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Abstract

We introduce the concept of strong property (B) with a constant for Banach algebras and, by applying a
certain analysis on the Fourier algebra of the unit circle, we show that all C*-algebras and group algebras
have the strong property (B) with a constant given by 2887(1 + V2). We then use this result to find a
concrete upper bound for the hyperreflexivity constant of Z"(A, X), the space of bounded n-cocycles from
A into X, where A is a C*-algebra or the group algebra of a group with an open subgroup of polynomial
growth and X is a Banach A-bimodule for which H"*!(A, X) is a Banach space. As another application,
we show that for a locally compact amenable group G and 1 < p < oo, the space CVp(G) of convolution
operators on L?(G) is hyperreflexive with a constant given by 38472(1 + V?2). This is the generalization of
a well-known result of Christensen [ ‘Extensions of derivations. II’, Math. Scand. 50(1) (1982), 111-122]
for p =2.
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1. Introduction

The concept of hyperreflexivity is a strengthening of the well-known notion of
reflexivity. The latter notion that was first defined in [23] has attracted much attention
over the years. It has its origin in operator theory and at first was defined for the
subspaces of B(X). In [16], Larson generalized the concept of reflexivity to the
subspaces of B(X, Y), where X and Y are Banach spaces. One goal was to study the
local behavior of derivations from a Banach algebra A to a Banach A-bimodule X.
Let A be a Banach algebra and X a Banach A-bimodule. One interesting question
is under what conditions each local derivation from A into X is a derivation or,
equivalently, when Z'(A, X) is algebraically reflexive. One could also study the
continuous version of this question: when the space of bounded derivations from A
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into X, namely Z'(A, X), is reflexive. Johnson showed that Z'(A, X) is algebraically
reflexive when A is a C*-algebra [14]. In [20], the first named author generalized
the concept of local derivations to the higher cohomologies and defined the local
n-cocycles. He showed that if A is a C*-algebra and X a Banach A-bimodule, then
every bounded local n-cocycle from A™ into X is an n-cocycle. In a subsequent paper,
he introduced the concept of reflexivity for bounded n-linear maps [21]. He showed
that if G is a locally compact group with an open subgroup of polynomial growth
and X a Banach L!(G)-bimodule, then Z"(L'(G), X), the space of bounded n-cocycles
from A into X, is reflexive. More results related to these questions can be found in
[5,7,9-13, 15-17, 19].

As was pointed out above, the concept of hyperreflexivity is a strengthening of
reflexivity. This concept was first introduced by Arveson in [4] and proved to be
powerful in operator theory. For instance, mainly due to the work of Christensen,
it was shown that injective von Neumann algebras are hyperreflexive [6]. It is not
known whether one can remove ‘injectivity’ from the preceding statement. In fact,
this is equivalent with several open problems in operator algebras including Kadison’s
similarity problem [18]. The first attempt in studying the hyperreflexivity for the space
of derivations was done by Shul’man in [24], where he showed that Z'(A, A)) is
hyperreflexive for a C*-algebra A if H?(A, A) = 0. For group algebras, it was first
shown in [2] that Z'(L'(G), L'(G)) is hyperreflexive for each amenable group with
a small invariant neighborhood (SIN). In [21], the first named author extended the
preceding result and showed that Z'(L!(G), X*) is hyperreflexive if G is an amenable
locally compact group with an open subgroup which is of polynomial growth and X is
an essential Banach L!(G)-bimodule. In particular, Z'(L'(G), L'(G)) is hyperreflexive
for such a group. In [3], the latter result was extended further, so that one could drop
the assumption of ‘amenability’.

In the preceding work [22], we considered the extension of the concept of
hyperreflexivity to the subspaces of bounded n-linear maps between Banach spaces,
taking into account their multilinear structure. We mostly focused on Z"(A, X), the
space of bounded n-cocycles from a Banach algebra A into a Banach A-bimodule
X, and found sufficient conditions under which Z"(A, X) becomes hyperreflexive.
We demonstrated that for a large class of Banach algebras, including nuclear
C*-algebras and group algebras of groups with open subgroups of polynomial
growth, these sufficient conditions hold, which gave evidence that our conditions are
satisfactory. However, our approach in [22] did not give us any information about the
hyperreflexivity constant of these spaces.

