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1. Introduction

The theory of *-representations of Banach *-algebras on Hilbert space is
one of the most useful and most successful parts of the theory of Banach alge-
bras. However, there are only scattered results concerning the representations
of general Banach algebras on Banach spaces. It may be that a comprehensive
representation theory is impossible. Nevertheless, for some special algebras
interesting and worthwhile results can be proved. This is true for #(Y), the
algebra of all bounded operators on a Banach space Y, and for #(Y), the sub-
algebra of Z(Y) consisting of operators with finite dimensional range. The
representations of #(Y) are studied in a recent paper by H. Porta and E.
Berkson (6), and in another recent paper (8), P. Chernoff determines the
structure of the representations of #(Y) (and also of some more general algebras
of operators). In both these papers, #(Y), which is the socle of the algebras
under consideration, plays an important role in the theory. This suggests the
possibility that a more general representation theory can be formulated in the
case of a normed algebra with a nontrivial socle. This we attempt to do in this
paper.

Let = be a continuous representation of a normed algebra 4 into #(X),
X a Banach space. We have several main concerns in this paper. First, when
does there exist minimal closed n-invariant subspaces of X, and when they do
exist, does = restricted to such a subspace have some reasonable characterisa-
tion? Second, under what conditions does a minimal closed m-invariant sub-
space of X have a closed n-invariant complement in X? Third, is it possible to
determine the structure of 7 in some reasonable way ?

The first two of these questions are treated in Section 3. The answers to
both questions involve a special property of the minimal idempotents of the
algebra 4. This property is the topic of Section 2. The third question is
considered in Section 4. In that section, following a pattern established by
P. Chernoff in (8), we determine the structure of = restricted to certain closed
n-invariant subspaces of X. The subrepresentations of = of this kind are then
summed to 7 in some special cases. There is a final very brief section concerning
applications.

At this point we introduce our notation and conventions. All vector spaces
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in this paper are complex. Throughout this paper A4 is a semisimple normed
algebra and X is a Banach space. We denote the norm on both spaces (and also
some others) by ||.||. We assume throughout that = is a continuous representa-
tion of 4 into Z(X). Minimal idempotents of 4 are important in our considera-
tions. Information concerning minimal idempotents, minimal left or right ideals,
and the socle can be found in (18). If e is a minimal idempotent (abbreviated
m.i.) of A, then in our case, ede = {le: A complex}. We denote the socle of an
algebra B by Sj.

We have already defined #(X) and #(X). We let # (X) denote the algebra
of compact operators on X, and let 2(X) denote the set of all operators in #(X)
with range of dimension less than or equal to one. The dual space of X is X*
and the adjoint of an operator Te #(X) is T*. We denote the range of an
operator T by Z(T). If xe X and fe X*, let (f| x) be the operator defined on
Xby (fIx)») =f(¥)x, ye X. If xe X and fe X*, we often use the notation
<x, 1> for f(3). |

A nonzero algebra of operators B is irreducible on X if there are no non-
trivial closed B-invariant subspaces of X. B is strictly irreducible if there are
no non-trivial B-invariant subspaces of X. A representation n: A->%(X) is
irreducible (strictly irreducible) if n(A4) is irreducible (strictly irreducible) on X.

If B is a collection of operators on X and Y is a subset of X, then

BY =span {Ty: Te B, yeY}.
Similarly, when B and C are subsets of 4, then

BC = span {bc: be B, ce C}.
If Y is a subset of a topological space W, then cl (Y) denotes the closure of Y
in W.
2. Minimal idempotents that are full in an algebra

Let e be a m.i. of 4. Then
eAe = {le: A complex}.

We define a complex valued bilinear form (. , .) on AexeA by (ae, eb) = 4,
where ebae = le. With respect to this bilinear form the two normed spaces
Ae and e are in normed duality (see (18, Definition (2.4.8))).

Now we introduce a property that plays a central role in the study of certain
representations of 4. If e is a m.i. of A4, this property is that e4 determines the
norm on Ae via the bilinear form (. , .). In order to formulate this property
precisely, let

il ae |l =sup {| (ae, eb) | : || eb || < 1}.
Definition 2.1. The m.i. e is full in A if there exists K> 0 such that
Kliae ||, = | ae | for all ae A4.
Note that for any m.i. e of 4,

| (ae, eb) [l el =1l ebae | < | eb | || ae|.
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Therefore e is full in A4 if and only if the two norms ||.[|; and | .|| are equivalent
on Ae.

