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Abstract. We prove the central limit theorem (CLT), the first-order Edgeworth expansion
and a mixing local central limit theorem (MLCLT) for Birkhoff sums of a class of
unbounded heavily oscillating observables over a family of full-branch piecewise C?
expanding maps of the interval. As a corollary, we obtain the corresponding results for
Boolean-type transformations on R. The class of observables in the CLT and the MLCLT
on R include the real part, the imaginary part and the absolute value of the Riemann zeta
function. Thus obtained CLT and MLCLT for the Riemann zeta function are in the spirit
of the results of Lifschitz & Weber [Sampling the Lindeldf hypothesis with the Cauchy
random walk. Proc. Lond. Math. Soc. (3) 98 (2009), 241-270] and Steuding [Sampling
the Lindelof hypothesis with an ergodic transformation. RIMS Koékyiiroku Bessatsu B34
(2012), 361-381] who have proven the strong law of large numbers for sampling the
Lindeldf hypothesis.

Key words: central limit theorem, Edgeworth expansion, unbounded observables, Lindelof
hypothesis, quasicompact transfer operators
2020 Mathematics Subject Classification: 37A50 (Primary); 60F05, 37A44, 11M06

(Secondary)
Contents
1  Introduction 2
2 Main results 4
2.1 Preliminaries 4

Check f
https://doi.org/10.1017/etds.2025.10203 Published online by Cambridge University Press Updates.


https://creativecommons.org/licenses/by/4.0
http://dx.doi.org/10.1017/etds.2025.10203
https://orcid.org/0000-0002-9056-8884
mailto:kasun.fernando@brunel.ac.uk
mailto:tanja.schindler@uj.edu.pl
mailto:t.schindler@exeter.ac.at
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1017/etds.2025.10203&domain=pdf
https://doi.org/10.1017/etds.2025.10203

2 K. Fernando and T. I. Schindler

2.2 The classes of dynamical systems 6
2.3 The Banach spaces 7
2.4 Results for the unit interval 8
2.5 The application to the Boolean-type transformation 10
2.6 Sampling the Lindelof hypothesis 12
3 Review of abstract results for limit theorems 14
4 Twisted transfer operators 1?/\1‘3- 17
4.1 Properties of twisted transfer operators 17
4.2 DFLY inequalities 18
5  Proofs of the main theorems 27
5.1 Proofs of limit theorems for expanding interval maps 27
5.2 Proofs of limit theorems for the Boolean-type transformation 31
Acknowledgements 33
A Appendix. The Banach spaces Vg, 34
A.l Completeness 34
A.2 Continuous inclusion and relative compactness 36
A.3 Multiplication in Vg ,, 37
B Appendix. Holder continuity of R f 57
References 58

1. Introduction
Expanding maps of the unit interval are the most elementary class of dynamical systems
that exhibit chaotic behaviour. There is an extensive body of literature on limit theorems for
Birkhoff sums of expanding maps as summarized in [8, 10, 15]. In particular, in [34], the
central limit theorem (CLT) is established for observables with bounded variation (BV)
over piecewise uniformly expanding maps whose inverse derivative is also BV. Further,
in [10], Edgeworth expansions describing the error terms in the CLT are established in the
case of BV observables over C2 uniformly expanding maps that are covering. In both cases,
the results are limited to bounded observables since the observables considered are BV.
One standard technique of establishing limit theorems for dynamical systems is the
Nagaev—Guivarc’h spectral approach that was first introduced by Nagaev in the Markovian
setting in [32], and later, adapted to deterministic dynamical systems by Guivarc’h in [14].
The key idea is to code the characteristic function using an iterated twisted transfer operator
(one can think of this as the deterministic counterpart of the dual of the Markov operator
in the Markovian setting) and to analyse the spectral data of these families of operators in a
suitable Banach space. More precise formulations of this idea can be found in [4, 13, 15].
Though transfer operator techniques to handle unbounded observables are available, see
for example, [5, 11, 16, 28], there are only a few results for limit theorems for unbounded
observables over uniformly expanding maps of the interval; see for example, [1, 6] of
which the latter, however, does not use transfer operator techniques. In [1, 5, 28], the
goal was to obtain bounds for the spectral radius and the essential spectral radius of the
(twisted) transfer operators associated with expanding maps acting on their corresponding
Banach spaces. While the first two works did not address limit theorems, in [1], a CLT and
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an almost sure invariance principle were proven. However, to the best of our knowledge,
nothing is known about the first-order Edgeworth expansion (the quantitative CLT) or the
mixing local central limit theorem (MLCLT) in this setting.

Notably, [16] introduced a general framework for establishing the first-order Edgeworth
expansion in a Markovian context that is nearly optimal, comparable to conditions in the
independent identically distributed (IID) setting. This framework was further extended in
[11] to obtain expansions of all orders in both the CLT and the MLCLT, with applications
to systems modelled by shifts of finite type or Young towers and unbounded observables
with nearly optimal order of integrability. Despite its potential, this generalized theory has
not been applied to expanding maps until this work.

In this paper, we introduce a class of Banach spaces that are not contained in > and for
which the conditions introduced in [11, 16] can be verified in the context of C2 uniformly
expanding maps of the interval. In Remark 2.4, we compare the class of Banach spaces we
introduce with other Banach spaces in the literature that include unbounded observables
and are known to possess a spectral gap for the associated transfer operator.

The observables x : (0, 1) — R we focus on and which belong to our Banach space are
unbounded heavily oscillating observables characterized by the conditions

Xl Sx(1—x)" and  max{lx' G+, X' G-} SxPA—x)7"

for some a, b > 0. The permissible ranges for a and b vary depending on the specific
interval map and the limit theorem of interest.

As the underlying transformations we consider are full-branched C? uniformly
expanding maps of the interval, we see that the non-removable singularities of x are
always at a fixed point of the interval map. (This, however, could easily be extended to any
periodic point.) The behaviour of such maps can be considered as particularly interesting:
once an orbit lands close to a fixed point, a few subsequent iterates might stay relatively
close to the fixed point and the Birkhoff sum might be very large locally. Such situations
can cause the system to behave qualitatively different from the IID setting, see for example,
[24, Theorem 1.10].

Further, we show that the general framework developed in [11] for limit theorems
involving unbounded observables can be applied to our class of observables. By adapting
the ideas in [11] to our context, in §3, we identify a set of sufficient conditions on both
the system and the observables that ensure the validity of limit theorems. In particular, we
establish the CLT, its first-order correction — the first-order Edgeworth expansion — and an
MLCLT for the Birkhoff sums of x.

Indeed, we consider a sequence of increasing Banach spaces (all of them containing
unbounded observables) on each of which the twisted transfer operators corresponding to
full-branch C? expanding maps satisfy Doeblin—Fortet Lasota—Yorke (DFLY) inequalities
and other good spectral properties. These properties, in turn, lead to the establishment
of the limit theorems for this class of expanding maps. In the previous literature
(including [11]), the conditions in the general framework were not verified in a context
similar to ours, and there lies the key novelty of this work. Though our results regarding the
introduced Banach spaces are tailored to prove limit theorems in the spirit of [11], similar,
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general techniques using a chain of Banach spaces were established in [16] and also used
in [33]. Having this in mind, the intermediate technical results of this paper regarding the
precise details of the chain of Banach spaces (relegated to Appendix A) might be helpful
to prove further limit theorems in the future.

As an immediate application, we deduce limit theorems for a Boolean-type transfor-
mation ¢ : R — R given by ¢(x) = 1/2(x — 1/x) if x # 0 and observables that heavily
oscillate at +c0. This application makes use of a smooth conjugacy between the doubling
map on the unit interval and ¢. In particular, this has applications to sampling the Lindeldf
hypothesis, a line of research in analytic number theory that deals with understanding the
properties of the Riemann zeta function on the critical strip. We elaborate on this in §2.6.

The structure of the paper is as follows: §2 is dedicated to preliminaries and main
results; in §2.1, we introduce the relevant notation and common definitions that we will use
throughout the paper; in §2.2, we state precisely the class of expanding maps we consider;
in §2.3, we introduce our Banach spaces; in §2.4, we state our main results for the interval
maps; and in §2.5, we state the corresponding results for the Boolean transformation on
R and their implications to sampling the Lindelof hypothesis is discussed in §2.6. In §3,
we recall known abstract results in [11, 16] tailored (with justifications) to our setting.
The spectral properties of twisted transfer operators acting on these spaces including the
DFLY inequality are established in §4. In §5, we collect the proofs of our main results. In
particular, the proofs of the limit theorems for interval maps appear in §5.1, and in §5.2,
we prove the corresponding results for the Boolean-type transformation. Finally, we have
relegated some technical results to the Appendices; in particular, an in-depth discussion
about our Banach spaces appears in Appendix A.

2. Main results

2.1. Preliminaries. Let X be a metric space with a reference Borel probability measure
m and let T : X — X be a non-singular dynamical system, that is, for all U € X Borel
subsets, m(U) = 0 holds if and only if m(T~'U) = 0 holds. We denote by M (X) the set
of Borel probability measures on X. Let v € M (X). For p > 1, by L?(v), we denote the
standard Lebesgue spaces with respect to v, that is,

LP(v) ={h: X — X | his Borel measurable, v(|h|’) < oo},
where the notation v(h) refers to the integral of a function /& with respect to a measure
v and the corresponding norm is denoted by || - [|Lr(). When v = m, we often write L?
instead of L?(m) and || - ||, instead of || - | Lr (n)-

For us, an observable is a real valued function f € L? for which we consider the
Birkhoff sums (also commonly referred to as ergodic sums),

n—1
Si(f.T)=)_ foTk Q2.1
k=0

which we denote by S, (f) when the dynamical system T is fixed.

https://doi.org/10.1017/etds.2025.10203 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10203

Limit theorems for unbounded observables 5

We say T:L' - L!is the transfer operator of T with respect to m if for all f € L!
and f* € L,

mT(f)- f*)=m(f-f*oT). 2.2)

Let m € M (X) be absolutely continuous with respect to m with density pz;. Then, from
equation (2.2), it follows that

B (¢S = m(T7 (omr)), (2.3)

where Ez; is the expectation with respect to the law of S,, where the initial point x is
distributed according to 7 and

Ts() =T ), s eR, (2.4)

see, for example, [15, Ch. 4]. Eventually, we are interested in the asymptotics of
quantities of the form 72(S, (f) < z,) and Ez(V,,(S,(f))) as n — oo, where z,, € R and
Vn : R — R are from a suitable class of observables, and to obtain these asymptotics, we
exploit the relation in equation (2.3).

We denote

2
A= lim Em(m> and o2 = lim Em(M>

n—00 n n— 00 ﬁ

for the asymptotic mean and the asymptotic variance of Birkhoff sums, S,(f,T),
respectively. Under the assumptions we impose on 7 in §2.2, A and o2 are independent of
the choice of m because each initial measure m converges weakly to the unique absolutely
continuous invariant probability measure (acip) under the action of T, and we may focus
on zero average observables by considering f := f — A instead of .

We call f to be T-cohomologous to a constant in the function space § if there exist
£ € § and a constant ¢ such that

f=LoT —C+c
and T-coboundary in § if there exists £ € § such that
f=LoT —¢.

We say f is non-arithmetic in § if it is not T-cohomologous in § to a sublattice-valued
function, that is, if there exists no triple (y, B, 6) with y : X — R, B a closed proper
subgroup of R and a constant # such that f +y —y oT € 6 + B.

Given a Banach space B, the C-valued continuous linear functionals are denoted by
B 1/ and given another Banach space B,, L(B1, B,) denotes the space of bounded linear
operators from B to By. When B; = B;, we write L(B, B1) as L(B;). When B C Ba,
B — B3 denotes continuous embedding of Banach spaces, that is, there exists ¢ > 0 such
that || - I, < | - I,. O

Given a set D C X, its complement X \ D is denoted by D¢, and D denotes its inte-
rior. Given a function f : D — R, set fi := max{f, 0} and f_ := max{— f, 0}. Given
g: D — R, g < f denotes that there exists constant K > 0 such that g(x) < K f(x) for
allx € D.Let Q1, Q> be Rg valued functionals acting on a class of functions & and &,,
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the inequality Q1(g) < Q2(h) for all g € & and h € B, is written to denote that there
exists K independent of the choices of g and & such that Q1(g) < K Q»(h). Finally, given
two numbers a, b € R, a ~ b means that 0 < a — b < 1073.

We denote the standard Gaussian density and the corresponding distribution function by

X

2 and MN(x) = / n(y) dy,

—0o0

nx) =
T

respectively.

2.2. The classes of dynamical systems. Let I = [0, 1] and A be the Lebesgue measure

(on R) and A; its restriction to I. We use A; as the reference measure on I and let

I = Uﬁ;é[cj, cj+1] be a partition of I with ¢o = 0 and ¢, = 1. We consider the class

of maps ¢ : I — I satisfying the following conditions.

(1) There are vjy1:[cj,cjy1] — 1 such that for all j, ¥ € Cc?, W}Hl > 1,
Range(/;+1) = I and

Yt |(c,»,c,-+1) = 1/f|(c‘j’6‘j+l)'

(2) For allj, the derivative of %_J: 1 is uniformly 9 -Holder, that is, there exists ¢ such that
forall j,foralle > O,forallz € I andforallx, y € Bs(z) :=[z—¢&,z+¢] N[0, 1],

(W7D ) = W) O < el ) @le”.

Remark 2.1. The full-branch assumption was made to simplify our calculations. Later on,
we will be particularly interested in the doubling map that is conjugate to the Boolean type
transformation, a transformation over the real line.

Since the maps studied here are C2, Markov and topologically mixing, each map has
one and only one acip, and it is exact [4, Theorem 6.1.1]. We denote this acip by x. Since
1//}Jrl are C!, there exists 74 < 0o such that

max 19/ 1 lloo = 74
Also, since |w}+1| > 1, there exists n_ > 1 such that
-1
mjax ||(1ﬁj+1)/||oo =1/n-.

Remark 2.2. If f € §is a y-coboundary in the space of measurable functions, then itis a
Y-coboundary in the class of piecewise C? functions, see [20, 30].

Without loss of generality, we assume that ¥’ > 0 and we have
k—1 eisx(l/f_,.j,x)

Vis(@)(x) =)

———— (1), (2.5)
Sven

see, for example, [15] for a proof of this fact.
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2.3. The Banach spaces. For a measurable function f: I — R and a Borel subset S
of I, we define the oscillation on S by

osc(f, S) :=esssup | f(x) — f(V)]

x,yeS

and we set osc(f, ¥) := 0. For a complex valued function f, we generalize the definition to
osc(f, S) :=oscCRf, S) +osc(Tf,S),

where R f and J f refer to real and imaginary parts of f, respectively. Also, in the case
of a complex valued function f, up to a constant, this is equivalent to the more intuitive
definition

oSC(f, §) = ess sup | £ (x) = F ().
x,yeS
This can be easily seen. We have | f(x) — f(0)| S IRf(x) =R+ ISfF(x) =IfF ()|
and, thus, osc(f, S) < osc(f, S). However, we have osc(f, S) <2 max{osc(Rf, S),
osc(I f, §)} <2osc(f, S). In what follows, we use osc as the standard definition.
For @ € R, define R,, an operator on the space of measurable functions, by

x%-(1=x)%- f(x) if|f(x)] < oo,
0 otherwise,

Ro f(x) = {
denote by B (x) the e-ball around x in / and define a seminorm

flap = sup e~F f 0sc(Ra f Bo(x)) g (x),

e€(0,&0]

where g is sufficiently small (to be chosen later). Let

I lapy =11y +1-lap

and set
LY ={f:1—C:|flly, <00}, Vapy ={f:1—C:|fllap, <00}

Finally, by V 02 gy We denote the set of C-valued continuous linear functionals on Vq g, .

Remark 2.3. It is shown in Appendix A that for o € [0, 1), 8 € (0, 1]and y > 1, Vo,
is a Banach space. Similar real Banach spaces were considered in [2, 21, 23]. In all these
cases, their spaces correspond to our spaces with ¢ = 0, and hence, are embedded in L;
see Lemma A.4.

Due to the dampening operation R,, which was first introduced by the second author
in [36], the observables in V, g, may be unbounded and oscillate heavily near 0 and 1.
It was used to establish a CLT. However, there was a critical mistake in the proof: the
normed vector space considered there to study the spectrum of the transfer operator is not
complete. In what follows, we not only correct this mistake but also establish an MLCLT
for the Birkhoff sum given by equation (2.20).

Moreover, we remark that depending on the application, one could consider different
damping operators and use the ideas presented here to prove other limit theorems.
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It is clear that due to the structure of R, the oscillating singularity can occur precisely
at the fixed points 0 and 1. In the case where the map ¥ has more than two branches,
and hence, fixed points 0 = ag < a; < - - - < ax—2 < ax—1 = 1, the proofs could easily
be generalized to a Banach space with additional dampening at ay, . . . , ax—3. In this case,
we would consider Ry f(x) = ]_[l;;(l) |x —a;|*f(x). However, these calculations would
make the proof even more technical and, hence, we decided to restrict ourselves to the
observables only oscillating at 0 and at 1.