Our goal in this article is to fill out this gap by focusing on finding an upper bound
for the hyperreflexivity constant. In this regard, we make use of the Fourier algebra of
the unit circle A(T) and give a characterization of bounded linear maps from A(T)
into its dual which almost preserve support (see Theorem 3.3). We then make an
appropriate modification of our approach in [22], such as introducing the concept of
the strong property (B) with a constant for Banach algebras (Definition 3.1), and show
that one could obtain hyperreflexivity of bounded n-cocycle spaces along with some
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information about the hyperreflexivity constant. We use our results to show that if A
is a C*-algebra or the group algebra of a group with an open subgroup of polynomial
growth and if X is a Banach A-bimodule for which H"*!(A, X) is a Banach space,
then the hyperreflexivity constant of Z"(A, X), the space of bounded n-cocycles from
A into X, is bounded by

C2" N (M?3847%(1 + V2) + (M + 1)*)"™1,
where M is a bound for the local units of A and C is a constant satisfying
dist(T, Z"(A, X)) < C||6"(T)|| (T € B"(Z,X)).

In the final section, we look at the space of convolution operators on L?(G) for
a locally compact group G and 1 < p < co. For p =2, CV,(G) is nothing but the
group von Neumann algebra of G generated by its left regular representation. It is
well known that CV,(G) is an injective von Neumann algebra if G is an amenable
group and so it is hyperreflexive by [6]. We extend this result to CV,(G) for all
1 < p <co.For p # 2, CV,(G) is no longer a von Neumann algebra, so that we cannot
use Christensen’s result. However, we show that the methodology we developed to
study the hyperreflexivity of n-cocycle spaces compensates the lack of the theory of
von Neumann algebras in this situation. We apply successfully our method and show
that for an amenable group G and 1 < p < oo, CV,(G) is hyperreflexive with a concrete
upper bound estimate on the hyperreflexivity constant.

2. Preliminaries

Let X and Y be Banach spaces. For n € N, let X be the Cartesian product of n
copies of X and B"(X, Y) be the spaces of bounded n-linear maps from X into Y. Let
S be a closed subspace of B"(X, Y). For every T € B"(X,Y), we define

dist(7, ©) = inf | - S|
€c

and
dist,(T, S) = sup inf |T(x1,...,x,) =S (xp, ..., %)l
lxill<1 S €S
It is clear that for all T € B"(X, Y),
dist, (T, ©) < dist(T, ©).

We define S to be reflexive if for every T € B'(X,Y), dist (T, S) = 0 implies that
dist(T, ©) = 0. We define S to be hyperreflexive if there exists some C > 0 such that
forall T € B"(X,Y),

dist(7, S) < Cdist(T, S).

It is straightforward to verify that dist, defines a seminorm on the quotient space
B"(X,Y)/S given by
IT + G|, = dist,(T, S).
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It follows easily from the definition that S is reflexive if and only if || - ||, is @a norm on
B"(X,Y)/3. On the other hand, S is hyperreflexive if and only if || - ||, is equivalent to
the dist norm on B*(X, Y)/S, which is nothing but the quotient norm on B*(X, Y)/S.

Let A be a Banach algebra and let X be a Banach A-bimodule. A bounded operator
D € L(A, X) is a derivation if for all a,b € A, D(ab) = aD(b) + D(a)b. For each x € X,
the operator ad, € B(A, X) defined by ad,(a) = ax — xa is a bounded derivation, called
an inner derivation. Let Z'(A, X) be the linear spaces of bounded derivations from A
into X. Forne Nand T € B"(A, X), define

6”T : (ala‘ . ’an+1) axd alT(a27° . "an)
n
+ Z(—l)jT(al,---,Cljaj+1,---,an+1)
=1

+ (_1)n+l T(alv e an)an+1-

It is clear that §" is a linear map from B"(A, X) into B"*!(A, X); these maps are the
bounded connecting maps. The elements of ker 6" are the bounded n-cocycles; we
denote this linear space by Z"(A, X). It is easy to check that Z'(A, X) coincides with
our previous definition of this notation.

Let A be a Banach algebra and let X be a Banach A-bimodule. By [8, Section 2.8],
for n € N, the Banach space B"(A, X) turns into a Banach A-bimodule by the actions
defined by

(axT)ay,...,a,) =aTl(a,...,a,),
(T % a)ay,...,a,) =T(aay,...,a,)

n
+ Z(—l)-’T(a,al,...,ajaj+1,...,an)
=1

+(=)""T(a,ay,...,a.1)a,.

In particular, when n = 1, B(A, X) becomes a Banach A-bimodule with respect to the
products
(ax T)b)=aT ), (T xa)b)=T(ab)-T(a)b.

Let A, : B*!(A, X) — B"(A, B(A, X)) be the identification given by
(An(T)ar, ... an))ans1) = T(ay, ..., aps1).