It is not difficult to find examples of algebras that contain m.1.’s that are not
full in the algebra; see Example 2.9. However, there are many interesting
examples of algebras in which every m.i. of the algebra is full. We give a number
of examples in this section. Before providing specific examples, we prove a
basic proposition.

Proposition 2.2. Let A be a subalgebra of B(X) with the properties
(i) A is irreducible on X,

(i) 2(X)nA is closed in B(X), and

(i) F(X)nA # {0}.

Then there exists a minimal algebra norm ||.||" on A (i.e., if |.| is any algebra

norm on A there exists J>0 such thatJ|a | = || a ||’ for all ae A). Furthermore,
every m.i. of A is full in (A4, | .||")-

Proof. By (5, Theorem 2), there is a closed total subspace Y of X* such that
P2X)nA={(f|x): xeX,feY}.
Also, for all Te 4, T*(Y)< Y, and {T*: T e A} acts strictly irreducibly on Y.
IfTeA,let
1T =sup{l T*I: fe Y, IS = 1}.
It is easily verified that ||. ||’ is an algebra norm on 4, and a direct application of
(18, Theorem (2.4.17)) proves that ||. ||’ is a minimal norm on 4.
Now let £ be a m.i. of 4. By (4, Lemma 1), E = (f| x) for some x € X and
fe Ysuchthat f(x) = 1. If T, Se A, then
(TE, ES)E = ESTE = {Tx, S*f)E,
ES =(S*|x), and TE=(f]Tx).
LetJ = sup{|g(x)|: ge Y, || g| £ 1.} Then
IES|'=sup{l (ES)*qll: ge Y, gl <1}

=sup {{g) |l S*l:g9eY, llgll=£1}

= J| S*f1.
Also,
I TEI' =sup{[[(TE)*g|: ge¥, gl <1}
: =sup{|g(T) || fll: geY, gl =1}
Finally,

sup {| (TE, ES)|: | ES|' £1}
= sup {| (Tx, S*> |: J| S*f 1 =1}
=J 'sup {|<Tx, g>|: ge Y, [ gl =1}
{IfD-MITE )"
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Corollary 2.3. Assume that A is a subalgebra of B(X) and that the minimal
left and right ideals of A are complete subspaces of A. Assume further

DI X)nA={(fIx): xeX,feY}

where Y is a closed norm determining subspace of X*. Then every m.i. of A is
Sull in A.

Proof. Let |.| denote the operator norm on #(X), and let [|.||’ be the
minimal algebra norm on A defined in the proposition. Since ||.|" is minimal
on A, there exists K>0 such that K| T || = || T |’ for all Te 4. By hypothesis
Y is norm determining for X, so there exists J>0 such that

sup {|f)|: feY, I fl =1}z Jl x|

for all x e X. Recalling the definition of ||.|’, we have

[T =sup{I T*|: fe Y, | fll £1}
=sup {|[<Tx, fH: xeX,feY, Ix|SLIfI=<1}
2J|T|
Thus K[| T|| = | TI1' =2 J|T| for all Te A4, and |.| and | .||’ are equivalent
norms on A.

Now let E = (f| x) be a m.i. of 4. Then AF and EA are complete sub-
spaces of (4, |.|) and of (4, ||.]]). Since the spaces (AE, |.|), (4E, |.]),
(EA, ||.|)) and (E4, |.]) are all Banach spaces, the norm inequality above and
the Open Mapping Theorem imply that ||.|| and |.| are equivalent on AE and
EA. But Eis full in (4, |}|.|") by the proposition, and | .||’ is equivalent to |. |
on A. Therefore E is full in (4, ||.]).

Of course, Corollary 2.3 can be proved directly without using Proposition 2.2.

Now we give some examples.

Example 2.4. Let 4 be a subalgebra of Z(X) such that #(X)c 4. Assume
that the minimal left and right ideals of 4 are complete subspaces of A (this
certainly holds if 4 is a Banach algebra). Then it follows directly from
Corollary 2.3 that every m.i. of 4 is fullin A. In particular, if 4 is any algebra of
operators equipped with the operator norm such that #(X)c 4, then 4 has
this property.

