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Abstract. In this paper, we derive two-sided estimates of the Lebesgue constants
for bounded Vilenkin systems, we also present some applications of importance, e.g.,
we obtain a characterization for the boundedness of a subsequence of partial sums
with respect to Vilenkin—Fourier series of H; martingales in terms of 7’s variation. The
conditions given in this paper are in a sense necessary and sufficient.
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1. Introduction. It is known that for every Vilenkin systems
L, = ||Dyll; < clogn

holds. For the definitions of D,,, the Vilenkin systems and other objects in this section
(e.g., v(n) and v* (n)), we refer to our Section 2.

For some concrete systems, it is possible to write two-sided estimations of Lebesgue
constants L, . In particular, for every bounded Vilenkin systems, Lukyanenko [4]
proved two-sided estimates for the Lebesgue constants L,, for some concrete indices
n, € N. Lukomskii [3] generalised this result and proved two-sided estimates for the
Lebesgue constants L, without the conditions on the indexes. He showed that for
n =7y :2yniM; and every bounded Vilenkin systems, we have the following two-sided

A
estimates of Lebesgue constants:

1 1 1 3
— —v* — <L, <> 40* (n) — 1. 1
4)\v(n)+kv (n)+2A§ Szv(n)+ v* (n) (1)
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It is well known that (see, e.g., [1] and [2]) Vilenkin systems do not form bases in
the space L;. Moreover, there exists a function in the dyadic Hardy space Hj, such
that the partial sums of f/ are not bounded in L;-norm. Onneweer [6] showed that if
the modulus of continuity of f € L [0, 1) satisfies the condition

a)l((S,f)=0< as§ — 0, ©)

1
log(1/5))’

then its Vilenkin—Fourier series converges in L;-norm. He also proved that condition
(2) cannot be improved.
In [8] (see also [9]), it was proved that if /' € H; and

o, (Min,f) = 0(%), asn — 0o, 3)

then Sif converge to f in L;-norm. Moreover, there was showed that condition (3)
cannot be improved.

It is also known that any subsequence S, is bounded from L; to L, if and only if
ny has uniformly bounded variation and as a corollary the subsequence S, of partial
sums is bounded from Hardy space H), to the Hardy space H,, for all p > 0.

In this paper, we improve the upper bound in (1) and also prove a new similar lower
bound by using a completely different new method. By applying this results, we also
find the characterizations of boundedness (or even the ratio of divergence of the norm)
of the subsequence of partial sums of the Vilenkin—Fourier series of H; martingales in
terms of n's variation. We also derive a relationship of the ratio of convergence of the
partial sum of the Vilenkin series with the modulus of continuity of a martingale. The
conditions given in the paper are in a sense necessary and sufficient.

Our main results (Theorem 1) is presented and proved in Section 3. The mentioned
applications especially Theorems 2 and 3 can be found in Section 4. Section 2 is reserved
for necessary definitions, notations and some Lemmas (Lemmas 2 and 3 are new).

2. Preliminaries. Let N, denote the set of the positive integers, N := N, U {0}.
Let m := (my, my, . ..) denote a sequence of the positive numbers not less than 2.
Denote by

Z = {01, ..., m — 1)

the additive group of integers modulo m, k € N.

Define the group G, as the complete direct product of the group Z,, with the
product of the discrete topologies of Z,, ‘s.

The direct product u of the measures

1223 ({]}) = l/mka (/ S ka)

is the Haar measure on G,,, with u (G,,) = 1.
In this paper, we discuss bounded Vilenkin groups only, that is

supm, < oQ.
neN
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The elements of G, are represented by sequences
X 1= (X0, X1, e o ey Xbty .- )y (Xk € Ziy,)
It is easy to give a base for the neighbourhood of G,,, :

L(x) = eGul|lyo=x0,--sVn-1=Xn_1}, (x € Gy, n € N).

Denote I, := I, (0), for n € N and I_n = Gu\I,.
The norm (or quasi-norm) of the spaces L,(G,,) is defined by

1/p
= ([ wran)” ©<p <o,
G’?l
If we define the so-called generalised number system based on m in the following
way:
My =1, Myyy = m My (k eN),

then every n € N can be uniquely expressed asn = Z,‘:‘;OnkMk, whereny € Z,,, (k € N)
and only a finite number of n; ‘s differ from zero. Let |n| := max{k € N : n; # 0}.