Then A, is an A-bimodule isometric isomorphism. If we denote the connecting maps
for the complex B"(A, (B(A, X), x)) by A", then it is shown in [8] that

An+l ° 6n+1 =A"o An-

3. A constant for the strong property (1B)

The concept of the strong property (B) first appeared in [1] for C*-algebras and
group algebras, where it was shown that they all possess this property. However, it was
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formally formulated and introduced in [22] for general Banach algebras and was used
to obtain hyperreflexivity of bounded n-cocyle spaces from various Banach algebras.
Since we are looking for further information such as a bound for the hyperreflexivity
constant, we require a more refined version of the strong property (B), that is, when its
associated function is a line as described below.

DermviTion 3.1. We say that a Banach algebra A has the strong property (B) with a
constant R > 0 if for each Banach space X and every bounded bilinearmap ¢ : A X A —
X with the property that

a,beA, ab=0= |lpa, bl < allalllbll,
we can infer that
llpab, ¢) — ¢(a, bo)ll < Rellalllibllllcll - (Ya, b, c € A).
In other words,
llp(ab, c) — p(a, bo)ll < Radp)llall 1Bl llell - (Ya, b, ¢ € A),

where
() = sup{llp(a, bl : a,b € A, |lall, ||bl| < 1,ab = 0}.

We note that by a simple application of the Hahn—Banach theorem, it suffices to check
the preceding property for the case when X = C. We will use this alternative definition
when it is more convenient.

We will see later in Section 4 that existence of a constant for the strong property
(B) is fundamental in finding an upper bound for the hyperreflexivity constant of the
bounded n-cocycle spaces.

3.1. Fourier algebra of the unit circle. As was mentioned above, in order to
achieve our goal in finding an upper bound for the hyperreflexivity constant of the
bounded n-cocycle spaces of C*-algebras and group algebras, we need to find a
constant for the strong property (B) for such Banach algebras. In the present section we
aim to find such a constant for the Fourier algebra of the unit circle. Interestingly, we
only need to study this case to find a constant for the strong property (B) of C*-algebras
and group algebras (see Theorem 3.4).
Let T denote the unit circle in C, that is,

T={zeC:|z =1}

Here we identify T with R/Z = [—n, ]. In this case s = ¢ if s = #(mod 27Z). For every
f € L'(T), the Fourier transform on f, denoted by f, is defined by

fn) = RS f " fe™dr  (neZ).
2 J_,
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The Fourier algebra of the unit circle is defined as follows:

A = {1 € L' s Wfllacsy = ) fon < oo},

nez

It is well known that A(T) € C(T), the space of continuous functions on T. Also, A(T)
with pointwise addition and multiplication and the norm || - ||4¢t) is @ Banach algebra.
The following lemma is essential for us to get our result.

Lemma 3.2. Let X be a Banach space and F : A(T) — X a linear map with ||F|| < 1.
Suppose that 0 < a < 1 is such that for each ¢, € A(T) with supp ¢ N suppy = 0,

IF (e = @)ll < allell 11l
where y(x) = y(x~"). Let f € A(T) be given by f(s) = € — 1. Then

IF(HII < 8n/3(1 + V2) Va.
Proor. Let 0 < € < 3. Define
We={xeT:|If = Refllarr) < €},
where (R, f)(s) = f(s + x). Note that for s € T,
(f = Ref)(s) = (1 — &™).
Hence, if we define e;(s) = €', then
Ilf = Refllacry = lledll [T = €™ = |1 — ™.

So '
We={xeT:|1-¢e"<e}.

We show that for each 0 < ¢ < €, [-(e — 9), (e — 6)] € W.. Let 0 < x < . Applying the
vector-valued mean value theorem to the function f/joj, we find 0 < ¢ < x with

L@l = 1f(x) = FOI < f (x| < |x].

If - < x < 0, we use the same argument on the interval [x, 0]. For x = 0, the inequality
trivially holds. So, for each 0 < ¢ < € and for all x € [—(e — 9), (e — d)],

le™ = 1] = |f(x)| < x < €.
It means that [-(e — 6), (€ — 6)] € W.. Define
—(e—-0) (6—5)] [—(6—5) (€ -0)
s s U66 = s
3 3 6 6
Then Vs + Ves+ Ves S Weand Ugs + Ues = Ve 5. Now put
! 1
U= ——— *
AUe)?