Example 2.5. Assume that X is the dual space of a Banach space Z, and let
Y be the canonical image of Z in Z** (e.g. X =/, and Y = ¢,). Let #(X, Y)
denote the algebra of operators on X generated (algebraically) by

{(f1x): xeX, feY}
Assume that A4 is any subalgebra of #(X), equipped with the operator norm,
such that ANF (X) = #(X, Y). Then by Corollary 2.3, every m.i. of 4 is full
in A.
Example 2.6. Let 4 be an annihilator Banach algebra as defined by F. F.
Bonsall and A. W. Goldie in (7). If e is 2 m.i. of 4, then by (7, Theorem 5),
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e is contained in a minimal closed ideal M of 4. Then as shown in (7, Theorem
10), there is an isomorphism of M on to an algebra of bounded operators B on
a Banach space X such that #(X)<B. It follows, as noted in Example 2.4,
that e is full in M, and hence in 4.

As noted in (7), the dual Banach algebras introduced by I. Kaplansky are
examples of annihilator algebras. Specific examples of dual (and hence,
annihilator) algebras are H*-algebras (14, Corollary, p. 697), and L?(G), where
G is a compact topological group and 1 £ p<<oo (14, Theorem 15).

Example 2.7. Let A4 be a B*-algebra. By (15, Theorem 2.1), the closure of
S, in A is a dual algebra. Then Example 2.6 implies that every m.i. of 4 is
full in A4.

Example 2.8. Assume that e is a m.i. of 4 such that Ae is finite dimensional.
Then clearly e is full in 4. If 4 is a CC algebra as defined by I. Kaplansky in
(14), then every minimal left ideal of A is finite dimensional (14, Lemma 4).

Now we give an example of a primitive Banach algebra of operators with the
property that no m.i. of the algebra is full in the algebra.

Example 2.9. Let A be the algebra of all Fredholm integral operators on
C[0,1]. IfTe A, then T acts on a function fe C[0, 1] according to the formula

1
(Tf)(x) = J K(x, ).f(1)dt,
0
where K(x, t) is a continuous complex valued function on [0, 1]x[0. 1] Let

| T =sup{|K(x,2)]: 0<x,t<1}.

Then A is a Banach algebra in the norm |.|.
In what follows we use the notation

o= f J(x)g(x)dx

and
171 = {150 1ax
If A, ke C[0, 1], let (4 | k) be the operoator in A defined by
(h 1 YN)x) = <h, f5k(x), fe C[0, 1].

TRIRN=1hlol k-
Now fix A, k € C[0, 1] and assume that ¢h, k) = 1. Then E = (h | k) is a m.i.
of A. If K(x, t) is continuous on [0, 1] %[0, 1], and S is the Fredholm integral
operator determined by K(x, ?), then let

SHx) = fl K(t, x)f(t)de, fe C[O, 1].
0

Note that
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If S, T e A, we have
ES=(S'h|k), TE=(h}|Tk),

and
(TE, ES)E = ESTE =(S’h | k)(h | Tk)
= (Tk, S'h)E.
Then || ES || = | S |l Il k [, 5O that

| (TE, ES) | = | Tk, S'h> | £ || Sh |l || Tk ||
S|ESIITkI I kIS
If E were full in A, there would exist />0 such that

| TE || £ Jsup {|(TE, ES)|: | ES | =1}
for all Te A. Then there would exist M >0 such that

I Tkl hile = Ml Tk il

for all Te A. Butsince {Tk: T e A} = C[0, 1], this is a contradiction. There-
fore E is not full in A.

We close this section with several remarks concerning the case when 4 is a
primitive algebra.

Remark 2.10. Let A be a primitive algebra with the property that every
minimal left ideal and every minimal right ideal of 4 are complete subspaces of
A. Let eand fbe m.i.’s of 4 and assume that e is full in 4. We show that f
must also be full in 4. Suppose fde = {0}. Then (4Af)(4e) = {0} and {0} is a
primitive ideal by hypothesis. Therefore by (18, Theorem (2.2.9) (iv)), either
Af = {0} or Ae = {0}, a contradiction. Thus we can choose u € A such that
Jue # 0. The map bf—bfue is a continuous isomorphism of 4f onto Ae. By
the Open Mapping Theorem there exists K>0 such that K| bfue | = || 6f ||
for all b€ A. Similarly, there exists v € 4 such that fa—evfa is a bicontinuous
isomorphism of f4 onto eA, and there exists J>0 such that J|| evfa || = || fa |
for all ae A. Also, there exists M >0 such that for all b e A4,

| be |} < M sup {| (be, ea) |: || ea || = 1}.
Then forall be A4,
Il bf | = K|l bfue ||
= KM sup {| (bfue, evfa) |: || evfa | < 1}
= KMJ sup {| bfue, evfa) |: || fa || = 1}.
| (bfue, evfa) ||| e |l = || ev(fabf)ue |
< || evfue ||| (b, fa) |-

Note that
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Thus for all be A4,

I 6f Il < Qsup {| (&, fa) |: || fa || < 1}, for some Q>0.