For the natural number n = 3% n;M;, we define

8 := sign(n)) = sign (6n)), 8 = |on; — 1|4,
where © is the inverse operation for
ar ® b = (ax + br) mod my.
We define functions v and v* by
v(n) = Z |8j+1 — 5j| + 80, v*(n) := ZS*,
Jj=0 Jj=0

Next, we introduce on G,, an orthonormal system, which is called the Vilenkin
system. At first define the complex-valued functions r (x) : G,, — C, the generalised
Rademacher functions, by

Fie (X) :=exp 2mixi/my), (12 =-1, xe G, ke N).

Let x € G,,. It is well known that

my,—1

‘ 0 x,#0,

Zrﬁ(x>={mn Ny o)
k=0

Now, define the Vilenkin systems ¢ := (¢, : n € N) on G,, as

Yax) =[] (). e N).
k=0
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Specifically, we call this system the Walsh-Paley one if m = 2.
The Vilenkin systems are orthonormal and complete in L, (G,,) (see, e.g., [1,10]).
Next, we introduce analogues of the usual definitions in Fourier analysis. If f €
L (G,,), we can establish the Fourier coefficients, the partial sums, the Dirichlet kernels,
with respect to Vilenkin systems in the usual manner:

7o) = fG fTudu, (keN).

n—1
Suf =Y [ )Y, (keN),
k=0

and
n—1
Dy:=) V. (k e N).
k=0

Let n € N. Then,

n—1 /m;—1
Dy, ) =] (Z r‘/i(x)) (5)

k=0 \ s=0

M, xel,
10 x¢é1I,

and

mj—1

Dy=vYu|> Dy, Y |- (6)
j=0

u=m;—n;

The o -algebra generated by the intervals {I, (x) : x € G,,,}isdenoted by f,(n € N).
Let f := (f*, n € N) be a martingale with respect to f , (n € N). (for details see, e.g.,
[12)).

The maximal function of a martingale f* is defined by

[ =sup|f™].
neN

In the case /' € L;(G,,) the maximal functions are also be given by

J*(x) =sup S @) p ).
neN |In (X)| L,(x)
For 0 < p < 00, the Hardy martingale spaces H, consist of all martingales for
which
Vi, = ], < oo.
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The martingale f = (™, n € N) is said to be L,-bounded (0 < p < 00)if /™ € L,
and

f(n)

< OQ.
P

/1, := sup |
neN

If f € L (Gy), then it is easy to show that the sequence F = (S, f :n e N)is a
martingale. This type of martingales is called regular. If 1 < p < oo and f" € L, (Gp),
then f = (f™, n € N) is L,-bounded and

lim Sy —£], = 0.

consequently [|F||, = ||l > (see [S]). The converse of the latest statement holds also if
1 < p < oo (see [S]): For an arbitrary L,-bounded martingale /' = (f " ne N), there
exists a functionf € L, (G,,) for which /™ = Sy, f. 1f p = 1, then there exists a function
f € Li(G,,) of the preceding type if and only if f is uniformly integrable (see [5]) namely
if

lim sup / Iz (x)( du(x) = 0.
¥=eN J{|0]>y}

Thus, the map f — f = (Sum,f : n € N) is isometric from L, onto the space of
L,-bounded martingales when 1 < p < co. Consequently, these two spaces can be
identified with each other. Similarly, the space L; (G,,) can be identified with the space
of uniformly integrable martingales.

A bounded measurable function a is a p-atom if there exists an interval I such that

/ adu =0, llall < u (@7, supp(a) C 1.
1

If f = (f™, n € N) is a martingale, then the Vilenkin—Fourier coefficients must be
defined in a slightly different manner:

7= fim [ O du.
k—o0 G
The best approximation of /' € L,(G,,) (1 < p € 00) is defined as
E, (f7 Lp) = }%2}; ”f - P”p s

where P, is the set of all Vilenkin polynomials of order less than n € N.
The integrated modulus of continuity of /' € L, is defined by

1
0, <ﬁf> =sup I (41— Ol

The concept of modulus of continuity in H, (0 < p < 1) can be defined in the
following way:

