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Abstract

In this paper we define and study a generalized Drazin inverse x® for ring elements x, and give a
characterization of elements a, b for which aa” = bbP. We apply our results to the study of EP elements
in a ring with involution.
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1. Introduction

This paper is motivated by a recent work of Castro et al. [2], which investigates the
necessary and sufficient conditions for square complex matrices A, B to have the same
eigenprojection at 0. This problem, under more restrictive conditions on A, B was
first considered by Hartwig [7] more than 20 years ago.

The formulation of the problem for elements of rings requires the definition of an
appropriate analogue of the eigenprojection, the so-called spectral idempotent, well
known in the case of Banach algebras. We also define and investigate a generalized
Drazin inverse for elements of rings that possess a spectral idempotent. The main result
of this paper is a characterization of ring elements with equal spectral idempotents.

In rings with involution we can define the Moore—Penrose inverse and EP elements,
that is, ring elements for which the Drazin and Moore—Penrose inverse exist and
coincide. We give a new characterization of EP elements based on our main theorem.
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2. Quasipolar elements in rings
In this paper ‘ring’ means an associative ring with unit 1 # 0. Let & be a ring.

The group of invertible elements is denoted by Z~!.
For any element a € #Z we define the commutant and the double commutant of a by

comm(a) = {x € Z : ax = xa},

comm?(a) = {x € #Z : xy = yx forall y € comm(a)}.
The Jacobson radical of & is the two-sided ideal

Re={aecR:1+RacC R}

DEFINITION 2.1 (Harte [5]). An element a € Z is quasinilpotent if, for every x €
comm(a), 1 + xa € #~'. The set of all quasinilpotent elements of &Z will be denoted
by &%, The set of all nilpotent elements will be written as 2"

Clearly, #™ C %!, Further, #" C Z"! as
k—1
(A+xa)'= Z‘(—I)‘xia‘
i=0

if a € Z is nilpotent of index k& and x € comm(a) (see also [5, Theorem 3 and
Theorem 4]). We note that in a ring, unlike in a Banach algebra, the sum of two
commuting quasinilpotent elements need not be quasinilpotent. However, we have
the following implication:

2.1) ae®' and beZ™Ncomm@) = a+beR.
For a Banach algebra Z it is well known [4, page 251] that
aeZ™ = lim|a"|'"" =0
DEFINITION 2.2. Anelement a € & is quasipolar if there exists p € Z such that
(2.2) pl=p, pecomm’(a), ap e Z*"™, a+peZ"

If a is quasipolar and ap € #™! with the nilpotency index k, we say that a is polar
of order k. Any idempotent p satisfying the above conditions is called a spectral
idempotent of a. (The term ‘quasipolar’ comes from {5], and ‘spectral’ idempotent
is borrowed from spectral theory in Banach algebras [4]. We shall see later that
quasipolar elements are exactly the ones which are ‘generalized Drazin invertible’—
Theorem 4.2.)
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PROPOSITION 2.3. Any quasipolar element a € # has a unique spectral idempotent
denoted by a”.

PROOF. Suppose that p, g are spectral idempotents of a quasipolar element a € Z.
Then

l—(1-p)g=1—-(1—-p)a+p)'(a+p)g
=1-(1-p)a+p)'ag=1-bag).

Since p € comm?(a), we have b € comm(aq); aqg € Z°" implies 1 — b(aq) € Z~".
Then

I—(-p)g=1-(10-pY¢=1-(1=p)g(+(1-p)g.

The invertibility of 1 — (1 — p)q implies that (1 — p)q = O, that is, ¢ = pq. Similarly
we prove that (1 — q)p € Z',and p = gp = pq. Thenp = q. a

REMARK 2.4. From [8, Theorem 3.2] it follows that the conditiona + p € Z~! in
(2.2) can be replaced by 1 — p € (Za) N (aZ).

The uniqueness of the spectral idempotent is used to prove the following result
valid in rings with involution (see Section 5).

PROPOSITION 2.5. Let Z be a ring with involution. Then a is quasipolar if and only
if a* is quasipolar. In this case and (a*)" = (a")".

