
of t he line as a whole? T h a t is, how strong is i ts independence? If t h e depend­
ence is strong, we mus t expect some radically-different procedure t h a n t h a t 
out l ined above to be necessary to obta in information on a tmospher ic macro­
scopic velocity field. 
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(ii) How strongly-controlled is the local value of 8V b y the local value 
of Te in t he a t m o s p h e r e ! If control is weak, we cannot expect a good deter­
minat ion of the the rma l velocity field. 

I n Section 3*2, we summarize existing knowledge on SV from the s tandpoint 
of these two questions. Here , we have tr ied only to emphasize the reasons 
underlying a serious poncern wi th the form of 8V, a n d the question of the 
val idi ty of the L T E assumpt ion, in set t ing up the methodology for inferring 
properties of a tmospher ic velocity fields from observed line-profiles. W e tu rn 
now to brief comments on t h e difficulties in t roduced in the analysis by pro­
blems of geometrical and ins t rumenta l resolution. 

3 '1.3. P r o b l e m s of r e s o l u t i o n — g e o m e t r i c a l a n d s p e c t r a l — i n 
t h e a s t r o p h y s i c a l c a s e . 

a) P r o b l e m of g e o m e t r i c a l r e s o l u t i o n . W e divide this question 
into two p a r t s : t h a t encountered in solar physics, because of lack of sufficient 
resolution to observe details of size less t han some 1" of arc, or about 700 k m 
on the solar surface; and the stellar case, where no resolution of the disk is 
possible a t all, and one observes Fv r a ther t han Iv(v). 

oc) The solar case. A concern with t he fine-structure of the solar case 
is qui te recent, and provides much of t he basis for direct inquiry in to depar ture 
from spherical symmet ry . One has concern t h a t there m a y exist systematic 
velocity gradients over t he solar surface, showing appreciable velocity dif­
ferences over distances of the order 1" or less. (That is, one is concerned with 
t h e existence of horizontal gradient in vertical velocity.) If indeed the line-of-
sight velocity differences are large enough to in t roduce an observable shift 
in line-position, and the in tensi ty variat ion over such a shift is comparable 
wi th the accuracy of measure of Iv, then a serious systemat ic effect would 
be introduced into the in terpre ta t ion of the Sv(rv) relation. 

Suppose, for example , one had a si tuat ion where there was a system of 
rising and falling columns of gas, within each of which the only velocity field 
was thermal . If t he ins t rumenta l resolution were such t h a t only one column 
was observed, we could analyse its s t ructure according to the procedures discus­
sed in subsections 3*1.1 and 3*2.2, and in Section 3*2 following. If, however, 
several such columns were observed together , the observed profile would be t h e 
superposition of several profiles, each identical b u t displaced in wave-length. 
Clearly the analyt ical procedures discussed thus far would lead to erroneous 
results. 

To invest igate t he errors arising from such lack of ins t rumenta l resolution, 
one mus t compare a t t he line-center the expected curva ture of the theoretical 
profile for a line in a s ta t ic a tmosphere wi th t he calculated curva ture coming 
from the shift in line-position associated with the horizontal g rad ien t , in line-

00 
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of-sight velocity. To our knowledge, such an investigation has not ye t been 
made , for any of the lines where prel iminary observations with the high 

resolution equipment have shown the 
fine-structure to exist. W e regard 
this investigation as a fundamenta l 

\ / one (cf. Fig. 7) . 
\ / 

\ / 
\ / 

\ / 

/8) The stellar case. Dealing 
with observations of FV alone, r a the r 
t h a n Iv(/u), makes more difficult the 
process of construct ing Sv(rv) for 
each v. Such construct ion could be 

^TsZTJ^W^ ^observed lv accomplished only b y the combina­
tion of several lines, such as outl ined 

Fig. 7 . - Line-profile as superposition of when discussing depar tures from 
profiles from moving gas columns. spherical symmet ry . W h a t is usually 

done in pract ice, is t o assume t h e va­
l idi ty of L T E , and a model of the a tmosphere so t h a t T e ( r c ) is known, then 
compare the profile with one constructed assuming the rmal velocities alone 
to be present . Usually, t he first approximat ion to such an approach comes 
from comparing the tota l absorpt ion in the line (cf. 3*4 below) wi th t h a t 
expected from thermal velocities alone, t hus inferring a « t u r b u l e n t » compo­
nent of velocity. Then, one compares this « t u r b u l e n t » velocity inferred from 
the to ta l absorpt ion with t h a t requi red to give the observed width of t he line-
profile. W e re tu rn to this subject in Sections 3*3 and 3*4, directing par t i ­
cular a t t en t ion there to t h e methodology set u p b y H U A N G and S T R U V E . 
Actual ly few detailed analyses from even this L T E viewpoint have been carried 
out , main ly because a s t rong line would be required, and the re is considerable 
uncer ta in ty in the distr ibution of Te in the upper a tmospher ic layers where 
such a line would be formed, even under this classical, L T E model. Noth ing 
has been done, to our knowledge, from t h e s tandpoint of dropping t h e L T E 
assumpt ion and t rea t ing t he line from the complete n o n - L T E viewpoint . 

b) P r o b l e m of s p e c t r a l r e s o l u t i o n . Again, as in Sect. 3*1 .2 , we 
divide t he question into two p a r t s : t he question of very-high resolution spec­
troscopy in solar work, vs. ordinary resolution; and the stellar case of weak 
lines from faint stars, where only in tegra ted (over v) profiles are available. 
These last are t rea ted in t e rms of t h e so-called equivalent w id ths ; viz., the 
width of a line of zero centra l in tensi ty which would have t h e same to ta l 
absorpt ion as the observed line. 

The high resolution solar spectroscopy offers the principal hope for detailed 
investigation of l ine-structure for really identifying the details of localized veloc­
i ty fields. The same comment can be m a d e as in 3 * 1 . 3 , essentially no detailed 
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work has been based on this k ind of mater ial , pr imari ly because little detailed 
observational mater ia l exists as yet . 

Analysis in te rms of equivalent widths gives information on dep th variat ion 
of physical quant i t ies only insofar as we can observe different lines having 
different « effective » depths of formation. Since a p r imary goal of most astro-
physical analyses of stellar spectra lies in determinat ion of abundances , 
and since the abundance of a given atmospheric const i tuent determines its 
dep th of formation, one cannot approach the problem of depth-dependence 
of physical quanti t ies , using equivalent widths alone, from a completely 
u n a m b i g u o u s viewpoint . This difficulty makes itself felt in a part icularly 
obvious way when we a t t e m p t to ask how valid the L T E assumption m a y 
be, b y comparing an empirical ly-determined SV with BVo(Te) in an atmospheric 
region where some independent measure of l\{rc) exists. Use of equivalent 
widths alone does seem to permi t some insight (cf. the recent summary of 
P E C K E R , 1 9 5 9 ) , b u t the uncertaint ies are very large compared with those 
encountered in analyses based on IV(JU) (cf. Chapter 9 , T H O M A S and A T H A Y , 1 9 6 1 ) . 

W e would simply like to stress here t h a t the question of the proper form for 8V, 
t he derived abundance , and the derived properties of the velocity field are 
all u l t imately linked. When one has available only such t r iply integrated 
quan t i ty as equivalent width of a stellar line, considerable a priori theoretical 
effort mus t be in t roduced to give meaningful results on the par t icular values 
of the physical quant i t ies applying in the par t icular case analysed. 

Wi th these general comments on the astrophysical methodology providing 
a comparison with the labora tory si tuation, we proceed to more specific 
detai l , breaking the s u m m a r y into the idealized cases of 3 '2-3 '4. The reason 
for such a breakdown is bo th historical and conceptual , this being the s t ructure 
actual ly considered in astrophysical analyses; the reasons for this will become 
clear in the discussion of the methodology. 

