109

On the Theory of Continued Fractions.

By Haripapa Darra, Research Student, Edinburgh University.

(Read and Recetved 14th January 1916).

An analytic function is generally given either directly as a
power-series, or at anyrate in some form which can readily be
converted into a power-series. The power-series is not an
altogether satisfactory method of representing the function, on
account of the failure of its convergence outside its circle of
convergence ; in this respect it is decidedly inferior to the method
of representing the function by a continued fraction, as this latter
expression in many cases converges over the whole plane, except on
certain curves. But it is not so easy to express the function as a
continued fraction in the first place, and many of the known repre-
sentations of functions as continued fractions are obtained by
indirect artifices. In the present paper it is shown that for a large
class of cases, including many of the important known functions,
the continued-fraction-expression can be obtained directly and
practically from the power series by using a known transformation
which involves determinants, and evaluating these determinants.
By this method a considerable number of known isolated results are
counected together and exhibited as parts of a systematic theory :
and some new results are obtained.

Parr I.

In Part I. we shall deal with cases in which a funcﬁion defined
by a series of the form

o, Gy
—+
x® a”

is to be converted into a continued fraction of the form

[+
b e Y + o
x x

@, a, a, a,
+....
x+b +x+b +x+b, + x+b

https://doi.org/10.1017/50013091500037500 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500037500

110

That this problem reduces in all cases to a problem in deter-
minants was shown first by Heilermann* ; if the n'* convergent to
the continued fraction be denoted by ¢,_, () /f, (z), we have

_am 'K, n—1 ’!_]& n—2 _ n'zfl
So(z) =2 ——K—n-x +K,,x -+ (-1) ya
where
K, n4l1 = x, o, Oy o -0s Oy [
L1 O Cn—1 O 0y
Cpyg Oy o, oy oy
Olgp1 Ogpn—o Xop3 oy Oy
gy Cgp—y Cgpg eve Cpyy &p

and K, is obfained by deleting the first column and last row of
this determinant, 'K, is obtained by deleting the second column
and last row, and so on.

Now the ordinary recurrence-formula between three successive
convergents to a continued fraction gives in this case

fn (Z) = (x + bn) -/;l—l (x) + anj;t—2 (x)‘

Equating to zero the coefficient of 2" and the constant term in
this equation, we find

y KK,
n K”
n2 K’ o n 1" n—l]"
and — g =t 4} -l
Ifu—-‘.’ " I{n + " Kn—l
or a, = K K.,
"KL,

The numerator of the »'* convergent may be written
ot (B) = Yard &+ Y T AN T+ Y,
where the y’s also can be expressed as determinants.

In what follows we shall transform into continued fractions the
following series by evaluating the determinants which arise in the
application of Heilermann’s method. It will be shown that most

* Journal fur Math. 33 (1845), p. 174.
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of the known representations of analytic functions as continued
fractions are particular cases of the formulae thus derived.

11, 1 1 1 1
+

B L Tterdwtarmat
11 1 1 1 1
(B) 7?'a(a+d)?+a(a+d)(a+2d)?3““"'
©) D1 DD+d)1 DD+d)(D+2d) 1
a x a(a+d) ©* a(a+d)(a+2d) 2
2
(D) i+_a._2+ a(a;i-d)+a(a+d)4(a-r d)+...
x x
1 1 1 1
() H(a,a+(r—1)d);+H(a+d,a+rd)?
1 1
+ + ...

I (a+2d,a+(r+1)d) o°

where II (a, a + (» - 1) d) denotes the product of r factors beginning
with the factor a and ending with the factor ¢+ (r - 1)d, and the
common difference between two consecutive factors is d.

F 1 1 1 1 1 l<+
( ) a+qa?+a‘+qu+d x2 a.+q“+""‘ 8
1 1 1 1
(0! — =
( ) a+qa @ +(a-+qa) (&+qa+¢) x2+
atgl 1 (x+g?) (x+¢?+%) 1
(H) o o @ a+d —3_
atg® @ (2+9) (x+¢") @
1wt (+g)(x+g™)
(L) ;-{- o + e + ...
1 1 1 1
(M) =

IT (o4 ¢% ocggotr—D4) = + IT (o + ¢“*7, o + g*tM) o +
(N) gz+¢' @+ a*+... +q"2x"+

The determinants will be denoted according to the titles of the
sections to which they belong, so that 4, denotes the principal
determinant in case (A).