1
on (3 1) = =9l
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Watari [11] showed that there are strong connections between

1
Cl)p (V,f) . EM,, (f,Lp)
and

If = Suf|

e p>1,neN,

In particular,

1 1 1
3@ (Vf) < If=Sufl, = o (ﬁf) Y]

and

1
5 U =Swfl, = Ew, (£ L) < |f = Suf ]|,

The Hardy martingale spaces H, (G,,) for 0 < p < 1 have atomic characterizations
(see [12,13]):

LEMMA 1. A martingale f = (f",n € N) € H, (0 < p < 1) if and only if there exist
a sequence (ay, k € N) of p-atoms and a sequence (i, k € N) of real numbers such that,
Joreveryn e N,

[o.¢]
> S =1, ae ®)
k=0

[e.¢]

Dl < oo.

k=0

Moreover,

00 1/p
1L, > inf (Z mm) ,

k=0
where the infimum is taken over all decomposition of f of the form (8).

For the proof of main result, we also need the following new Lemmas of
independent interest:

LEMMA 2. Let k, s € N and x € G,,. Then,

S/‘Z_l rz ) = cos (7T s Xy /my) sin (7T (s — 1) xk/mk)l

sin (7t x. / my.)

u=1
sin (7w sgxy /my) sin (7T (s — 1) x./my)
sin (7t x. / my.)
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Proof. Since

Skfl Skfl

2
Z rp(x) = Z cos ( TSk
u=1 u=1 k

m

g, 2mwux,
) + Z 1 sin( k) ,

my
u=1

if we apply the following well-known identities

u sin %5 cos —(”4'21)’6

E COSkX = ———F——
sin 2

k=1 2

and
" sin 5* sin ("Zl)x

E sinkx = —————
sin 2

k=1 2

We immediately get the proof.

LEMMA 3. Let k, N, 2 < si. < my, and x; = 1. Then,

Skz_:lr,, | = sin (7 (sx = 1) xe/mw) 1
i T sin (7 xx/ my.) -
Proof. Since

sin (7w (my — 1) /my)  sin(w/my)
sin (7w /my) Cosin(m/myg)

if we take graph of sin x into account, we obtain that

sin (7w (s — 1) /my)
sin (77 /my,)

> 1, for 2 < s < my.

Let x; = 1. By using Lemma 2, we get that

Sk—l

Z ) (x)‘ _ (0052 (sexx /my) sin® (7 (s — 1) xi/my)
“(x)| =
u=1

sin? (7t x./ my.)

sin? (s xx/my) sin? (7 (s — l)xk/mk)) 12
+ —

sin? (7r xx /my)
_osin(w (sg — D) x/my)  sin (o (s — 1) /my) 1
N sin (7 x5/ my) N sin (77 / my,) -

The proof is complete.

3. The main result. Our main result reads:

THEOREM 1. Let n = Z]io niM;. Then,

%v(n)—i— év*(n) <L, <vm)+v ().

https://doi.org/10.1017/50017089516000549 Published online by Cambridge University Press

23

(€

(10)

(11)

(12)


https://doi.org/10.1017/S0017089516000549

24 I. BLAHOTA, L. E. PERSSON AND G. TEPHNADZE
where X 1= sup,, . M.

Proof. First, we choose indices 0 < {1 <oy <l <oy <+ <y <y <y =
oo, such that o;+1<{yy, for j=1,2,...,5, m =0, for 0 <k < ¥y, m e
{1,2,...,m—1},for {; <k <ajand n, =0, for o;j <k < £;41. According to (6),
we have that

my—1

o0 0 my—n—1
Dy =i (zDM,(zr;;)—w (ZDM 5 ) 13
k=0 k=0

u=1 u=1

K o my—1 s o on—1
= (DD D Do ri | = (DD D ) i
j=1 k=t u=1 Jj=1 k=g, u=1
=1-1I
Since
k—1
My —1=>(m—1) M, (14)
j=0
if we apply again (6), we get that
k-1 mj—1
Dyj—1 = Y1 ZDMj Z ri
j=0 u=1
Hence,
s aj my—1 4-1 my—1
I=vy, | Y Dy Y = Dy Y 1t (15)
j=1 k=0 u=1 k=0 u=1

v i DMa,‘ﬂ*l DMz/»*l
- R

J=1

*\(Dutys = ¥ty Dy, — ¥r, 1
j=1 Moz/-+l_1 Mé/-_l
L)
" p UMyn-1 Y-
and
11y < ZI(HDM o] ) =25 = v,
J:
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Moreover,

K %]
Iy < D) e =118 | Du |,

J=1J=4
S aj

= ZZ|enj— 1|8j <v*(n).
Jj=1Jj=4

The proof of the upper estimate in (1) follows by combining the last two estimates.