PROOFE. From a + a” € #~" and aa™ = a"a € #*"' we obtain a* + (a")* € #~!
and a*(a*)" = (a*)"a* € Z™ by applying the involution. O

For polar elements we can relax the condition that p double commutes with a:
PROPOSITION 2.6. Let a € #, and let p € & be such that
(2.3) pt=p, p € comm(a), ap € B™, a+pe@".

Then a is polar and p = a”.

PROOF. Since Z"! C #*, we only need to prove that p € comm?(a). For
ap € Z™ there exists k € N such that (ap)* = a*p = 0. Setb = (a + p)~'(1 — p);
thenab = ba =1 — p. Let x € comm(a). We have

xp —pxp = (1 —p)xp = (1 — p)xp = b*a*xp = b*xa*p =0,

which implies xp = pxp. Similarly we show that px(1 — p) =0, and px = pxp.
This proves px = xp, and p € comm?(a). O

Observe that in general double commutativity of p with a is necessary.
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3. Results on regular elements of rings

An element a € Z is regular (in the sense of von Neumann) if it has an inner
inverse x, that is, if there exists x € & such that axa = a. Any inner inverse of a will
be denoted by a~. The set of all regular elements of Z will be denoted by £~. Given
a € #, we define the sets

a®k = (ax : x € #)}, Ha = {xa:x € %)},
d=lyeR:ay=0}, %a={yeR:ya=0)},

where aZ and Za can be considered as finitely generated Z-modules; the same is
true of a° and %a if a € #~ (see Proposition 3.1 below). When considering a matrix
A, these sets reflect, respectively, the column space of A, the row space of A, the
kernel of A, and the kernel of AT. However, we will work with these sets with no
reference to rank, dimensional analysis or orthogonality. If M C %, we can define

MZ={mx meM, x € X, M°={x e Z: Mx = (0}};
similarly we define ZM and °M.
Some properties of these sets, established by Hartwig in [6, Proposition 6], will be
needed in the following section. We include proofs for the sake of completeness.

PROPOSITION 3.1. Givena, b e &~ and A, B C X, we have
i) (1-aa)® =a°%

(ii) a° = (Za)"

(iliy La = °a°) = °(#a)");

(ivv ACB = %4 > °B.

PROOF. (i) As a((1 — a~a)y) = 0, we have (1 — a~a)y € a°. Conversely, if
ax = 0, then (1 — a~a)x = x which implies x € (1 —a~a)%.

(ii) Clearly, a® C (Za)°. The reverse inclusion is immediate when we take x = 1
in (#a)° = {y € # : xay = Oforall x € #).

(iii) Let ya € #Za. Then yax = O for any x € a° and ya € °(@a®). Hence
Ra C °(a%.

Conversely let y € °(a®). Then yx = Oforallx € a®. Asy = ya—a+y(l —a a)
and 1 — a~a € a° by (i) above, we have y(1 —a~a) = 0,and y = ya~a € Za. This
proves %(a®) C Za.

(iv) is obvious. U
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4. The g-Drazin inverse in rings

The original definition of the ‘pseudoinverse’ was given by Drazin [3] for elements
of semigroups and polar elements of rings. It was generalized by Harte [5] to quasipolar
elements, and studied by the first author in [8] in Banach algebras. In this section we
survey the properties of the generalized Drazin inverse (called g-Drazin inverse) for
quasipolar elements of rings; many of the results will appear in this setting for the first
time.

DEFINITION 4.1. An element a € & is generalized Drazin invertible (or g-Drazin
invertible for short) if there exists b € # such that

(4.1 b € comm?(a), ab*=b, a’b—ac R,

Any element b € Z satisfying these conditions is a g-Drazin inverse of a. We denote
the set of all g-Drazin invertible elements of Z by #t°. If a’b — a in the above
definition is nilpotent, then a is called Drazin invertible and b is called a Drazin
inverse of a. The set of all Drazin invertible elements of & will be denoted by ZP.
The following result ensures that these concepts are well-defined.

THEOREM 4.2. An element a € & is g-Drazin invertible if and only if a is quasipo-
lar. In this case a € X has a unique g-Drazin inverse aP given by the equation

4.2) b=@+a)'0-a)=UA-a"Wa+ad")".