Allowing for singularities of f at a point y that is not a fixed point of v, that is,
introducing a damping function |x — y|%, would still result in a Banach space. However,
under v, the singularity of f would move and Vg, would no longer be closed under
the action of the transfer operator ;ﬂ\ a condition fundamental for proofs using transfer
operator techniques. In the case of y being a periodic point of period d, considering ¢
instead of i should work.

Remark 2.4. In the literature, there are a number of Banach spaces that also allow for
unbounded observables, e.g. [1, 5, 28]. Those are seemingly more general than the Banach
space we introduce because they do not have the restriction that the singularity can only
occur on a fixed point.

However, the norm of the Banach spaces are defined in an implicit way, e.g. as

1
i = sup | [ g ax
lelle<1 170
in [28] with ¢ out of a certain space (Bq, || - I|l«), and similarly, in an implicit way in [1, 5].

It is not clear and not an easy task to check whether the observables we are interested in,
or even more elementary observables like x ™ sin(1/x), ¢ > 0, belong to Banach spaces
in the literature [29]. From this point of view, the proposed Banach spaces are interesting
because the conditions are relatively easy to check. Moreover, for the method used in our
paper, a sequence of Banach spaces is necessary. This would introduce additional technical
difficulties if we were to use other Banach spaces in the literature.

2.4. Results for the unit interval. Now, we are ready to state the limit theorems for
Sn(x) := S (x, ¥) over dynamical systems ¥ defined as in §2.2. Though we do not state
this explicitly, it will later turn out that the x specified in the following theorems belongs
to an appropriate Vy g, .

We first state the CLT in the stationary case.

THEOREM 2.5. Suppose x is continuous and the right and left derivatives of x exist on I,
X is not a coboundary and there exist constants a, b > 0 such that

XIS A —x)™ and  max{|x' ), Ix' )} SxP(1 -7 (2.6
Assume

2.7)

11 1 _
a<minid, —, -t -min{l, o1 .
b 2

log 4
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Then, the following CLT holds:

n_(Sn(X) —nrx) _ B
o/n -

Now, we discuss sufficient conditions for the MLCLT.

) —Nx)=o0() forallx e Rasn — oo. 2.8)

THEOREM 2.6. Suppose x is continuous, and the right and left derivatives of x exist on I
X 1s not arithmetic, and there exist constants a, b > 0 such that equations (2.6) and (2.7)
are true. Then, S, (x) satisfies the following MLCLT: for all 0 < ag < a1 < B, M > 1,
U € Vyyg.m:, V : R — R a compactly supported continuous function, m € Mi(I) being
absolutely continuous with respect to Ay, and W € L' such that (W -m) € Voil,ﬁ,M’ we
have

lim sup |o~2mn Egz(U o " V(S,(X) — £) W)

n—o0 {eR

— M g (W R, (U) / V(x) dx

=0. 2.9)

Remark 2.7. In particular, it is possible to choose m = for all W € LM, where
M~ + M~ = 1. In fact, under our assumptions, there exists p € BV such that 7 = pA;
see, for example, [27]. Therefore, |W -m(h)| =| f(hW),o dril < lpllec|Whip <
loloaiW gzl < Cliklla;pm With € = [[pllocl|Wllyz, and hence, W -7 €V 44,
as required.

Next, we discuss the first-order asymptotics of the CLT with no assumptions on the
stationarity. In particular, under the conditions of the theorem, we have the CLT for initial
measures that are not necessarily invariant.

THEOREM 2.8. Suppose x is continuous, and the right and left derivatives of x exist on
I, x is arithmetic, and there exist constants a, b > 0 such that equations (2.6) and

. ) 11 . log 14
3 min{2a, max{a,a +b —2}} <min {¢, —, = ¢ -min {1, —— (2.10)
b 2 log n—
are true. Then, S,(x) satisfies the first-order Edgeworth expansion, that is, for all
m € M(I) being absolutely continuous with respect to Ly, there exists a quadratic
polynomial P whose coefficients depend on the first three asymptotic moments of S,(x),
but not on n such that

m<Sn(X) —nr() _ .
o/n -

Remark 2.9. Note that from equations (2.10) and (2.6) with the corresponding choices of
a and b, it follows that x € L3. So, Em(lSn(x)P) < oo for each n. Our proof shows that
the third asymptotic moment

P(x)

n(x)
n

sup = o(n_1/2) asn — 0.

xeR

) —Nkx) —
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Sn<x>—nn(x)>3

lim Em< NG

n—oo

does, indeed, exist.

Finally, we provide a concrete example of a class of observables that satisfies our
conditions.

Example 2.10. Let x(x) = x~ ¢ sin(1/x) and define 7 = min{1, log n_/log n4}.

(1) If0 <c < min {\/1 +n—-1, ﬁﬁ}, then S, (x) satisfies the CLT and MLCLT.

2) If0<c¢ <min{y/1+7/6—1,971/6}, then S,(x) admits the first-order Edgeworth
expansion.

If ¢ is the doubling map, that is, ¥ (x) = 2x mod 1, then the conditions simplify in the

following way.

(la) Ifc < +/2—1(~ 0.414), then S, (x) satisfies the CLT and MLCLT.

(2a) If ¢ </7/6 —1(~0.080), then S,(x) admits the first-order Edgeworth

expansion.

2.5. The application to the Boolean-type transformation. For the following, we define
the Boolean-type transformation ¢: R — R as

l<x—l) if x #0,
o(x) =12 X (2.11)
0 ifx =0,

and p the ¢-invariant probability measure absolutely continues with respect to Lebesgue
and defined by

du(x) = di(x). (2.12)

7-@x241)
We are interested in limit theorems for Birkhoffs sums §n (h) := S, (h, ¢), where
h: R — R. To study these systems, we go back to an easier system that fulfils all our
properties of the last section.

Let : I — I be given by ¢¥(x):=2x mod 1 and &: I - R be given by
&(x) = cot(mx). Note that £ is almost surely bijective. An elementary calculation yields
that the dynamical systems (R, Bg, u, ¢) and (I, By, Ay, ¥) are isomorphic via &, i.e.

(po&)x) = (§oy)(x)

for all x € I, and additionally & and £ ! are measure preserving, i.e. for all B € B, it
holds that u(B) = )»1(5_18) and for all B € By, it holds that 1; (B) = (£ B). To simplify
the notation, we define 52 := o 2(h, ¢).

Hence, instead of studying the Birkhoff sum Zf:/;ol (ho@™)(x) with x € R, we can
study the sum ZQ’:_OI (ho& oy™)(y) for y € I. Since the transformations ¢ and iy are
isomorphic, we conclude that

N-1 N-1
u( D (ho¢"x) e B) = AI( Y (hosoy™(y) e B) (2.13)
n=0 n=0
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for all sets B € Br. Formally, we define x: I — R by x(x) := (h o &)(x) and consider
then the Birkhoff sum S, (x). Then, our task reduces to transferring the conditions we
have for x to conditions for 4.

Let § be the class of functions # : R — R such that the left and right derivatives exist,
and there exist u, v > 0 fulfilling

h(x) S Ix|* and  max{|h' (x=), [h'(xH)[} < Ix]” (2.14)

and u(2+v) < 1. Analogously to f, we define 4 =h — pu(h). Easy examples for
functions i € § are h(x) = x¢ with 0 <a < (+/5—1)/2 or h(x) = x? sin(x?) with
a,b>0anda(l+a+b) < 1.

Under the non-coboundary condition on ¢, we have the CLT.

PROPOSITION 2.11. Suppose h € § is not ¢p-cohomologous to a constant. Then, the
following CLT holds:

(@Uﬂ—num><x

with 5% € (0, 00).

) —Nx)=o0() forallx e Rasn — oo (2.15)

Under a non-arithmeticity condition on ¢, we have the MLCLT.

PROPOSITION 2.12. Let h € § be non-arithmetic. Let 0 < g <o) < f and M > 1.
Then, the following MLCLT holds: for V : R — R compactly supported and continuous,
UsuchthatU o & € Vyy g m, Wsuchthat W o§ € L for allm € M1 (R) being absolutely
continuous with respect to A such that (W o & - §,m) € V(;l,ﬂ’M , we have

lim sup |o~27n Em(U o " V(S,(h) — £) W)

n—oo feR

_ 8—62/21182 EM(W) EM(U) f V()C) dx| = 0. (216)

Finally, we state a set of sufficient conditions that implies the Edgeworth expansions
for ¢.

PROPOSITION 2.13. Let h : R — R be such that the left and right derivatives exist, and
there exist u, v > 0 fulfilling equations (2.14) and

min{2u(2 + v), (u + v)(2 + v)} < 1/3, 2.17)

and h is not arithmetic. Then, there exists a quadratic polynomial P whose coefficients
depend on the first three asymptotic moments of S, (h) but not on n such that for all
m € M| (R) being absolutely continuous with respect to A, we have

m($m>—num><x P(x)
N NG

Remark 2.14. The condition in equation (2.17) forces that 0 < u < l andu < v.

n(x) =0(n_1/2) asn — oo. (2.18)

sup
xeR

> —Nkx) —
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2.6. Sampling the Lindeldf hypothesis. In this section, we apply the results from the last
subsection to the context of sampling the Lindeldf hypothesis. Let ¢ : C\ {1} — C be the
Riemann zeta function defined by

o0
o(s) == Zn—S, N(s) > 1
n=1
and by analytic continuation elsewhere except s = 1. The Lindelof hypothesis states that
the Riemann zeta function does not grow too quickly on the critical line itz = 1/2. More
precisely, it is conjectured that

Gp®) =tG+it) = 0@, t— +oo (2.19)

for all & > 0, that is, lim;_, 1 [£1/2(t)]/1® < oco. To date, the best estimates are due to
Bourgain in [3], where it is proved that this is true for all ¢ > 13/84 ~ 0.154. It is worth
noting that the Riemann hypothesis implies the Lindel6f hypothesis and the latter is a
substitute for the former in some applications.

The conjecture is related to the value distribution of ¢1,2(#) as t — F00. To obtain
more information about this tail behaviour, one can study ergodic averages of ¢1 /2 sampled
over the orbits of heavy-tailed stochastic processes. This approach to Lindelof hypothesis
was initiated by Lifschitz and Weber in [26]. In particular, they prove that when {Y;} ;>0
are independent Cauchy distributed random variables and X; = Z];;g) Y; (the Cauchy
random walk), then for all b > 2,

1 n—1 1 b
Y Z C12(Xp) =1 +0((ogn) ) n — oo,
k=0

NG

almost surely, where we denote a, = o(b,) if lim,_,  |a,|/b, = 0. This work was
later generalized by Shirai, see [37], where X was taken to be a symmetric «-stable
process with « € [1, 2). Since Xy, are heavy tailed, that is, E(] Xy |”) = oo when p = [a]
(including the Cauchy case o = p = 1), the a-stable process samples large values with
high probability. So, this result illustrates that the values of {1,2(¢) are small on average,
even for large values of |7].

Similarly, in the deterministic setting, the Birkhoff sums

n—1

Z C1/2(¢kx), (2.20)

k=0

where ¢ : R — R is the Boolean-type transformation given in equation (2.11), are studied
in [38]. Since ¢ preserves the ergodic probability measure p given in equation (2.12) (the
law of a standard Cauchy random variable) and ¢;,, is integrable with respect to pu, it
follows from Birkhoff’s pointwise ergodic theorem that for almost every (a.e.) x € R,

n—1
1 d
Jim 3 06t = [ 60— T = 0a6/2 - 8/3~ —00ss. @21)
k=0

This too illustrates that most of the values of ;5 are not too large.

https://doi.org/10.1017/etds.2025.10203 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10203

Limit theorems for unbounded observables 13

Sampling the Lindel6f hypothesis has two other theoretical underpinnings. On the one
hand, it is known that the Lindeldf hypothesis is true if and only if for all m € N and for
a.e. x € R, the following limit exists:

n—1
. l k.\12m _/ Zmd—x
Jim ,; 1212@" )7 = [ 1¢12(0)] (1 +x2)

On the other hand, the Riemann hypothesis is true if and only if for a.e. x € R,

n—1

1
Jim — 3 logle12((¢x)/2)] = 0.
k=0

In both cases, evidence can be gathered numerically, see [38, Theorems 4.1 and 4.2] for
details.

The results by Steuding have also been generalized, both by replacing ¢ and replacing
¢: in [9], Elaissaoui and Guennoun used log |¢| as the observable and a slight variation
of ¢ as the transformation, and in [25], Lee and Suriajaya studied different classes of
meromorphic functions such as Dirichlet L-functions or Dedekind ¢ functions while taking
¢ to be an affine version of the Boolean-type transformation. Maugmai and Srichan
gave further generalizations of these results, see [31]. It must also be mentioned that
these transformations ¢ have been studied earlier in a solely ergodic theoretic context by
Ishitani(s) in [18, 19].

In what follows, we will use the results of the last subsection to further understand the
value distribution of the Birkhoff averages on the critical strip given by equation (2.20)
around their asymptotic mean A = {1,2(3/2) — 8/3 and also study the Birkhoff averages
of ¢(s + i - ) for other values s € (0, 1) of the critical strip. In particular, we will state a
CLT and MLCLT for the above setting.

Recall § the class of functions # : R — R such that the left and right derivatives exist
and there exist u, v > 0 fulfilling

h(x) S xI* and  max{|A' (x—), [h'(xH)[} < Ix]”

and u(24+v) < 1.Since [R¢(s+i )% IS¢ +1i)% ¢ +i-)|* e F, for some suit-
able choices of s and a, we obtain two corollaries that improve the existing results on
sampling the Lindelof hypothesis.

COROLLARY 2.15. Lets € (3 —2+/2, 1) and define h : R — R as follows:

o h(x)=N(s+ix);

e h(x)=3¢(s+ix);or

o h(x)=I[5(s+ix)|

If h is not ¢p-cohomologous to a constant, then the CLT, equation (2.15), holds. Moreover,
if h is non-arithmetic, then the MLCLT, equation (2.16), holds.

Remark 2.16. See [36, §2.5] for a discussion, where it is shown using numerics that for
{12, all of the above choices of 4 are not coboundaries. Similarly, for a fixed value of s, one
can numerically check whether 4 is not a ir-coboundary by calculating the sum of values
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of x = h o & over some appropriate periodic orbit of the doubling map and showing that
it is not equal to 0.

COROLLARY 2.17. Let h : R — R be as follows:

e h=|Rn"%
o h=|Jsiplor
o h=|lplY

where 1 < a < 84/13(v/2 — 1) (= 2.677). If h is not ¢-cohomologous to a constant,
then the CLT, equation (2.15), holds. Moreover, if h is non-arithmetic, then the MLCLT,
equation (2.16), holds.

Remark 2.18. The best estimates in the literature for ¢ in equation (2.19) (for example, [3])
are not sufficient to conclude that the Riemann zeta function, more precisely, 9¢1 2, 3812
and [¢1/2|, satisfy the conditions of Proposition 2.13 on the existence of the first-order
Edgeworth expansion, albeit a slight improvement of results in [3] will provide us with
what is required. In fact, our theorem shows that if the Lindelof hypothesis is true, then the
first-order Edgeworth expansion has to hold.

Remark 2.19. On the one hand, the Lindelof hypothesis states that |12 (x)| < x® holds for
all ¢ > 0, and hence, if it is true, the above statement of Corollary 2.17 has to hold for any
a > 0. On the other hand, sampling | (s + i dF(x))|* with larger values of a and obtaining
normally distributed samples provides further evidence that the Lindelof hypothesis is
indeed true. The same holds for the first-order Edgeworth expansion: under the condition
that £ is non-arithmetic with 4 as in Corollary 2.15 and assuming the Lindeldf hypothesis
holds, also a first-order Edgeworth expansion has to hold. A numerical simulation is not
part of this paper. However, observing convergence or not gives a further hint whether the
Lindelof hypothesis holds or not.

3. Review of abstract results for limit theorems

One known technique used to establish limit theorems for ergodic sums with unbounded
observables is a combination of the Keller-Liverani perturbation result (see [22]) applied
to a sequence of Banach spaces as in [11, 16, 33]. We have stated elementary criteria for
the CLT and the MLCLT to exist below as propositions adapted from [16, Corollary 2.1
and Theorem 5.1] to our setting.

PROPOSITION 3.1. Let T : X — X be a dynamical system that has an ergodic invariant
probability measure . Let f € L?(it) be such thatm (f) = 0 and > ns0 T"(f) converges
in L%(). Then, we have the following CLT:

n—00 n

lim ’%(Sn(f) < x) = ‘)’t(£> forallx e Rasn — oo, 3.1
N o

2

where 02 = o2(f, T) can be written as

o? =Eu(f)+2) Eu(f-foT" €l0,00).
k=1
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Here, 0 = 0 if and only if f is a T-coboundary and, in this case, N(x /o) = 1j0,00) and
Sy (f)/~/n — 8¢ in distribution as n — 0.