Let x € Iy (xrer), where 1 < xp <np— 1 and ¢, :=(0,...,0,1,0,...) € G,
where only the kth coordinate is one, the others are zero. Then, by the definition
of Vilenkin functions, if we apply (14) and equalities xg = x; = --- = x3_; = 0, we
find that

Ya—1(x) =1, (16)

forany 0 </ <k.
Let ¢; <k < «; and x € [14| (xxer), where 1 < x; < n — 1. Then, in view of (5)
and (15), we get that

DM@ (X)
My, -1 (X)

S Diy ) D, ()
0 (; (m,ﬂl " Vot (x)))

j—1
= Yn (X) (_MZ/ + Z(Ma1+l - M(/)) .

=1

~Yn (x)

By using Lemma 2, we have that

my—ny—1
I =, (x) (DMk x > (x))

u=1

on—1 -1 on—1
+ Y (x) Z Dy, (x) Z () + Z > Duy, (x) Z i (x)
I=¢; s=0 1=,
= () M (7 (©ny) Xic/ myc) sin (7w (©me — 1) X/ mk)
IR sin (7 xx /my)
sin (7 (©mk) Xic/ my) sin (w (©nye — 1) xi/ my)
+ Y (x) My sin (77 X/ my)
k—1 J=1
FYu ()Y Mi©m =)+ 9, ()Y Mi(en—1).
I=¢; s=0 /=t

It is obvious that
II—1 -1 I —1\\"?
I -1 = ‘ ‘ = (Re2 (—) + Im? (—>> ) (17)
Vn Y Y
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On the other hand,
I71—-1 i -1
Im — 11, 5 (o (Sm0) xi/mo) sin (v (Smi = 1) xi/ i) a8)
Vn sin (77 Xy / my)
and
-1 sin (7t (©ny) xi/my.) sin (7 (©ny — 1) X1/ 1)
Re = Mk "
Vn sin (77 Xy / my.)
k-1 J-1 a j-1
+ Y Miem—1)+) Y Mi©m—1)+M,—Y (M1 —M,).
I=¢ 5s=0 1=t =1
Let x € li41 (ex) and A := sup,,.n m,,. Since x; = 1 and
sin (7 (©ny) Xi/ M) sin (7w (Smic — 1) X/ i) 0
sin (7w X/ my.) -
k—1 J=1 ay
ZMI(GHI -1)=>0, ZZMI(Gnl -1)=>0,
I=¢; s=0 I=t;
j-1
My, = (Mg — My) > 0,
=1
we obtain that
Re 11 -1 . sin (r (©ny) xk/l?qk) sin (7w (n — 1) xi./my,) > 0. (19)
Vn sin (7 xx / my)

If we apply (17)—(19) and Lemma 3, for x € [y (ex) we get that

(v (%5,7) +me (757)
1T —1I| = ( Re +Im
Y Y

. ((Mk c0s ( (&) xi/ ) sin ( (O — 1)xk/mk))2

sin (77 xi/ my.)