PROOF. Suppose first that a is quasipolar with the spectral idempotent p, and set
b= (a+ p)"'(1 = p). Then b € comm?(a). Further,

ab’ =a(l-pYa+p)?=(a+p)1-p)a+p)’=U-p)a+p)' =b,
and
a’b—a=a(1-p)a+p)'—a
=a(a+p)a+p)'(l-p)—a=—ap e Z"

Conversely assume that a is g-Drazin invertible with a g-Drazin inverse b, and set
p = 1 —ab. Then p € comm?(a), and (1 — p)? = a’b* = a(ab*) =ab=1-—p,
which implies p?> = p. Finally, to prove that a + p € Z~', we observe that
ap = a— a*bh € #*' and

43) (a@a+p)b+p)=ab+ap+bp+p=1—p+ap+p=1+apecR’

asbp = b(l—ab) =b—ab?> =0. From(a+p)b=ab+pb=1-p+pb=1—p
it follows that b = (a + p)~'(1 — p). The uniqueness of the spectral idempotent of a
proves the uniqueness of the g-Drazin inverse b. 0
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The preceding theorem together with Proposition 2.5 implies the following result
valid in rings with involution (see Section 5).

PROPOSITION 4.3. Let & be a ring with involution. Then a is g-Drazin invertible if
and only if a* is g-Drazin invertible. In this case (a*)° = (a®)".

DEFINITION 4.4, The g-Drazin index i{a) of a quasipolar element a € Z is de-
fined by

0 ifaeX';
4.4) i(a) = {k ifa’b — ais nilpotent of index k € N;

oo otherwise.

If i(a) < 1, we say that a is group invertible; the Drazin inverse of a is then called
the group inverse, and is denoted by a® = a*. The set of all group invertible elements
will be denoted by Z*.

We observe that the g-Drazin index of a € Z is finite if and only if a is polar.
The sets Z°, #° and #* coincide with the.set of all quasipolar, polar and simply
polar elements of Z, respectively. Note that Z8° D #Z° > #* > #~'. We make the
following useful observation.

PROPOSITION 4.5. An element a € Z is Drazin invertible if and only if there exists
k € N such that a* is group invertible.

In addition to (4.2) we have the following useful relations between the spectral
idempotent and the g-Drazin inverse established in the proof of Theorem 4.2:

(4.5) a=1-da=1-ad® a"a®=d""=0.
By (4.3) we also have that a® + a™ € Z~'. This leads to the following.
PROPOSITION 4.6. Ifa € Z°, then a® € #*, and (a®)" = a*. In addition, a® € Z#~.

PROOF. We only need to observe thatby (4.1), b = a® isregular forany a € #&°. O

Equation (4.2) can be improved as follows.

PROPOSITION 4.7. Let a € Z#%°. If x € #~' Ncomm(a), then a + xa™ € Z~" and

(4.6) a® = (a+xa™)'(1 - a").
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PROOF. Let x € Z~' N comm(a). Then x commutes with a”, and aa™ +x € Z~!
according to (2.1). Hence

a+xa® =(@+xa")a" +{a+xa")(1—-a")
=(ad" +x)a" + (a+a")(1 —-a"),
which shows that

(@+xa*) "' =(@d +x)'a" +(@+a")" (1 —a").
The result follows from the equation
(@ +xa™)a® = aa® + xa"a® =1 -ad"
obtained from (4.5). O

REMARK 4.8. In rings the double commutativity of b with a in Definition 4.1 is
necessary to guarantee the uniqueness of the g-Drazin inverse. In [8, Lemma 2.4]
it is erroneously claimed that the uniqueness of the g-Drazin inverse follows from
b € comm(a). However, commutativity is sufficient when & is a Banach algebra or
a’b — a is nilpotent rather than quasinilpotent.

PROPOSITION 4.9. Let a € &, and let b € & be such that
4.7 b € comm(a), ab’*=b, a*b—aec A"
Then a is polar, and a® = b.