3 '2 Methods of analysis of the spectrum produced in an atmosphere where 
the only velocity fields are thermal. - Our a t ten t ion is directed a t analysis of 
stellar a tmospheric spectra to infer t he character of any exist ing non- thermal 
velocity fields, as contras ted to the purely thermal velocity field. Consequently, 
our interest in this case 3*2 centers a round its use as a « control» , to clarify 
some of the questions raised in the survey of astrophysical analyt ical method­
ology in sect 3*1. Such a control has two aspects. F i rs t , there is the wholly 
theoretical one of answering the a priori methodological questions raised in 3 ' 1 , 
which in essence comes down to an inquiry in to the form of 8V. Second, there 
is t he question of t he applicat ion of these results to s i tuat ions where earlier 
analyses m a y have proceeded on the basis of assumptions no t in ha rmony 
with the theoretical conclusions on the proper form of 8V. W e should ask 
whether the inferred velocity fields actual ly exist, or whether they are simply 
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t he consequence of a b a d choice on 8V. Since i t is no t our object in this 
paper t o survey t h e ac tua l results obta ined in as t rophysical analyses, th is 
being left to the detailed summary- in t roduc tory papers a t Varenna , we can 
only a t t e m p t to indicate t he direction of an effect resul t ing from such a b a d 
choice on 8V, wi th a few simple examples after we have surveyed the general 
theoret ical expectat ion for 

I n Sect 3*1, we have shown t h a t concern wi th the form of 8V centers on 
two po in t s : the ^-dependence of #„; and the degree to which the local value 
of 8V is fixed b y the local va lue of Te: Our approach in t h e present Section 
i s : given the values of t h e local the rmodynamic paramete rs characterizing 
the a tmosphere , wha t is t he theoret ical expectat ion on 8V a n d how do we 
analyse t he line-profile using this theoret ical form for 8V in order to obtain 
empirical values for 8V a n d possibly of T e . W e have in t he in t roduct ion 
referred to indirect evidence on the existence of aerodynamic phenomena . 
Were we to invest igate such indirect evidence, our interest would center on 
t h e relat ion between Te and t h e local radiat ion field, wi th respect t o t he 
existence of cyclic processes associated with a non-radia t ive energy supply 
such as might come from local dissipation of energy from a macroscopic veloc­
i ty field. Here , however, we simply t ake the local values of Te and other 
the rmodynamic parameters as given, no t asking how these values were fixed, 
then ask wha t values of 8V are consistent with them, in order to formulate the 
methodology to invert this procedure. 

3*2.1 T h e f o r m of 8V. F o r t he discussion of physical expectat ion, it 
is essential to break up Sv in to contr ibut ions from the con t inuum a n d from 
the line, since the contr ibut ions originate from different processes. Thus, 
we wri te 

c> 8,-\-rv8c rjvS,+ Sr 

1- +rv .1 + r\v 

W e see t h a t 8V can be t r ea ted as ^-independent in only three cases: 
(i) when 88= 8C (ii) when rv < 1 and S,=£f{v); (iii) when r v » 1, 
and 8C # f(v). There is the fourth case t h a t 8S and 8C each depend upon v, 
b u t in such a way t h a t thei r var ia t ion combined wi th t h a t of rv leaves 8V inde­
penden t of v. As a general possibility, th is last seems too fortui tous to consider, 
when combined wi th the following remarks on the ^-dependence of 8S and 8C. 

Case (i) corresponds to L T E in bo th 8S and Sc, for 88 and 8C refer to dif­
ferent processes and can only coincide in the degenerate case. The results 
have already been discussed in Section 3*1. 

Case (ii) corresponds t o t h e core of a strong line, and t h e condit ion t h a t 8S 

is ^-independent over such a core. Since rv increases monotonical ly ou tward 
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from the line-center, there mus t come some region on the line-profile where rv8c 

is not negligible compared with 8S. I n this region, 8V varies wi th v because 
of rv, even though 8S and 8C m a y be independent of v. Thus , there is a t most 
a l imited region of t he profile which m a y be t rea ted b y a ^-independent 8V. 
Whethe r even this l imited region exists, mus t be shown b y asking the form 
of Sv. 

Case (iii) corresponds to a very weak line and the wings of stronger lines, 
and would appear to be t h e only case outside strict L T E where 8V remains 
^-independent over t h e whole profile. The var ia t ion of 8C wi th v over t he 
very small width of t he line can almost certainly be ignored. Actually, t he 
si tuat ion is not so s t ra ightforward; for we mus t re ta in some quan t i t y referring 
to the line in ei ther 8V or rv in order to produce a line. W e re turn to this 
case under the designation of «weak-line approximat ion » below. 

Consider the expecta t ion on 8C and Ss. 
In general, i t appears sufficient to set 8r = Bv(Te)—i.e. to assume L T E 

for the cont inuum—for discussions of most lines observed in the solar 
Fraunhofer spect rum. The point is the following. I n the lower solar a tmos­
pheric regions, where rv is no t negligible for the lines formed in such regions, 
our present knowledge suggests t h a t 8C does no t depar t appreciably from 
Bv(Te) (cf. P A G E L , 1 9 5 9 ; T H O M A S and A T H A Y , 1 9 6 1 ) . I n the upper atmospheric 
regions, we mus t expect 8C to depar t from J5 v (T e ) ; for example , the L y m a n 
cont inuum of hydrogen shows an 8C very different from Bv(Te) (cf. T H O M A S , 1 9 5 2 

and T H O M A S and A T H A Y , 1 9 6 1 , relat ive to the often-expressed, b u t incorrect, 
viewpoint contained e.g. in W O O L L E Y and A L L E N , 1 9 5 0 ) . However, in these 
regions rv can be shown to be so small t h a t t he value of 8C is no t very impor tan t 
in the Doppler core, where the velocity field is impor tan t . (Note t h a t t he 
non-LTE effect drops 8C below Bv(Te), further reducing t he relative impor­
tance of rv8c.) 

I n the case of hot stars , and the outer solar a tmosphere , 8C may depar t 
from Bv(Te) for two reasons. On the one hand , electron scat ter ing plays the 
major role in the cont inuous opaci ty for ho t s tars . On the other hand, when­
ever the bound-free opaci ty arises in a region where occupat ion numbers differ 
from a' Bo l tzmann distr ibut ion, 8C depar ts from BV(T^). (For example, in 
the hydrogen L y m a n cont inuum, as al ready mentioned.) These conclusions 
on 8C have two immedia te consequences for our discussions of velocity fields. 
F i rs t , in the deeper a tmospher ic regions, one can use observat ions made in 
the cont inuum to fix T e , hence the the rmal velocity field. Then we m a y use 
the analysis of those lines v whose « effective » dep th of formation lies in t he 
range covered by the d a t a from the cont inuum to provide two kinds of wholly 
empirical check. On the one hand , one m a y infer a va lue of and compare 

- o 
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i t wi th Bv(Te), to check t he applicabil i ty of the L T E assumption. Such an 
analysis has been ini t ia ted b y P E C K E R and associates ( 1 9 5 9 ) and leads them 
to t he conclusion t h a t 8V ^ BV(T^) for a large n u m b e r of weak lines of 
Ti, T i + , Fe , V, Cr and A + . On the other hand, one m a y assume a r-indepen-
dent 8V, and analyse t he profile as outlined in Sect 3*1 to infer a velocity 
field. If the field agrees wi th the thermal value, it is t emping to infer both 
t h a t the v-independence assumpt ion is correct, and t h a t t he only velocity 
fields existing are thermal . I n t h e event t h a t the velocity fields derived do 
no t agree with the the rma l value, one can either question t he assumption 
on 8V or ascribe the discrepancy to a non- thermal velocity field. There exist 
a var ie ty of analyses and results on this last procedure, which will be reported 
in detai l in the various P a r t s of t he program a t Varenna. 

Second, in hot stars and in the upper atmospheric regions where d a t a from 
the cont inuum do not exist, the analysis of the lines mus t be used to fix both 
the rmal and non- thermal velocity fields. Thus, considerable a t t en t ion must 
be paid to the form of 88. W e ment ion the single exception, a l imited region 
of t he lower solar chromosphere, where it appears t h a t eclipse observations 
m a d e in the cont inuum provide independent da t a on T E (cf. T H O M A S and 
A T H A Y , 1 9 6 1 ) . Throughout the outer stellar a tmospheres, however, and over 
most of the outer solar a tmosphere , both thermal and non- thermal velocity 
fields mus t be determined from analysis of the line-profiles alone. While a 
consistency requirement can be placed on thermal fields inferred from different 
lines of different ions—provided the relative regions of origin of the lines can 
be identified—the same consistency from ion to ion cannot be an a priori 
requi rement on non- thermal velocity fields (for example, a superposition of 
gyromagnet ic and tu rbu len t motions). 

W h e n one turns to theoret ical expectat ions on 8S, he mus t distinguish 
two kinds of t r ea tmen t existing in the astrophysical l i tera ture . One is a 
kind of « working » approach to t he analysis of spectral lines, based on formal 
r a the r t h a n detailed physical analysis of the process of line-formation, which 
was developed mainly for discussion of to ta l absorption in a line ra ther than 
of detai ls in the line-profile. The other is a very specific a t t e m p t to t rea t in 
grea t detail the problems of line-formation from the single requirement t h a t 
t he observed spectrum does not change in t ime, thus , t h a t t he occupation 
numbers of internal energy levels of the various ions be constant in t ime . 