Proof. This follows due to Gordin [12]. See [16, Corollary 2.1 and Proposition 2.4] for
details. O]

PROPOSITION 3.2. Let T : X — X be a non-singular dynamical system with respect to
a probability measure m. Suppose T has an ergodic invariant probability measure m
absolutely continuous with respect to m and that there exist two, not necessarily distinct,
Banach spaces X and XV such that

X XD < L) (3.2)

each containing 1x and satisfying the following.
() Foralls € R, Ty € LX) N LX),
) The map s +— T}s € L(X, X)) is continuous on R.
(Ill)  Either X = X or there exist k € (0, 1) and § > 0 such that for all

z€D ={zeCllzl >k, |z—1] > (1 —x)/2}
and for all s € (=6, §), we have

(@ld =T € LX) and  sup sup |(zld — i)™ |y x < oo
|s|<8 zeDy
V) lim, o0 177 () — A1) x|y 2, = O,
(V) The CLT, equation (3.1), holds with o > 0.
(VD)  For all s # 0, the spectrum of the operators T;s acting on X is contained in the
open unit disc, {z € C | |z| < 1}.
Then, forallU € X,V : R — R a compactly supported continuous function, m € M(X)
being absolutely continuous with respect tom and W € L' such that (W -m) € X/, we
have

lim sup |o~27n Ezz(U o T" V(S,(X) — £) W)

n—o00 teR

_ e—ez/anz EM(U) Efn’(W)/ V(x) dx| = 0. (33)

Proof. This follows from a modified version of [16, Theorem 5.1]. The condition (CLT)
there is assumed here in assumption (V).

Also, the condition (E ) there follows from our assumptions (I)-(IV) because condition
(K1) is assumption (IV), condition (I?l) is assumption (II), and finally, condition (1?2)
can be replaced by assumption (IIT) (see Remark 3.4).

Our assumptions (II) and (VI) yield that on any compact set K C R\ {0}, there exist
p € (0, 1) and Cg > 0 such that

sup |7l x> x+ < Cgp"
seK
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for all n € N (see, for example, [11, Proposition 1.13] for a proof). This replaces the
non-lattice condition (S) there.

So,forall U € X,V : R — R acompactly supported continuous function and W € L'
such that (W - m) € X™®)’, we have the MLCLT due to [16, Theorem 5.1]. ]

Finally, we state a result that gives us sufficient conditions for the first-order Edgeworth
expansion. It is adapted from [11, 16] to our setting (compare with [16, Propositions 7.1
and A.1] and [11, Corollary 1.8 and Proposition 1.12]).

PROPOSITION 3.3. Let T : X — X be a non-singular dynamical system with respect to
a probability measure m. Suppose T has an ergodic invariant probability measure m
absolutely continuous with respect to m and that there exists a sequence of, not necessarily
distinct, Banach spaces

PR R I S AR AR (N e - (34)

each containing 1y, X3(+) — L' and satisfying the following.
(D)  For each space C in equation (3.4), s € R, 7\}3 e L(O).
) Foralla=0,1,2,3, themap s — T}S e L(X,, Xa(ﬂ) is continuous on R.
() Foralla=0,1,2, themap s — Tis € LA, Xuyr) is C! on (=8, 8).
(IV)  Either all spaces in equation (3.4) are equal, or there exist k € (0, 1) and § > 0
such that for all

7€ D :={ze€Cllz]l >k, |z—1] > (1 —«)/2},
forall s € (=6, 8) and for each space C in equation (3.4),
@d—Ti)™ € L) and sup sup [I(zld = T;) Mlle—c < oo,

Is|<8 zeDy
V) T has a spectral gap of (1 — k) on each space C C in equation (3.4).
(VI) Forall s # 0, the spectrum of the operators Tls acting on either Xy or X(+)
contained in the open unit disc, {z € C| |z] < 1}.
(VII)  The sequence

n—1
PIELY I
k=0 neN
where f := f — A has an L?>-weakly convergent subsequence.
(VII)  fis not T-cohomologous to a constant.
Then, for all m € M (X) being absolutely continuous with respect tp m, there exists a
quadratic polynomial P whose coefficients depend on the first three asymptotic moments
of S, (x) such that the following asymptotic expansion holds:

sup |m
xeR

(;E/];) ) N(x) — j;)n(x) =o(n %) asn— . (3.9)

Remark 3.4. In [11, 16], instead of the condition (IV) above, the following stronger
condition of a uniform DFLY inequality is assumed.
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Either all spaces in equation (3.4) are equal, or there exist C > 0,x1 € (0, 1)and pg > 1
such that, for every C in equation (3.4),
forallh € C, sup [T hllc < CEIIklc + Il Lroc))- (3.6)
|s|<d
However, the proof of the key theorem, [11, Proposition 1.11], is based on [16,
Proposition A, Corollary 7.2], which use the hypothesis D(m) in [16, Appendix A] that
contains the much weaker condition (IV) instead of the condition in equation (3.6). There-
fore, all the results in [11] based on [11, Proposition 1.11] including [11, Proposition 1.12]
remain true with this replacement. We refer the reader to [16] for more details.

Remark 3.5. For an elementary illustration of the proof of the CLT based on the classical
Nagaev—Guivarc’h approach, we refer the reader to [13], where the C? regularity of
s> Tp along with the spectral gap of Tona single Banach space (instead of a chain)
is used. This corresponds to the C? regularity of the characteristic function in the IID case.
When it comes to the MLCLT in the IID setting, a non-lattice assumption is necessary. In
our case, the equivalent assumption is assumption (VI).

Proof of Proposition 3.3. We apply results in [11] restricted to a single dynamical system
with r = 1 there, that is, when [11, §1.2, Assumptions (0) and (A)[1](1-2)]FP are trivially
true. This case is, thus, similar to the r = 1 case of [11, Proposition 1.12] which implies
[11, Corollary 1.8] which, in turn, gives the first-order Edgeworth expansion. This is
because our assumptions above imply [11, §1.2, Assumptions (A)[1] and (B)]FP, except
for Assumption (A)[1](4) that is equivalent to equation (3.6). However, as discussed in
Remark 3.4, [11, Corollary 1.8] remains true because the key ingredient of the proof in [11]
is our assumption (IV) (implied by the much stronger Assumption (A)[1](4)). O]

4. Twisted transfer operators Vi
4.1. Properties of twisted transfer operators. We first prove LY norm estimates for ;.

LEMMA 4.1. For all y > 1, s € R and ¢ € LY, there exists a constant C,, > 1 that
depends only on  and y such that

1Wis @1 < 1¥is@, < Cylell,.

Proof. The first inequality follows from a direct application of Holder’s inequality. The
second one is a straightforward application of Minkowski’s inequality,

R 17y . 17y
(/ |wi‘;(¢)|ydxl> < <[ Taeh? dm)
k-1 ol NV 1/y
(5 2ot
=0 W’Olﬁjﬂl

1 ol 1/
(f(om) e)
0 |W/Owj'+1|

k

IA

J=
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k—1

o] 14 , 1y
B Z <./ <|1/f/|> l[fjac_i+|]|1ﬂ | d)»])
j=0
k 1/y
1—y (/ |§0|y d)\.[) .
n_

1%is@ll, < Cyliolly. O

IA

Put C, =k -n”~". Then,

Next, we have the following result on the required regularity of the transfer operators.

COROLLARY 4.2. Let0 < ag, @™, ™, B < 1 and yo, y > 1. Put
o1 = ag + a*ar = ap + max{a™, o},
l<y<wl<p<@ ' +yH!
and consider the chain of Banach spaces
Vo800 < Var.8.01 < Va8 “.1)

Suppose that for all s € R, |eis)(|0’/3 < 00. Then:
(1) forseR, 1’/;,;Y is a bounded linear operator on each of the Banach spaces in
equation (4.1).

Suppose, in addition, that limg_.¢ |1 — eisx lox,p = 0. Then:

2) s 1’/7,-5 is continuous as a function from R to LV 8.y0> Vay,8.1)-

Finally, suppose that
. et — 1 —is X
lim [ ——

=0 and |xl, < oo.
s—0

S O(**,,B

Then:
3 s+ 1//71-3 is continuously differentiable as a function from R to LN o, g.y;> Var,B.y5)-

Proof. Since I/ﬂ\ is a bounded linear operator on each of the Banach spaces in equation (4.1)
(in particular, due to the DFLY inequality below), the corollary follows from Lemmas A.11
and 4.1. O

4.2. DFLY inequalities. In this section, we prove DFLY inequalities for the family f/?l-s.
First, we state and prove two preparatory lemmas. Throughout this section, we assume that
X 1s continuous, and the right and left derivatives of x exist on I and that there exists a
constant » > 0 such that

max{|x'(x-P), [x =)} Sx701 —x)7°. 4.2)

LEMMA 4.3. Let o, B € (0,1) and let y € [1,1/a). Suppose the constant b > 0 in
equation (4.2) is such that

min{y ' + (@« — B)b, 7' +a — b} > 0. (4.3)

https://doi.org/10.1017/etds.2025.10203 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10203

Limit theorems for unbounded observables 19

Then, there exists Cg, > 0 independent of y such that
sup & PRy osc(e”X, B:()lly < Ce 4.4
e€(0,&0]

foralls e R.

Remark 4.4. We note that if b > 1, then 7' +a — b >0 = 7'+ (@ — )b > 0
andifb < 1,theny '+ (@ —B)b >0 = 7' +a—pb > 0.

Proof of Lemma 4.3. Since e'*X is 27 periodic in s, we will estimate
sup  sup & PRy osc(e™X, Be()) |
s€[0,27r] e€(0,&9]
Note that

sup ||Ry osc(e™*%, Be()|; - e 7#
e€(0,&0]

1/2 . ~ 1/y
< sup (/ (Ry osc(e"X, By (x)))” dk/(x)> e7F
0

£€(0,&0]

1 1/y
+ sup ( (Ry 0sc(eX, By (x)))” dA;(x)) e b,
£€ (0,601 172

We will only estimate the first summand as the estimation of the second follows anal-
ogously. Using the definition osc(h, A) = osc(hh, A) + osc(Ih, A) and |e”1 — ei’2| <
min{2, |f{ — 2|}, we note that for any measurable set A, we have osc(e”X, A) <
min{4, 4s/m osc(x, A)}. Due to equation (4.2), there exists C > 0 such that for all s > 0,
forall e > 0 and all x € [¢, 1/2], we have

8|s|e 8C|s|e
T

osc(e™X, Bo(x)) < —— sup max{|x' (), Ix' )} <
T yeBe(x)

(x —e)P.

We have that 8C|s|e(x — )%/ < 4 if and only if

<2C|s|s>1/”
x> +e=K;>¢.
b4

Since K, > ¢, on [K,, 1/2], we use 8Cﬂﬂ(x — e)’b and on [0, K;), we use 4 as upper
bounds for osc(e’*X, B.(x)), to obtain

17y

1/2 ) _
sup ( / (Ry 0sc(e"*%, B, (x)))7 de)) ef
0

£€(0,e0]

< sup <4Kg sup Ryl-e7#
ee(0,e0] [0,K¢]

1/2 1-8 2 1/y
+ (f (mmux—s)—b) dA:(x)) )
K, T

8C|sls!l—B 12 ) 1y
< sup 4K teeh 4 sup L (/ (x%(x — a)_b)ydz\l(x)> .
ee(0.20] ¢/€(0.20] T Ke

4.5)
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For the first summand of equation (4.5), we have that there exists C ¢ > 0 such that

2C|s| (14a)/b
sup 4K,'T%% P <8 sup max{(—) 8(1+“)/b_ﬂ,81+°‘_ﬁ}
i

£€(0,&0] £€(0,&0]
< Coy (1 + 15 1797%) < o0,
which follows from the fact that 8 < (1/y +«)/b < (1 +a)/band B < 1.

For the second summand of equation (4.5), we use y < l/a and (x + )% <
x4+ %7 to compute

1-8 1/2 B 1/y
sup Skl 7 ( / <x“(x—e)—b>ydxl(x)>

e€(0,e0] T

8C 1/2 B B 1/
= i sup 8]’5(/ (x + 8)“”xb”d)»1(x))
T £e(0.0] (2Cse/m)l/b

8C 172 _ 1/y
_ 8Clsl sup (81—5< f xy(a—b)dkl(x)>
T ee(0.60] (2Cse/m)l/b

1/2 . 1/7
+ al+“—ﬁ<f x~ Vd,\,(x)> )
(2Cse/m)l/b

| /2Cse\ /by 1/itea—b
<Sos| o osup (81_5 max {—, ( se) }
£€(0,e0] 2 T

1/by1/7—b
st tma5 (525) 7))
2 T

SJ |S| sup (max{gl—ﬁ’ |S|1/(}7b)+(1/h—181/(]7b)+0l/h—ﬂ}
£€(0,&0]
+ max(eFeB |5/ TO-11/Fhrra—))

< Cogls|(1 o [s|/TOF/071 4|5 VD,

for some constant C ¢ > 0. This follows from the assumption that 1/(yb) +a/b— > 0
and 1/(yb) +a — B > 0.
Finally, combining this with the first step and using symmetry, we have that
sup  sup ||Rq osc(e*, Be(-)l7 e 7”
s€[0,2r] e€(0,&9]
< Cep sup (L Is| ||/ TPIFA0 4 | VOO |5 Tre)/ty

s€[0,27]
=Cq
for some Cy, > 0 that is independent of y > 1. O
For the following, forall j =0,...,k — 1, let ﬁj“ ¢ [cj, cj+1] — R be given by
5 (Re1) 0 ¥rjt1
Riy1 = ————
Ry1

and the following lemma is independent of the choice of .
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LEMMA 4.5. Rj+1 is bounded for all j. (In fact, they are a-Holder continuous. See
Appendix B.) Further, let 0 <& < § and o € (0, 1). Then, for all j, there is a constant
C that is independent of € and § such that

D/ a—1
sup ((RaD) s Rjpl) = C 5o (4.6)

x€[cj+o+e,cjp1—0—¢]

Proof. First, we notice that for all j,

~ . Q] — s o . —0) (1 —; o
Foorte) - w,,ﬂ(x;azl - ;p),,:l(x)) = { CAOLL (lw,_,:)(;)) }
(=0 (=] _
< max { e, S } <, @7

where the first inequality holds true, because at most one of the arguments in the maximum
can be larger than 1. Hence, for all j, R j+1 is bounded.

We know from part (1) in the proof of Lemma B.1 that R| is bounded at 0 and R,’(_l
is bounded at 1. We can infer from the representation in equation (B.2) that there exist
K}, K3 > 0 such that

o K; K3
IRy ()] < — < —  (48)
Wi (A = Yj11(x))) ((x —cj)(cjr1 —x))
forall j € {1,..., k —2}. This can be deduced as follows: We assume we are in the inter-

val [8, 1 — 8o] with &p as in part (1) of the proof of Lemma B.1. Then, the subtrahend of
equation (B.2) has to be bounded as it only has a pole at 0 and 1. Furthermore, considering
the minuend, it is easy to notice that the factor ou//‘;._H )1 = 2941 (x))/(x(1 — x))* has
to be bounded on [§g, 1 — dg] as well. This leaves the remaining factor as in the middle
term of equation (4.8).

To verify the second inequality, we notice that ¥j1(x) € [n—(x —c¢j), n4-(x —c;)],
which follows from the fact that lim; .o ¥ 41(c; +¢) = 0 and from the bound on the
derivative. With a similar argumentation, using that lim; .o ¥j11(cjy1 —&) =1, we
obtain 1 — ¥j11(x) € [n-(cj+1 — x), n+(cj+1 — x)].

In addition, from the proof of Lemma B.1,

K3

— K3 _,
IRj0)] < ———— and Ry(x) <
(c1 —x

Yl T (=Y
Hence,
swp (RO sup [R)))
x€lcj+d+e,cjr1—8—¢] B (x)
1
su , J &0, k—1},
P [0 = c(ejar —x £ /¢
< sup —m—mmm@@8@ M, | = 0, 49
~ p (C] _x:|1:5)1—oz J ( )
, i =k—1,

P Es i !

S 50!—1. D

Now, we are ready to prove the main lemma.

https://doi.org/10.1017/etds.2025.10203 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10203

22 K. Fernando and T. I. Schindler

LEMMA 4.6. Let0 <« < < min {1/2, ¥, 1/b} be such that

ki=— <1 and max{|x' ), x' )} SxPA—x)7P.
Then, forall 1 <y < 1/«, there exist C, C > O0and y withy <y < 1/a such that for all
s € R, we have that for all h € Vo g, and for alln € N,

IV hllapy < Ck"hllap, + CH A7) (4.10)

Remark 4.7. In the linear expanding case, that is, n4 = n— > 1, the condition « < 1
reduces to 8 > «. Also, the constant C is independent of y.

Remark 4.8. Restricting y to (v, 1/a) ensures that h € Vg, implies h € L”. To see
this, observe that |Ry 4| < 1, which yields that |h]7 < R_471, and since yo < 1, R_451
is integrable.