PROOF. Let p = 1 — ab. Then it can be easily verified that p € comm(a), p’ = p,
ap e ", and (a+p)(b+p) = 1+ap € #7" whichimpliesa+p € Z~'. Thus p
satisfies the conditions of Proposition 2.6, and p = a” € comm?(a). Hence a is polar
and b = (a + p)~'(1 — p) € comm?(a). This proves b = aP. a

REMARK 4.10. Drazin [3] defined a pseudo-inverse of a € # as anelementa’ € #
satisfying aa’ = a'a, a(a’)? = a’ and a™*'a’ = a™ for some positive integer m. (For
m=0wegeta € £ "'and a = a'.) It can be verified that these conditions on
a’ are equivalent to (4.7). Hence the Drazin original definition applies only to polar
elements, in which case a’ = a®.

5. The Moore-Penrose inverse

An involution x — x* in a ring & is an anti-isomorphism of degree 2, that is,

(@) =a, (a+b)’=a"+b", (ab)*=ba".
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We say that a is Moore—Penrose invertible if the equations
5.0 bab=0b, aba=a, (ab)*=ab, (ba)’ =ba

have a common solution; such solution is unique if it exists (see [11]), and is usually
denoted by a*. The set of all Moore—Penrose invertible elements of % will be denoted
by #'.

The next well known lemma (see [11, page 407]) asserts that two one-sided invert-
ibility conditions imply the Moore—Penrose invertibility.

LEMMA 5.1. Leta € #. Then a € Z' if and only if there exist x, y € & such that
axa = a = aya, (ax)* = ax and (ya)* = ya. In this case a’ = yax.

DEFINITION 5.2. An element a € # is *-cancellable if '
(5.2) aax =0 = ax =0 and xaa*=0 = xa=0.

A ring Z is *-reducing if all elements are *-cancellable. This is equivalent to a*a =
0 = a =O0forall a. A *-regular ring is a *-reducing regular ring.

Applying the involution to (5.2), we observe that a is *-cancellable if and only if
a* is *-cancellable. It is often useful to observe that

(5.3) a is *-cancellable = a*a and aa”® are *-cancellable.

Generalized inverses in *-regular rings, including the Moore—Penrose inverse, were
studied by Hartwig in [6]. The local *-cancellation property was used by Puystjens
and Robinson in [12] to study the Moore—Penrose inverse of a morphism in a category
with involution. The condition ||x*x| = ||x||?> guarantees that any C*-algebra (called
a Hilbert algebra in [4, Section 8.8]) is a *-reducing ring.

THEOREM 5.3. Let a € #. Then a € &' if and only if a is *-cancellable and a*a
is group invertible. Then also aa* is group invertible and

(5.4) a' = (a*a)*a* = a*(aa*)*.
PROOF. Suppose that a € £' and a*ax = 0. Then
t

ax = aatax = (aa")'ax = (@")’a*ax = 0.

Similarly we prove that xaa®* = 0 = xa = 0. Hence a is *-cancellable. The
Moore—Penrose invertibility of a*a is obtained by verifying that (a*a)' = a'(a')".
Since a*a is symmetric, (a*a)* = (a*a).
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Suppose that a is *-cancellable and a*a is group invertible, and write x = (a*a)*a*.
The conditions xax = x, (ax)* = ax and (xa)* = xa can be verified by a di-
rect calculation. By the group invertibility, a*a(a*a)” = 0, and a(a*a)” = 0 by
*-cancellation. This gives

a —axa = a(l — (a*a)*a*a) = a(a*a)” = 0.

Hence x = a' and the first equation in (5.4) is proved.
We observe that a € #Z" if and only of a* € #'. Applying the preceding result to
a* in place of a, we get the rest of the theorem. O

The following is the main result on the existence of Moore—Penrose inverse in rings
with involution. Many of the equivalences were observed earlier for matrices; we note
that the *-cancellability holds automatically in the *-regular ring of complex matrices
of the same order. The equivalence of conditions (i) and (ix) was proved by Puystjens
and Robinson [12, Lemma 3] in categories with involution.