The « working» approach characterizes by far the greates t bulk of exist ing 
astrophysical analyses of stellar spectra. The adopted expression for 88 fol­
lows from the process of simply writ ing down several possible mechanisms 
of producing radia t ion—which are t aken to be « coherent scat ter ing », « non­
coherent scattering », and « pu re absorption »—then assuming 88 is a l inear 
combinat ion of these a l ternat ives , wi th coefficients whose numerical values 
are no t specified a priori in te rms of either a tomic constants or the rmodynamic 

CO 
oo 
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parameters of the a tmosphere , b u t are to be fixed by the analysis. (Coherent 
and non-coherent scat ter ing refer to frequency, no t phase ; 88 for pure absorption 
is Bv(Te), cf. U N S O L D , 1 9 5 5 , for a detailed summary . ) W i t h the exception of 
very strong Fraunhofer lines, the «working approach » is again simplified, 
in the great major i ty of analyses, by assuming t h a t only the pure absorption 
te rm is significant—or t h a t non-coherent scat tering prevails in some strong 
lines and gives 8S<= kBv(Te) (k. being a frequency-independent constant , 
usually smaller t han 1 for absorption lines). So long as either of the la t te r 
al ternat ives is valid, we have 8S independent of v, case (i) above, or case (ii), 
and the analysis is s t raightforward as discussed in Section 3 ' 1 . If the more 
general a l ternat ive including all te rms ment ioned were valid, the presence 
of the coherent-scattering te rm makes hence 8V, ^-dependent. For reasons 
discussed below, we reject this general a l ternat ive in the central par t s of the 
line', where the absorption coefficient is mainly fixed by the velocity field. 
Thus, re turning to the two points developed in Section 3*1 and summarized 
in Section 3 ' 2 , our concern with the form of Sv reduces to jus t one point, t h a t 
of the degree to which the local value of 8V depends upon the local value of Te. 
That is, the question of how literally the results of most of the existing astro-
physical analyses can be taken, in discussing stellar a tmospheric velocity 
fields, rests on how satisfactory is the assumption of L T E . 

Invest igat ions of the general form of 8S to be expected on the basis of the 
t r ea tmen t of a gas in a stat ist ically-steady, bu t not necessarily L T E , s ta te 
have been mot iva ted primari ly by jus t this question of how significant are 
depar tures from L T E . General results from such investigations are presently 
few in number . There have been a number of detailed, numerical «bru te -
force » calculations, a imed mainly at producing results which can be compared 
with solar observations to see if details which are anomalous under the L T E 
approach become resolved under the non-LTE approach (cf. T H O M A S and 
A T H A Y , 1 9 6 1 , for a summary) . Mainly, these calculations have been limited 
to hydrogen helium, and calcium. A sequence of algebraic investigations of 
simulated a toms, having a limited number of energy levels, has been init iated 
by J E F P E R I E S and T H O M A S ( 1 9 5 7 , 1 9 5 8 , et seq.) in order to make more clearly 
explicit the t he rmodynamic parameters upon which 8„ depends, and to link 
this m o r e . m o d e r n work with similar a t t emp t s in the early 1 9 3 0 ' s a t more 
detailed invest igat ion. W e emphasize the significance of this older work; 
i t was carried out under the conceptual l imitat ions of no local energy dissipa­
tion other t h a n radia t ive in the a tmosphere . Thus , two points were missed: the 
possibility of an underes t imate of the impor tance of collisional terms, because 
of the possible existence of regions where Te exceeds t he value inferred from 
the continuous spect rum alone; an underes t imate of the height of formation 
of a spectral line relat ive to t h a t of the cont inuum, again resulting from the 
greater value of Te. On the other hand, much of the contemporary feeling t h a t 
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these more modern non -LTE effects are confined to t he stellar chromosphere 
overlooks the k ind of non -LTE effects implicit in the older work. 

The approximate results obta ined from this sequence of algebraic inves­
t igat ions are most likely t o be applicable to ac tual a toms where one t rea ts 
s t rong resonance lines, or s t rong subordinate lines in a tmospher ic regions 
hav ing very high opaci ty in t h e resonance lines. W o r k on a general method­
ology to ex tend the t r e a t m e n t to weaker lines is promising a n d suggestive, 
b u t only so, a t this stage of development . The empirical work a l ready cited, 
b y P E C K E R and associates, suggests t h a t t he general physical results on the 
direct ion of depar ture from L T E m a y remain val id for weaker lines. W e will 
now summarize briefly t he results from these somewhat-idealized algebraic 
invest igat ions, which indicate t he ex ten t to which Ss is ^-independent, and 
to which the local values of S8 m a y be considered to depend only upon local 
parameters , part icular ly Te. 

One can write, quite generally, 

where j v and cpv represent the profiles of emission and absorpt ion coefficients, 
normal ized such t h a t their integrals over v (and solid angle, for jv) are un i ty . 
T e x is t he «exc i t a t ion- tempera tu re» defined as a Bo l t zmann tempera ture -
pa rame te r giving the ac tua l ra t io of occupation numbers in upper and lower 
levels of the transi t ion. A solution of the equations of stat is t ical ly-steady 
s ta te for t he occupation numbers , ignoring mass diffusion te rms, gives (cf. 
J E F F E R I E S and T H O M A S , 1 9 5 8 et seq.-, T H O M A S and A T H A Y , 1 9 6 1 ) 

e is t he rat io of ra tes of collisional to radiat ive de-excitat ion in the line, eval­
ua t ed a t the local value of Te and w e; the t e rm rjB* represents a ra t io of 
upward excitat ions by rad ia t ive ionizations to spontaneous t ransi t ions down­
ward in ' t he line. Generally, in t he stellar a tmosphere , and for s t rong lines to 
which this two-level approximat ion has some degree of applicabil i ty, t he first 
t e rm on the r ight of eq. ( 1 4 ) is ve ry much larger t h a n ei ther of t h e second 
two te rms . I n this event , t he solution of the radiat ive transfer equat ion, using 
eq. ( 1 2 ) , ( 1 3 ) and ( 1 4 ) , is a diffusion problem, with t he second two te rms on 
the r igh t of eq. ( 1 4 ) serving as « source » te rms for t he diffusion. W i t h these 
expressions ( 1 3 ) and ( 1 4 ) , consider t he two questions we have ra ised: (i) t he 
relat ion between the local value of Ss and the local values of the the rmodynamic 
parameters characterizing the a tmosphere ; (ii) the relat ion between the 
r -dependence of Sv1 t h a t of the absorption coefficient, and t h a t of Iv 

(emergent). 

(13) 

(14) B9(T.X) -
jIvTvdv + eB_9(T.) + tiB* 

1 + e + rj 
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First , from a purely formal s tandpoint it is clear t h a t only in two cases 
will BV(TJ = Bv(Te), and thus will the local value of Bv(Tex) be fixed wholly 
by the local value of T e . 

a) If everywhere the first t e rm on the r ight of eq. (14) is completely 
dominant , and satisfies jlv(pvdv = Bv(Te). Such a condition could a t most 
hold under highly exceptional circumstances, and certainly not th roughout 
the a tmosphere and for all lines. 

b) If the second t e rm on the r ight of eq. (14) dominates completely. 
F o r resonance and s t rong subordinate lines, e < 1 in stellar a tmospher ic situa­
t ion ; so this possibility is excluded. Uncer ta in ty on cross-sections for higher-
lying subordinate lines couple with the uncer ta in applicabil i ty of the expres­
sion (14) to leave the s i tuat ion unresolved. I t would seem plausible t h a t there 
exist pairs of energy levels close enough to the con t inuum t h a t this second 
t e rm domina tes ; t he problem is to specify t hem, and for this we require cross-
sections and more detailed t r ea tmen t s of the s tat is t ical ly-steady-state . 

If neither of these two cases hold—and it is clear t h a t nei ther will for the 
stronger lines in the stellar spec t rum—then the local va lue of Tex is not fixed 
by the local values of the the rmodynamic parameters characterizing the a tmos­
phere, b u t by their dep th distr ibution. 