Remark 2.11. Let A be primitive. Let e be a m.i. of 4. Define an algebra
norm {|.[|’ on 4 by
lal =sup{llebal: [leb| =1}

Note that || a || £ || al,ae A. Then
| ae ||’ = sup {|| ebae ||: jieb | £ 1}
= | el sup {| (ae, eb) |: | eb | < 1}
<l ellsup{l(ae, eb)|: | eb]| =1}.
Therefore e is full in (4, ||.[|')-

3. Representations of algebras with minimal left ideals

Throughout this section n is a continuous representation of A4 into %(X).
We use the notation
Z,={xeX: n(S,)x = {0}}.

If Y is a #-invariant subspace of X, we denote the restriction of = to Y by
n | Y (i.e. = | Y is the representation of 4 on Y defined by (z | Y)(a)y = n(a)y
foraeAd,yeY).

In this section we prove our main results concerning representations of
algebras with minimal left ideals. We begin with two lemmas.

Lemma 3.1, Let e be am.i.of A. Fix x, € #(n(e)), x, # 0, and set

X, = cl (n(4)x,).
Then

(1) if X,nZ, = {0}, then n(A) acts irreducibly on X, and

(2) if the minimal left ideal Ae is a complete subspace of A, and if e is full in A,
then X, is bicontinuously isomorphic to Ae, n(A) acts strictly irreducibly
on X,, and n | X, is equivalent to the left regular representation of A on
Ae.

Proof. First we verify that n(4) acts strictly irreducibly on n(4)x,. Assume
Y1, Y2 €n(Ad)x, and y, # 0. Then there exist a, € A such that y, = n(a)x,,
k=1, 2. Since a,e # 0, Aa,e = Ae. Therefore there exists b € A such that
ba,e = a,e. Then n(b)y, = n(b)n(a)x, = n(a)x, = y,.

Assume that W is a closed n-invariant subspace of X such that WcX,.
Then since n(4) acts strictly irreducibly on n(4)x,, either Wn(n(4)x,) = {0}
or n(A)x,=W. In the latter case, W = X;. Assume Wn(n(4)x,) = {0}.
Denote by {x,> the span of x; in X. Then for all ae 4, n(ea) X, <={x,).
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Therefore n(Aded)W < Wn(n(4d)x,) = {0}. If fis any m.i. of 4, then either
fe Aed or fAe = {0}. Thus n(f)W = {0} in either case. Therefore

a(SH)W = {0},

so that WcZ,. Then assuming that X;nZ, = {0}, we have W = {0}. This
proves (1).

Now assume that Ade is complete and e is full in 4. Consider the continuous
map of Ae onto n(A)x, defined by ae—n(ae)x; = n(a)x;. Since e is full in 4,
there exists J>0 such that for any element age € Ae, there exists eb € e4 such
that || eb | < J and ebae = || ae {le. If ae € Ae and eb is chosen as above, then

I aellll xy | = || n(ebae)x, |
Slhnllleb|ll na)x, |
= (I = WD) n(a)xy I

This proves that the map ae—n(a)x, is a bicontinuous isomorphism of Ae on
to n(A)x,. Since Ae is complete, X, = cl (n(4)x,) = n(4)x,. Denote the map
ae—n(a)x, by V. If be A, let y(b) be the operator defined on Ae by left multi-
plication by . Then b—y(b) is the left regular representation of 4 on de. We
have

(V- tn(b)V)ae = V ™ n(b)n(a)x,
= V™ n(ba)x,
= bae

= (y(b))ac.

Therefore the restriction of © to X is equivalent to the left regular representation
of A on Ae. This proves (2).

Lemma 3.2. Let e be a full m.i. of A. Fix x, € #(n(e)), x;, # 0, and let
X, = cl(rn(4)x,).

Then there exists a closed m-invariant subspace X, such that X,nX, = {0},
X+ X, is closed in X, and n(S ) X< X+ X,.

Proof. Choose M a closed complement of the span of x, in %(n(e)). Let
X, = cl (n(A)M +n(P)X)

where P = {ae A: eda = {0}}. Suppose that there exists {a,}=4 and
{w,} = X, such that || n(a,)x, | = 1,» = 1, and

" n(an)xl +wn " = 8"—’0.