THEOREM 5.4. For a € X the following conditions are equivalent:
(i) aeZ;
(i) a*e X
(iii) a is *-cancellable and a*a € #";
(iv) a is *-cancellable and aa* € R
(v) ais *-cancellable and a*a € #P;
(vi) a is *-cancellable and aa* € #°;
(vii) a is *-cancellable and a*a € Z*;
(viii) a is *-cancellable and aa* € X*;
(ix) a is *-cancellable and both aa* and a*a are regular;
X) a€aa*ANRa*a,
(xi) ais *-cancellable and a*aa* is regular.

PROOF. First we prove the implications
(5.5) (i) == (iil) == (v) == (vii)) = (i).

(i) implies (iii). Follows from Theorem 5.3 and its proof.

(iii) implies (v). A Moore—Penrose invertible symmetric element is Drazin (in fact
group) invertible.

(v) implies (vii). Since a is *-cancellable, then so is x = a*a by (5.3). Hence x
is Drazin invertible, symmetric and *-cancellable. We have (x™)* = (x*)™ = x™ by
Proposition 2.5. Let k € N be such that x*x™ = 0. From the symmetry of x and its
*_cancellability we deduce that xx™ = 0. Hence x = a*a € #Z*.
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(vii) implies (i). This follows from Theorem 5.3.
Since a € #" if and only if a* € #Z', (5.5) gives immediately

(il) = (iv) = (vi) = (viil) = (ii),

and the equivalence of (i)—(viii) is established.

(viii) implies (ix). As we showed, (viii) is equivalent to (vii), and together they
yield (ix) (group invertibility implies regularity).

(ix) implies (x). From aa*xaa* = aa* we get aa*xa = a, and a*aya*a = a*a
implies aya*a = a by the *-cancellability of a. Hence, a € aa*# N Za*a.

(x) implies (i). If a = aa*u = va*a are consistent, then a*u = (aa*u)'u =
w*aa*u = u*a. Similarly, va* = av*. Further, au*a = aa*u = a and av*a =
va*a = a. Thena € #' by Lemma 5.1 withx = v* and y = u*.

(i) implies (xi). We note that a*aa*((a") a’(a")")a*aa* = a*aa‘aa* = a*aa*.

(xi) implies (x). If a*aa*ca*aa* = a*aa*, then, by using the *-cancellability of a
twice, we get aa*xa*a = a, which implies a € aa*# N Xa*a. C

%

From the equivalence of (i) and (vi) (or (i) and (vii)) in the preceding theorem we
recover [9, Theorem 2.4] in C*-algebras and [13, Lemma 2] in *-reducing rings.

~-

6. Elements with equal spectral idempotents

In this section we give a characterization of elements of # with equal spectral
idempotents. In view of (4.5) we observe that

a* =b" < aa® = bb®.

This problem was studied by Hartwig {7] for matrices over a ring in the special case
when ba'*! = a' and ab**' = b*. Our investigation is motivated by a recent study of
Castro et al. [2] for the case of complex matrices.

THEOREM 6.1. Let a € #*° and b € X. The following conditions are equiva-
lent:

i) be#Z®anda™ =b";
(i) a® € comm?*(b), ba™ € #" and b+ a™ € #";
(iii) a™ € comm?(b), ba™ € Z*™ and a®b+ a* € AV,
(iv) be X, aPb+a” € Z~" and b° = (a®b + a®)"'a®;
(V) be X and b° — a® = aP(a — b)b®;
(viy be Z%®, a" € comm(b)and 1 — (b* —a" )Y e B,
(vii) b € &, B°R C a®R and (b°)° C (aP)".
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PROOF. The equivalence of (i) and (ii) is Definition 2.2.
(i) if and only if (iii). We show that under the assumption a* € comm?(b) and
a*b € ‘@qnil’

6.1 b+a" e R ' < d’b+a" e Z".
Observe that
62 (@ + a™)((1 —a")b + a") = a®b + a”.

Since a® + @™ € #Z~', from (6.2) we obtain
(b+a")-a"beR"' < a°b+a" eF™".

As a”b € @, (6.1) will follow when we show that a®b commutes with b + a”™
(obvious) and a®h + a™ (not so obvious):

a"b(aPb + a™) = a"ba®b + a"ba™ = ba"a®b+ a"b =a"b,
@%b+ a™)a"b = a®ba"b + a"b = a®a"b* + a"b = a" b.