Second, since opaci ty of t he a tmosphere to the cont inuous radiat ion is 
generally several orders of magni tude smaller t h a n to line radia t ion involving 
the same lower level, there is a strong difference in result according to which 
is the larger of the second or th i rd te rms on the r ight of eq. (14). If the 
second t e rm predominates over the th i rd , then indeed the distribution of 1\ 
fixes the values of S8; so t h a t from an analysis of 88{rv), we have a possibility 
of inferring Te(rv). W e mus t , however, t rea t the a tmosphere as a whole. 
Examples of lines for which the second t e rm in eq. (13) predominates over 
the first — which category we have called collision-dominated — are the H 
and K lines of ionized calcium, the M g + lines near A 2 700—and generally, the 
ionized metall ic resonance l ines—and the L y m a n lines of hydrogen in the 
chromosphere. If, on t he other hand , the th i rd t e rm predominates , then the 
source-term in the diffusion problem is simply t he radia t ion field in the ioniza­
tion cont inuum associated wi th the lower level of the line. This cont inuum origi­
nates in a much deeper a tmospher ic region t h a n t h a t where the line originates. 
Thus, if this con t inuum can be represented in t e rms of some tempera tu re 
value, the value m u s t be expected to differ very considerably from the local 
values of Tt in t he region of line-formation. Examples of lines falling in this 
last category — which we have called photoionizat ion-dominated — are the 
early Balmer lines of hydrogen, the sodium B lines and generally, the neutra l 
metals . 
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Third, the value of 88 is independent of v a t a given a tmospher ic position 
only if jj(pv is ^-independent. I t has been shown ( T H O M A S , 1 9 5 7 ) t h a t this 
la t te r condition is satisfied over t h a t p a r t of the line in which the profile of cpv is 
fixed b y thermal motion. (If there exists a non- thermal mot ion, r a n d o m over 
a scale much less t han a pho ton free pa th , with mean velocity exceeding the 
the rma l velocity for the a tom in question, this same conclusion should apply 
to t he larger line-core specified b y this non- thermal velocity.) The behavior 
of 88 outside this central core—which is generally between 2 and 3 Doppler 
widths in size—has not ye t been explored with conclusive results . 

F o u r t h , since the source-terms in eq. ( 1 4 ) contain a tomic pa ramete r s char­
acterist ic of the part icular energy levels involved in producing the line studied, 
one mus t generally expect T e x to differ from line to line, even in those cases 
where t he lines m a y have one level in common. Except ions m a y occur; these 
mus t be extablished by detai led invest igation in each case. 

Summariz ing these results on 8V as they bear on the problem of the analysis 
of line-profiles for velocity fields, as outlined in Section 3 M , we can say the 
following: 

a) For strong resonance lines, or strong subordinate lines where lower-
lying lines satisfy detailed ba lance ; Tcx # Te; 8S is ^- independent over the 
core of the line where the profile of <pv is essentially determined by the r andom 
velocity fields present ; 8V is v-independent over the same core if over the 
same region rv <C 1 ; in general, 8y differs from one line to another . 

ft) For weaker lines, and higher-lying subordinate lines, we have at 
present essentially no sound theoret ical guide. On the one hand , we expect 
t h a t resonance lines approximate ly described by eq. ( 1 4 ) will have Tex^ T e ; 
b u t if they do not have rv > 1 , 8V will depend upon v. On the other hand , 
for t ransi t ions between sufnciently-high-lying levels, we m a y expect 
8„ -> Bv(Te). No work has ye t estabilished the transit ion region. The empirical 
results by P E C K E R and associates suggest t h a t this last regime of L T E has not 
been reached in the case of m a n y lines for which it is usually assumed. 

3 ' 2 . 2 . A p p l i c a t i o n . I n t he following, we restr ict our a t t en t ion to absorp­
tion lines, from which most astrophysical information on velocity fields has 
come. There are exceptions, such as the discussion of very broad emission 
features in Wolf-Eayet stars and in novae, which ul t imate ly mus t lead to 
very impor t an t information on velocity fields in a tmospheres t hough t to be 
uns tab le in one way or another . Cf. t he pioneering work b y B E A L S ( 1 9 4 1 ) , 

t he extensive discussion b y S O B O L E V ( 1 9 4 7 ) , such recent summaries as t h a t 
b y P A G E L ( 1 9 5 9 ) , and a short cr i t ique from the non -LTE viewpoint b y 
T H O M A S ( 1 9 4 9 ) . B u t by far t he greates t body of information, upon which 
most astrophysical th inking is based, deals with absorpt ion lines. 

•£> 
'£ 
X 
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I t is usually cus tomary, in discussing absorption lines, to work with the 
depth of the line, Rv = Ic — Iv, r a ther than the residual intensi ty, IvJ in the 
line. F rom eq. (1) and (2) we have 

(15) Rv = j {Sr(\ — exp [— T , / / ^ ) — exp [— r , /^ |}cxp ["— rrl/u\dr,.//i . 

I t is also cus tomary to express the above in terms of the «weighting-
function », g(rc), in t roduced for weak lines by U N S O L D (1932), M I N N A E R T (1948), 
and extended to stronger lines by P E C K E R (1951): 

oo 

(IB) fig(rr)Ir = J8r exp [— TvJ[JL\ d r r / / i — Ss exp [— T, . / / / ] , 

in terms of which, eq. (15) becomes 
00 

(17) Rv =jrj„ (^/,</(T , .)) exp [ - r , / ^ ] dr,./// . 

0 

The equivalent width of the line is then given—convert ing 1 and R to 
wave-length ra ther t h a n frequency uni ts—by 

CO 

Wx=f* (18) H x =jnxi 
o 

The weighting-function approach is mainly used under the L T E assumption 
on 88. I n this case, t he in tegrand in eq. (17) is a produc t of two factors, 
one—r\ v exp [— r8l/u]—involving the line and depending upon v, and the other— 
the weighting-function g(rc)—independent of the line and v. The lat ter , in 
the L T E case, is essentially the gradient of Bv(Te), and can be computed once 
and for all for a given atmospheric model. P E C K E R (1957) has emphasized 
t h a t in .the non -LTE case, the weighting-function, g(r), can be wri t ten 

(19) 

00 

filcg(r) = | jsc exp [ - R , . / ^ ] D R , / ^ - 8e exp [ - rv| + (8C —88) exp [ - T R / ^ ] | , 

which becomes, in the linear case of eq. (9) for 8 n 

(20) fJLlr9(T) = {fjt &8ri&TR + {8r - 8,)} exp [ - r,.//i| 
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Thus , for non-LTE effects to in t roduce significant change into the resul ts 
of analysis of a line-profile, (8C — 88)/8c need not be of order un i ty , b u t only 
of order /u d i n $ c / d r c . W e also no t e t h a t in the general n o n - L T E case, where 
the scat ter ing te rm, jIv(pvdrvJ enter ing eq. ( 1 4 ) , is of major impor tance , it 
is qu i te misleading to re ta in t h e usua l physical pic ture of t h e weighting-function 
as something characterist ic of the model of the a tmosphere and independent 
of t h e par t icular line considered. The scattering t e rm often depends upon r , 
a lmost independent ly of rc, par t icular ly for strong lines. Thus , the ut i l i ty 
of g(r) as a function t h a t can be computed once and for all, independent ly 
of t h e line, largely disappears when non-LTE effects m u s t be included. I t is, 
however, a very useful concept to demonst ra te , as in eq. ( 2 0 ) , t he quant i t ies 
with which non-LTE effects m u s t be compared to assess their impor tance . 

If we consider the case where 88 is independent of v, t hen we m a y 
regard g(r) as t h a t pa r t of t he in tegrand which is independent of v, t he 
v-variation coming from t h e factors rjv and exp [— T , / /J ] . The first factor alone 
would give something resembling the labora tory case of a th in a tmosphere , 
since it is jus t the profile of the absorpt ion coefficient. The second factor 
selects the atmospheric region contr ibut ing most to t he par t icular point on 
the profile thus giving the contr ibut ion to the profile arising from the variat ion 
in g wi th r—through t h e var ia t ion in the 8 with T . Thus , in astrophysics it 
is cus tomary to distinguish two kinds of l ines: « w e a k » lines, for which 
rs ~ 0 is a good approx imat ion ; and all other lines, for which non-zero rs must 
be considered. We consider those two kinds of lines, in tu rn . 

a) T h e w e a k - l i n e a p p r o x i m a t i o n . The basic assumption is 
Tsl/u <C 1 , so t h a t exp [— x9jfi\ m a y be taken as uni ty . I t is often assumed, 
in s tudying such weak lines, t h a t the profile of Ev mimics the profile of the 
absorpt ion coefficient, th rough the ^-dependence of rjv (Cf. B E L L , 1 9 5 1 ; B E L L 

a n d M E L T Z E R , 1 9 5 8 ; E O G E R S O N , 1 9 5 7 ) . If t he assumpt ion were valid, we 
should have the astrophysical analogue of the case of a uniform, th in gas 
in t h e laboratory, and t h e observed line-profile would give immedia te ly the 
velocity field. W e see t h a t this assumpt ion requires a cons tant profile of cpv 

over whatever region of t he a tmosphere contr ibutes significantly to t he line. 
Such a constant profile of q?v is often justified by the a rgumen t t h a t the line is 
formed in a narrow region of t he a tmosphere (the so-called Schuster-
Schwarzschild case), because of s t rong variat ion in exci ta t ion conditions. 
Thus , in applying this weak-line approximat ion to s tudy the dis t r ibut ion of 
velocity fields in the a tmosphere , i t is impor tan t to distinguish the case jus t 
cited from t h a t where t he ion is d is t r ibuted more-or-less uniformly over the 
region where t he con t inuum originates (the so-called Milne-Eddington case), 
b u t the ion considered has a ve ry low abundance . 