By the operation prow,+¢row,=rrow,, we shall imply that
the elements of the s** row multiplied by p, added to the elements

of the ¢ row multiplied by ¢, form the elements of the new s* row,
when a common factor » has been taken out.
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(A).
In case (A) we shall show that the formulae for the elements of
the continued fraction are

1
al=—;
b (n-1){a + (n=-2)d} n{a+(n-1)d}
"T a+(2n-3)d T a+(2n-1)d
_ d*(n-1% {a+(n-2)d}?
= T e+ (2n-2)d} {a+(@n-3)d}a+ (2n-4)d}’
so that
Fomar mat+(n-1d = n(m-1)

“1la+(2n-1)d 2!
{a+(n-1)d}{a+(n-2)d} P
{a+@n-1)d}{a+(2n-2)d} "
n! {a+(n-1)d} ... (a+d)a
n! {a+(@n-1)d} ... (a+nd) ’
The proof in this case is straightforward if we make use of a
theorem due to Sir T. Muir,* namely that

+( - 1)

1 1 1 1
‘a a+d a+2d T a+(n-1)d
1 1 1 1
a+d a+2d a+3d a+nd
1 1
m__l—)‘z—i ..................... mm

B {(n-D1dl (m-2)1d*=. 21d% 11 d}?
Tafat+dY (a4 2d). e+ (- Dd) (a+nd) L {ed (2n-2)d)

From this we readily find
‘4, n a+(n-1)d
4, 11 a+(2n-1)d

4, n(n-1) {a+(n-1)dj{a+(n-2)d}
4, 21 fa+(n-1)di{a+(2n-2)d}

‘A, ni{a+(n-1)d} .. (a+d)a
4, n!{a+@n-1)d}...(a+nd)

* Messenger of Muths, 36 (1906), p. 85.
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2 a3 gt
Ex, 1-—-103(1+x)—x——,l—+7—<;+...
= 2= x? (2x)® (3=
Tx42-3(x+2)- 5(z+2)- T(@x+2)- "

Bz, 2.—2 coth—! x=log (%):log (l +£I)

2 1 2\ 1 2 \s
m‘T(m) +—3‘(r1) -
1 2 g
—390—3;—77;—

Bz, 3.—2 tanh~ z=log (%%) = log (1+1—2_xx)

2x _:z:f (8z)? (4x)?
T-3-"7 -9 -

(B).

In case (B) we shall show that the elements of the continued
fraction are given by the formulae

1
a, =-—
a
1
b= -ava
b, d-a

‘T {a+(2n-3)d}{a+(2n-1)d}

=~ d(n-1){a+(n-1)d}
" {a+(n-4)dHa+(2n-3)d}* {a+(2n-2)d}

L, n 1 nn-~1)
S Tiar@n-na” TR
1 -2

X Tax@n-1)d} {a+(@n-2)d} =

n! 1

...+(—1)";‘; {a+(2n-1)d}... (a+nd)
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Proof :—
We have
B,= 1 1 1 1
a..(@+3d) a.(a+2d) a(a+d) @
1 1 1 1
a..(a+4d) a..(a+3d) a..(a+2d) a(a+d)
1 1 1 1
a..(a+bd) a..(a+4d) a...(a+3d) a..(a+2d)
1 1 1 1
a..(a+6d) a..(2+5d) a.(a+4d) a...(a+3d)
Performing on this determinant the operations
(1) drow, —row,= - row,’
2d row, —row,= —row,’
3drow,” —row,= —row,”
(2) drow; —row,= —row,
2d row; —-row,= - row,’
(8) drow, —row,= —row,’,
we get
'.ii
5 (-1 1
‘ d:%é3! 9111 {a(@+d)(a+2d)} {a(a+d)}a
x 1 1 1 1
a+3d a+2d a+d a
1 1 1 1
a+4d a+3d a+2d a+d
1 1 1 1
a+bd a+4d a+3d a+2d
1 1 1 1
a+6d a+b5d a+4d a+3d

The last determinant is 4,.
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Similarly we get

n(n—1}

(=) 1
Ba= e X (1) (o2 211!
b3 ! x A
{a+(n-2)d} {a+(n-3)a} {a+(n-4)d}*...a" "
1B (- gyt !
Ba=(-d™) (n-1)! (n-2)1...2! 11
1 3
X Gre-Dd @m0 d ar@m -9 dF . o= 4
e
: ()" "

DI 2 et (=) A} (at (= 2)dV..a

2 x?
Ex.—e* =l+x+‘;—!+§-!+"'

L2 P
l-x+ 6 + 10+ 144
This continued fraction for the exponential function was discovered by

=1

Lagrange.™
(©).
In case (C) the formulae will be shown to be
D
a,=~a—
b= 2td
" a+d
b _(n—i){D+(n—})d} _ n(D+nd)
" a+(2n-3)d a+(2n-1)d
din-1){a+(n-2)d}{D+(n-1)d} {D-a~(n-2)d}
=TT {a+(2n-2)d} {a+ (2n-3)d}* {a+(2n—4)d}
., n D +nd e, n(n=1)
S Tiar@e-1a” tT 2