VE,(S =

1 Us,ri
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and
1

y= Iy, *1) 3.1
f(/l(VE’(;) VegtVes * 1y, (3.1)

Obviously, 1y, € LA(T). Since A(T) = L*(T) = L*(T), we have u € A(T) € C(T) C
L*(T) € L'(T). It is easy to check that Ny, ,ll2 = yJA(Ues). By definition of the Fourier

norm,
1
< ——|1y b1y,
|lzellacr) /l(UE,(;)z” Uesll2llull2
1 6
AUes) €-0 (3-2)
Since 1y,, € LX(T) € L'(T) and L*(T) is an L'(T)-module with respect to the
convolution,
< ——7:= 1 . 33
122115 A(UE,(;)Z” Ues Ty 4ll2 (3.3)
It is easy to check that [|1y,,ll1 = A(Ues). So, by (3.3),
AUc5)*"? 1 6m
llully < == = = : (3.4)

AU AUes)'? €-6
We show that suppu € Ucs + Ues. Let x € [—n, xr]. Then

T

1
Qugs o)) = 5 f ly Wy, (x = y)dy
1

= e ly (x —y)dy.
T Ue.ﬁ

So, for x to be in supp u, there should exist y € supp 1y, = U such that x —y €
supp ly,, = Ues. S0, x € Ues + Ueps.
We also have

1 ¢ 1
= — d = — 1 - 1 = 1 35
[lz2ll4 27rf u(x)dx /l(UE,(;)ZH Ueslliily sl (3.5)

T
Next we prove some properties related to v defined in (3.1).
First of all, note that 1y_j,v,_,, lv., € L*(T). So, Ly ;+v., * Ly, € A(T), which implies
that v € A(T). Also,

1
1VE,§+V5,J * 1Ve.d

Vllacry < 11 fllace

A(T)

< m”f”A(T)”lVE'5+VEV(;”2||1V&5||2-

Obviously, |1y, ,+v,,ll2 = yA(Ves + Ves) and [[1y,,|l2 = yA(Vee). So,

AVes + Ves)\!/?
Wlace) < 1l ===

/l(Ve,é)
@ 12
-(%5) =2v2 (3.6)
on

https://doi.org/10.1017/51446788719000089 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788719000089

[8] Hyperreflexivity constants of bounded N-cocycle spaces 119

Using (3.6), we can write
ILf = vllacry < [1fNlacr + [Vllacn
<21+ V2). (3.7)
Similar to what we proved for ,
suppv € supp (v ,+v., * 1v,) € Ves + Vs + Ves C We.

We now show that for each x € V5, f(x) = v(x). To see this, take x € V5. Then

1 T
Ty s4vs * 1y )(x) = ﬂf VsV, (X = W)Ly (W) dw

1
ﬂ 1V616+V5)§(x - W) dW
= ﬂ(VE,(s)-
Hence, f(x) = v(x). This implies that
supp (f —v) C V¢, (3.8)

We show that ||v]|, < 2e V(e — 6)/6m. Let x € W,. Then
[f (0l = 1£(0) = R, f(0)]

<f = Rifllo
<If = Refllacm
<e

Since suppv € W,

1
IV = — f

g_L_
AVes)?

2
1Vg.§+Ve.a‘ * 1Ve,5(t) dt

/1(V 5)

2
My, ;+v.s * Lyl

2 2 f
S € m||1V6'5+VE'6||2”1V66“1

2 2
AV + VAV,
¢ A(Ves)? (Ve Veda¥es)

2 4(e - 6)'
6

mﬂzs26w/5:é. 3.9)
or

We now show that ||f — f * it||scT) < €. We can write f * & as a Bochner integral

f*u= i‘fﬂu()c)Rxfdx.
2 J_n

This implies that
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By (3.5), (1/2n) f_’; u(x)dx = 1. Therefore,

1 T
1 = f * illacr) = ZTH f (f = Refu(x) dx

A(T)
1

< — I = Re Al acmylu(x)] dx,
27[ Us.6+Us,6

<e,

where the last inequality follows from the fact that U5 + U, s € W, and ||u||; = 1. On
the other hand, using (3.4) and (3.9),

v * dillacry < llull2 VIl
6 €—-0

2e
€—0 T

So, if we puta = (f —v) = ii, then

IIf = allacry < |If = f * dllacry + 11V * @l acm
< €+ 2e=3e. (3.10)

Now we can write

IEOOI = IF(f —a+a)ll
<F = all + IF@).