W e have already ment ioned t h e second assumption, t h a t 8S mus t be 

OO <o 
CO 
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^-independent, if rjv is to give the whole r-dependence. This second assumption 
is invariably overlooked, because the analyses invar iably assume L T E . 
However, i ts neglect is no t serious, in view of our proof, ment ioned earlier, 
t h a t Ss is ^-independent over the Doppler core. The weak-line criterion of 
rs <C 1 ensures t h a t t he line will have significant opaci ty only over th is 
Doppler core. 

Thus, a depar ture of the profile of Bv from a simple Doppler profile, t h a t 
of <pv, comes only from a var ia t ion of <pv over the a tmospheric region contri­
bu t ing to the line. Alternat ively, such an observed depar tu re m a y be taken 
as evidence t h a t t he line really does not satisfy the weak-line criterion. Final ly , 
depar ture from agreement of profiles of several «weak-l ines» originating 
from several ions either signifies a var ia t ion of conditions within the a tmos­
phere, or vary ing velocity fields from ion to ion producing the lines. 

The al ternat ive among these effects mus t be considered carefully and 
seriously. An example lies in the suggested procedure to distinguish thermal 
from non- thermal velocity fields in the solar a tmosphere by comparing pro­
files of Bv for weak lines from several ions of differing mass ( B E L L , ibid). 
HOTJTGAST (1953) has stressed the difficulties entering such an analysis from 
the s tandpoint of differing distr ibutions within the a tmosphere of the ions 
considered. Fo r several of her lines, Miss B E L L has found it necessary to 
in terprete t the profiles wi th Doppler plus damping contr ibut ions to the 
absorption coefficient, which implies t h a t the lines do no t satisfy the weak-line 
approximat ion. 

Finally, the criterion used to select lines satisfying the weak-line approxi­
mat ion is often no t based on a computa t ion of the val id i ty of the condition 
rs <C 1, b u t only upon the observat ional criterion t h a t Bv < some small fraction. 
Such a procedure essentially neglects the effect of the difference (8C — $s), 
assuming this quan t i t y to be zero. I n a similar way, we note t h a t rs <c 1 
does not imply t h a t for all regions of the a tmosphere , rjv <C 1. A weak line 
m a y originate entirely within the chromosphere, where rv is essentially zero, 
for example. Bo th these points war ran t investigation. 

b) L i n e s n o t s a t i s f y i n g t h e « w e a k - l i n e » a p p r o x i m a t i o n . 
Since rjv is directly propor t ional to a v , whose integral over v is jre 2 / 1 2 /mc, we 
see from eq. (17) and (18) t h a t in the weak-line approximat ion , Wx is inde­
pendent of the velocity field. Thus, only the line-profile gives information 
on velocity fields. W h e n observat ional conditions are such t h a t only in tegrated 
intensities, or equivalent widths , not profiles, can be observed, the weak-line 
case gives no information on velocity fields. However , as r8 increases to the 
point where t he weak-line approximat ion becomes invalid, Wx depends upon 
the velocity field and we m a y use bo th profile and in tegra ted intensi ty to s tudy 
the velocity fields. 
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F o r i l lustration, consider the L T E case, S8 = SC = Bv(Te), and an extreme 
case of the (Schuster-Schwarzschild) kind of model a l ready ment ioned, where 
the emi t t ing ion is confined to a nar row atmospheric layer, a t r , , of negligible 
thickness in rc. Then eq. ( 1 7 ) integrates to 

(21) Rr~ ju(l — exp [— Tslfi]) exp [— r,.///] d f l f / d T , . 

If we consider a sufficiently-strong line, we see t h a t the line «sa tura tes » 
in its central regions, main ta in ing practically a constant value of Rv unt i l cpv 

decreases sufficiently to drop the value of the bracket in eq. ( 2 1 ) below uni ty . 
Thus , the integrated profile of Rv, or the equivalent width Wv depends 
strongly upon the paramete rs fixing the ra te of drop of cpr. I n a rough way, 
for wholly random velocity fields 

( 2 2 ) vj<p0~ exp [ - [AWA*J 2] + F([Av]~ 2) , 

so t h a t the greatest r a t e of decrease in cpv comes over the core of t he line. 
F relates to the radiat ion and collisional broadening processes. F o r weak lines, 
Wx depends only upon rH (subscript 0 referring to the line-center). As T S 

increases Wx begins to depend upon AA,, unti l , for s t rong enough r s , Wx is 
proport ional to AAD, and varies only slightly with r8 . W h e n the line becomes 
so sa tura ted t h a t the second t e rm on the r ight of eq. ( 2 2 ) becomes of major 
impor tance before the sa tura t ion begins to disappear, we enter the well-known 
« pressure-broadening» regime, and VTA varies as . A plot of this depend­
ence of Wx on T« , with pa ramete r AAD, is called the curve of growth. Fig. 3 , 
in our discussion of a rough approx imate t r e a t m e n t of t h e to ta l absorption 
by a line, represents a rough approximat ion to a curve of growth. F o r a detailed 
discussion free from the special assumptions underlying eq. ( 2 1 ) , cf. t he clas­
sical discussion by M E N Z E L ( 1 9 3 9 ) , and the recent s u m m a r y b y V A N E E G E -

M O R T E R ( 1 9 5 8 ) . 

Let us now summarize t he classical theoretical computa t ion of a curve of 
g rowth from the weighting-function approach. I t is based on the use of the 
weight ing-saturat ion functions (see, for instance, in the l imited case of L T E 
for g(rc), U N S O L D , Phys ik der S terna tmospharen , p . 1 0 9 ) . The expression 
of W can then be wri t ten 

CO CO 

( 2 3 ) W = [?+dX=k fg(rr) ^ 0(rjVo, *)VY.&rr , 
0 0 

g(rc) being the weighting-function, as denned in eq. ( 1 6 ) , &(rjVo, a) (Fig. 8 ) 
being the saturat ion function (0=1 if rjH < 1 — weak lines —, and 0 < 1 
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i n the other cases—intermediate 
s t rength , and s t rong lines). The func­
t ion 0 has been extensively tabu­
la ted . tjVo is t he va lue of rjv a t the 
center of the l ine; a n d one has 

(24) 

V 
•G. 

- c n 
o 

4s£5 -

1 0 1 2 

Fig. 8 . - Saturation function. 

One can wri te , in an approx imate way, jus t in t roduced to show the respec­
t ive impor tance of each of t he physical factors involved, 

(25) 

CO 

W ~ mre)V¥.]j2? 0(rju, oc)drc 

The var ia t ion of rjJrjVo wi th rc fixes essentially (and only) the detailed 
shape of the curve of g rowth ; the values of g(rc) and of Te fix t he value of W 
corresponding to t he p la teau of the curve of growth (Fig. 9). Through this 

Influence of a 

LOG 5VO • 
Fig. 9. - Influence of saturation function on plateau of curve of growth. 

value, determined from measurements , and provided one knows the variat ion 
of g(rc), it is t hus possible to derive a mean value of t he the rmal motions. 

3 - Supplemento al Nuovo Cimento. 
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I t m u s t be no ted t h a t t h e above analysis assumes 8C and 88 to be n o t 
r -dependent (i.e. g(rc) non v-dependent ) ; t he case wi th a independent g(rc) 
has never been t r ea ted in th is approach : this l imitat ion thus p u t s a grea t 
concern wi th this weight ing-satura t ion approach. I t has been t rea ted , however, 
rigorously in l imited cases (pure coherent scat ter ing and approximat ions 
on rjVo of the Milne-Eddington or Schuster-Schwarzschild t y p e — see e.g. 
W R T J B E L , 1 9 4 9 ) . B u t in those l imited cases, t he « pure-sca t te r ing» restriction 
on 88. and the overlooking of t he ac tua l stratification th rough t h e approxi­
mat ions on rjVo p u t again a great doub t on t he results t h a t can be derived,, 
t h rough such curve of growth, abou t velocity fields. 