This proves the equivalence of (ii) and (iii).
(111) implies (iv). Let (iii) hold. From the equivalence of (i) and (iti) we conclude
that a™ = b™. Then

Y

(@®b + a™)b® = aPbb® + a"b° = aP(1 - a™) + b™b®° = a°

in view of (4.5), and (iv) follows.
(iv) implies (v). If b° = (aPb + a™)~'a®, then a® = (a®b + a™)bP, and

b° —a® = (1 — a®b — a™)bP = (@Pa — a®b)b® = aP(a — b)".

(v) implies (i). From b° — a® = aP(a — b)bP we get b° = a®(b”™ + abP).
Multiplying this expression on the right by 5P, after a short calculation we get
bbP = aPabPh. Writing aa® = 1 — a™ and bb® = 1 — b", we get a™ = a”™b".

Similarly, multiplying a® = (a” + a®b)b® on the left by a’a®, we get aa® =
aaPbbP, and b™ = a”™b". Hence a™ = b".

(i) implies (vi) is clear.

(vi) implies (i). From ba™ = a”b it follows that b"a”™ = a”™b" since b™ €
comm?(b). Then1 ~ ()™ —a™)? = (1 —a" +b")(1 —b" +a"),and 1 —a™ + b",
1 —b" +a"” € Z7". Further,a™ (1 — a™ + b™) = a™b™ = b" (1 — b" + a™). Hence

aa=(0—-a"+bM)'a b " =(U-a" +b)'U-a" +b")a"b" =a"b",
b "=(0—=-b"+a")'Wa"=(1-b"+a")'(1-b"+a")b"a" =a"b".
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(vii) implies (i). From (5P)° C (aP)’ it follows that ZaP C %#aP. Indeed, aP, b°
are regular (with inner inverses a, b, respectively). By Proposition 3.1,

0

#b°)" = (b*)° C (@)’ = (#aP)’,
and
Zb° =°((#b°)°) D °((#a")°) = #a".

The inclusions Zb° D ZaP and b°Z C aPZ imply the consistency of the equations
(6.3) . a® = ybb®, aa®x = b°,
since a°# = aa®# and Zb° = ZbbP. Equation (6.3) is equivalent to
(6.4) (1 —aa®)b® = 0 = a®(1 — bb®),
which in turn implies
a® =a®bb® and b° = ad®pP.

Then aa® = aaPbbP and bbP = aaPbbP. Thus aa® = bb®, and a™ = b".

(i) implies (vii). As aa® = bb®, then bBPZ = bbPR = aa®R = a°R. Similarly,
RbP = RaP, which implies (#Zb°)° = (#aP)’, or (@®)° = °)° according to
Proposition 3.1. O

Specializing the equivalence of conditions (i)—(v) in the preceding theorem to
complex matrices, we recover [2, Theorem 2.1]. Condition (vi) appears to be new.
Hartwig {7, Corollary 2] proved that if ba't! = a' and ab**! = b*, then aa® = bbP if
and only if a**' and b**' commute.

REMARK 6.2. The condition 1 — (b™ — a™)* € Z~" in (vi) is equivalent to the
simultaneous validity of 1 —a™ + b" e #Z 'and 1 — b™ + a™ € #~'. We show that
it cannot be replacedby 1 —a™ +b™ € Z7' (or 1 — b™ +a™ € #7') alone. Let Z be
the ring of all real 3 x 3 matrices, and set

1 00 1 00
a=|0 0 0}, b=|0 0 O
0 0 1] 000
Then a® = a, b® = b and
[0 0 O] 0 0 0
a=[01 0], b =101 0
0 0 0] 00 1
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We note that ba™ = a”™ b; and

()

1—a" +b" = e,

(=
o = O
N O

while a™ # b".

7. EP elements in rings with involution

Complex matrices and Hilbert space operators A with the property that the ranges
of A and A* coincide are known as EP or range-hermitian operators. For a discussion
of EP matrices see [1, Chapter 4]. A detailed study of EP elements in involutory rings
was undertaken by Hartwig [6]. The concept has been studied recently in the setting
of C*-algebras [10].