Proof of Lemma 4.6. Lets € Rand h € Vg, be R-valued. We estimate |1///\,-Sh|a,ﬂ:

— lSX h
osc (Ro(Yish), Bs(x)) —osc< Z( 7 ) Vi ytesejits Be (x))

k—1 oK L
<) osc (RD[(W) lﬁﬁl, Bg(x))
j=0
N (Ralovinr e h
< Z osc < 7 1J Ry W ¥ Be(x) N ey, C/'+1]>
j=0 “
k—1 Ryl o I//'+1 esx L |
< Z 0sc < R 1] Ry v BS/n—(w,/_Jrlx) Nlejs CJ'+1]>
j=0 “
k—1 ~ elsx
= 0sc (R]H “Royh, Djy1(x,e/n— ))
s 'l

where Dji1(x, ) := Bg(wjjlx) Nlcj, cj+1]. So, by [35, Proposition 3.2 (iii)], there
exists ¢ > 0 such that

0sc(Ry (Yish), Be(x))

k—1 mx
<Y osc(Rah, Djy1(x,&/n-))  sup ‘R,H
j:() Dji1(x.e/n-) W/ |

PLEY

+ 0SC 17—
Z (‘ AR

Diii(x, e n)) inf |Ryh|
e/ Djpire/n)

https://doi.org/10.1017/etds.2025.10203 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2025.10203

Limit theorems for unbounded observables 23

Ryh, Be
< (I +e(en”h)? )Z o Vi)

sup  |Rjt1]
i |y’ |(1ﬁj+1x) Djii(x.e/n-)
eisX |
+ Z osc (‘ | Djy1(x, 8/77—)>|Rah(1/fj_+1x)|-

The last inequality follows from the fact that v ~!
v-Holder.

Hence, using the upper bound in equation (4.7) and then using the definition of the
transfer operator i, we have

is C! and its derivative is uniformly

0s¢(Re (Yish), Be(x)) < (14 c(en=")? )% v (0sc(Rah, Beyy (- )))(x)

k—1 ;
eisx
+ Z |Rah (Y +]X)| (O (‘ T s Djyi(x, 8/'7—)>~
j=0

.11

Taking the integral over the first term in equation (4.11) and multiplying by £ ~#, we obtain
e’ / (1 + c(en="" v (Ose(Rah, Beyy_ ()N () drr(x)

<& P +eenzh"mg / ¥ (0s¢(Ryh, Bejy_ (+))(x) dif(x)

=& (1 +clen=)"m% / 0sc(Rah, Beyn_(-))(x) diy(x)

IA

(1 + cen=H"nn =" hlep
< (1 +cleon=)Y )l llap., (4.12)

for all y > 1. Next, we analyse the second term in equation (4.11). Again, by [35,
Proposition 3.2 (iii)], we have

(’ _ eisx

osc | |Rj+1 - —

Jj+1 P
[y

Djii(x, 8/77—)>

1 _ . _ .
<osc <—,, Be/y_ (Iﬂj:lx))( esssup [NR; e X[+ esssup [IRjy1e"f |)
hﬁ | Beyy_ (iﬁ]lllx) Be/y_ ('(ﬁ;llx)

+o0sc(Rj1€"%, Djy1(x, £/n-))

inf
Djw1(xe/n-) [
< clen™) E ———— + (L +c(en™?) 0se(Rj+1¢"™, Dji(x, /1))

T W10

(4.13)
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Note that

S_ﬁc(gr]:l)n fz | Ra h(lﬁ]+1x)|

dig(x) = e Pe(enZh?n® f@(mam) dir(x)
= W

T f |Ruh| di s (x)

< Kie” PRl lIRll5, (4.14)

where yl_l +y1=1,K:= cn:l?ni||Ra1|I,; and 8 < ©. So, the contribution from the

first summand of equations (4.13)—(4.11) is under control.
To estimate the contribution from the second summand of equations (4.13)—(4.11), we
note that for all j and for all A C [c}, ¢j+1], we have

k—1

osc(ﬁjHeisX, A) = osc (Z I?jHe”Xl[cj,c,Jr]), A>,
j=0

and therefore, we can bound this contribution by

. LI Reh (7 0] B
(1 +een=H") Y —— I ose(F, By (7100
2_; Wl =P
= (1 + c(en=")") P (IRyh| 0sc(F, Beyy_(4))), (4.15)
where
k—1
isx(x isx(x Ry 101# (x)
Fx)=e X<>X_(:)R,+l(x)1cl () =e X“ZT(”)‘ lejseyon) ().
This is bounded by

(1+c(en=H") / V(| Rah| 0sc(F, Bey (+)))(x) dhs(x)
= (1 +cen=h") / |Rah|(x) 0sc(F, Bgyy_(x)) dij(x)

= (1 +cen=hH?) / |h(x)| - (Ry 0Sc(F, Bg/y (x))) dhy(x). (4.16)

To estimate the integral, we split it as follows.

/ [h(x)| - (Ry 0sc(F, Bey_(x))) dij(x)
k=1 ncitelve ko nej—e—et ete! 1
00 SRS 37 SR A 9 G
* (Rq 0s¢(F, Bey_(x))) dAj(x),

where we choose for ¢ any number fulfilling

B 1-p
<1< .
1l -« ]l -«

(4.17)
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Because B8 < 1/2, such a choice is possible. Note that for j=1,... k—1, x €
[c; —&" —e,cj+e& +el,

0SC(F, Besy (x)) < 2(sup R +sup Rj11) < 4K
andforx € [0,e +&e) U1 —g —&" 1],
0sc(F, Beyy (x)) < 2(sup Ro + sup Ry) < 4K,

where K :=sup; sup Rj;; < 0. So,

k o pej+et+e)nl
Z/( |h(x)| - (Ry 0sCc(F, Bey_(x))) dij(x)

=0 cj—e'—e)V0

k (cj+e'+e)nl /71
=< ”h”}? Z (/( (R osc(F, Bs/n_ ()" d)»[(X))

=0 cj—e'—e)V0
< Kae"hll5, (4.18)
where y; ' + 77! = 1 and K, = 4/71272¢K . Here, we choose j such that

L 1 1
—B 1=-bB+a’ 1—b(B—a)
We will see later in the proof why these restrictions on y are needed.

Now, we show that such a choice is possible. Since we were assuming that ¢ > /(1 —
o), wehavet/(t — B) < 1/a. We note that whenb < 1,1 — b+ o > 1—b(B — ), and
it is enough to see whether o < 1 — b(8 — ). In fact, this is true because b(f — ) <
B —a <1 —«. In contrast, when b > 1, we have | — b + o <1 —b(B — @), and it is
enough to see whether « < 1 — b + «. This is true because 8 < 1/b.

To estimate the remaining terms we note, using equation (4.7) and [35, Proposition
3.2(iii)], that forall j =0, ...,k —1,forallx € [c; + &' +¢&,¢cj41 — &' —¢],

. (4.19)

1
max{y, }<)7<—
t o

osc(F, Bgp_(x))
= osc(eiSXRj+1, Be/y_(x))

< sup (R[e™X| + 3]e*X|) 0sc(R;41, Be/y (X))
Be(x)

+ osc(e’™, Besy (x)) inf Rji
B (x)

_ e .
<2 sup |R}+1| 77_ + osc(e'X, Bs/nf (x)) 77(-):-’

Be(x)
and thus,
k—1 cjy1—e'—e
f [h(x)| - (Ry 0SC(F, Bey_(x))) dij(x)
=0 cjtette
2e k—1 B
< —|hl Z 1[Cj+8‘+s,cj~+1—s‘—s] sup Ry sup |R}+1|
— =0 1 x€lcj+et+e,cjp1—e'—¢] B (x)
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k—1
A1 Y Ay pertecypi—e—ett - 1Al (Ry 056(e™X, Beyy ()
Jj=0 !
E h R’ LA isx _
< —llklh sup Re sup R [+ n3llhlly Ry 0sc(e™, Bem_ () lly-
— x€lcjtettecjp—et—el B:(x)

Now, to estimate the first summand taking the maximum over j of the supremum in
equation (4.6) above with § = &' yields that the outer supremum above is bounded by
Ce'@=D for some constant C > 0. For the second summand, from equation (4.19), we
have that y~! < 1 — bB + «, which implies that b8 <1 —7 ' +a =7+ a, and
hence, when b > 1, we have the condition in equation (4.3). Also from equation (4.19),
)7’1 < 1—b(B — «), which implies that bB < )7’1 + ba, and hence, when b < 1, we
have equation (4.3). Therefore, we can apply Lemma 4.3 with «, 8, b, v, €/n— to conclude

IR 05X, Bepy_ (Nly < CepePn’,

where Cy, is independent of y. Therefore, for all s # 0,

k—1 cip1—e'—¢

> / h(x)| - (Ry 05c(F, Beyy_(x))) dhs(x)

=0 Cj+8‘+8

< CepemnI=t =Bl o (4.20)
Finally, combining equations (4.18) and (4.20), we estimate equation (4.16) multiplied by
e P by
e een™)) [ TR 05CF. Bupa (- 1)) dhs ()
< e(PAITmaRTEC by < Ceg il (4.21)

To justify the last inequality, we analyse the exponent of ¢. By equation (4.19) and

the relation y; '+ 77" =1, we have t/y1 >u(1—7"1) > u(l—(—p)/)) =4

Furthermore, the second inequality of equation (4.17) implies that 1 — (1 — ) > .
Combining equations (4.11), (4.12), (4.14) and (4.21), we have

0sc(Ry (Yish), Be(x))
[

[Wishlap = sup dip(x)

£e(0,e0)

< (L4 ceon=H"ellhllap.y + Ceolik 7
for all y > 1. Therefore, for all y chosen appropriately,

1Wishllapy = [Wishlap + 1Wishll,
< (14 c(eon=HYiclhllap.y + Ceyllhll; + Cyllall,
< &lhllap, Clihls,

where k = (1 + c(aonzl)”)x < 1 for sufficiently small &g, and C = Ce, + Cy, where C,,
is given in Lemma 4.1.
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Iterating, we obtain the following DFLY inequality: for all 7 € Vg,

sup 1V Allapy < €I hllap, + CIUE Rl
N

<Y 2Rl g, +cCIVE 2RI + CC" hl;
n—1

< k" hllapy + Clhlly > wiCP 171
j=0

<«k"lhllapy +CC" Ay

for some C > 0.
In the proof above, we assumed that 7 is R-valued. When h = hy + ihy, where
hj, j = 1,2 are R-valued, using linearity of the operator

10 hllapy < 19 hillapy + 10 R llapoys

and also, ||Ajllap,y < llhllap,y and ||hjll; < |lAll; for all j =1,2. So, applying the
DLFY inequality proven above in the R-valued case to /| and k3, we conclude that DFLY
in the general case of 4 holds up to a constant multiple. O

5. Proofs of the main theorems
Finally, we give the proofs of our main theorems. We start with the theorems from §2.4.

5.1.  Proofs of limit theorems for expanding interval maps.

Proof of Theorem 2.5. From equation (2.7), we obtain that there exist «, 8 fulfilling

log 7 11 log 7
a<a<p-mnll, 20 mindy, - 2 bomin b1, 22720 5
log 74 b 2 log 74

Furthermore, since o > a, the inequality 8 < 1/b, which we can deduce immediately from
equation (5.1) that 1/b < 1/(b — a). So, by Lemma A.18, we obtain | x|y, < 0o and also
X € Vapor — L?. Furthermore, from the second inequality of equation (5.1), we obtain
e/’ < 1.

Since v is a piecewise C? uniformly expanding and covering map of the interval, it
has a unique absolutely continuous invariant mixing probability (acip) with a bounded
invariant density; see [27]. Let us call this acip . Then, L? Lz(n) because

d d
/|h|2dn=/ |h|2dT” dry < HdT” /|h|2d)q.
I I oo

We claim that fﬁ\ has a spectral gap in Vq g, with y = 2. In Appendix A.2, we show
that Vg is continuously embedded in LY, where y € (2, 1/a), and that the unit ball
of Vg g2 is relatively compact in LY. A suitable 7 exists by the condition & < 1/2 from
equation (5.1). So, the claim follows from [7, Lemma B.15] due to the DFLY inequality in
equation (4.10) with s = 0 and Remark A.9.
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Now, the CLT (in the stationary case) follows directly from Proposition 3.1 applied to
x — m(x). That is, from equation (3.1), we have

Sn(x) —n 7w (x)
(=

with 02 > 0 because y is not a coboundary. O

>—‘ﬁ(x)=0(1) asn — oo

Next, we will continue with the proof of Theorem 2.8 as the proof of Theorem 2.6 will
need similar methods to those of Theorem 2.8.

Proof of Theorem 2.8. Equation (2.10) implies that there exist «, 8 such that ¢ > a and

3¢ : = 3 min{2«, max{c, @ + b — 2}}
< B - min {1, k)gi} < min {19, 1, l} - min {1, M}
log n— b 2 log n—

Since either b <a+ 1 or 1/b < (1 +a —a)/(b — a), we obtain by Lemma A.I8 that

|xle,p < 00 and additionally, we obtain by the last inequality that:

(@ 0<3a < B <min{d, 1/b,1/2};

® 73 <q’.

Hence, under our assumptions, we have the following.

(1)  The second inequality in equation (2.6) and | x |, < oo imply that leisx lo,s < oo for
all s > 0 (see Remark A.13). So, due to Corollary 4.2(1), we have fp\is € LNVag7)
forall0 <a < Bandy > 1.

(2) Since |xla,p < 00, from Remark A.15, for all @* > 0 close to 0,

lim |1 — e"% |y g = 0.
s—0

Along with Corollary 4.2(2), this yields that forall 0 < «p < B, y0 > 1,

s = 1TZ’\is € C(Vao,ﬂ,yo’ Val,ﬁﬂ/l)

is continuous for ¢ = a* + g and 1 < y; < .
(3) From the second inequality in equation (2.6) and |xl|o,p < 0o, for all a** >
min{2«, max{a + b — 2, a}},
isy _ 1—i
e isx —0
a**’ﬂ

due to Remark A.17. Then, we have that forall 0 < ¢; < B and y; > 1,

lim
s—0

N

S = 1//7z‘s € LNVay B> Var,B.0)

is continuously differentiable for all oy = o* + max{a™, @™} + o) and 1 <y, <
()/1_l + y~1~1 due to Corollary 4.2(2) and (3).
Next, we define the following chain of spaces to invoke Proposition 3.3 with » = 1:

Veap.80 = Vo801 = Vargyn = Vs B3 = Vay

— Voz5,/3,y5 — V%,ﬂ,)fﬁ — V0t7,ﬂ,1/7’
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where ag =0, ap; — apj—1 > min{2«, max{a +b — 2, a}} for j =1,2,3, apjy1 > a;
for j =0, 1, 2,3, and o7 < 8. By assumption (a), such a choice is possible. Furthermore,
we assume that the y; values are chosen such that yp = M > 1 sufficiently large,
Vaj+1=y2jand yoj < (@™ + J/z_jl_l)_l-

Now, to prove the theorem, we verify the conditions in Proposition 3.3 for the above
sequence of Banach spaces. We notice that if for some observable ¢ it holds that
l@la,s < 00, then |l@llo,p,, < 00 as long as y < 1/a. We next verify that it is possible
to construct valid spaces with the above choice of parameters. First, we notice that by
assumption (a), it is possible to construct ag < - - - < a7 with the above properties that
a7 < B and thus o; < B for all j. Furthermore, by assumption (a), we have o < 1/3. Thus,
it is possible that 1 < y»; < (y~ '+ )/2_1.1_1) holds together with 1/y; > a;. Moreover,

under assumption (b), we have that nj_j / n’i < 1 holds for all j.

With that, it becomes immediate from applying the conditions of this theorem on the
parameters in the Banach spaces and from the calculations in parts (1)—(3) applied to all
indices j that conditions (I)—(IIT) of Proposition 3.3 are satisfied.

For each j, we apply Lemma 4.6 with y = y; and we choose y = y; as in the proof
of the lemma. In Appendix A.2, we show that Vy, g, is continuously embedded in
LY and that the unit ball of Vg, g, is relatively compact in L¥/. Also, we recall
from Lemma 4.1 that for all h € LY/, I¥is(Mly; < Cy,lIhlly;, where Cy; > 1. Therefore,
197 Wiy, < Cy 07 ()l < €3, Ikl which gives us 1971l _, ;7 < Cj,. Choose
K= 0111/;157 n‘f n:ﬂ < 1. Also, by our previous constructions, we have that y; < 1/« for
all j. So, due to Lemma 4.6, we have the DFLY inequality: for all & € Vg, gy,

192 Rl .y, < CK" Rl p.y; + C AN,

for some y; < y; < 1/a; and C uniform in j and s. Therefore, we have the first conclusion,
[22, Theorem 1, equation (8)] uniformly over all spaces. That is, there exist v and w such
that

sup NGl = T20) ™ Vo, = Ol iy + 00,

for all space pairs Vo, g, <> LYi and s € R. This gives condition (IV) of Proposition 3.3.
Conditions (V)—(VII) of Proposition 3.3 are equivalent to [11, §I.1.2, Assumption (B)]

for a single dynamical system, that is, when [11, §1.1.2, Assumptions (0) and (A)(1)] are

trivially true. Moreover, as discussed in [11], [11, Lemma 4.5] implies Assumption (B).