(D +nd) {D+(n-1)d} o
*D+En-1d} (a4 Cr-nd)
1"(D+nd) {D+(n-1)d}...(D+d)
SO G Par P T S (@+nd)

* Works of Lagrange, 4, p. 319,
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Proof :—
We have

C,=| D..(D+3d) D..(D+2d) D(D+d) D
a..(a+3d) a.(a+2d) a(a+d) a
D..(D+4d) D...(D+3d) D..(D+2d) D(D+4qd)
a..(a+4d) a..(a+3d) a..(a+2d) a(a+d)
D..(D+5d) D...(D+4d) D..(D+38d) D...(D+2d)
a...(@a+bd) a...(a+4d) a.(a+3d) a..(a+2d)
D..(D+6d) D....(D+5d) D..(D+4d) D...(D+3d)
a..(a+6d) a..(a+5d) a..l@a+4d) a..(a+3d)

Let us perform on this determinant the operations
(1) row, —row, =(D—a)row,
row, —row, =(D —a)row,
row, —row, =(D —a)row,
(2) row, --row) =(D-a-d)row,”
row, —row, =(D -a-d)row,"
(3) row,” —row,”=(D -a - 2d) row,”.
Now the determinant
D, is the same as B,.
Dy
D,
D"
Thus we get
C,=[D*(D + d)(D +2d)"(D + 3)|(D — ay (D ~a - dy*(D —a - 2d)B,.
Similarly, we get
C,=[D"(D+d)(D+2d)" .. {D+(n-1)d }]
x[(D-ay'(D-a-dy?...{D-a-(n-2)d}]B,

10, = [D"(D +d)y .. {D +(n - 2)d}* {D +(n - 1) d}(D + nd)]

........................................................................

*C.=[D" (D +d) (D+2d)"...(D +nd)]
x (D —a)”“...{D—a—-»(n« 2)d}]x"B,.
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Ex. 1—J' (=) =

I‘(q+1)1‘( q)[ ql m —q( q+1)
x

+22(-g+ ) (=g+2) (1~ m) +..]

3! -z
-1 q>-22
T(g+1)T(1-q) 4x1x3 4x3x5
= l-z_1-¢ l—x_ 1  I-= 1

“m 2 T itm et w2t

Bz, 2

-2¢ e-1 -2

=1+
EDrt v o(2) s 4 () o

Ifm=-1andi=1

x+14¢
then(x l)
2 ¢*-1 ¢*-22 -3

=l v B 4+ Br o+ w4

Q(q 1)

Ex, 8.—(1+x)t t=1+qr+ 1= 24 ...

2qx (?-19)a® (¢®-29)a% (¢*-3°) 2P

= )12+ @19 + 5®+2) + T@id) +
o =1
sin” 2 2.4 2.4.6
B, o= Z b — a4 S T
S Y A N A
_x 1.22% 1.22% 3.42% 3.4a%
“1- 8 - 5 - 7 - 9 _
e ain g B2 2 2.4
Ex, 6.—(1 — %)% sin =2 == 35 3 E T _
o P 2.3 2.32% 4.522 4.5°
8- 5 - 7T -9 -11 -

* Laguerre, Bull. de la Société Math. de France, 8 (1879-80).
+ Works of Lagrange, 4, p. 318.
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(D).
In case (D) the formulae for the elements of the continued
fraction will be shown to be
a,=1
by=-a
b,= — {a+(2n - 2) d}
a,=—(n-1){a+(n~-2)d}d.

|

_/__x"..—-{a+(n 1)d}ac"”‘+ n(n 1){a+(n—1)d}
x {a+(n-2)d} "~

(-1 Z (et (n-1)d}.. (a4 d)a.

Proof :—
We have D,={a(a+d)(a+2d)}{a(a+d)}a
x 1 1 1 1
a+3d a+2d a+d a

(a+3d)(a+4d) (a+2d)(a+3d) (a+d)(@a+2d) a(a+d)
(a +3d)...(a + 5d) (a+2d)..(a+4d) (a+d)..(a+3d) a..(a+2d)
On this determinant let us perform the operations :—
(1) row, —2drow, =row,
row, — drow, =row,
(2) row,/- drow, =row,].
Hence we get D,=a’(a + d)’ (a + 2d)
x 1 1 1
a+3d a+2d a+d
(a +3d} (a+2d)}* (a+d)?
(a4 3dy* (a+2d)° (a+ay
This last determinant is a case of Vandermonde’s.
Similarly we get

_.( d)"(":“ aNa+dy..{a+(n-3)d}* {a+(n-2)d}
x(n-11(n-2)L..211

QIRY] =
-]

)