Since a = (f — v) = it and by (3.8), supp (f — v) N supp it C V;"é N Ves = 0, we have (by
hypothesis)
IFE @Il < allf = vilaellullac-
Hence,
IEON < I = allaery + @Il f = Vilaemllullacry.
Using (3.2), (3.7) and (3.10),

6
IF()Il < 3€ +a2(1 + «/5)—”6 O<e<3,0<6<e)
.
Letting § — 0, A = 47 and B = 127(1 + V2),
B
IFCHI Sinf{Ae+ “—,0<e<3}. G.11)
€

Define k : (0,3) — R* by k(¢) = Ae + aB/e. Then

, aB /aB
k(f)zA—?z():)f: T

Note that for each 0 < @ < 1, we have VaB/A < \/3(1 + \5) < 3. So, by (3.11), we

can write

||F(f)||sk(,/‘fTB):2«/ABa:8n 3(1 + V2) va. o
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We are now ready to prove the first main result of this section, which, in part, implies
that A(T) has the strong property (B) with the constant 288x(1 + V2). The method of
our proof was partly inspired by [1, Lemma 3.1] and its proof but it goes further to
provide a concrete constant for the strong property (B).

THeorREM 3.3. Let ¢ : A(T) X A(T) — C be a continuous bilinear map satisfying the
property
1.8 € A(T), supp fNsuppg=0=Ip(f, 8l <allflllgl (3.12)

for some a > 0. Then
IB(fg. h) — B(f. gh)l < 288x(1 + V2)el|f 1 lIgll 1]
forall f,g,h e A(T).

Proor. First assume that O < @ < 1 and ||¢|| < 1. The map ¢ gives rise to a continuous
linear operator @ on the projective tensor product A(T)® A(T)(= A(T x T)) defined
through

O(f®g) =9¢(f.8) (f,8<A).
We define N : A(T) — A(T x T) with

Nk(s,t) =k(s—1) (ke A(T), s,t€T).

Pick f,h € A(T) with ||f]], ||2]l < 1 and define Ny, : A(T) — A(T x T) with
Nypk = Nk(f ® e1h),
where e; € A(T) is given by e;(s) = . Then it is easy to check that
Nip(er —1)= fei®h— f®eh. (3.13)
Note that for i, ¢ € A(T), we have the Bochner integral equality
N(gp =) = fT R.p ® R dx.

Hence,

Npn(p ) = fT (Rxp)f ® (Rp)e hdx. (3.14)
If supp ¢ N supp ¥ = 0, then

supp ((Rxp)f) N supp (Rxp)erh) = 0.
Hence, using (3.14),

B o Nyale + )] < fT ID(R@)f ® (Raer)] dx
< fT IB(R@)f. Raerilldx  (by (3.12))

< fT lldR )1l IR e | dx
< allgll vl
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Hence, by Lemma 3.2,

(@ o Nyp)er — DI < 8r+/3(1 + V2) Va,
which, by (3.13), implies that
lp(fer,h) — ¢(f,erh)| = |P(fer ® h — f®eih)|
< 874/3(1 + V2) Va. (3.15)

Now we show that

l¢(fen, h) — d(f, en)| < 8m+/3(1 + V2) Vel Il 1Al (3.16)
for all f, h € A(T), where e, denotes the function in A(T) defined by

en(s) =™ (seR,ne2).
For a € A(T), let a, € A(T) be the function defined by
a,(x) = a(nx).
Note that e, = (e1),. Define 7 : A(T) X A(T) — C by
7(a,b) = ¢(fa,, hb,) (a,b e A(T)).

Note that if a € A(T), then a(s) = ;% a(k)e™; hence, a(ns) = 3,2 ak)e™™ and
so a, € A(T) with

+00
llanll < Z ladil = llall.

k=—c0

Moreover, if a, b € A(T) are such that supp a N supp b = 0, then it is easily seen that
supp fa, N supp hb, = 0. So,

[7(a, b)l < lip(fan, hb,)ll
< allfall|hbyl|
< allal|[1b]]-

[t(er, 1) —7(1,e1)| < 81 +/3(1 + V2) Va. (3.17)

T(el’ 1) = ¢(fen’ h)? T(I’ el) = ¢(f’ enh)’
which, together with (3.17), gives (3.16).

From (3.15),

On the other hand,
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Now let g € A(T). Since g = 3./2° _ 8(k)ex, by applying (3.16),

k=—c0

6078, - (7, ¢ = o S tse n)- o, 5 2kyech)
k=—00 k=—c0

< RN Few, h) = ¢(f exh)]

< D RGBT 3(1 + V2) Va

= 87/3(1 + V2) Valigl.