DEFINITION 7.1. An element a of a ring & with involution is said to be EP if
a € P NA and a® = a'. An element a is generalized EP (or gEP for short) if
there exists k € N such that a* is EP.

We recall the following well known characterization of EP elements (see, for
instance, [6, 10]): -~

t t

aisEP < aa' =ad'a.

In [2], the authors gave characterization of complex EP matrices based on properties
of matrices with the same eigenprojection at 0. This section is motivated by these
results. The key to the characterization of EP elements is the following proposition
involving equality of spectral idempotents of various elements given without proof in
[10, Corollary 2.2] in the setting of C*-algebras.

THEOREM 7.2. For a € & the following conditions are equivalent:
(i) aisEP;
(i) ae XA anda™ = (a*)";
(i) ae #°NR" and a™ = (a*a)";
(iv) ae Z°NR and a™ = (aa*)";
v) aeZ and (a*a)” = (aa*)".

PROOF. (i) implies (ii). Assume that a is EP. The group invertibility of a follows

from the equation aa™ = a(l — aa) = a(l — a'a) = a — aa’a = 0. Further,
(@) =@)=»0-da’=1-a'a=a".
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(ii) if and only if (iii). If (ii) holds, then a* € #*, a™a*a = a*aa™ =0, and
afa+a” =@ +aYa+a")eR

by properties of spectral idempotents of a* and a. From the definition of a spectral
idempotent we conclude that (@*a)” = a”. A direct check reveals that a* satisfies the
definition of a'; hence a € Z*.

Conversely, if (iii) holds, then a*a € %* by Theorem 5.3, and consequently
a*a(a*a)” = 0. By the *-cancellation for a, aa™ = a(a*a)” = 0, which shows that
a € #Z*. Since a” is symmetric, (ii) holds.

(ii) if and only if (iv). This is the equivalence (ii) < (iii) with a* in place of a.

(iii) and (iv) together obviously imply (v).

(v) implies (i). If a € &', then a is *-cancellable, and a*a and aa* are group
invertible by Theorem 5.3. According to (5.4) we have

ata = (a*a)*'a*a =1 - (a*a)" =1 - (aa*)" = aa*(aa*)* = ad’,

and a is EP. d

Part (ii) of the preceding proposition states that an element is EP if and only if a is
group invertible and the elements a and a* have the same spectral idempotent. When
we apply our main Theorem 6.1 to this situation, a number of conditions will coalesce.
In particular, we have the following result.

THEOREM 7.3. An element a € X is EP if and only if a is group invertible and one
of the following equivalent conditions holds:
(a) a*a is symmetric;
(b) (a")’ = ada*(a")";
© @) =(a""d'a;
(d) a*@@)* =a"(a"".

PROOF. First assume that a € Z*.

(a) implies (b). From (a*)2a = a* we obtain a*(a*a)’ = a* by the symmetry of
a*a. Then a*a*(a*)" = a*; applying involution, we get (b).

(b) if and only if (c). Condition (c) is obtained from (b) with a* in place of a by
applying involution.

(b) implies (d). We have

a"(@")’ = a"aa*(@")" = a"(1 — a")(a@h" = 0.

Hence a” (a*)" = 0 = a*(a™)".
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Assume that a € Z* and (d) holds. From (d) we get

(1 - a*a)(@)’ = a*(1 — a*(@")")
and

(a*)# _ a# — a#(a _ a*)(a*)#'

By Theorem 6.1 (vi) applied to b = a* we get (a*)" = a”; hence a is EP by

Theorem 7.2 (ii).
Conversely, if a is EP, then according to Theorem 7.2 (ii) a is group invertible, and
a” = (a*)" = (a™)*, that is, @™ is symmetric; then a*a is also symmetric. ad

In the following theorem we obtain a particularly simple and elegant characteriza-
tion of EP elements in a ring with involution.

THEOREM 7.4. An element a € & is EP if and only if a is g-Drazin invertible and
one of the following equivalent conditions holds:
(a) a*a™ =0;
(b) a"a*=0;
(c) a* =a*d’a;
(d) a* = aPaa*.