1D, =(~-d) = i a*(a+d) . fa+(n - 3)d} {a+(n - 2)d} {a+(n-1)d}
xnl(n-2)1...21 1

”Dﬂ—( d) nin— 1)a (a+d)n-—l {a+(n-l)d}
x(m-1)! (n=2)1...21 1.
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® -z -z
e e 1 a , alat+l)
Ex. 1.—-J —a—.-dszl i._—__,{..______._...%
z x x

o
e a 2(a+l) 3(@+2)
r+a -zxz+at+t2-x+at+d-x+atb-

2 22 @ Zb
oz ™ 2 2(2x3) 2(3x5) 2(6xT)
2x’+l~2:c2+5 22 4+9 ~ 2%+ 13- 222+ 17 -

0 » 1 0 c—t
Ex, 8.— e ? ds=— — 5 dt (where t=s” and y=2")
x y 4 ¥ t(I"?)

Ex. 2—r T dpr=e” E L3 *‘%—"-%
x

3 1 1
Z e 1-— 2(1-—)
p » P
= 1 1 1
xp+l——-— _xP+3___ _ xP+5’_-—...
P P P

B

E e’ ds= L R dt (where = P =x )
s—| - & =, _xﬁ
w4 z O ’ B8 Jv t“__'g‘_l erer=i,y

1

-af 1-a atg-1 2(a+28-1)
-— € x
_B B8
xﬁ+a+ﬂ—l _ x/3+a+3[3—1 _ mﬁ“a+5ﬁ—l_
B8 B B
Ezx. 5. @ +a(az:-1) }
_D(a) a 2(a+1)
Tzta-ztatl-ztatd-
(B).
In case (E) the formulae for the elements of the C.F. will be
shown to be
"M (s,at(r-1)d
- n-1 n{a+(n-1)d}
"Ta+(r+2n-4)d a+(r+2n-2)d
_ m-1Dd*(r+n-2){a+(r+n-3)d} {a+(n-2)d}
Gn= {a+(r+2n-5)d} {a+(r+2n

~4)a}* {a+(r+2n-3)d}
® This is the contracted form of Laplace’s C.F.
+ Stieltjes, contracted form, Ann. Toulouse, 9 (1895).
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n a+(n-1)d
1t a+(Cn+r-2)d
n(n-1) {a+(n-1)d} {a+(n-2)d}
YT (a+r@rtr-2)d) {at @nir-3)d)
H(a+(n-1)d, a)

n—1

Jo=2"

n—2

-+ (1) a+(Pn+r-2)d, a+(r+n-~1)dy
Proof :—
Performing on the determinant £, the operations
(1) row, —row; = —rdrow/
row, —row, = —rd row,

row, —row, = —rdrow,
- (r+1)drow,”
—(r+1)drow,”

—(r+2)drow,”

Il

(2) row, ~row,

row,” —row,’

(3) row,” —row,’

il

(4) -~ drow,” +row, =row,"”
- 2drow,” + row, =row,
— 3d row)’ +row,

(5) - drow,’ +row, =row,”
~ 2d row,a + row,
(6) - drow, +row,,
we get
B r(r+1)*(r+2)
i=37a111 II(a,a+(r-2)d) I(a+d, a+(r-1)d)...Il (a + 3d,a+(r +1) d)
x 1 1 1 1
a+(r+2)d a+(r+1)d at+rd a+(r-1)d
1 1 1 1
a+(r+3)d a+(r+2)d a+(r+1)d a+rd
1 1 1 1
a+(r+4)d a+(r+3)d a+(r+2)d a+(r+1)d
1 1 1 1
at+(r+d)d a+(r+4)d a+(r+3)d a+(r+2)d

If we put a for a+(r—-1)d in this determinant, it becomes 4,.
This determinant is to be denoted by 4,
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By a precisely similar process it can be shown that
M e+ 1P (e 2 (r+n - 2)
o m-1)t (n-2)! (n-3)1..2!
X 1 A,
(e, a+(r-2)d).. Ha+(n-1)d,a+(r+n-3)d) "
rlr+ ). (r+n-2)
n-1)!(n-2)1...2!

1 .
*M@at(r-2)d).d(at(n-2)d,a+(r+n-4)d) Il (a+ndat(r+n-2)d)

........................................................................................................

1B, =

i+ 1) r+n - 2)
T n=-1)! (n-2)1..2!