+ (Mk sin (7 (©ny) X/ my) sin (1 (Sny, — l)xk/mk)>2 v
sin (77 X/ my)

- M sin (7w (S — 1) xx /i) >

- My |en; — 1]
- sin (7w x/my.) '

My,

Let x € Iy 42 (Xo+1€441) , Where 1 < Xo,41 < mg1 — 1. Then, by using (6) if we
invoke equalities (13), (15) and (16) we get that

|Dy| =
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J
=30 (e 2
WMW 1 Y, -1

k=1

(073 ml,nI,I

(=30

k=1 I=t; u=1

J o
=Y | Mo = M) =D " lom — 1| M,

k=1 1=t

J o
= | (Mo = M) = ) (= 2) M,

k=1 1=ty

J % -
- Z (Mo 41 — My,) — ZMm + ZZM’

k=1 Py pry
J [+
Z /= My,
- /
k=1 I=t
Hence,
s o
My |en, —1
L,> / Milom 11,
1=0 k=¢,+1 Iiy1(ex) A
s Mo+l 1
> 2 Mo, dp

=0 Xg1=1 Loj+2 (xuf+] €uj+1)
. ’ ¢

N Milon—1] 1

> +

A Mt

—
Il
S
=~
I

S

N aj S

|ony — 1| 1

22 tlyE
=0 k:[} _]=0

The proof is complete.

- (mﬂtj+1 - 1) M“j
M, +2

J=0 4

> L0 )+ o).

27

0

The next result for Vilenkin systems is known (see, e.g., [1]) but it also follows from

our result.

COROLLARY 1. Let g,= My, + Mo, 2 + - - - + M>. Then,
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—<|p
ﬁ— qn

1<An,

where A := sup,,cn M.

Proof. First, we observe that
v(g) = 2n. (20)

By using Theorem 1, we get that

1 n
”qul ||1 z Hv(qn) = ﬁ

Moreover, since

n

Vi)=Y (my—2) <=2 1<(—2)n

Jj=0 j=0
if we apply (20), we readily obtain that
||an ”1 <v*(¢g)+v(g) <(A—2)n+2n=xrn.

The proof is complete. O

Finally, we mention that the following well-known results for the Walsh systems
(see the book [7]) also follow directly from our main result.

COROLLARY 2. For the Walsh system, the inequality
1
gv(n) <L,<v(n

holds.

4. Applications. First, we use our main result to find a characterization for the
boundedness (or even the ratio of divergence of the norm) of a subsequence of partial
sums of the Vilenkin—Fourier series of H; martingales.

THEOREM 2.
(a) Let f € Hy and My < n < My.,. Then, there exists an absolute constant ¢ such
that

1Suf 1z, < € () + v* ) f 1, -

(b) Let {®, :n e N} be any non-decreasing and non-negative sequence satisfying
condition

Iim ®,, = co
n— 00

and {n; > 2 : k € N} be a subsequence such that

i 20%) V" ()
im ———— =00

k—o00 i

€2y
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Then, there exists a martingale f € Hy such that

— 00, ask — oo.

sup

keN e 1

Proof. (a) In view of Theorem 1, we can conclude that

IS/ 1ly < La If 1y < Lo U Nl s,
<c@®@+v @) Iy, -

Let us consider the following martingale:

Jg =S Sufs k= 1)
= (Sufs s Satfoos Sufse s Sufo).

It is easy to see that

1S/ e, < Wl < Sl;pk’SMﬂ 1S = Wl + 1Sef 1
0</<k 1

= Wlla, + @@+ 0" @) Il < c@@)+ 0" ) 1, -

(b) Under the conditions of Theorem 2, there exists an increasing sequence
{or 1 k€ N;} C {ny : k € N} of the positive integers such that

0 !/
> 5 <00 (22)
o (W) +v* ()
Let
fP= ) .
{k: |ou| <n}
where
P2
— ak — —_—
T vy T P TP )
By combining (22) and Lemma 1, we conclude that the martingale f € H;.
It is easy to see that
oy .
?(]) m, if ]G{M|ak|,...,Mlak|+]_1}, keN (24)
0, if j¢kUO{M|ak|,---,M\ak\+1—1}-

It follows that
Sef
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| k! 1/2

q>°"‘ 5 () + v* (o ))1/2 (D My — DM\a,\)

Dy, — Dy

Jerge|

1/2 12"

(v (o) + v* ()

Hence, if we invoke (21) and (22) for sufficiently large k, we can conclude that

H Suf |De |
Doy [}~ @4 (v () + v* (o))
1o, |,
ere |
D) (v (o) + v* (ak))”z
1 k—1 q>é{2 ”D D
Do, = (v (o) + v* (@) Mt = M