Therefore, we verify the conditions (with a slight modification) in [11, Lemma 4.5] to

establish conditions (V)—(VII).

e  We have assumed that y is non-arithmetic.

e Due to Remark A.9 and the DFLY inequality in equation (4.10), we can apply
[7, Lemma B.15] to conclude that for all s, the essential spectral radius of @,-x on
Va,.p.y; 1s at most k. This is precisely the conclusion of [11, Proposition 4.3].

e We know that Vg, g, L' for all j, and that |¥ishlli < |¥hli < |kl for all
h e LY. So, the spectral radius of @s on L', and hence, on Vaj,lg’yj for all j, is at
most 1.
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e Since ¥ is a uniformly expanding, piecewise C? and a full branch map with finitely
many branches, v is exact (cf. [17, Theorem 3]) and w_lx is finite for all x.

e [11, Assumption (A)(1)] is trivially true because there is only a single dynamical
system in [11, Figure 2].

Hence, conditions (V) and (VI) are true due to the first part of [11, Lemma 4.5].
To establish condition (VII), we need a slight modification of the second part of
[11, Lemma 4.5]. First, we note that x € V45, — L? for y >3, and {/} has a spec-
tral gap on Vy g, . So, we can repeat the argument in the first part of the proof of
[11, Lemma 4.5] to conclude that ZZ;I % oYX is L2-bounded. So, it has an L2-weakly
convergent subsequence. This establishes condition (VII).

Finally, the non-arithmeticity of x implies that x is not cohomologous to a constant,
and hence, we have condition (VIII) of Proposition 3.3. O]

Proof of Theorem 2.6. To prove this theorem, we use Proposition 3.2. By Theorem 2.5,
we immediately obtain condition (V) of Proposition 3.2.
Next, we define the following chain of spaces:

Vao.pt = Vo pu > L — L' ()

with p < M, where the choices correspondto 0 < g < a1 < fandyo=y1 =M > lin
the proof of Theorem 2.8. Then, the conditions (I)~(IV) and (VI) of Proposition 3.2 follow
as in the proof of Theorem 2.8 due to Corollary 4.2(2) and [11, Lemma 4.5]. O

Proofs of the results in Example 2.10. We first note that
X' Sx7 1 —x)"°

and

1 1
Ix'(x)| = ’ —cx " lsin <—> —x2 cos (—)‘ <x 721 —x) T2
X X
So, we obtain @ = ¢ and b = ¢ + 2 in the notation of Theorems 2.5, 2.6 and 2.8. To prove
condition (1) we note that equation (2.7) then simplifies to

. 1 . log n—
c<mini{d, —— ¢ min{l, .
24c¢ log n4+

So, on the one hand, we have the requirement ¢ < #7 and, on the other hand, we
have the condition ¢ < 77/(c + 2) which, given that we assume ¢ > 0, is equivalent to
¢ < /1415 —1 giving condition (1). Furthermore, in the doubling map case, we have
¥ = 2 and 1 = 1 implying condition (1a).

Next, we notice that equation (2.10) in our case simplifies to

1 I
3c <min {9, —— { min {1, O8 1+ .
24+c¢ log n—

With a similar calculation as above, applying Theorem 2.8 gives condition (2) and, as
above, we get condition (2a). O
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5.2. Proofs of limit theorems for the Boolean-type transformation. Now, we give the
proofs from §2.5. We start with the following technical lemmas.

LEMMA 5.1. Forallr € N, the rth asymptotic moments of both S, (x) and S, (h) are equal.

Proof. Tt is enough to show that Eu(ig (h)) =E;,(S),(x)) for all r. In fact, due to
equation (2.13),

Ey(hog' hog” - hogt) =F;,(hokoy/l hokoy? - hokoyh)
=En,(xo¥! x oy ... x oyl
forall ji,..., jx € Ngsuchthat ji +-- -+ jr =r. O]

LEMMA 5.2. Let h : R — R be such that the left and right derivatives exist, and there
exist u, v > 0 fulfilling

h(x) S |x[* and  max{|h'(x=)|, |h'(xH)]} S IxI”,
and let x : I — R be given by x = h o & with £(x) := cot(mx), then we have

Xl Sx7"1—x)7"

and
max{|x' ), X G SxPA -0 b=2+w.
Further, if
o>u,
B<(U+a—-—uw)/Q2+v—u) or 1+v<u and (5.2)
1 <y < 1/u,

then || x lla,p,y < 00. In particular, ifu < 1/(2 + v — u), then there exist 0 <a < B <1
such that | X |q.p < 00.

Proof. We will apply Lemma A.18. First, we note that
)}i_r)rbé(x)x =1/m and )}1_)ml Ex)A —x)=1/m.
This and equation (2.14) imply
xS x 1 —x)7" (5.3)

and, in particular, x € LY with 1 <y < 1/u.

For simplicity, we assume x is differentiable. Otherwise, at a point where x is not
differentiable, both one-sided derivatives will exist and the following estimates do hold for
them.

Note that we have |h/(§(x))| < x7V(l —x)~". Using the chain rule, |x'(x)| =
|W' (£(x))||€’(x)]. Since &' (x) = —n/ sin”(;rx), we have that

X' )] Sx7270(1 —x) 2 (5.4)
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So, we have |x'(x)| < x7°(1 = x)7? with b=2+4 v > 2. The lemma then follows
immediately by applying Lemma A.18. O

With this, we are able to prove the results from §2.5.

Proof of Proposition 2.11. To prove the statement, it is enough to prove its counterpart for
S,(x, ¥), where x = h o & and v is the doubling map.
From Lemma 5.2, we have

X@I Sx“A =07 and max{|x'GH X' GO SxPA -0, b=24w.

Now, we invoke Theorem 2.5 with ¢, ny = n_ = 2 and log n—/ log n+ = 1. Since  is
linear, ¥ = 1. Hence, equation (2.7) simplifies to u < 1/(2 4 v). Also, the assumption that
hisnotan L%(1) coboundary implies that y is not an L2(}) coboundary.

Therefore, x and ¢ satisfy the conditions of Theorem 2.5 and, hence, satisfy the CLT
given by equation (2.8) with

o2 =B (x*) +2 Y Balx - x 0 ¥¥) € (0, 00).

k=1
From Lemma 5.1, 6% =02 and E,(h) =E;,(x). As a direct consequence of
equation (2.13), we obtain the required CLT given by equation (2.15). O

We next prove the MLCLT for a class of observables in §.
Proof of Proposition 2.12. Our assumption allows us to apply Theorem 2.6 to the Birkhoff
sum S, (x) = ZZ;(]) x oYX with x = h o & and ¥ the doubling map, and conclude
oN2in Ee (U o& o y" V(Sy(X) —£) Wo &)

sup
LeR

. e—(2/2no2 Er(U 0 &) Bem(W 0 £) / V(x)dx|=o(l).

From Lemma 5.1 and the fact that £ is a conjugacy, we have

sup |5+/27n B (U 0 ¢" V (S, (h) — ) W)

LeR

. e—ez/zn52 E, (U) B (W) / V(x)dx| = o(1).

This is because the two left-hand sides are exactly the same. O

Now, we prove that corollaries that show the validity of the CLT and MLCLT for the real
part, imaginary part and the absolute value of the Riemann zeta function when sampled
over the trajectories of ¢.

Proof of Corollary 2.15. To apply Proposition 2.11, we have to show the existence of u, v
as in equation (2.14). It is well known that for any s € (0, 1), for any 6 > O,

max{[¢[(s +ix), [¢'|(s +ix)} S |x|79/2H, (5.5

see, for example, [39].
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So, we pick u = v = (1 — s)/2 + 6 and this is possible when ((1 — s)/2 + §)((1 — s5)/
2+4+5+2) <1 and such § > 0 exists if and only if (1 —s)(5 —s) < 4 if and only if
s € (3—24/2,1). So, for such choices of s, we can apply Proposition 2.11 and obtain
the CLT provided that 4 is not ¢-cohomologous to a constant. The MLCLT follows from
Proposition 2.12 analogously, when ¢ is non-arithmetic. U

Proof of Corollary 2.17. To apply Proposition 2.11, we have to show the existence
of u,v as in equation (2.14). We assume a > 1 and set h(x) = h(x)"/%. Note that
W' (x) = ah(x)*~'h (x). Since we restrict ourselves to the critical line, s = 1/2, |}~1(x)| <
|x|13/84+8 and A/ (x)| < |x|3/34+8 for all § > 0, due to equation (5.5). So, we can take
u=13a/84+6§ and v =13(a — 1)/84 + 13/84 + 6 = 13a/84 + §, and the condition
in Proposition 2.11 for u, v reduces to (13a/84)(13a/84 + 2) < 1. This is equivalent to
1 <a < 84/13(+/2 — 1). So, for such choices of a, we can apply Proposition 2.11 and
obtain the CLT provided that / is not ¢-cohomologous to a constant. The MLCLT follows
from Proposition 2.12 analogously, when ¢ is non-arithmetic. O

Finally, we look at the proof for the first-order Edgeworth expansion for observables
over the Boolean-type transformation.

Proof of Proposition 2.13. We follow the proof of Proposition 2.11 and invoke
Theorem 2.8.

Consider S, (x, ¥), where x = & o h and v is the doubling map. Remember that from
Lemma 5.2, we have

XIS x™ (=07 and max{lx' G X' G0 Sx"A—x)" b=2+w.

Next, to apply Theorem 2.8, we observe that . =#n_ =2 and logn_/logn™ =
and since ¥ is linear ¥ = 1. Hence, equation (2.10) simplifies to equation (2.17). Also,
the assumption that & is not an L2(u) coboundary implies that x is not an LZ(})
coboundary. [
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A. Appendix. The Banach spaces Vo g,
The spaces Vg with their particular norm considered in [36] are not complete, and thus,
are not Banach spaces. However, with the norm we introduce here, we can construct a
family of Banach spaces Vo g5, @ € (0, 1), 8 € (0, 1]and y > 1, and use it to correct the
proofs in [36], and even generalize the results appearing there.

First, we show that || - ||, is indeed a norm.

LEMMA A.l. Foralla € (0,1), B € (0, 1]and y > 1, we have that || - |lo.p,, is a norm.

Proof. We have for f, g € Vg that

0SC(Ry (f + &), Be(x))
|f + 8lap = sup / «lJ e A ()
e€(0,80] €
R Ry,g, B
— sup /OSC( otf+ﬁotg E(x))d)\.[(x)
e€(0,50] &
R, f,B R,g, B
< sup /OSC( afﬂ s(x))d)”(x)Jr sup fOSC( agﬂ S(X))d/\,(x)
£€(0,50] & £€(0,50] €
=\flap + l8las
and thus

If + &llapy = ILf +&lly +1f + &lap
= 1Ay +lgly +1flap + 18las = I fllapy + l18llapy-

It is obviously true that ||af o8,y = all f l«,,, for any positive a. Since || - ||, is already
anorm and | f|eg = 0if f = 0 almost surely, we know that || fl¢,g,, = 0 if and only if
f = 0 almost surely. O

A.l. Completeness. Here, we verify that V, g, are, in fact, Banach spaces.
LEMMA A2. Fora € (0,1),8 € (0,1]and y > 1, Vy g, is complete.

Proof. Let (f,) be a Cauchy sequence with respect to || - ||,g,, - Then, in particular, (f;,)
is also a Cauchy sequence with respect to || - ||,,, we set f as its limit. Also, there exists a
subsequence, say (fy, ), that converges to f pointwise almost everywhere.

Since (fy,) is a Cauchy sequence with respect to || - ||¢,g,y , for each § > 0, we can choose
L > Osuchthat || fy — fellepy < dforallk, £ > L.Leté > 0and choose k, £ sufficiently
large so that ng, ny > L. Then,

J 0sc(Ro (fu, = fu), Be(x)) diy(x) -5

”fnk - fng ”a,,B,y = ”fnk - fng”y + 8/3

e€(0,&0]
Then, by Fatou’s lemma, || f,, — fl, <liminfeoo || fu, — fr,lly and
J 0sc(Ra(fu, — ), Be(x)) diy(x)
&b

- f lim inf,_, o OSC(Ra(fng — fu)» Be(x)) dAj(x)
- e
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< lim inf J 0sc(Ro (fu, = fur), Be(x)) diy(x)

£— 00 Sﬁ

J 0s¢(Ra(fuy = fng)s Be(x)) drp(x)
eb ’

< liminf sup
€00 £e(0,60]

As a result, for all & sufficiently large so that ny > L,

I fow = fllapy

f 0SC(Ro (fup — fne)s Be(x)) dhj(x)
eB

<liminf || f, — fu,ll, +liminf sup
{— 00 {— o0 £e(0,50]

< lim inf (||fnk_fne||y+ B
£— 00 £€(0,e0] €

Now, choose r sufficiently large so that n, > L and k > L. Then,

”fk - f”a,ﬁ,y = ”fk - fn,”a,ﬂ,y + ”fm - f”a,ﬁ,y < 26.

Thus, f € Vap, and (f,) converges to f with respect to | -|[lap, giving

completeness.

qp 103 Rafu = fo). B() df\z(x)> s

35

O

Now, we discuss properties of Vy g, that are relevant for the application of
Proposition 3.3 to our setting. First, we prove that constant functions belong to the spaces

we consider.

LEMMA A3. Fora € (0,1), B € (0, 1] and y > 1, the constant function, 1 € Vo g, .

Proof. Since 1], =1, we only have to show that [1|,,5 < co. Observe that R,1 is
bounded by 272%, symmetric about x = 1/2 and strictly increasing on [0, 1/2] with a

strictly decreasing derivative. Hence, forany 0 < ¢ < g9 < 1/4,

1-2¢
/ 0SC(Ry1, B (x)dA;(x) < / 0SCc(Ry1, Bo(x)) dij(x)

2¢e

2e 1
+22°‘(f d,\,(x)+/ d,\,(x))
0 1-2¢

1/2
< 4ef max |(Re1)| dig(x) + 2272
2

£ Be(x
12
=4e / (Re1) (x — &) dArp(x) 4+ 2>72%
2¢
= 4S(Ra1(1/2 —&) — Ral(S)) + 22—20!8 < 23_2“8.
This implies that [1], 5 < 23~2%¢, "

Next, we state two lemmas about the inclusion properties of Vi g ,, .

LEMMA A4. ForB e (0,1]landy > 1,

VO’/S’V —> V()’ﬁ’l — Loo.
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Proof. This follows from [35, Proposition 3.4] applied to the real and imaginary parts of
functions in Vo g1 and the fact that LY — L' O

Remark A.5. Note that, if f € Vyp,, then Ry f € Vog,,. So, ess sup R, f < oo. This
fact will be useful in proofs.

LEMMA A.6. Suppose0 <o) <ar <1,0< By <pB1 <landl <y, <y. Then,

1
Valﬂl,}’l = Vazgﬂz,n — L.

Proof. Since || fll,, < Il fll,, it is enough to show that | f|a, 8, S || fllay.1.y, - BY apply-

ing [35, Proposition 3.2(iii)] to the real and imaginary parts of f, we have
OSC(Ra2f7 B:(x)) = OSC(Rotz—all : Rotlf, B (x))
<esssup |Ry, f| - 0sc(Rgy—a; 1, Be(x))

+ 0sc(Ry, f, Be(x)) - sup Ry,—q1,
Bg(x)

and due to Lemma A 4,

ess sup [Ro, f1 S 1Ray flopy + 1Ry fllt < [ fley.py + 1R MG 1F Iy SN et prom
withy = (1 — yl_l)’l. Therefore,

e P20sc(Ry, f, Be(x))

S e7P105c(Ray—ay 1, Be (| llay prn + SUP Ry 1+ €1 05c(Ray £, Be(x)).
B (x)

Integrating and taking the supremum over ¢,

|f|ot2,ﬂ2 ,S ”f”al,ﬂl»l/l’

and the inclusion follows. O

A.2. Continuous inclusion and relative compactness. To apply Hennion—Nassbaum
theory, see [7, 22], we have to show that our weak spaces, L?, are continuously embedded
in strong spaces, Vq g, and that the closed bounded sets in strong spaces are compact
with respect to weak norms.

LEMMA A.7. Let « € (0, 1), 8 € (0, 1] and y > 1. Then, for all y such that y <y <
1/a, LY is continuously embedded inVy g, .