Therefore, if f, h € A(T) are arbitrary elements,

6(fg. 1) — G(f, gh)| < 8m~3(L + V2) Vel fll ligh IIAl. (3.18)

Next, let m : A(T X T) — A(T) be the multiplication map which maps every elementary
tensor f ® g € A(T X T) to fg € A(T). It follows from (3.18) that foru = 3\, fi® g; €
A(T x T), we can write

|Ou) — ¢(1, m(u))| = ’cb( i fi®gi— i 1 ®figi)‘
i=1 i=1

<873(1+ V2)va Y IIfill g
i=1

In particular, for every u € I := kerm,

|O(u)| < 87/3(1 + V2) Vallull,
implying that
D)1l < 874/3(1 + V2) Va. (3.19)

Now consider the general case. Let ¢ : A(T) X A(T) — C be a continuous bilinear
map satisfying (3.12) for some « > 0. Without loss of generality, we can assume
that @|; # 0. Let @y € I* with @y = ®|;/||D|||. Then ||Dy|| = 1. By the Hahn—Banach
theorem, @ can be extended to ¥ € A(T x T)* with ||¥]| = 1. For f, g € A(T) with

supp f Nsupp g = 0,
[P(f ® gl = |Do(f ® gl

1
- o
i €8
(07
< gl
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Put ag = a/||®|;||. Then ||| =1 and 0 < @y <1 (we can assume that a < ||D|,||,
otherwise the statement is trivial). By the first part and (3.19),

L =1|Doll = [l
< 87+/3(1 + V2) Vg

(04
=8 3(1 2 .
w31+ ‘f)\/ T

This implies that
D]l < 1927°(1 + V2)a.

In particular, for every u € I,
|O(u)| < 1927%(1 + V2)aull.
Finally, for f, g, h € A(T), it is clear that fg® h — f ® gh € I. So, we can write
l6(fg, ) — ¢(f, gh)| = 1O(fg @ h — f ® gh)|
< 19272%(1 + V2)allfg® h - f ® ghl|
< 3847%(1 + V2)allf1 ligll 1Al m

One important application of Theorem 3.3 is to obtain a constant for the strong
property (B) of C*-algebras and group algebras. The approach we need to use is
the same as that provided in [1] with a slight modification using our result from the
preceding subsection. Hence, we do not give a proof to the following theorem and we
just refer to [1, Theorems 3.4 and 3.5] (see also [1, Lemma 3.2]). We highlight that
the approach in [1] does not give a constant for the strong property (B), whereas our
modification does, as the following theorem shows.

TueEOREM 3.4. Let A be a C*-algebra or a group algebra. Then A has the strong
property (B) with a constant given by 384r1*(1 + \2).

4. A bound for the hyperreflexivity constant

In this section, we show how the existence of a constant for the strong property (B)
can help us to find an upper bound for the hyperreflexivity constant of the bounded
n-cocycle spaces. We then apply our result to C*-algebras and group algebras. We
achieve our goal by modifying the approach in [22] and its main result. We start by
stating without proof the following theorem, which is a straightforward modification
of [22, Theorem 3.6], taking into account our concept of the strong property (B) with
a constant.

TuEOREM 4.1. Let A be a unital Banach algebra with unit 1 having the strong property
(B) with a constant R. Suppose that X is a unital Banach A-bimodule, n €N, T €
B"(A, X) and let y > 0 satisfying

apa; = aiay = -+ = apays1 = 0= |lagT (ay, . . ., ap)apall < yllaoll - - - llanll.

https://doi.org/10.1017/51446788719000089 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788719000089

[14] Hyperreflexivity constants of bounded N-cocycle spaces 125

Also, T(ay,...,a,) =0iffor some 1 <i<n,a; =1. Then
l6"(T)Il < 2"~'R"*y.

The following theorem presents the platform for our approach toward computing a
bound for the hyperreflexivity constant of bounded n-cocycle spaces. This is, again,
the modification as well as an improvement of [22, Theorem 3.8] since it allows us to
have a concrete bound for the hyperreflexivity constant. But, first, we need to recall
the concept of bounded local unit for a Banach algebra defined in [22, Definition 5.1].

We say that a Banach algebra A has bounded local units or in brief b.Lu. if there are
dense subsets A; and A, of A and M > 0 such that for every a € A, (respectively b € A,),
there is ¢ € A (respectively d € A) with ||c|| £ M (respectively ||d|| < M) satisfying

ca=a, bd=D>b.