[ D | A

| 2 2": @,/
Do) (v (ap) + v* (@) P 4 (v(a>+v*<a))”2

i=1

. 12
> ¢ (v (@) —i_l/z (@) — ¢ — 00, when k — oo.
oY
The proof is complete. O

At first we prove the following estimation:

COROLLARY 3. Let f € Hy and My < n < Myyy. Then, there exists an absolute
constant ¢ such that

IS0/ = g, < ¢ (m) +v" (W) wp, (Mikf) (25)

Proof of Theorem 3. By using Theorem 2 and obvious estimates, we find that

1SS = F i, < |Sif = Suaf | g, + [Swaf —f |,

= ”Sn (SMkf_f)”H] + ”SMk.f _f”H]
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=(@m+v" () + Dop, <Mka>

<+ v (Mo (M%f> .

Thus, the proof is complete. O

Next, we use Corollary 3 to derive necessary and sufficient conditions for the
modulus of continuity of martingale Hardy spaces H,, for which the partial sums of
Vilenkin—Fourier series convergence in L,-norm. We also point out the sharpness of
this result.

THEOREM 3.
(a) Let f € Hy and {ny. : k € N} be a sequence of non-negative integers such that

1 1
oy | —.f)|=0| ——— ), ask — oo.
. (Mnk f) (U(nk)+v* (”lk))
Then,

”Snkf —f”Hl — 0, when k — oo.
(b) Let {ny : k > 1} be sequence of non-negative integers such that

sup (v () + v* (n)) = o0.
keN

Then, there exists a martingale f € H\ and a sequence {ay : k € N} C {n; :€ N},

for which
1 1
i (M_f> =0 (v(ak)+ = (ak))

limsup | S,/ — f], > ¢ > 0 when k — oo. (26)
k—o00

and

Proof. The proof of part (a) follows immediately from (25) in Corollary 3.
Under the conditions of part (b) of Theorem 3, there exists a sequence {oy : k €
N} C {n; : k € N} such that

v(ag) + v (o) + oo when k — oo (27)
and
(v (o) + 07 (@)’ < v (@s1) + V" (@es1) (28)
Let
[ = Z Al
{k:lou|<n}
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where

1
A= ———, . =D — Dy, .
CT V) F o)’ T T e T Mg
By combining (27), (28) and Lemma 1, we conclude that the martingale /" € H,.
It is easy to see that

1 e
@) lfje{M|ak|,...,M|ak|+1—1},kEN,...

SO = 0, ifj¢k@Q{MWH,...,M\ak\H—1}. (29)

It follows that

Dy, — Dy
Saf = 121: v ((z ‘)H-l- V¥ (oz‘)” t (o) + v* l(ZL)' (30)
Since
Su,f =f", forf=(f":neN)eH
and

(Suf™ : k € N) = (Sp, Sur, fo k € N)
= (Satfy -+ Su, o fs Sanfs Swafo -+ )

— (f(O)’ o ’f(nfl)’f(n{f(n)’ N ) ,
we obtain that
f=Suf = (% ~Suf keN)
is a martingale for which

k=0,....,n,
(f = Su, )P {f(k) O k>4l " (31)

According to Lemma 1, we get that

nd 1

I =Sufll = 22 oy
il i:nz+lv<ai)+v (@)

1
= - h .
0<v(an>+v*<an>> when 71 = 00

By combining (5), (29) and (30) with Theorem 1, we obtain that

—SaJ||1
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_ )
DM|ak\+1 D,, Z Datoi — Dy

> | (¥
i) + vt () S v(@) +o* (a0)
”Da/‘. ||1 B ||DM‘O%|+] ”1 _ i ”DMIaIIH - DMW ”1
T ovla) Fot(a)  vla) Fot(e) S v@) ot ()

1 = 1
RETCAETrE R D e Ewen

3
v () + v* (o)

Hence,
limsup || S,/ —f], > ¢ > 0ask — oo.
k— 00
The proof is complete. O

This known results can be found in [8].

COROLLARY 4. (a) Letf € Hy and
o, | — =0\ - when n — 00.
! Ml ’ n ’

ISkf = fllzr, = 0, when k — oo.

Then,

(b) Then there exists a martingale f € Hy, for which
! fl=0 ! h
WH, Mn’ = ” wnen n — o0

1S/ — £l = 0 when k — oo.

and
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