Proof. Due to Remark 4.8 and the assumption y < 1/«, if h € Vy g, then h € LY.
So, Vap, € LY. To show that this inclusion is continuous, we need to show that
if f, > 0in Vyp,, then f, — 0 in LY. Let || fulla,3,, — 0. Then, |Ry ful € Vog,1
and || Ry fullo,g,1 = 0. However, Vo g1 < L. So, ||Ry fnlloo — 0. Therefore, ||f,,)7||1 <
IR_a71[11 | Ry fullZ — O proving the claim. O

LEMMA A.8. Leta, B,y and y be as in the previous lemma. Then, the closed unit ball of
Va.8,y is compact in LY.
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Proof. Let { f,} be such that || f;,[lo,5,, < L. It is enough to show that there is f € V5.,
such that || fllq,,, <1 and {f,} converges to f in LY over a subsequence. To do this,
we recall from [21, Theorem 1.13] that closed subsets of Vg g ,, are compact in LY. Since
{Rq fn} C Vo, is a bounded sequence, it has an LY convergent subsequence, and in
turn, it has a pointwise almost everywhere convergence subsequence. Let us call this
subsequence {Ry f, } and its point-wise limit f.

We claim f,, > R_of in L”. Observe that fu. = R—o f point-wise almost
everywhere, and since Vg, < L%, |fy,| < |R_o1||Ryfn,] < CIR_1| € LY. So,
Sy = R—of in LY if ay < 1. Moreover, we claim IR fllap,y <1. To see this,
observe that since L? convergence implies L convergence, we apply [21, Lemma 1.12] to
conclude that lim infy | f; lo,g = lim infy |Ry f, 0,8 > | flo,g = |R—q fla,p- Since strong
convergence implies weak convergence, we have lim infy || f,, I, > [|R—q f|l,/, and finally,

IR—a flla.py = |R—aflap+ |R—aflly
< limyinf | g lap + lim inf | fu
< limkinf(lfn,(la,,s + 1 fuelly) = limkinf | frllepy <1,
as claimed. ]

Remark A.9. In particular, the above implies that | - ||o,,,-bounded sequences have || -
|7 -Cauchy subsequences.

A.3. Multiplication in Vg g, .

A.3.1. Multiplication by ¢'*X. In this section, we prove some properties of multiplica-
tion by ¢’*X in Vg g, that are necessary for our proofs.

Observe that the spaces Vy g5, as opposed to spaces usually used in ergodic theory
such as L, BV[0, 1] or C'[0, 1], are not Banach algebras. Hence, s — 1’//\” € LNVagy)
may not be continuous. The following lemma will allow us to establish its continuity as a
function from R to L(Vy, g,.y1» Vas,6,,,) for some good choices of indices.

LEMMA A.10. Suppose g €V, g1.y1» 1 €Vay g9, and az = ay + a2, f3 < min{fy, B2}
and y3 < (y; '+ y; 7L Then,

&R llas,p3.73 < & ller 81,1 172z, B3,

with the proportionality constant independent of g and h, but dependent on aj, B, v},
j=1,2,3.

Proof. First, suppose g and / are real valued. Then,
0osc(Ryu, Be(x)) = osc(Ryu—_, Be(x)) + osc(Ryut 4, B:(x)). (A1)
By applying [35, Proposition 3.2(iii)] to the positive and negative parts of g,

05C(Rq;(8h), Bg(x))
= 05C(Ro3(8+ — 8-)h, Be(x))
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= 0SC(Ry; (g4 — 8-) - Rotzhr B (x))
< 0SC(Ry; 8+ + Royht, Be(x)) + 08C(Ry; 8- - Ry ht, Be(x))

< ) (05¢(Ra; &> Be(x)) - €55 sup | Ry, h| 4 05c(Ry 1, B (X)) - €55 sup | Ry, /1)
r=%

< 0sc(Ry, 8, Be(x)) ess sup |Ry,h| 42 - 0sc(Ry, 1, Be(x)) ess sup |Ry, gl
If g is complex valued, using the definition of osc, we have

08C¢(Rq;(gh), Bs(x))
< 0sc(Ry, 8, Be(x)) ess sup Ry, hl
+2-0sc(Ry,h, Be(x))(ess sup | Ry, Mgl 4 ess sup [Ry, Ig),
< 0sc(Ry, g, Be(x)) ess sup |Ry,h| + 2V/2- 0SC(Ry, 1, Be(x)) ess sup |Ry, gl.

If A is not real valued, repeating the argument for the real and imaginary parts of i, we
obtain

08C(Ro;(gh), Be(x))
< 24/2 - 05¢(Ry, 8 Be(x)) ess sup | Ry, h| + 2v/2 - 05c(Ra, h, Be(x)) ess sup | Ry, gl-

Now, we use the inclusion of L*° in Vo,s,,1, where r = 1, 2, to conclude that
/ 0SC(Ry; (gh), Be(x)) dAj(x)
N / 0SC(Ry &, Be(x)) dAj(x) - [[Rayhillo,g,,1

+ / osc(Raylt, Bo(x)) dir(x) - | Reygllopin
< B Iglar gy (lanp + [ RashlI1) + €% Hlas g (2lar py + | Rer gll1)-

This gives us that for all ¢ € (0, 1],

e P / 0SC(Ryy (gh), Be(x)) das(x)

S |g|0t1,/31 |h|a2,ﬁz + |g|0!1,,31 ”h”)/z + |h|a2,ﬁz|g|a1,ﬂ1 + |h|a2,ﬂ2 ”g”)/l

Taking the supremum over ¢ and combining with | ghll,; < lgll,, Iy, implies the
result. O]

Due to the linearity of the operator IZ, to show regularity of s +— (ﬁ\,- s = Y(eX x ),
it is enough to show the regularity of the one-parameter group of multiplication operators
s > /X x .. Our next lemma provides general conditions that guarantees this.

LEMMA A.1l. Let0 < ap, B < 1 and yy > 1. Foreach s € R, consider the multiplication

operator, Hy(+) = eSX x . on Vao.B.70-

(1) Suppose there is B > B such that, for all s € R, |e'*X log < oo. Then, forall s € R,
H € ‘C(Vao,ﬂ,yo)'
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(2) Suppose, in addition to the conditions in part (1), there exists 0 < a* < B such that
lim |1 — &% |4 g = 0. (A.2)
s—0

Putoy = o+ o* and y1 < yy. Then, s — Hy € LNy g,19> Vay,p.1) IS continuous.

(3) Suppose, in addition to the conditions in parts (1) and (2), there exist 0 < ™ <
and y > 1 such that
et —1—isy

lim | ——=

s—0

=0 and |xl, < oc. (A3)

N B

Put oy = ag + max{a™®, a™} and y, < ()/1_l +y Y=L Then, the function
s+ Hy € LNV, B.y05 Var,B.y,) 18 differentiable with the derivative

H]() = (ix)e"* x -

(4) Suppose, the conditions in parts (1), (2) and (3) are true. Put a3z = ap + o* and
V3 < v2. Then, s — Hg € LV 8.9 Vas.p.y;) is continuously differentiable.

Remark A.12. Tt would be possible to have some more flexibility on the parameter 8 and
change it for different spaces. However, we only use the version of the lemma as stated that
also keeps a simpler notation.

Proof of Lemma A.11. Proof of part (1). We note that for all g € Vi, 8,40, | Hs (&)l =
liglly, and due to [35, Proposition 3.2(iii)],

0SC(Ra (€7 ), Be(x)) < 0sc(Rey (€% g1), Be(x)) + 0sc(Ray (€% g_), Be(x))
< 0s¢(Ryy g, Be(x)) + osc(e*X, B.(x)) - ess sup(| Ru, &)
< 08c(Rayg, Be(x)) + 0sc(e™*, Bs(x))l1gllag.p.y, and
7P 0sc(Ray (€7 g), Be(x)) < &7 0sc(Ryy8. Be(x)) + &7 0sc(e™*, Be(x))l1gllap.8.0-

The first < is due to adding up the positive and negative part of g, the second is due to the
inclusion Vo g ,,, < L. Integrating and taking the supremum over &, we have

|Hy(9)log.p S 18lag.p + 1€ X 10,8118l Boy05
which gives
I Hy () llag .0 < (1 + 1%10 p) 1€ llag.p.0- (A4)

Therefore, for all s, H; maps Vg, to itself and is a bounded linear operator on Ve, g 1,
Proof of part (2). We note that H;g — Hyg = (Id — H;_;)H;g and if g € V¢, g.4,, then

H;g € Vg, p.y,- Hence, due to Lemma A.10, it is enough to prove that
}E}}) ”ld - HS ”VO‘OvﬂvVO_)VO‘l-ﬂvVl =

To this end, let g € Vi g,y be such that [ glle,,6,y, < 1. Then,

lim ||(Id — Hy)gll7} = lim / (1 —€"X)g|" dr; =0
s—0 s—0
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by the dominated convergence theorem. Moreover, by [35, Proposition 3.2 (iii)],

0sC(Ry, (Id — Hy)g, Be(x))
= 05¢(Ra+ (1 — €"*%) Reyy g, B (x))
< 05¢(Raggs Be(x)) - ess sup |Ryx (1 — %))
+ 08c(Ry+ (1 — %), B.(x)) - ess sup | Ry, gl

where < is due to the fact that we have to consider the positive and negative part of g
separately. Because Vo g1 < L, we have

e h 0sc(Ry, (Id — Hy)g, Be(x))
< &7 05c(Ryg8. Be()) (|1 — € |gn g + [ Ree (1 — 7))
+ 7P 0sc(Ry+ (1 — %), Be () 1 gllewg, 8.0+

Integrating, taking the sup over ¢ and, finally, using ||gllag,8,y0 < 1, we get
(0d — Ho)glayp S 11— € Xlax g + [ Rox (1 — €)1
By the bounded convergence theorem, limy_, ¢ || Ry (1 — €?*X)||; = 0. Therefore,

lim |(Id — Hy)gla, p = 0.
s—0

Hence, we have the continuity of s — Hj.
Proof of part (3). First, we show that for all g € V, g, 5, such that || gl¢; .8, < 1,

He.p, — H,— Hh H, —Id—ixh
lim < s+h s s >g — lim <h—lX>HYg =0.
h—0 h wrfyr 0 h wr.B.n
Due to Lemma A.10, it is enough to show that
Hy, —Id —ixh thx — 1 —ixh
lim (h—lx)l = lim L S =0.
h—0 h By h—0 h By

From the dominated convergence theorem, we have

X — 1 —ixh

=0.
h

14

lim
h—0

The assumption in equation (A.3) completes the proof of differentiability.
Finally, picking & # O sufficiently close to 0, applying the estimate in part (1), part (2)
with Y| = yp, and Lemma A.10, we note that for all g € V, ., and for all s,
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I1H; () Nl .1

. .
_ Meisxg + 1(1 — ")l g
h h a2,B,72
thx — 1 —ihy . 1 ihx) el
< Me’”{ + =1 — @lhx)emxg”txzsﬁs)’z
h 2,872 h
e — 1 —ihy ! ihx
< | 1 Hy(@)la.p.v0 + 5 1T = €™l .y | Ho () o .0
a**,ﬂ’y
M — 1 —ihy ' s
S < T h +I1 - e‘hx)lla*,ﬂJ’)(l + 1€ lo.p) 18 lleo.p.y0-
a**’ﬁ’y

So, H{ is, in fact, a bounded linear operator in £(Ve 810> Vas,B.y,)-

Proof of part (4). Since Vo, gy, = Va5, Wwe have that s — Hy € L(Vgy 8.0 Vas.B.03)
is differentiable. So, we need to check whether s — HS/ is continuous. Note that for all
8 € Vgy.p.y and for all s > 0, H/(g) € Vg, 8,y,, and for all 1 > 0,

ICH, = HD&llas pys = 1" — DV H ()l .15
SN (Hp — Ho)lax g,y 1 Hy (@) llaz 8., — Os

as h — 0 due to part (2). Hence, we have the continuity of the derivative. O

A.3.2. Sufficient conditions for Lemma A.11. We limit our scope by providing sufficient
conditions for the assumptions in Lemma A.11.

LEMMA A.13. Let B > 0. Suppose x is continuous, and the right and left derivatives of x
exist on I. If there exists a constant b € [0, 1/B) such that

max{|x' (x+)|. |x' =)} SxPA = x)7P, (A.5)
then
|e"“X|O’5 < 00
holds for all s > 0.

Proof. We have

~ dr(x)

|eiSX|0ﬁ_ S Sup
g 8‘3

£€(0,e0]

1 isx B.,
+ sup / Osc(e—,_e(x))d)\l(x).
e'e(0.e0] J1/2 g'P

/1/2 osc(e’*X, Be(x))
0

We will only estimate the first summand as the estimation of the second follows
analogously. Using the definition osc(h, A) = osc(Nh, A) 4 osc(Ih, A), we note that for
any measurable set A, we have

osc(e*X, A) < min{4, 4s/m osc(x, A)}. (A.6)
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By equation (A.5), there exists C > 0 such that for all ¢ > 0 and all x € [e, 1/2], we have

isx 8|s|e / 4
osc(e™, Be(x)) < —— sup max{|x (yH), [x (y)I} <
T yeBe(x)

8C
SIE ey,

We have that 8C|s|e/m (x — &)~? < 4 if and only if

2Csle \ /P
x < +e = K;.
T

Hence, we split the integral on [0, 1/2] into two, one on [0, K,] and the other on [K,, 1/2].
For the first range, we use the first bound in equation (A.6) and for the second range, we
use the second bound. Then,

/1/2 osc(e’*X, B (x))
0

sup
&b

e€(0,&0]

_ 12 g¢ 1-8
< sup <4K£8_'3 +/ L(x —8)_bd)\.[(x))
b4

e€(0,e0]

dAy(x)

&

/1/2 8C|s|e' P

K, 4

< sup 4K.e P+ sup (x — &)~Pdr; (x). (A7)

£€(0,80] £€(0,&0]
For the first summand, we have
5 20|\ '/? G 3
sup 4K.e 7P <8 sup max {(J) gl/h=F, el_ﬁ} < 09,
£€(0,80] e€(0,e0] T

which follows from the fact that b < 1/ and B < 1. For the second summand of equation
(A.7), we have

1/2 8C 1-8
sup / L(X _ 8)_bd)\[(.x)
e€(0,60] Y K¢ Y
8C - 12
< S up o1 / xbdng (x)
T ee0.60] (2Cse/m)l/b
8Cls| el=f 1 (2C|s|e\ /P 1?
sup max { =, . b#1,
T ge(0.60] |1 - b| 2 v
— | 8C z
M sup o1 10g( i ) b=1,
T el 2C|sle
8C|s| & " 20(s\ o el 5 .
= max — , &0 P log - o0
T 217011 — b| 7 [1—b| 2C|s|eg
which again follows from the fact that § < 1 and b < 1/8. O

Remark A.14. The above lemma combined with Corollary 4.2 gives a sufficient condition
on x for the operator Hy, and hence, ¥; to be a bounded linear operator on V, g ,, for all
a>0,p<Bandy > 1.
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Next, we state a lemma that gives sufficient condition on x for the operator valued
function s +— Hj, and hence, s — ;5 to be continuous.

LEMMA A.15. Suppose |xlop < 00 with 0 <a < B < 1/(1 +«a) and there exists b €
[0, 1/B) such that equation (A.5) holds. Then, for all «* € (0, 1),

lim |1 — e"% |4 g = 0.

s—0
Proof. We will do the calculation only for the real part %(1 — e/*X) = 1 — cos(sx) and
the calculations for the imaginary part J(1 — e’*X) = — sin(sx) follow analogously,
and we mention these estimates briefly. Furthermore, we use the splitting of the positive
and negative part as in equation (A.1). Also, since %(1 — ¢/*X)_ = 0, it does not contribute
to the estimates.