ReEmark 4.2. Suppose that A is a Banach algebra with b.l.u. It follows easily that
A has a bounded approximate identity. On the other hand, if {e;};c; is any bounded
approximate identity for A, then it follows from the proof of [22, Proposition 5.4]
that the bounded local units of A can be chosen such that they are bounded by
sup;cilleill} + €, where € > 0 is arbitrary.

THEOREM 4.3. Let A be a Banach algebra having b.L.u. and the strong property (B)
with a constant R. Let M be the least upper bound for a bounded approximate identity
of A. Let n € N and suppose that X is a Banach A-bimodule such that H' (A, X) is a
Banach space. Then, for each T € B"(A, X),

dist(T, Z(A, X)) < C2""Y(M*R + (M + 1> dist (T, Z"(A, X)),
where C is a constant satisfying
dist(T,Z"(A, X)) < C|I6"(T)|l (T € B*(Z,X)). 4.1)

Proor. Let T € B"(A, X). By [22, Lemma 3.7], for every q; € A i=0,....n+ 1, with
apay = -+ = apdpyy = 0,

llaoo (T)(ar, . .., ap)ani|l < dist(T, Z"(A, X)llasll - - - llans1ll,
where o(T) : A* — X is defined by
oMb+ A,....b,+,)=T(,...,b,) (b;eA, 1 €C).
Moreover, if for some 1 <i<n, a; =1, then
o(T)(ay,...,a,) =0.

On the other hand, applying Remark 4.2 together with a close examination of [22,
Theorem 5.3] and its proof shows that A* has the strong property (B) with a constant
given by

(M +€’R+(M+e+ 1),
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where € > 0 is arbitrary. Hence, we can use Theorem 4.1 to write
6" (o (THI < 2" (M + €)*R + (M + € + D)*)™ ! dist (T, Z"(A, X)). (4.2)

Now, since H"*!(A, X) is a Banach space, Im&" is closed. Hence, by the open
mapping theorem, there is a constant C > 0 such that for each T € B"(A, X),

dist(7, Z"(A, X)) < Cll6"(D)Il- (4.3)
It is straightforward to check that
16" (DIl < [I6* ((TH)I. 4.4

Hence, putting (4.2), (4.3) and (4.4) together,
dist(T, Z"(A, X)) < C2" (M + €)*R + (M + € + 1)*)"* ! dist(T, Z"(A, X)).
By letting € — 0, we get what we desired. O

We showed in Section 3.1 that every C*-algebra and group algebra has the strong
property (B) with the constant 3847%(1 + \/f). On account of Theorem 4.3, this
enables us to obtain an upper bound for the hyperreflexivity constant of the bounded
n-cocycle spaces of certain C*-algebras and group algebras.

TueoreM 4.4. Suppose that A is a C*-algebra or the group algebra of a group with an
open subgroup of polynomial growth. Let n € N and let X be a Banach A-bimodule
such that H"(A, X) is a Banach space. Then Z"(A,X) is hyperreflexive with a
constant bounded by

C2" ' (384x%(1 + V2) + 4y, (4.5)
where C is the constant given in (4.1).

Proor. It is well known that C*-algebras and group algebras have contractive
approximate identities. Hence, the statement of the theorem follows if we combine
[22, Proposition 6.1], [22, Theorem 6.3(1)], Theorems 3.4 and 4.3. O

Remark 4.5. The preceding theorem can be applied to a large class of examples some
of which we point out below. We refer the reader to [22, Section 6] for details:

(i) Aisanuclear C*-algebra and X is a dual Banach A-bimodule;

(i) A is a von Neumann algebra of types I, I, or lland X =A or X = B(H)2 A
for a Hilbert space H;

(iii) A is an injective von Neumann algebra and X = A or X = B(H) 2 A for a Hilbert
space H;

(iv) A = LY(G) for G being an amenable locally compact group with open subgroup
of polynomial growth and G being an amenable locally compact group with open
subgroup of polynomial growth and X is a dual Banach A-bimodule;

(v) A=LYG) for G being a locally compact group with open subgroup of
polynomial growth and X = L'(G)® for k = 0 and for each odd k € N, where
L'(G)® stands for the kth dual space of L!(G).

Moreover, for all cases in (i), (iii) and (iv), we can assume that the constant C
in (4.5)is 1.
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5. Convolution operators

For a locally compact group G and 1 < p < oo, we recall that an operator
T € B(LP(G)) is a convolution operator if for every t € G and f € LP(G), T(6; * f) =
0; * T(f). The space of all convolution operators on LP(G) is denoted by CV,(G).
It is straightforward to check that CV,(G) is a w*-closed subalgebra of B(L?(G)) =
(LP(G)® LY(G))*, where g is the conjugate of p.