PROOE. Assume that a € #%°; then also a* € Z#P.

Under this assumption, the equivalence of (a) and (c) follows from the equation
a* — a*a®a = a*(1 — a®a) = a*a™. Applying (a) to a* in place of a and taking
involution, we see that (a) is equivalent to (b); similarly, (c) is equivalent to (d).

Suppose that a € Z%° and (d) holds. We show that aPa is symmetric:

(@®a)" = a*(@®)" = aaa*(@®)’ = (@®a)(@Pa)".

Since (aa)(aPa)’ is symmetric, so is a®a. From a* = aaa* we get a”a* = 0,
which implies aa™ = 0. Then a € #*, and a is EP by Theorem 7.3 (i).

Conversely assume that a is EP. Then a € £* and a” is symmetric by Theo-
rem 7.2 (ii). Hence a*a™ = (a"a)* = 0, and (a) holds. O

For matrices we recover [2, Theorem 5.2 (ii)}]—without the redundant condition
that aPa is symmetric.

As a final result of this paper we obtain the following characterization of gEP
elements of Z (see Definition 7.1) which follows from Theorems 7.3 and 7.4.

THEOREM 7.5. An element a € X is gEP if and only if a € Z° and one of the
Jollowing equivalent conditions holds:
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(@)
(b)
©
d
(e
()
(®)
(h)

f1]
(2]
{31
(4]
&)
[6]
(7
(8]
9]
(101

(i1]
[12]

[13]

J. J. Koliha and Pedro Patricio [16]

a”™ is symmetric;

aPa is symmetric;,

a* € #* and (a®)*(a™)* = 0 for some k;

a* € #* and (a™)*(a®)* = 0 for some k;

a* € #* and (a®)*(a™)* is symmetric for some k;
a*(a*)* = 0 for some k € N,

(@")*a* = 0 for some k € N;

a* = (aPa)’a* for some k € N;

a* = a*(aPa)” for some k € N.

References

S. L. Campbell and C. D. Meyer, Generalized inverses of linear transformations (Dover, New
York, 1991).

N. Castro Gonzilez, J. J. Koliha and Y. Wei, ‘Perturbation of the Drazin inverse for matrices with
equal eigenprojection at zero’, Linear Algebra Appl. 312 (2000), 181-189.

M. P. Drazin, ‘Pseudo-inverses in associative rings and semigroups’, Amer. Math. Monthly 65
(1958), 506-514. -

R. E. Harte, Invertibility and singularity for bounded linear operators (Marcel Dekker, New York,
1988).

———, ‘On quasinilpotents in rings’, Panam. Math. J. 1 (1991), 10-16.

R. E. Hartwig, ‘Block generalized inverses’, Arch. Rational Mech. Anal. 61 (1976), 197-251.

, ‘Spectral inverse and the row-space equations’, Linear Algebra Appl. 20 (1978), 157-68.
J. J. Koliha, ‘A generalized Drazin inverse’, Glasgow Math. J. 38 (1996), 367-381.

, ‘The Drazin and Moore-Penrose inverse in C*-algebras’, Math. Proc. Roy. Irish Acad.
99A (1999), 17-27.

—, ‘Elements of C*-algebras commuting with their Moore-Penrose inverse’, Studia Math.
139 (2000), 81-90.

R. Penrose, ‘A generalized inverse for matrices’, Proc. Cambridge Philos. Soc. 51 (1955), 406-413.
R. Puystjens and D. W. Robinson, ‘The Moore—Penrose inverse of a morphism with factorization’,
Linear Aigebra Appl. 40 (1981), 129-141.

S. Roch and B. Silberman, ‘Continuity of generalized inverses in Banach algebras’, Studia Math.
136 (1999), 197-227.

Department of Mathematics and Statistics CMAT—Centro de Matematica
University of Melbourne Universidade do Minho
VIC 3010 4710-057 Braga
Australia Portugal
e-mail: koliha@unimelb.edu.au e-mail: pedro@math.uminho.pt

https://doi.org/10.1017/51446788700003657 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700003657