For § € (0, g9), to be specified later depending on ¢ and s, we have

(L — 7 g g = sup LSRR =€), Be)) dhs @)
[ Ol*, =

£<egg eh
- [ 0Sc(RyM(1 — €%) 1 {0 541, Be(x)) dAs(x) (A8)
N 655) &b '
+ sup J 0sc(Rox R (1 = %) L5, 1-5-)s Be(x)) dinp (x)
£<gg &b
(A.9)
RyR(1 — X)) 11_s_c.17, B d
+ sup fOSC( o N( e )y [1-8—e,1] e (x)) I(x), (A.10)
£<gg gh

where we assume that s and gg are so small that § +& <1 —6§ — &.
We start by estimating that the middle summand in equation (A.9) [35, Proposition
3.2(i1)] yields

0sc(Res (1 — €°F) L5 4e.1-5-¢)» Be(x))
< 0sc(RysM(1 — %), (84 &,1 =8 — &) N Be(x) 1 (54.1—5—e) (%)
+ 2[ €ss sup Ry M(1 — 6”’()+]135((5+e,17573))035((8@,17575)0)(x)-

(6+€,1—8—¢&)NB(x)
(A.11)

We first investigate the first summand of equation (A.11). For the following, we set
D@$,e,x):=(@E+e,1—8—¢)N Bs(x). (A.12)
Forxe 6+¢,1—-8—c¢),

0Sc(Ry+ (1 — cos(sx)), D(S, &, x)) <2e sup [Rg+(1 —cos(sx))]

D(5,e,x)
<2 sup IRy (1= cos(sx) + sup (ReD) (1= cos(sx))'l].  (AI3)
D(8,6,x) D(3,e,x)

Both of the above calculations follow analogously for the imaginary part with |sin(s )|
instead of 1 — cos(sx).
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We set § =6(e,s) =¢“ - |s|" with k € (0, 1) and ¢ > 0 to be specified later. Since
|xle,p < 00 implies that Ry x is essentially bounded, we can conclude that there exists
K(x) € (0,00) such that |x(x)] < K(x) -x~%(1 —x)~* almost everywhere. Recall
that there is C > 0 such that max{|1 — cos(x)}|, |sin(x)|} < C|x|. Combining this with
(Re#1) = o*(x¥ 11 — x)*" 4+ x¥" (1 — x)®"~1), we have

Is|

sup  |(Rex1)'| max{l — cos(sy), |sin(sx)|} < (A.14)

PR
D(S,6.x) (x —g)lta—a

when x < 1/2. The estimates for x > 1/2 follow from replacing (x — ¢) by (1 — x + ¢),
and the final estimates remain unchanged. So, we restrict our attention to the former case.
It follows that
1/2

. 1
lim sup — 2e sup (|(Re*1)|(1 — cos(s x)))1(5,1-8)(x) dAp(x)
520 ce(0,60] €7 Jo+e D(8,6.x)

172 .
< lim |s| sup 817/3/ (x— ) 1" dr(x)
s

s—0 £€(0,60] +e

126
< lim |s| sup slfﬁ/‘ x 1 g ()
B

s—0 £€(0,60]

I+i(a*—a) *
b

— *_ .
lim el P =) 1im s of < a,

s—0 s—0
&

< Leg P llog(1/2 — e0)| + kllog(eo)]) lim |s| + ey lim |s| log Is]|, o* = e,
s—0 s—0
8(1)_/3 lin}) Is|, oF > o,
§—>
=0 (A.15)

provided that under the condition o* < «, we have

1-B+k@ —a)>0 <« <(1-8)/(a—a"),

(A.16)
e*—a)+1>0 <1< 1/(a—a").

Analogously, under the same conditions,

) 1 )
lim sup — [ 2& sup (|(ReD)|(sin(sx))+)1(54e,1-5—e) (x) dAp(x) = 0.
520 ce(0,60] € D(5.8.x)

To estimate the second summand of equation (A.13), we use (1 — cos(sx))’ = sin(sx) -
sx’, (sin(sx)) =cos(sx) -sx’, |cos(sx)| <1, |sin(sy)] <1 and our assumption
about x’. Then, we have

sup  max{(Re+1) (1 —cos(s x))'|, (Ra*D(sin(s x)™)'I}

D(8,e.x)
_ sl =t ar <b,
~ sl 1, o*>b
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for x < 1/2. Also, note that for x < 1/2 and the estimate for x > 1/2 is the same with
(x — &) replaced by (1 — x + ¢). Thus, if ™ < b,
1 1/2

lim sup — 28 sup ((Rex1) [(1 —cos(sx)) D1(s4e,1—5—¢) (X) dAg(x)
50 ee(0,60] €7 Jo+e D(3,6,x)

1/2-¢
< lim sup 8]*‘9|s|/ x dn (x)
8

s—0 £€(0,80]

— *_ . *_
5(1) ,BJFK(1+01 b) hn%) |s|1+l(1+a b), b > 1 + a*’
Nad

gy P (Jlog(1/2 — 0)| + llog(go)|) lim 5|

+iey ” lim [s] flog |5 b=1+a*
S—>
s(l)_ﬂ lim |s|, b <1+a*,
s—0
=0, (A.17)

where, in the case of b > 1 + a*, we have assumed that

1-B+xk(l+a*—b)>0 ek <(1-8)/b—-1—-0a%), AL8)
l+i(l+a*—b)>0 1< 1/(b—1—a). '

The o™ > b case is similar to the b < 1 4+ o™ case above. Analogously, under the same
assumptions on « and ¢, we obtain

2 sup (Ro+1|(in(sx)+) N1 (s4e,1-5—e)(x) drs(x) = 0.
D(.6.%)

lim sup
s—0 £€(0,89

1
 &f
Hence, combining equations (A.15) and (A.17), we can conclude

1 .
lim sup — [ osc(RyxR(l —e*X)y, D(S, €, x))1s,1—5)(x) dij(x) =0. (A.19)
s—0 £€(0,60] 8/5

Also, the analogous result for the imaginary part, J(1 — e/*X).., follows.
Next, we will estimate the second summand in equation (A.11). We note that

B((+e,1—-8—e)NB((§+6,1—-8—6))=B(8+e)UB(1—-6—¢)
and, hence,

1B, ((546,1-5—)NB.((5+¢,1—5—5)¢) = 1B, (5+6)UB:(1—5—¢)- (A.20)

It follows that

sup  Ry+(1 —cos(sy)) < (A.21)

D(,e,x)

im(x —e) Y of <q,

[s|(x + Y Y g >q

Due to the symmetry around x = 1/2, we obtain

sup  ReeM(1 — %),
D(8,e,x)

lim sup

50 ¢e(0,¢0] &b

1B, ((54e,1-8—£)NBs ((5+¢,1—5—e)c) (X) dA1(X)
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8+2¢
= lim sup —/3(/ /;6 2) sup  Ry+(1 —cos(sx)) drj(x)
&€

50 ce(0,60] € D(5,,%)

8+2¢
< lim sup |s|s—ﬁf max{(8 + &)% ~%, (8 +2&)* ~*} drs(x)
)

™ 5=0 ge(0,60]

l—/S—K(a—Ol*)|S|17L(ot7a*) *

lim & o < a,
< ) s—=0 )
lim 80_’3|s|, of > a,
s—0
=0 (A.22)

where, in the case of a¢* < «, we assume that

1-B—k(@—a*) >0 <« <(1-8)/(a—a),

(A.23)
l—tl@—a*) >0 < 1/(a—a”).

Combining this with equations (A.11) and (A.19) yields that the summand in equation (A.9)
tends to zero for s — 0 and the same is true for the imaginary part, J(1 — ¢/*X)., because
the same assumptions on « and ¢ along with |sin(x)| < |x| and equation (A.21) yield

lim sup

lim, 7 osc((sin(s x))+, D(3, &, X)) (54e,1-5—¢)(x) dAj(x) =0,
£€(0,e0]

1
lim sup 5 f sup  Ry=(sin(sx))+
50 ge(0,60] € D(8,6.x)

1B, (5+e,1-5—£)NB ((G+e,1—5—e)c) dAj(x) = 0.

Finally, we investigate into the first summand in equation (A.8). As the calculation
for the summand in equation (A.10) is very similar, we will only give the details for
equation (A.8). We split the integral into

lim sup 5 / 0SC(Ry+N(1 — e”X)l [0,5-+e]» Be(x)) dAj(x)

s—0¢g<gy €
= lim sup =5 (/ / ) 0SC(Ry+ (1 — cos(s x))10,5+¢], Be(x)) dAj(x).
s—=>0e<gy € [0.8) [6,542¢]
(A.24)
For the first summand of equation (A.24), we write
D@, &, x) :=10,8 + &] N Be(x), (A.25)
and we note that (1 — ¢'*X) € (0, 2) and
0sC(Ryx (1 — COS(SX))1[0,5+S]» B (x))
< 2-SUPps ey Rarl < 2Rer1(x +6) < 2(x + )% (A.26)
Now, we have
B
lim sup osc(Ra*(l —cos(sx)1jos+¢], Be(x)) drr(x) =0 (A.27)

s—>0 g<gg E,‘ﬁ
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under the condition

t>0 and « > (A.28)

1 +a*

due to the following sub-lemma.

SUB-LEMMA A.16. Define

8

®1 := lim sup 0sc(Re*M(1 — &%), D(S, &, x)) dArj(x)

s—>0 g<gq b 0
and

8

1 . _
®; := lim sup — 0SC(Ry*R(1 — %), D(6, €, x)) dAj(x)
s—>0 g<gg seb 0

witha® > 0,8 = 8(s, s) = s, where 1, k > 0 and with D asin equation (A.25). Suppose
[Xlep <OOWIthO <a < B < 1.

I I
>0 and k> p s (A.29)
o +1
then ®1 = 0.
@ I
t>1 and k> p s (A.30)
o +1
then ©, = 0.

Proof of Sub-Lemma A.16. Without loss of generality, we assume that s > 0. Note that
due to equation (A.26), we have

S *
2(x + &) dir(x
®1 < lim sup fo ( ) 1)

5—0 =g e
= - +(Z):++i);ﬂga = - L, eo),
where
L(s, &) := # sup J (s, €)
(a@* +1) e<eg
and

S 4 o)l _ go+l i .
J(s, €)= Cro B = (s 4 g)* Hlg™h — @ H1-5,
&

First, we note that

(EKSL + 8)05*-‘1-18—/3 — (SK—ﬂ/(Ct*-‘rl)sl + 81—/3/((1*-‘1-1))0(*4-1’ (A31)

and hence, for J(s, &) to not blow up near ¢ = 0, we should have equation (A.29).
Due to the first inequality in equations (A.29) and (A.31), we have for given s > 0 that
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SUPp<g, J (5, 8) = J (s, &) and thus J(0, &) :=lims—.¢ J(s, &) = 0 for all &. Therefore,
under the assumption in equation (A.29), ®; = 0 as claimed because

®1 < lim L(s, &) = hm J(s, &) =0.
s—0

1 s—0

Now, using equation (A.26) and I’Hdpital’s rule, we obtain

[ 0sc(ReM(1 — €X) 1, D(8, &, x))Lj0,51(x) dAs(x)

®, = lim sup

5—0 g<g seb
1 2((8 oa*4+1 _ &% *+1
< lim — sup (©@+e) ) _ L(S €0)
5—>0 8 g<g (o* + 1)eP s=0

We note that the last equality follows by the above calculation, namely that
SUP, <, J (s, &) = J(s, &) holds because of 1 + a* > 8, and the additional conditions
t>0andk > B/(a* +1).

Next, taking the derivative of L with respect to s, we obtain

d 2 d

Z LG, “ . i P | ' o /3 I( =1

Is (s, €0) = o 1ds (e5s" + €0) t(gys' + &0)
Note that for ®, =0, we should have 7 L(s 8())| = 0 and this is true, if ¢ > 1.
Therefore, under equation (A.30), we have that ®, = 0, as claimed. O]

Next, to estimate the second summand of equation (A.24), we first note that for

x e [8,8+ 2l
sup  Rex(1 — cos(s x))1[s,54¢]
D(8.e,x)
X s|, a* > a,
S sl sup y* Y < s1 ot . (A.32)
yeD(8,6.0)N[8,642¢] |s] -6 , <a.

Hence,

lim sup

i 0SC(Rg+ (1 — cos(s x))1[s,54¢1, Be(x)) dAj(x)
s=>0¢e<gy €F J[s,5+42¢]

< lim sup i sup (Ro+(1 —cos(s x ) 1s,5+¢)) dri(x)
T s0eze0 €8 Jiss12e1 psen
0 P Im}) s, a* > a,
~ 1 —B+r(@*—a) lim |S|1+L(a o ) a* <a
%0 s—0 ’
=0 (A.33)

provided that, in the case of a* < «,

1-B+k@ —a)>0 <« <(1-8)/(a—a),

(A.34)
I+ —a)>0 1< 1/(a —a®).
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Next, by [35, Proposition 3.2(ii)], we have for x € (8, 6 + 2¢],

0SC(Ry+ (1 — cos(s x)) 10,51, Be(x))
< 0sc(Ry+(1 — cos(sx)), Be(x) N[0, 6D 1jo,51(x)

+2 esssup Ry (1 —cos(sx))Ls—evo,5+e1(x)
Be(x)N[0.5]

<042 esssup Ryl < 25%"
[5—ev0,8]

Hence,

lim sup — 0sC(Ry+ (1 — cos(sx))1jo,s], Bs(x)) dAs(x)
s=0e<eg &8 Jis.512e]
1 * * *
< lim sup —; 8% dry(x) < lim sup gl TP g" —
s—>0 e<ey &P [8,6+2¢] s—0 g<g

under equation (A.28). This together with equation (A.33) imply

lim sup iﬁ 0SC(Ry+ (1 — cos(s x))1j0,542¢], Be(x)) drj(x) = 0.
s=0e<ey ¥ J[5,642¢]
Combining this with equations (A.24) and (A.27) implies that equation (A.8) tends to
zero for s tending to zero. The same is true for the imaginary part, J(1 — /%), as
J(1 — X))y < 1.
Finally, we discuss here possible values of «* and the implicit requirements on b that
ensure the existence of ¢ > 0 and k > 0 used in the proof. There are four cases.
Note that in the case of ™ < @ and b > 1 4+ «*, under equations (A.16), (A.18), (A.23),
(A.28) and (A.34), we have

<K<min{

- 1=
a*+1 a—a* b—1—a* |’

1 1
0 <t < min s .
a—a* b—1—a*

First, we see that the conditions on ¢ are always fulfilled, because

1
and 0 <

0< _—
o —a* b—1—a*

Similarly, considering the inequalities that guarantee the existence of «, we have
a>ao* > max{af+ B —1, b — 1}

is necessary and sufficient. Note that due to B < min{l/b, 1/(e¢ + 1)}, we have
af+B—1<0andalso Bb—1 < 0. So, 0 < o* < min{a, b — 1}, which is equivalent
toa* <aand b > 1 +a*.

In the case of ™ < @ and b < 1 + «*, equation (A.18) poses no restrictions. So, under
equations (A.16), (A.23), (A.28) and (A.34), we have b — 1 <a®* <« and b < 1 +«,
which is equivalent to our assumptions a* < @ and b < 1 + ™.

In the case of a* > «, equations (A.16), (A.23) and (A.34) pose no restrictions.
So, when b < 1+ «a*, we have o > max{a, b — 1} and when b > 1 + a*, we have
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a<a*<b—1 and b>1+«, and we do not obtain any additional restrictions
either. O

The next lemma of this section gives a sufficient condition on y for the operator valued
function s — Hj and, hence, s — ;s to be differentiable.

LEMMA A.17. Suppose |xlap <00 with 0 <o <B <1/(1+a) and there exists
b € [0, 1/B) such that equation (A.5) holds. Then, for all o«* > min{2«, max{o, o +
b — 2}}, we have

isy _ 1—i

e isy _o.
o*,f

lim

s—0 s

Proof. The proof follows very similarly to the proof of the previous lemma and we will
stick to the same notation. Again, we will do the calculations only for the non-negative real
part, only noting some differences for the imaginary part. We have

X —1 —isy 1
0sc <Ra*ﬁi(f>, Bg(x)> = " 0SC(Ry+(1 — cos(sx)), Be(x))
and
< (eisx—l—isx> ) 1 .
0SC | RyxS| ———————— ), Be(x) | = — osc(Ry+(sin(sx) — sx), B (x)).
s s

As in equations (A.8)—(A.10), we have for 6 € (0, gg) (to be specified later and depending
on s and ¢) that

[ osc(Ry+(1 — cos(sx)), Be(x)) drg(x)

IR(e™X — 1 —isx)lgrp = sup

8560 S&‘ﬁ
o ose(Re (= costsx) ey, Be ) diy )
- gfg) sgﬁ
(A.35)
1 su f 0SC(Ry (1 — cos(s X)) 1(54¢,1-5—e)» Be(x)) dAj(x)
gsg) seb
(A.36)
+ g LR (1 = OS5, Be) 1)
gfg) Ssﬁ ’
(A.37)

and similarly, for the imaginary part.
Now, we start by estimating the middle term in equation (A.36), and as in equation
(A.11), we use [35, Proposition 3.2(ii)] to obtain
0S¢(Ro (1 — cos(s X)) L (5+6,1-5—¢), Be(x))
< 08¢(Ry+ (1 —cos(sx)), D8, &, X)L (546,1-5-¢) (X)

+ 2[ sup  Rg+(1 — COS(SX))]lBg((5+8,17578))QBS((3+8,1787€)C)(x)' (A.38)
D(5,e,x)
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Forxe 6+¢,1—38—c¢),

0SC(Ry+(1 —cos(sx)), D(8, €,x)) <2e& sup |[[Ry+(1 — cos(sx))]/|

D(5,e,x)
< 2| sup |(ReD)| (1= cos(s0) + sup (RgsDI(1 = cos(sx))'l]  (A39)
D(8,¢,%) D(8,¢,%)

Both of the above calculations follow analogously for the imaginary part.

For the following, as in the previous proof, we set§ = §(e, s) = & - |s|* withk € (0, 1),
¢ > 0 and recall that there is C > 0 such that max{|1 — cos(x)|, |sin(x) — x|} < C|x|%.
The latter fact and (Ry+1) = o*(x* 1 (1 — x)®" 4+ x*" (1 — x)*" 1), imply that

|s|?