W e denote lines no t s t rong enough to enter the «pressure-broadening» 
regime as «lines of in te rmedia te s t rength »; others, as « s t rong lines ». I n t h e 
former, bo th profile and Wx depend upon the velocity fields; in t he la t te r , 
Wx is mos t insensitive to t h e velocity field, and only the profile m a y be used. 

Generally, in analysing a line for velocity fields, th ree effects mus t be 
considered: the distr ibution of cpv t h rough the a tmosphere ; t he effect of depar­
tu re of 88 from # c ; the effect of ^-dependence of 88 outside t he Doppler core. 
There exist no systemat ic invest igat ions of the la t t e r two effects. I n discussing 
t h e problem of variable <pv, analyses repor ted thus far have simply m a d e some 
assumpt ion on variat ion of <pv, t h en compared results from lines though t t o 
originate in differing a tmospher ic regions, to construct a be t t e r approximat ion 
(or, if center-l imb observations exist , they m a y be used in place of several 
lines hav ing differing heights of origin). So long as we restr ict a t t en t ion to 
a tmospheres hav ing only the rma l velocity fields, as in th is Section 3*2, a n d 
to those par t s of the a tmosphere where the form of the dis t r ibut ion in Te is 
known, an a priori assumpt ion on the kind of var ia t ion of <pv i£ feasible. Such 
a s i tuat ion is possible for weak a n d in termedia te s t rength lines. Because YJH 

is so large for s t rong lines, those regions of the line where velocity fields are 
impor t an t are often formed outside t h e atmospheric regions where t h e general 
dis t r ibut ion of T e is known. I n t he more general case of Section 3'3 and 3*4, 
any a priori es t imate of general dis t r ibut ion of velocity field is unsound, because 
of our present complete lack of theoret ical knowledge of t h e kinds of velocity 
fields to be expected in a stellar a tmosphere . The most one can ask, in a n y 
i tera t ive procedure, is numerica l consistency (cf., e.g., H U A N G , 1 9 5 1 ) . 

I n summary , on the basis of presently-developed methods of analysis, 
t he mos t impor tan t aspect in an a priori approach is t h a t of assigning 
«effective» depths of formation for differing lines. The question of such 
effective depths has , unt i l now a t least, been invest igated from the L T E basis 
(cf. V A N E E G E M O R T E R , 1 9 5 8 ) . I t is now well-established t h a t n o n - L T E effects 
combine wi th t h e existence of a stellar chromosphere to in t roduce very serious 
change, over t h e classical L T E computa t ions , in dep th of format ion of the 
Doppler cores of strong, and in te rmedia te lines (cf. T H O M A S and A T H A Y , 1 9 6 1 , 

CO 
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for a summary of work leading to this conclusion). I t is a problem to be 
settled, how far such effects ex tend out from the core of t h e line, and their 
influence on Wx. Another problem is to make a clear dist inction between 
w h a t could be called « effective depths of formation of Doppler widths » and 
« effective depths of formation of central in tensi ty » etc. I n an exact t rea t ­
men t , no problem arises; b u t the i terat ive methods used are hard ly exact . 
E v e r y me thod of measurement corresponds to a different « effective depth » 
and the interrelat ions be tween t hem have no t been satisfactorily analysed. 

W e would emphasize t h a t , since there is no a priori knowledge whether 
an a tmosphere satisfies t h e condit ion of wholly t he rma l velocities, i t is critical 
t h a t an analysis of t h e a tmosphere provide a check of inferred velocity field 
against t he the rmal value. F o r those weak lines formed in regions covered 
b y analysis of t he con t inuum, an immedia te check exists. F o r in termedia te-
s t rength lines, a comparison of profile to to ta l absorpt ion gives a check. 
(Cf. the discussion of micro- and macro-turbulence in Sections 3*3 and 3*4 
on this point.) F o r s t rong lines, such a check is more difficult; W e mus t 
require either a de terminat ion of Te from the magni tude of 8V, t hen a deter­
minat ion of velocity field from absorption coefficient via t h e v-dependence 
of I v ; or a de terminat ion of velocity field at a given point in t he a tmosphere 
from several lines of different ions, and intercomparison to see whether a wholly 
the rma l origin is consistent. Thus , the question of n o n - L T E effects becomes 
of p r imary impor tance , in a t t emp t ing to analyse observat ions of such strong 
lines for a tmospheric velocity fields. 

W e have already differentiated, in t he last few paragraphs of Sect. 3*2 .1 , 
between essentially two types of 8S—one of which depends upon collisional 
effects for the source t e rm , t h u s upon the dis tr ibut ion of Te t h rough the region 
of l ine-formation; t he other of which depends upon photo-exci ta t ion, thus 
is insensitive to T e in t he region of line formation. An analysis of a line of 
the first t ype m a y b y itself provide a set of d a t a wi th in ternal checks. An 
analysis of a line of t he second type gives information on the rma l velocity 
fields only from the ^-dependence of Ir, and has no checks for consistency 
of t he assumption t h a t t h e velocity fields are wholly the rmal . Thus, several 
lines of different ions m u s t be analysed, whose Doppler cores are formed in t h e 
same a tmospher ic region. Locat ing the region of formation is a problem com­
parable to specifying t h e velocity field, and t h e two m u s t b e solved together . 

3 ' 3 . Analysis of a line formed in an atmosphere where non-thermal velocity 
fields exist, but are assumed to consist of random motions of groups of atoms of 
dimension smaller than a photon free-path. - Clearly, t he pho ton free-path in 
question (a length corresponding roughly to an optical dep th uni ty) mus t be 
t h a t corresponding to t h e largest value of the line absorpt ion coefficient, t h a t 
a t t he line center. Then, for a given ion, this mot ion is indist inguishable from 
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t h e the rma l motion in i ts effect upon absorption coefficient and v-dependence 
of S8. W e simply wri te t he resu l tan t mean square veloci ty: 

(26) Vtot — I therm ~\~ T^micro — 
rrii 

W e use the subscript « m i c r o » in conformity wi th astronomical usage 
of t h e t e r m « microturbulence » to describe this small-scale, non- thermal veloc­
i t y component . The «micro turbu lence» differs from the the rma l motion 
in two respects : i t need (*) no t v a r y with the a tomic mass , mi; i t need not be 
isotropic. 

The same type of analysis may , consequently, be used under this con­
di t ion 3*3 as under condition 3*2. The difference is, t h a t w h a t was a check 
be tween several measures of t he rma l motion becomes now a comparison 
of and F m l c r o . 

This intercomparison m a y be m a d e between T e de te rmined from Sa and 
from the r-dependence of Iv. Or, i t m a y be made between values of T e inferred 
from either of these methods appl ied to ions of different mass (e.g. t h e investi­
gat ions like those of Bell a l ready cited in Section 3'2. If there is only a r andom 
component in the non- thermal mot ion, eq. (26) m a y be used to obta in F t h e m 

a n d F m l c r o . An inferred difference between these several quant i t ies m a y either 
be t a k e n literally, or used as a basis to question the val id i ty of t he analyt ical 
methodology, from t h e s t andpo in t of t h e uncer ta int ies raised in Sec­
t ions 3 1 and 3*2. 

Several analyses of as trophysical da t a have produced results implying 
^micro > ^ 6 o « d > where F B 0 U n J is essentially F t h e r m for hydrogpn, evaluated a t 
w h a t is assumed, in these analyses, to be T e in the a tmospher ic region analysed 
(cf. S T R U V E and E L V E Y , 1934; U N S O L D , 1929, W I L S O N and B A P P U , 1957). 
I t has been objected t h a t such results are physically inconsistent from a 
gas-dynamical s tandpoin t ( T H O M A S , 1948) if t he a tmosphere is t o be in a 
t ime-s teady the rmodynamic s t a t e—they would lead to a rap id mechanical 
energy dissipation and a rise in T e . Therefore, ei ther t he assumed values 
of in t he a tmosphere are too low, or t h e analyt ical methodology under lying 
t h e results is incorrect. 