In this section, we discuss reflexivity and hyperreflexivity of CV,(G). For the latter
case, our method once again relies on the concept of the strong property (B) with a
constant applied to group algebras. But, first, we need the following theorem, which is
the generalization of a classical result of Christensen in [6] for C*-algebras. We recall
that for a Banach algebra A, a Banach A-bimodule X and x € X, the inner derivation
Oy :A — Xisdefinedby d6,(a)=a-x—x-a.

THeEOREM 5.1. Let A be a Banach algebra with an approximate identity bounded by
K and having the strong property (B) with a constant R, X a Banach space and
7 : A — B(X) a continuous nondegenerate representation. If H' (A, B(X)) is a Banach
space, then n(A), the commutant of n(A), is hyperreflexive and its hyperreflexivity
constant is bounded by RCK?||7|[?, where C is a constant satisfying

dist(L, m(A)") < Cllocll, L e B(X).
Proor. Let T € B(X) and « = dist,(T, 7(A)’). Fix x € X and define
erx tAXA—> X, (a,b)— (m(a)oT on(b))(x).
If a, b € A with ab = 0, then, for S € n(A)’,

ller.x(a, bl = lIm(@)T (7(D)(x)) — m(a)S ((b)(x))l
= |lx(a)(T = S)(#(D))
< lA@INICT = SH(B))II-

Therefore,

ller.(a, D)II < llm(@)ll inf (T = SHA@G) )
< [lm(@)llelim(B)()l|
< alllPllxl llall 1611

Since A has the strong property (B) with a constant R, we have that for every a, b, ¢ € A,
llgr.1(ab, ¢) = er.(a, bo)ll < Redixd 1]l lall 151l |Ic. (5.1

However, if {e;};c; is an approximate identity in A bounded by K, then it follows from
the nondegeneracy of r that lim;_,, 71(e;) = idy, where the convergence happens in the
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strong operator topology of B(X). Hence, if we puta = c =e¢;in (5.1) and let i — oo,

o7 BYON = (T -b—b - T)x)||
= T (=(b)(x)) — n(b)T (x|
= 1152 |l(e;D)T ((e;)(x)) — m(e))T (w(be;)(x)||
= llig llor x(eib, ;) — 7. (e;, be))|
< RK*a|lxlPlIx/|1B]].
Since x € X was arbitrary, we can conclude that for every b € A,
67Dl < Rellnl*K?|Ib]l. (5.2)
Now we define
¢: B(X) > Z'(A,B(X)), L 6.
Using (5.2),
16711 < Rellml* K> (5.3)

But H'(A, B(X)) = Z'(A, B(X))/N'(A, B(X)) is a Banach space, so that N''(A, B(X)) =
Im ¢ is closed. Hence, applying the open mapping theorem to the map i : B(X)/ ker ¢
— NY(A, B(X)), we find C > 0 such that for all L € B(X),

dist(L, ker ) < Cl|5.],
which, together with (5.3), gives
dist(T, ker ¢) < RCK?||7||>a = RCK?||x|| dist,(T, m(A)).

The final result follows since ker ¢ = m(A)’. O

It is well known that all von Neumann algebras are reflexive and injective von
Neumann algebras are hyperreflexive. The former is a direct and simple application
of the double commutate theorem, whereas the latter is due to the beautiful work of
Christensen [6]. In particular, for a locally compact group G, CV,(G), its group von
Neumann algebra, is reflexive and, when G is amenable , it is hyperreflexive. In the
following theorem, we extend this to all convolution operators on L”(G) for every
1<p<oo.

Theorem 5.2. Let G be a locally compact group and let 1 < p < co. Then CV,(G) <
B(LP(G)) is reflexive. If, in addition, G is amenable, then CV,(G) is hyperreflexive and
its hyperreflexivity constant is bounded by 384n*(1 + V2).

Proor. The reflexivity of CV,(G) follows from [19, Theorems 2.2 and 8.1]. Now,
if G is amenable, then by the well-known result of Johnson, Ll(G) 1s an amenable
Banach algebra. Hence, if we let A = L'(G), X = LP(G) and & = p, the right regular
representation of G on L”(G), then all the assumptions of Theorem 5.1 are satisfied
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with C = K = ||n]| = 1 (see Remark 4.5) and R = 3847%(1 + \/E) by Theorem 3.4.
Therefore, CV,(G) = a(L'(G)) is hyperreflexive and its hyperreflexivity constant is
bounded by 38472(1 + V2). =
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