1 .
>(II(a-+-d, a+(r-1)d) ...Ill(a+nd, a+(r+n-2)d) A

(&).
In case (F) we shall show that
1

@ = —
1 a‘+q¢
in—1)d __ 1 o+ a+(n—2)d nd __ 1 o+ a+{n—1)d
5 g g _q q
n = qd — 1 o+ qa+(2n—3)d qd — 1 o+ qa+(2n—l)d

@ (q(n—l)d _ 1)2 (o + qa+(n—'.’)d) qa-H’.’n—-l)d
Gy = (u. T qa+12n—4)d) (a. + qa+(2n—3)d)2 (m + qa+(21|-2)d )

(n—l)n
f e qnd -1 q 2 o +qo+(n-l)d o (qM - l) (q(n—l)d - 1)
n qd _ 1 q('n—;])n @ a+qa+(2n—])d (qd - 1) (qad — 1)
(n—1)n
2 (@ + g0 (@ 4+
q(n—?);n-ﬁ-l)d (0. + qa+(‘.!n—1)d)(a + qu+(2n-2)d))
n{n-—1) a

(o +g*+04) . (a+q%) ¢ 2
O I B PR

(=1

9 Vol, 34
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Proof :—In F,, subtracting the last row from each of the rows
above it and taking out common factors, and then subtracting the

first column from each of the other columns, we get

3 3d o _ 4 _ 1)12 gotHatditarod) pdtd
p=fl-D @ - 1) (-} ¢ sl )
(o + %) (. +g*+™)* (o + ¢*H)" (o + ¢**¥)
In a similar way we get
(n—-l)nd
17 ndé __ a+{n—1)d
n gl atyg 1
F, ¢~ 1 a4 grttn-ne (e—Tin
q9
(n=—1)n 4
2&_-_- (qmz - 1) (q(n—nd - 1) (a_+qa+(n—1)¢) (a_+qa+(.._.z)¢) q———2
Fn (qd — l) (q'zd — 1) (& + qu-H‘.’n--])d) (a_+qa+12n—2)d) q(n—Z)n(n-H)d
n{n—1) d
”Fn _ (a‘+qu+(n—1M) (a_+qa) q 2
F,  (a+gte0d)  (atgitrd) ]
(G).
In case (G) we shall show that
1
a, = -
o+q
(n—1)d nd __
b" = qt 1 O - q 1 1 »
qz -1 «+ qu-H.n—.i)d qd - 1 m+qa+(.'n—l)d
" q(Zn—H)d gu'H’l—‘J)d (q(n—lld - l) ((L+q“+(”‘2)d)
n = ((L +qu+(2n—‘2)d) (l}. + qa+(2n—3)d)2 (a_+qa+(‘2n—d/d)
- (=i ,
nd _ 3 nd _ ntjd _
'/;' =a" -~ qd L (n—1 G}H‘-’-u—l)d, z"! (q 4 1) (q 2°d 1)
' g1 e oty (@-Dig"-1)
in—1)n
X q ’ 1 n--2
CEET) (o g0y (o gerendy -

q

(n—1)n
P

4 1
vt (- l)"(-l i (o + g*Hen=04) | (o + ")’
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Proof (—
Performing on the determinant @, the operations
(1) «(g* -1) row, +row;=¢* row,
a (g™ -1) rowj + row, q““ row,”
o (g™ - 1) row,” +row, = ¢* row,” ;
(2) «(g* -1)row, +row2—-q row,
o (q“ - 1) row,’ +row, = ¢* row;” ;

(3) «(g* -1) row, +row,=¢* row,
we got
G 1 qd(l+2+3)
T g e e e T - D (@ - D@ - 1)

& {142] d
g g

DG Da-D
In a similar way we can show that
n=lin(nt+l)

qg ¢ 1

Gn= a‘(,._;)u x (qd _ l)n—l (qezt 1)»-- ] (u-—-’lM 1)
1
X (a.+q")"_1...(a.+ qa+(u—2)d) F" .
(H).
In case (H) we shall show that
a+g?
a4 =—
o+q°
b —q(,,_x)d -1 0L+qD+("_lN _ qnd ~-1 U.+qD+"d
L qd -1 qa -1 qd -1 m+qa+(2n—l)d
a_q('.’.u-:i)d (q(n—-l)d _ 1) (a. + qu+(n—2)d) (o + qD+(u—])d) (qa+(n—'.’)d _ qD)
a, (a. + qa+1un—4m) (u. ¥ qa+(zn—:sm)-z (a. + qa.Hen_g)d)
{n—=lin o
PR i ¥ LY ol ¢ et V1 )
” ¢*-1 q(n;l)n 4 0+ getEn—ii @“-D(g=-1)
(n—1}n
g (o + g2 D) (a4 gP4m)

(n—2) (n+1) at{21—1)d G+(2n—~2)d
Ainty, (e +q ) (a4 gettin=24)

n(n—1)