P robab ly the most controversial aspect of results on «microturbulence », 
aside from the above results concerning supersonic micro turbulen t velocities, 
lies in t h e question of anisot ropy vs. depth-dependence. These results come 
from s tudy of weak a n d in te rmedia te s t rength lines in t he sun, where 

(*) Most authors assume that the microturbulenca obviously does not depend upon 
atomic mass—but in the case of such motion as gyromagnetic, the velocity varies 
with m. Such possibilities must be clarified. 
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centerl imb d a t a m a y be obtained. (Cf. A L L E N , 1 9 4 9 ; E I C H A R D S O N and 
S C H W A R Z S C H I L D , 1 9 5 0 ; H U A N G , 1 9 5 1 ; S U E M O T O , 1 9 5 7 ; W A D D E L L , 1 9 5 8 ; 

E O G E R S O N , 1 9 5 9 . ) I n essence, as one observes along t h e line of sight progres­
sing from center t o l imb, he bo th observes a t lesser effective dep th and along 
a non-radial direction. The problem is to distinguish, in an inferred change 
in «mic ro tu rbu len t» velocity, between the depth var ia t ion and a possible 
anisotropy. An a rgumen t (cf. W A D D E L L ) in favor of anisotropy comes from 
the fact t h a t if no anisot ropy is assumed, b u t all effects laid t o a dep th var ia t ion, 
t he parameters describing such depth var ia t ion are found to depend heavily 
upon the line chosen. I n our opinion, this discrepancy m a y also arise from 
differential n o n - L T E effects (cf. P E C K E R and V O G E L , 1 9 6 0 ) . Much more work 
needs to be done on these questions before we can consider t h a t we have a 
clear-cut k inemat ical p ic ture of the. velocity fields actual ly existing. Again, 
detailed discussion is best deferred to the presenta t ion of results in the follow­
ing papers . Here , we only emphasize the point as an impor t an t one from 
the s tandpoint of the analyt ical methodology. 

3*4. Analysis of a line formed in an atmosphere where quite general macro­
scopic velocity fields are admitted. - I n essence, we have four kinds of velocity 
fields to consider. I n addi t ion to those a l ready t r e a t ed : (i) the rmal and 
(ii) non- thermal b u t r a n d o m over all dimensions larger t h a n some scale much 
smaller t h a n a pho ton free-path — we h a v e : (iii) mass mot ion of some t y p e 
other t han (ii) b u t hav ing no gradient horizontally, and (iv) horizontal gradients 
in the mass mot ion. If we had arbitrari ly-good geometrical resolution, we 
could restrict our a t t en t ion to types (i)-(iii), or mot ion in a narrow cylinder 
of gas. Uniform sys temat ic mot ion of the cylinder does no t alter any of t he 
approach already discussed, t he line is simply displaced as a whole. W h a t 
requires to be discussed, is a vertical velocity gradient in the motions of 
type (iii). Lacking good geometric resolution, t he effects of t y p e (iv) broaden 
the line profile. F o r example , note the simple case of a collection of columns, 
within each of which t he gas moves u p or down as a whole. 

Generally, in astrophysics , mot ion of t ype (ii) is called « microturbulence», 
and the t e rm « macro turbu lence» is r a the r loosely applied to a compound of 
(iii) and (iv). I n formulat ing an analyt ical methodology, for discussing the effect 
of velocity fields upon spectral line profiles, i t is i m p o r t a n t to distinguish 
carefully between types (iii) and (iv); such a dist inction is more often blurred 
in the astrophysical l i te ra ture t h a n not . Fo r example , H U A N G and S T R U V E 

developed their me thod of l ine-width vs. equivalent-width correlation in te rms 
of a si tuation rest ing upon motions of t ype (i)-(iii), t hen applied i t to si tuations 
which included t h e effect of t y p e (iv). H U A N G has kindly answered our inquiry 
on this point b y s ta t ing t h a t i t was their in ten t t h a t t he me thod should be 
applied only in si tuat ions where the «macroscopic» types (iii) and (iv) do 
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n o t seriously alter the profiles obta ined from « microscopic » mot ions of types (i) 
a n d (ii) alone. W e could only emphasize t h a t analyses a n d comparisons of 
results from different k inds of analyses (such as discussions of line-profiles vs. 
discussions of equivalent-widths) m u s t be done with a very clear pic ture of 
t h e k ind of motions assumed; since, for example, t he differential effects of 
« microscopic» and «macroscopic » motions upon line-profiles and curve of 
g rowth are appreciable. 

L i t t l e formal work has been done on this problem of in terpre t ing line-
profiles for generalized velocity fields, aside from t h a t b y H U A N G and S T R U V E 

jus t cited, mainly because of t h e observational difficulties cited, not ing our 
earlier remarks t h a t a good discrimination of n o n - L T E and velocity effects 
usual ly depends upon the analysis of intensi ty differences of several percent 
in t h e line-center. Modern photoelectr ic work with good grat ings now begins 
t o m a k e such discrimination a possibility. So, we first summarize t he Huang-
S t ruve approach, then add a few comments from the s tandpoin t of t he devel­
opments summarized earlier in t h e present paper . 

3*4.1. T h e H u a n g - S t r u v e a p p r o a c h . They orient the i r discussion 
a round a distinction be tween «physical Doppler b roaden ing» and «geome­
tr ical Doppler broadening ». The former represents wha tever l ine-broadening 
would result from the velocity dis t r ibut ion within a column of gas lying below 
some surface element. The effect of superposing several columns of gas distri­
b u t e d over the surface of t he s tar , t hey call geometrical broadening. This last 
is t he observed quan t i ty , which they write as 

The quan t i ty R'(X — A A) represents the «physical Doppler broadening ». 
t h u s , an integral over dep th , a n d 2?(AA) represents t h e geometric integrat ion 
effect—^limb-darkening, var ia t ion in systematic mass-motion of columns, stellar 
ro ta t ion , etc. Thus , t he basic assumpt ion is t h a t the q u a n t i t y R' can be deter­
mined for an a tmospher ic model having no «geometr ica l» broadening. One 
t h e n introduces various broadening functions, JB(AA), and a t t e m p t s t o m a t c h 
t h e observed profiles, R(X). (Cf. H U A N G and S T R U V E , 1953, for a discussion 
of var ious broadening functions, and the difficulty of dist inguishing between 
these functions for several types of mass motion.) 

I n t he si tuations t h a t ei ther t h e effect of Z?(AA) great ly predominates over 
t h a t of R', or conversely, t h e resu l tan t R is essentially t he p redominan t one 
of t h e two quant i t ies . W h e n B a n d R' are comparable in the i r effect, H U A N G 

and S T R U V E have a t t e m p t e d to separate their effects b y s tudying the relation 

oo 

(27) 
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between equivalent width , half-width, and central in tens i ty of the line 
(1952a, 19526, 1955). I n t he first two papers , t he methodology developed 
rests upon the impl ic i t—and somewhat paradoxica l—assumpt ion t h a t the 
macroscopic mot ion does no t seriously alter the profile obta ined from consid­
ering only microscopic mot ions ; the th i rd paper a t t e m p t s to remove this 
l imitat ion. H u a n g and S t ruve recognize the uncer ta in ty in t roduced by uncer­
t a in ty on the theory for t he central in tensi ty of t he line (which we would 
re-emphasize on the basis of our discussion of 8S). All we can really say, is 
t h a t t he problem remains to be investigated from the s tandpoin t of a com­
plete theory of 8S and its effect. 

These discussions b y H u a n g and St ruve direct their a t t en t ion to the very 
pract ical problem of analysing the observed stellar spectra. The solar case, 
wi th its resolution of the disk, provides an easier problem. Therefore, we con­
clude with a summary of t he methodology in t he case of two simple types of 
mot ion within «columns » t h a t can be resolved. W e deal, then , with the 
problem of specifying the R' function of H u a n g and St ruve . 

3*4.2. V e r t i c a l g r a d i e n t i n m a s s - m o t i o n ; o n l y t h e r m a l 
r a n d o m m o t i o n s . I n essence, the presence of a gradient in systematic 
motions exhibits itself as an a symmet ry in line-profile. F o r i l lustrat ion, continue 
t h e assumption t h a t 8V is r - independent , and restr ict a t t en t ion to the Doppler 
core of the line. Then we have 

Again for i l lustrat ion, adop t a caricature version of the result of the linear 
relat ion of eq. (7); viz., assume t h a t rigorously 

Then if V(r) has everywhere the same sign (i.e. a lways t he motion is u p 
or down), we see t h a t t h e points to which we « see » a t equal distance from 
t h e center of the line differ. T h a t is, picking points of equal Zv(0, //) on oppo­
site sides of t he line-center, we do not go equal distances (Ar) from the 
line-center. If we label these points of equal in tensi ty b y v+ and 1> _ , and 
if V were cons tant a t all heights above t h a t corresponding t o I v , we would 
determine V from points of equal q>v in eq. (28) as 

(28) (fr = (p0 exp -
[ v - v 0 ( l + V(t)Ic)Y 

(AvD)« 

(29) 1,(0, ix) = 8v(Tv = fx). 

(30) V\c = — v0) — (v0 — v~)]l2v0 . 
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Fig. 1C. Vertical velocity gradient; 
eq. (30). 