G _pirra—ar  (AA40

sup  |(Re+1)'| - max{l — cos(sx), Isin(sx) — (s))1} <
D(8,e,%)

when x < 1/2. The estimates for x > 1/2 follow from replacing (x — ¢) by (1 — x + ¢),
and the final estimates remain unchanged. So, we restrict our attention to the former case.
This implies that the contribution of the first term in equation (A.39) is

. 1 12
lim  sup —5/ 26 sup  [(RexD)'| (1 — cos(s X)) L(s4e,1-8—e)(x) dAs(x)
5=0 ge(0,60] 1518° J5+e DG e)

1/2-s
< lim |s| sup sl—f‘/ T2 g (x)
§

s—0 e€(0,50]
eé_ﬁ+K(a*_2a) lim |s|' @ =20 — g, o* < 2a,
s—0
< el P (log(1/2 — e0)| + kcllog(eo)]) lim Is| + 1207 Tim Is| [log |s]l, o* = 2a,
~ s—0 s—0
8(1)_’3 lim |s|, oF > 20,
s—0
=0

provided that, in the «* < 2« case,

1-B+k@ —20) >0 <k <(1-8)/Qa—a"),

(A.41)
I+ —2a) >0 <1< 1/QRa —a")

and, similarly,

. 1 .
lim sup —5 [ 2¢ sup |(Rex )| (sin(s x) — s x)£1(546,1—5—¢) (X) dA(x) = 0.
50 ¢c(0,60] 5€ D(8,e,x)

Next, we estimate the second summand of equation (A.39). Using (1 — cos(sx))’ =
sin(sy) - sx’, |sin(s x)| < |sx|, and our assumption about x and x’, we have

sup (Re+1) [(1 = cos(sx))'| S

Is|2(x — )@ —@th)  o* <o 4+ p,
D(5.e.x)

|s|2-1, o >a+b.
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Also note that the estimate for x < 1/2 and for x > 1/2 are the same with (x — ¢) replaced
by (1 — x 4 ¢). Thus, when o™ < « + b,

1/2
. &
lim sup —ﬂ/ sup (Re+1) [(1 — cos(sx)) 1 1(54e,1—5—s) (X) dAp(x)
520 ce(0,60] 587 Js+e D(@Sex)

12—,
< lim  sup 81*ﬁ|s|/ X T@HD gy (x)
50 ce(0,60] s

557,‘3+K(1+a —a—b) lim |S|l+t(l+a*_a_b), o +b = 1+Ol*,

s—0

gy P (llog(1/2 — 0)| + «log(go)]) lim s
s—0

+igy ” lim |5/ [log [s]l, a+b=1+a*
s—
s(l)_ﬂ lim |s|, a+b<14+a*,
s—0

=0.
where, in the case of @ + b > 1 + o™, we have assumed that

1-B+k(l+a*—a—->b)>0 e <(1-8)/(a+b—1—a"),

(A42)
I+i(l+a*—a—»b) >0 1< 1/(a+b—1—a”).
Analogously, under the same assumptions on « and ¢, we obtain
. 2 .
lim sup — | sup Re=1(0)(Gin(sx) — 5x)2) Ls+e,1-5—¢) (X) dAs(x) =0

50 ge(0,80] seP D(S,6.x)

because |(sin(sx) — sx)'| = |cos(sx) — 1| - |sx’| and |cos(sx) — 1] < |sx].

Next, we look at the second summand of equation (A.38). Using equation (A.20), our
assumption about x and the symmetry around x = 1/2, the corresponding integral over
the second summand is dominated by

) 8+2¢ -5
lim sup —ﬁ</ + / ) sup  Ry+(1 —cos(sy)) dij(x)
50 ce(0,60] S€ s 1-8—2¢ /) D(5,e.x)

5+2¢
< lim sup |[s|e”? / max{(§ + &)% 2%, (§ 4+ 3&)* 2%} dir;(x)
S

s—>0 £€(0,60]
5 Is| 1—1Qa—a™) lim 8(1)_ﬂ Is|
s—0
=0.
Here, in the case of @™ < 2, we have to assume additionally that

l1-B—kRa—a*)>0 <« <(1-8)/Qa—a"),

(A43)
1 —1QRa—a*) >0 1 <1/Qa —a®).

Analogously, under the same assumptions on « and ¢, using our assumption about y, we
have

) 842¢ -5
lim sup —‘3([ +/ ) sup  Ryx(sin(sx) —sx)+ dij(x) = 0.
50 ge(0,60] S€ s 1-8—2¢ /) D(,e.x)
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Finally, we investigate equation (A.35). The estimations for equation (A.37) then follow
analogously. We split the integral as in equation (A.24).
For the first integral, due to Sub-Lemma A.16, we have

lim su

5 0sC(Rq+ (1 — cos(s x))1[0,5+¢1, Be(x)) drp(x) =0 (A.44)
s—>0g<gy SE [0,8)

provided that

k(1+a™)—B>0 <« >p/(1+0a"), (A45)
t—1>0 < (>1.

For the imaginary part, since we assumed o* > «, we can use the following estimate:
SUP 5.6y | R (SIN(s X) — 5 x) 110,541
S |S|5uPD(5,5,x) [Ro x 10,5+
S 151 SUP sy Rer—a i1 S 15| (x + )%
Then, repeating the argument leading to equation (A.30) with a* — « replacing a*, we

have that

1
lim sup — 0SC(Ry+(sin(s x) — s x)1j0,54¢]> Be(x)) drj(x) =0
s—>0 g<gq S{;‘ﬂ [0,8)

provided that
l4a*—a)—B>0 <« > 14+a* —a),
k(l+o )—B B/( ) (A46)
t—1>0 << 1>1.

For the second integral, as in equation (A.32) but using equation (A.40) instead, we
obtain for all x € (8, § + 2¢],

sup R+ (1 — cos(s x))1(s5+¢

D(8.e.x)
2 *
X 54, o > 2a,
’S S2 Sup y"‘ e = 2 sa*—2a *
yeD(8,6,0N(8,5+2¢] 50 , af <2a.
Therefore,
. 1
lim sup 7 0SC(Ry+(1 — cos(s x))1(s,5+¢], Be(x)) dAr(x)
§—>0¢g<gy SE” J(5,842¢]
8(1)_/3 lim |s|, a* > 2a,
s%()*
~ 8(])7/5‘“((0‘ —2a) lim |S|1+L(Ol—2a ), aF < 20{,
s—0
=0

provided that, in the case of a* < 2a,

1—-B+k@ —20) >0 <k <(1-8)/QRa—a"),

(A.47)
I+ua® —2a) >0 1 <1/Qa —a¥).
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Due to [35, Proposition 3.2(ii)] and our assumption that o* > @, we have for
x € (6,68 + 2¢],

0SC(Ry+ (1 — cos(s x)) 10,51, Be(x))
< 08c(Ryx (1 — cos(sx)), Be(x) N[0, 5D 1jo,51(x)

+2 esssup Ry+(1 —cos(sx)15—ev0,5+e1(X)
Be(x)N[0,5]

< 0+42|s| esssup Rgrx < 2|s|6% .
[6—eVv0,5]

So,

lim su

7 0SC(Ryx (1 — cos(s x)) 10,51, Be(x)) dAy(x)
s—=>0e<gy SEP J(5,5+2¢]

1 * — * *
< lim sup — 5 Ay (x) S lim gy P g — ¢
s—>0 g<gg 8'3 (8,842¢] s—0

under equation (A.45). So, we have

i 1
lim sup i 0sC(Ry+ (1 — cos(s x))1j0,s+2¢], Bs(x)) dAj(x) = 0.
50 se<eg €7 Ji5,842¢]

Finally, we discuss here values of o* and implicit restrictions on b that ensure the
existence of ¢ > 0 and x € (0, 1) used in the proof. There are four key cases to consider.
() a <a* <2aand @ + b > 1 4+ o*: under equations (A.41), (A.42), (A.43), (A.45),
(A.46) and (A.47), we have
B 1-p 1-p }
a* —a+1 20 —a* a+b—1—a*)’

1 1
1 <t < min s .
20— a* a+b—1—a*

<K<min{

Considering the conditions for ¢, we have «* > 2o — 1 and «* > a + b — 2. Since o >
20 — 1, the former is automatic. Next, considering each of the two inequalities that
guarantee the existence of «, we obtain that

a* >max{f—1+Ba+a, Bb+a—1}=a+max{B —1+ Ba, Bb—1}

is necessary. Note that 8 — 1+ Ba <0 and b —1 < 0 because B < min{l/b, 1/
(1 4+ «)}. So o™ > « is a sufficient choice. Combining everything, we have that

max{a +b —2,a} <o <minf{a +b — 1, 20}

is sufficient.

2)a <o <2« and o + b < 1 + «*: equation (A.42) poses no extra restriction. So,
under equations (A.41), (A.43), (A.45), (A.46) and (A.47), we have a* > « as before.
Hence,

max{o +b — 1, a} < o < 2«

is sufficient.
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(3) @* > 2« and @ + b > 1 4+ o*: equations (A.41), (A.43) and (A.47) pose no extra
restrictions. Under equations (A.42), (A.45) and (A.46), we have o* <« +b — 1 and
a* > Bb+a — 1. Since Bb+ a — 1 < a < 2a, the latter is true. So,

20 <o <a+b—1

is sufficient.
4) o* > 20 and @ + b < 1 4+ o™: equation (A.42) is not relevant, and both equations
(A.45) and (A.46) pose no extra restrictions. Hence,

max{2c, o +b — 1} < ™

is sufficient.
We obtain from (1) and (2) that max{« + b — 2, a} < o™ is sufficient if ™ < 2¢. From
(3) and (4), we obtain that «* > 2« is sufficient if «* > 2. So,

o > min{20, max{o, o + b — 2}}

is sufficient. O]

LEMMA A.18. Assume yx is continuous, the right and left derivatives of x exist on I, and
there exista > 0, b > 0 such that

@IS0 =07 and  max{|x' ) X GO SxPA -7, (A48)

then |1 la,p.y < 00 if
o >a,
B<(U+a—a)/b—a) or b<a+1 and (A.49)
1<y <l1/a.

Proof. The first inequality of equation (A.48) implies x € LY with1 <y < 1/a.

For simplicity, we assume x is differentiable. Otherwise, at a point where x is not
differentiable, both one-sided derivatives will exist and the following estimates do hold for
them.

Now, we proceed as in the proof of Remark A.15; however, with § = &¢“ to find the
minimal o and maximal 8 such that |Ry x |0, < 0. Set g := Ry x, then

§'(0) = a(l =2x)Ry—1x(x) + Rax'(x).

Choose ¢ sufficiently small and split the domain into three parts, [0, & + ¢), (¢ + &,
1 —¢—¢") and (1 —¢ — &, 1]. Due to the symmetry of the bounds, we only focus on
[0, 1/2].
On (6“4 ¢, 1 — & — &), we use [35, Proposition 3.2(ii)] implying
osc(g 1(6“+£,175“76)’ B (x))
< osc(g, D(e", &, X)) (e ye 1—ex—g) (x)

+2( sup g)Aper oo () (A.50)
D(e¥,e,x)

with D as in equation (A.12).
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For the following, we set @ = min{e — b + 1, @ — a}. Then, the contribution from the
first term to | Ry x |0, is (up to a constant) bounded by

1/2
sup sl_ﬁ/ sup g dij(x)
&

O<e<egg K+e D(e¥,e,x)
1/2
< sup e!f f (x —e) Tl 4 (x — )P dn g (x)
O<e<ep ek 4e
12
< sup al_ﬁ/ U dn(x)
O<e<eg ek
sup gl 7AHra a@<l,
0<e<eg
<{ sup e'Pdog1/2) — k log(e)), @ =1,
O<e<eg
eé_ﬂ, o > 1.

In the @ < 1 case, we require that
1-B4+ka>0 < k<-=-8)/b—a—-1)orb<a+1), (A.51)

where we have made use of the fact @ > a. However, equation (A.51) is automatically
fulfilled if @ > 1, so we do not have to distinguish the cases any longer.
Since o > a, the contribution from the second term in equation (A.50) is bounded by

1 &¥42¢e e 42¢ 1
sup  — / sup gdij(x) < sup e P / 1 dij(x) < so_ﬁ.
e€(0,e0] & ek D(&¥,e,x) e€(0,&0] &k
Now, for x € [0, ), we use the following estimate:

SupD(gK,g,x) |g| 5 Supb(g’(,g’x) |R0t—a1[0,8’(+8]| 5 (-x + g)a_a

with D as in equation (A.25). Following the argument in Sub-Lemma A.16 with & — a
replacing o and without the s — 0 limit but fixing s = 1, we have, sincea —a + 1 > 8
automatically holds, that

—a+1 —a+1
Ss;lg siﬂ o) osc(g, Be(x)) drj(x) S SS;JEI; 2 —E;)_a aai 1;5(/9; e
2((e& + go)?—a+! — gmath)
B (@—a+ e}
provided that
p

k(l+a—a)—B>0 <<k > ———.
l+a—a

So, together with equation (A.51), we require that there exists « such that

1 —
M%<K<ﬁlil or b<0€+1
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This is true if and only if

b—a)p<l+a—a or b<a+l. U

B. Appendix. Hélder continuity of R i+

LEMMA B.1. Forall j =0,...,k—1, let Rj—H i lej, cj+1] = R be given by
R (ReD) o rjqy
T TR

Then, R j+1 is bounded and a-Holder continuous for all j.

Proof. Our strategy is to prove the following two steps.

(1) There exists 8y > 0 such that R; is bounded on the interval [0, c; — o), R1/<+1 is

bounded on the interval (c; + &g, 1] and R}H, j=1,...,k— 1isbounded on the
interval (c; + 8o, cj1+1 — do)-
(2) Since Rj4i(cj) = Rj+1(cj41) =0for j =1,...,k — 1, itis enough to show that
there exists C > 0 such that Rj+1(cj' +¢&) < Ce% and I§j+1(cj+1 — &) < Ceg“, for
alle > 0.
‘We have
B Iﬁ}H(x)(l = 2¢j1(e)x (1 = x) — Y1 () (1 = g1 (0))(1 = 2x)
()= .
J W1 (A =Py (x (1 — x)l+e
(B.1)
The numerator is bounded and for j =1, ..., k — 2, the denominator has zeros only at c;

and ¢;41. So, we immediately get that R}+1 is bounded on (c; + 8o, ¢j+1 — o).

We only have to further consider the cases j =0 and j = k — 1. We have to show
that Ié/l(x) is bounded in a neighbourhood of 0. Since | has a bounded second
derivative, we can write ¥(x) = ¥1(0) + ¥ (0)x + O(x?) = ¥ (0)x + O(x?). This
yields (1 (x)(1 — Y1 (0))N' ™ (x(1 —x)' = Q(x?).(f(x) = Qg(x)) as x - 0 if
lim infy_¢ | f(x)|/g(x) > 0.) However, by simply multiplying out, we obtain

Y1) (1= 291 (x)x (1 —x) — Y1 ()1 = Y1 (0))(1 = 2x) = Ox?)

implying that lim,_, ¢ Ry (x) < 0o. The calculation for lim,_,; Ry (x) follows analogously.
To analyse the behaviour for x — ¢; and x — ¢4 with x starting from [c;, ¢j4+1], we
note that R; 41 can be written as

Vi (1= 2941 (x))
1) = Y (N (1 = x)*
(W () = ¥ (0))* (1 —2x)
(x(1 = x))lte '
The minuend tends to oo for x — ¢; and to —oo for x — ¢4 since ¥j41(x) and
1 — ¥j+1(x) tend to zero, respectively, and the numerator remains bounded and is positive
near ¢; and negative near c;1. The subtrahend is bounded on an interval [g, 1 — &o].
Thus, R;H(x) tends to oo for x — ¢; and to —oo for x — c;j41 except if ¢; =0 or

R}_H(x) =«

(B.2)

Ci+1 = 1.
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Hence, we can conclude that |Rj+1(x) — Rj+1(y)| < Rj+1(cj +x =y —
R;Jrl(cj) = I§j+1(cj +lx —y|) for x,y € [cj,cj + o] and o > O sufficiently small.
Similarly, we have |Rj+1(x) = Rjt1(0)] < Rjt1(cjp1 — Ix = yD) = Rjti(cj1) =
Rjri(cjy1 —Ix—y|) for x,y€lcjy1 —380,cjr1] and &g > 0 sufficiently small.
However, we have

R . ) — Viri(cj —e)d —¥jri(c; — )\
Rj-‘rl(c,] 6)_( (C]_S)(I_C]—i-a) ) .

There exists C; 5, > 0 such that

Vjti(cj —¢€) o |
<(Cj — &)1 —cj +£)> < Cjs

uniformly for all ¢ € (0, §p) and thus,
Rjt1(cj — &) < Cjs5 ().

Similarly, we have

= _ (Vi1 o) —jp(cj-1 +e)\*
Rjyi(cj—1+e) = ( S T pp—— )

and there exists C; 5, > 0 such that

1—; i « -
( Vigi(cj—1 +€) ) <C
(cji-1+e)d —cj_1+¢)

uniformly for all ¢ € (0, §p) and thus,
Rjt1(cj — &) < Cjs5(nsre)”.

Setting C = max; max{Cs,,;, Cs,,;} concludes the proof of the lemma. O
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