+( _ 1)” q 2 (a_+qD+d)”.(a+qD+nd)
Lo (g9 (o k™)
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Proof :—
Performing on H, the operations
(1) row, —row; =(g?-¢°) row,
- g¢*row, +row; =o row,’
@) row; —row, =(g”-¢*) rowy
-¢° row;’ +row, =a row;’
(3) row, —row, =(g9”~g° row,
—g¢*row, —-row, =o row,”
(4) row,” —row," =(g? - ¢**%) row,”
—g*** row,” + row,” =o row”
(5) row,” —row," =(g? - ¢**%) row,"”
~ ¢** row,” + row,” = o row,"”
(6) row,” — row,” = (g7 - g*+%) row,”
— qa+2d I'OW: + rowsiv =0 l'OW,‘v‘ ,
we get
Hy= (o + %) (a4 P (o 4P (0 47)
3x4
o @ -0 (@7 - g (e - g
@P @ ¢+

(L)

In case (L) we shall show that the elements of the C.F. are
given by the equations

a,=1
(n——l)d 1 qml _ 1
= a+(n—2)d - a+(n=1)d .
bp=(+¢ )————-—q T (et ) mTT
a” = - qa-Hz"—i)d(q(”—l e _ 1) (U. + qa-Hn—-Z) d)

o Tl e e, @D (@)
fn x ( +¢q )w + (qd_l)(q?'i_])

-1
a+(n—1)d) b g2 _ (q"" - 1) (q‘”‘"d — 1) (q(n—z)d 1)
x (o + g2H—19) ¢ (-1 (@ -1) (g%~ )

X (m + qa+(n—3)d) (a. — qa+(n—-2)d) (a- + qa+('n—l)d) q 2 n—2 +.

(-4 g0

n—l)n

(1) (kg (“+'I“+‘"'”")Q :

P
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Proof :—
Performing on L, the operations
(1) row, + (g™ - 1) row;=g¢* row,
row; + o (¢* — 1) row,=¢* row,’

(2) row, +oa (¢°-1) row, =g° row,”,

we get L= (e + ¢%)® (o + g*H9)* (e 4 ¢°7%) ¢*¥( g2
x 1 1 1 L
g™ ekt ad g™ atge

(49" (x4 g™ (kg™ (nk )
(a+qn+3d)3 (a'+qll+2d>3 (0~ + qa+d)3 (a+qa)3

nin—1) {n-=2) (n—1)n nl)m

L,= ( = I)T(“ + Y")"_](m+q“+")"‘2. . .(a.+q”+"'""” ")qT et
x (¢ = 1)y (g - 1) (g - ).

M).,

In case (M) the formulae will be shown to be

1
a; = H (a-+qa’ m+qa+(r—1)d)
q('n—l)d -1 o+ qa+(n-2)d qnd -1 o+ qa+(n-—])d

n = q,; -1 0_+qn+(r+eu-4)¢ - qd -1 o +qa+(r+2n—2)d
.o o qa+(2n—4)d(q(n-—1)d _ l) (qr+(n—‘2jd _ 1) (tx + qa+(n—2)d) (m + qa+(r+n—3)d’)

n (tL + qa+(r+211—-3)d) (a_ + qa+(r+2n—4)d)2 (a_ + qn+(r+2n—5)d)

(n—1)n

floag LTl argt g = @) (e o)

n qd -1 m+qa+(r+2u—2)d q(n_le)n a (qd - 1) (q'..’d — l)

(n—1)n
(a. + qa+(ﬂ—2)d) (0L + qa+(ﬂ—l)d) q—‘, s
(m+qn+(r+m—a) d) (a+qa+(r+?n—2)d) . m_z)z(m-u . &€ -
PET N . ACRL i P CLY iy gie-bne

(0. + qa+(r+n—l)d) ((X. + qa+(r+n)tl) .. (U. + qa+(r+‘."n—-2) d ) 1
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Proof :—
First we are to perform on M, the operations
(1) row, —row; =(1-g¢™) row,
- g™ row, +row,; =a row,’
(2) row; -row, =(1-¢"™) row;
-¢™ row; +row, =a row,’
(3) row, —row, =(l-g¢™)row,
- g™ row, +row, =a row,’
4) row,” —row," =(1 - ¢"*¢) row”
—¢rt¢ pow " + row,” =a row,”
) rowy” —row,” =(1 - ¢r+1¢) row,"
—gtr*14 pow," + row,” = a row,”
(6) row,” —row;" =(1 - ¢**%9) row,”
~ g 9¢ row ¥ 4 row,’ =a row,.
In this way we get

rd_ 1)’ (q(r+n)a _ 1)2 (q(r+'.’)d _

(¢ 1)
M 1= qsrd qz (r+1)d X q(r+2)d x gttt

multiplied by another determinant of order 4.

If on this determinant we perform the operations
(1) a(g® - 1)row, +rowgs=g* row,
a (9 - 1) row, + row,=g* row,”
a(¢* - 1) row,"” + row, = ¢* row,”
(2) a(g® -1)row; +row,=¢* rowy
a(¢** - 1) row, +row, =¢*row,’
3) a(g* -1)row, +row,=¢* row,,
we get another determinant which, on putting a for a+(r-1)d,
becomes 7, .