Since V(r) is no t necessarily constant , one m u s t proceed b y successive 
approximat ion , b u t t he principle is t h e same. Indeed, i t is very similar t o 
t h a t discussed in Section 3*1 for determining A r D . Were these simplified 

assumptions satisfied, there would be 
no serious problem in de termining 
V(r) (cf. Fig . 10). 

There are two kinds of diffi­
culties associated wi th depa r tu re 
from the simplified assumptions of 
the last pa ragraph . F i r s t , there is 
the problem of inver t ing t he integra­
t ion of 8V over T v , t o replace t h e 
simplified relat ion (29). The mos t 
direct approach is to invest igate l ine-
profiles via models of Sv(rv). F o r 
the L T E assumption, t h e procedure 
is fairly s t ra ightforward; for one uses 
the same function Te(rc) for all lines. 

Then i t is a question of invest igat ing 7 ( T c ) . The second problem is t he more 
serious—if one does no t assume L T E , wha t k ind of function 8v(r) is to b e 
used in proceeding, even b y t h e me thod of models? 

One procedure is t o a t t e m p t to duplicate the procedure sketched in 
Section 3*1 for an empirical de terminat ion of # V ( T ) , based upon the assumpt ion 
t h a t several lines having the same 8V can be found. I t m u s t first be shown 
t h a t there are such lines. Second, since there are now two unknown functions 
to de te rmine—AI> D (T) , V(T)—more t h a n two lines mus t be found satisfying 
t h e condition. Or, center-l imb var ia t ions mus t be used, in t h e m a n n e r outl ined 
in Section 3*1. 

Thus , in any event, the problem comes down to discussing the quest ion 
of S8 in an a tmosphere wi th macroscopic velocity fields. W e have already 
sketched t h e existing theoret ical approach t o 88, in an a tmosphere hav ing 
only the rmal motions, centered a round eq. (13) and (14) as a first approxi­
mat ion . Consider quickly t h e modifications int roduced b y the presence of 
macroscopic velocity fields. 

The formal procedure associated wi th the eq. (12) a n d (14) lies in investi­
ga t ing 88(r0) in an a tmosphere hav ing some theoretically-prescribed distri­
bu t ions T e ( r 0 ) , n e ( r 0 ) . Then, one solves the equat ion of radia t ive transfer, 
using eq. (12) and (14) and these distr ibutions. Thus , t he changes in S8(r0) 
which might be expected to occur in an a tmosphere hav ing macroscopic velocity 
fields as compared with one hav ing the rmal motions only are of two types . 

F i r s t , there m a y occur a significant change in the Te(r0), ne(r0) which we 
would prescribe from wholly theoret ical considerations, th is change resul t ing 
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from the added energy inpu t from mechanical dissipation of t h e macroscopic 
velocity field. I n addi t ion to changing the details of t he 88(r0) d is t r ibut ion, 
this change in Te(r0) m a y well change the type of 8S for a given line from t h e 
photoionizat ion-dominated t ype (88 largely independent of Te) t o the collision-
dominated t ype (S8 dependent upon Te(r0)). F ix ing n e , T e from a wholly 
empirical de terminat ion eliminates this problem. 

Second, the presence of t he macroscopic velocity field alters the opaci ty 
within t he line, as given b y eq. (30). To see t he effect, we digress briefly on 
the me thod of solution of the transfer equat ion, using eq. (12) and (13). 
(Cf. J E F F E R I E S and T H O M A S , ibid.) Since the result ing equat ion of transfer 
is an integro-differential equat ion, some me thod of algebric quadra tu re m u s t 
be applied to t he integral over v in eq. (14). I n the case of wholly-thermal 
motions, Iv is symmetr ic abou t the line-center. Fu r the r , cpv falls off so rapidly 
wi th increasing Ai> t h a t t he investigations thus far completed have assumed 
it sufficient to t r ea t only t h e Doppler core. The quad ra tu re is then s t raight­
forward. The a s y m m e t r y in t roduced by the macroscopic velocity field, however, 
requires separate t r e a t m e n t of the two sides of the line, t hus doubling t h e 
number of quad ra tu re points , and introducing a more-elaborate depth depend­
ence of cpv-. The problem has no t been touched to da te . 

3*4.3. A l l m a c r o s c o p i c m o t i o n s r a n d o m o v e r a s c a l e l a r g e r 
t h a n s o m e d i m e n s i o n s m a l l e r t h a n a p h o t o n i r e e - p a t h . I n 
th inking th rough the analyt ical approach to an analysis of the velocity 
field, we have essentially two al ternat ive conceptual po in t s : a) 8S has some 
given geometrical dis tr ibut ion, not dependent upon the part icular l ine 
analysed—e.g., L T E ; b) the distr ibution of 8S is a s t rong function of r 0 , t h e 
opaci ty in the center of t he line, and possibly the dis tr ibut ion of opaci ty 
abou t the line center. 

a) 8S has a given geometrical distr ibution, not dependent upon properties 
of the l i n e analysed. 

Here we recognize t h a t the essential quan t i ty fixing lv is how geometrically-
deep in the a tmosphere do we see it a t a given Av from the line-center. T h a t 
is, how geometrically-deep mus t we go before encounter ing along the line 
of sight enough a toms having velocity V, where 

(31) kv = v0Vlc, 

to build u p T(AV)~1. If we forget for the m o m e n t na tu ra l and collisional 
broadening of a line, we t hen see t h a t in discussing line formation under th is 
case a), t he velocity dis tr ibut ion function of direct in teres t is no t a t a given 
point in t he a tmosphere . E a t h e r , we w a n t t h e function rc(V), which is t h e 
distance down in to t he a tmosphere one mus t go before encounter ing N a toms , 
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in t he lower level of the line considered, having velocity V along t h e line of 
s ight . Here , N is t he same for all V, simply being given b y 

(32) — fltN~l. 
me 

Clearly, rc(V) results from the integrat ion of the dis t r ibut ion functions 
a t a point , b u t these last are no t t he quanti t ies of direct interest , nor are 
t h e y obviously the easiest in which to formulate a description of r a n d o m motions 
of vary ing scale. Given r c ( F ) , we immediate ly have rv(V) from eq. (31) and 
the (assumed known) value of abundance of ion in question to t h e source of 
cont inuous opacity. Thus , we m a y in tegra te eq. ( l ) a n d obta in Iv. Conversely, 
if we know S8(rc), we m a y inver t an observed Iv to obta in rc(V). 

The results from this inversion do not give the velocity dis tr ibut ion func­
t ion a t a point . To obta in this , one mus t analyse several lines, hav ing dif­
ferent / 1 2 values, then t ake t he difference of the derived r c ( F ) . 

The ac tual presence of na tu ra l and collisional broadening mus t be included. 
To compute the re levant collision ra tes , we require an average over t he local 
velocity distr ibution function. Since this last is a priori unknown, one mus t 
derive it as in the last pa ragraph , then i tera te the procedure. 

b) S8 depends upon r 0 for t h e line considered, and possibly upon the 
d is t r ibut ion of opaci ty abou t t h e l ine-center . W e re tu rn again to this question 
of t he influence of velocity fields on the derived S8. W e h a v e a l ready com­
men ted on the two aspects changing the dis tr ibut ion derived for a quiescent 
a tmosphere—a possible rise in Te because of aerodynamic dissipation effects, 
a n d a change in opaci ty above a given geometrical point . There is no need 
t o belabour t he point , par t icular ly since no work has been done on i t . 

Consider an ext reme example , a column of gas consisting of two par t s , 
one lying above the other , in re la t ive motion a t a speed large wi th respect to 
t h e in te rna l the rmal mot ion—we suppose there is no other mot ion. Now a 
photoionization-controlled Ss for a very s trong line varies, over t h e central 
core, only wi th r 0 . Therefore, let each pa r t of t he column have thickness 
r 0 > 10 4 , b u t no t so great as to be opaque in t he ionization con t inuum of 
t h e t ransi t ions considered. Then, if we consider the relat ive speed to correspond 
to , say, t en Doppler half-widths, t h e cores of the resul t ing two lines will be 
well-separated, and have t h e same profile, and intensi ty . As t he relat ive speed 
decreases, t he cores begin to merge, and the distr ibut ions Sv(r0) begin to be 
fixed b y the conditions in t he two pa r t s of t he column together , r a the r t h a n 
the re being two dist inct pa r t s of the column and two dist inct line cores. 
The point which we would m a k e here, is simply t h a t a discussion of micro-
a n d macroturbulence , in t h e usua l sense, applied to a single column of gas 
requires a detai led discussion of t h e form and behavior of S8. 
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