(qrd _- l)n-—l (q(r-f-l)d - 1)”"2. . ‘(q(r+n-—2)d - 1)

M,
e a ~1 24 -2 —1}d
(@ =1y (g™ - (@™ - 1) }
{(n—=1)n (n+1}d {(r+n—‘2) {r+n—1} (r4+-n)—(r—1) r(r+1) _ (n—1}r(r—1)d }
X q [ X q—d 6 2
1

'
X H(a + qu’ a+ qa+(r—'2)d)_un(a +qa +(n—l)d’ a +qa+(r+n—l)d) F,. .
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Parr II.

In Part I1. we shall consider cases in which a series of the form
l+ae+a,2*+a,28+...
is to be converted into a continued fraction of the form

T X A
1+ T+ 1 4+ 1 +-
The reduction of this problem to a problem in determinants is

effected by the formulae

4y =a,
n
Qgp = — KI}_I 7‘:;“(,1“
” n—1
Kn+l n—lKn—l

Boyy) = —
an+1 X, "X,

where the K’s are the determinants previously introduced. These
formulae are due to Heilermann, loc. cit., and are closely connected
with the formulae used in Part I.

(A).
Applying these formulae to case (A), we readily find
1
&=
{a+(n-1)d}*
Qo =

“{a+(2n-2)d} {a+(2n-1)d]
. (nd)®
" Ha+(2n -1)d} {a+2nd}’

Ex. 1.—The series
a2 xt afb
x arctan x:-l— --—3—+-§

gives Lagrange’s continued fraction *

tnx—ic- f—
BrOWRT=T 8+ 5 + 7 +°

* Guvres de Lagrange, 4, p. 323.

https://doi.org/10.1017/50013091500037500 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500037500

Ex., 2.— af — - _ -
.{ d” "Nz 2saz2® 3
x* (1-a)? 12 (2—a)? 2?2
(l ~a)z+ 2-a + (3-a)z+ 4-a + (b—a)x+
(a< 1.)
B, 8.— R A
o _[ d.z: © (.a at+l a+2 a+3+ )
% oz x  (a+1)piz 2z

Ta b atl +a42+ atd + atdt

(where « is not negative.)

— 217 o w L w
Er. 4. j l+x' = 31 1+r+1+2r }
12 x"  (r+1)2 (2r)2zr  (2r+1)227
4o

1+ r+1 +2r+1 +3r+1 + dr+1 + br+l

(B).
Here
1
dl——a—
= - a+(n-1)d
m {a+(2n - 2)d} {a+(2n-1)d}
nd

a‘ln+l={a+(2n_ 1)d} {a+2nd} "

. _,,xloga =xzloga xzloga xloga xloga =zloga
Bom =429 79478 -T2 4+ 8 -2 4+

(©).

Here
D

ay=—

CiDan a+(n-1yd
= =D+nd) o T 0} (a4 @n = 1))

. _ {D-a—(n—l)d}ﬂd
= T (@n—-1)d} (a+ 2nd)”

* Works of Lagrange, 4, p. 322.
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Ex. z._J'"‘ (t-9” (8 m? _@-m* D@+ )T(D)
x- T(g+D+1
D l-m D(D+1) —mye
*Lgv D1z Tgr DD g+ D+ D) “‘)*‘ ]
— (D+n)(g+D+n)
“lg+rD+2n-1)(g+D+2n)
(n+q)n
(g+D+2n) (g+D+2n+1)"

Aon41= —

D-1 &-D-1
T 1¢ 1-¢ D
(a) ! ) dt=l+~.at;+l—)-(D+l)ac2
T(D)Ia -~ D) 1-at a(a+1)
=1+ Dz (D+l)ax l.(a—-Djx (D+2){(a+1)x
TTTe - e+l - a+2 -~ a+3 -

2(a+1-D)x (D+3){(a+2)z

Ez. 2,—

a+4 - a+d -

Ex. 3.—For the series
D+(r-1)d © {D+(r-1)d}(D+rd)
a+(p-1)d {a+(p-1)d}(a+pd)
{D+(r+n-1)d}{a+(p+n-2)d}
{a+(p+2n-3)d}{a+(p+2rn-2)d}

{a—-D+(p-r+n-1)d}nd
{a+(p+2n-2)dt{a+(p+2n-1)d}’

. - 1(1 ja-0-1
. l(a,a+p- 2)J dzJ dx,. '[ dxj. %" dx.[ Tt ot
-

Qop = —

Mgnt1= —

_ & D@a+p-Dz l.@-D+p)lz (D+1)(a+p)=
Ta+p-1- atp - atp+Y -  a+p+2 -
The number of signs of integration is p+1.

(E)-

{a+(n-1)d} {a+(n+r-2)d}
{a+(@2nr+r-3)d}{a+(2n+r-2)d)}
nd?(r+n-1)

B = {a+(Qn+r-2)d} {a+(2n+r-1)d}

X X x a
Kz, 1.—II {a, a+r—2)J. dz ... J’ dx J jodN.
0 0 o 1-

a+r-—-1
x

Here

Qo = —

_ ala+r-1x l.rx (a+D){a+r)z 2{(r+l)z
Ta+r-1- a+r - a+r+l- a+r+2 - a+r+8 -
The number of signs of integration is »,
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Ex. 2.—(r-1)! Jz dx ... 'rc dx Jz -log (1 -x) dx
0 0 0

¥ l.rz l.rzx ir+Nx 2(r+l)x 3(r+2)x 3(r+2)x

T -+l -r+2-"r¥8 - r+d - r+b — r46 -

The number of signs of integration is (r - 1). -

" £ '
Ex. 3.—{1.3.5...(2r-3)} jo wdx ... f wdxj z tan™ @ dx
0 0

! 1.2r-12? 4.1r2? 3(2r+1)2? 4.2(r+1)a%

Sor—1+ 2r+1 + 2r+3 + %r4b + 2r+7 4+

(F).

Here
o = — (a + qu-(u—])d)ﬂ it
"= T (a+ gt ) (a + gorenndy q
@y = a(gm-1) atn=1)
241 T (a + qa+2nd) (a + qa+(2,,__1,d) q f
(@).
Here
a+ qa-Hn—])d iy
ar'.’u=(a+qa+(2n—l)d) (a + g+ @=a7) q
Ao, = q"‘l — 1 qa-H?n—l)d'
2n+1 (a + qa+2nd) ((1 + qa+(2n-1)d)
(H)
Here
_ (a + qD+nd) (a +qa+(n—1)d) oty
2n — (a+qa+(‘2n—l)d) (a +qa+(2,._2, ‘1) 9
a (qD - qa+(u—1)d) (q»wz _ 1) .
a2n+1= - (a+qa+2na) ((1+q"+('3"—1)d) q.
(L)-
Here

a’!n —_ - (a + qa+(n—l)d) q(n—l)d

a%+1 = — qa+(n—l)d (qnd —- 1).
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(M).
Here
(at g9 gty
O = — (a + g~rri—aa) (g 4 grHrrm—sd) q
a (g~ 1) (e - 1) gt
Ry g1 = (a + qa+(r+2n-—])d) (@ + qa+(r+zn-2)d)'
(N).
Here
a=q
a'.‘n= — q4u——l
a2"+l - 921l+1 (1 - q'ln)'
Proof :~—
2 2 2 1 1
Ny= gt 43+ ’ ;5 ;7 g
¢ g gt g?
q15 qﬂl q27 q33
1r2re (2 D (g -1 (g -1) I ¢ ¢ ¢
=q (@-D{ -1~ l Rt
* ¢ ¢
2 2 2 3 5
=gt HH (2 1) (¢~ 1)(¢"- 1) g Z‘ ZB Zlﬂ
¢ ¢° ¢
2 2 2 g
—p e e @ - @ - 1) s
g
Similarly,
2
N___:‘r =q(n—l) +n(2n—1) (92 - 1) (q~1 - 1) (qﬁ — 1)”.{q2(u—1) - 1}
n—1
2 2l 1 1 1 1
Ny =23t ¢ 7 ¢ "
= ¢t ¢® >
P
2 2 2 @2 ) s 7 9
=gt HHB (P -1) (- D -1 g” gm gzo
q21 q../ q33
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2 2 2 2 _ - ¢ ¢ q
=@t HA (2 1) (g - 1) (¢ - 1) g*+i+ L7
T 9 9
" ¢t ¢
— S s 8 “D (g —1) (o° -1 girite 3
q (¢*-1)(¢'-1) (¢° - 1) ——— *W;.
gt
. Similarly,
"N _ sty (g2 1 2
_____=qnn 2+n(2n (q._l)(q _1) . {q.(u—l)_l}'
Thus we get
@y, = ._.h X "N;‘ = - qin—l
" Nn n-lN-n-—l
n—1
Gy = — NZ;}H % _nzjgn_—l =gt (1 - g™).

‘We have therefore
g+ e+ QT+ ... +q X+ ...

gz ¢z @F(l-¢)x gz ¢F(l-g)z 'z ¢ (1-¢°)=x
T1-1+ 1 -1+ 1 -1 + 1 -
a result first given by Eisenstein. '

In conclusion, I must thank Professor Whittaker, who intro-
duced me to the subject, and under whose guidance I have been
enabled to prepare this paper.
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