There exists K> 0 such that

K“ a.e " g " n(an)xl " = 1’ n % L.
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Also, since e is full in A, there exists J>0 and {b,} =4 such that [ eb, | < J
and (a,e, eb,)e = eb,a,e = || aelle,n = 1. Therefore
” X1 + " a,e ” —ln(ebn)wn "
= [ (} aqe |~ 'n(eb,a,e)x )+ (Il aze |~ n(ebw,) |
= (KJ| 7 [)e,—0.
Note that for any b € 4, n(eb)X,c M. Thus

u, = || ae |~ 'n(eb)w, e M
forn = 1,and || x; +u, [[=0. This contradicts the choice of M. It follows that
there exists e>0such that || y, +y, | = ewhenevery, e X, |y, | = 1,5, € X,.

Also, both X; and X, are closed in X by definition. These facts imply by a
standard argument that X, + X, is closed in X and that X;nX, = {0}.

Now assume that a¢, be 4 and x € X. Then n(e)n(a)x = Ax, +x, for some
scalar A and some vector x, € M. Then n(bea)x = An(b)x; +n(be)x, € X, + X,.
Therefore n(AeA)X<=X,+ X,. Also, from the definition of X, we have
n(P) X< X,. If fisa m.i. of 4 and f¢ P, then deAf # {0}. Then

Af = (deA)fc AeA.

Thus either fe P or fe Aed. It follows that S,cAded+P. These arguments
prove that n(S,)Xc X, + X,.

Let £, be the collection of all closed zm-invariant subspaces of X that are not
included in Z,. The set £, is partially ordered by inclusion.

Now we prove the main result of this section.

Theorem 3.3. Let A be a semisimple normed algebra with the property that
everym.i.of Aisfullin A. Let n: A—%(X) be a continuous representation of A
such that ct (n(S)X) = X. Then:

(1) If Y is a closed m-invariant subspace of X and YNZ, = {0}, then there
exists a minimal subspace X, € £, such that X, < Y. When the minimal left ideals
of A are complete subspaces of A, the same conclusion holds whenever Y € ¢,.

(2) If the minimal left ideals of A are complete subspaces of A, and if X, is a
minimal subspace in ¢, then X, is bicontinuously isomorphic to some minimal left
ideal Ae of A, and n | X, is equivalent to the left regular representation of A on Ae.

3) If the minimal left ideals of A are complete, then X is the topological
sum of the collection of subspaces in £, which are minimal in ¢,.

(4) Every minimal subspace in ¢, has a closed n-invariant complement in X.

Proof. Assume that Y is a closed m-invariant subspace of X such that
Y¢Z,. Then there exist xe ¥ and a m.i. e of 4 such that n(e)x # 0. Let
x, = n(e)x€ Y. Then n(4)x; <Y, and setting X, = cl (n(4)x,), (1) follows
directly from Lemma 3.1.

Assume now that the hypothesis in (2) is satisfied and that X, is a minimal
subspace in £,. By the previous argument and Lemma 3.1, X, = n(4e)x, for
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some m.i. ¢ of A and some x, € X;. Then (2) follows from Lemma 3.1.

If every minimal left ideal of A4 is complete, then by Lemma 3.1 every non-
zero subspace of X of the form n(A4e)x where e is a m.i. of 4, x € X, is a closed
minimal n-invariant subspace of X. If y € n(S,)X, then

y = n(a,e))x, + ... +n(a,e)x,

where for each k, 1 £ k =<n, ¢, is a m.. of 4, a,€ 4, and x, € X. Thus
yea(de)x + ... +n(Ade,)x,. Therefore n(S,)X is included in the sum of the
collection of subspaces in £, which are minimal in £,. This proves (3).

(4) is a direct consequence of Lemma 3.2,

If e is a m.i. of 4 and e is not full in 4, then the conclusions of Theorem 3.3
need not hold. We illustrate this with two examples.

Example 3.4. Let 4 be a normed algebra, and assume that e is a m.i. of 4

such that e is not full in 4. Also, assume Ae is a complete subspace of A.
Norm Ae with the norm

I aelly =sup {|(ae, eb) |: || eb || < 1}.
Since e is not full in A4, then the two norms ||.|| and ||.|, are not equivalent on

Ae. Let X, be the completion of (de, ||.[l;). Let y denote the left regular
representation of 4 on Ae, i.e.

y(a)(be) = abe, be e Ae.
Then if a € A, be € Ae, we have

I v(a)be ||, = sup {|(abe, ec) |: | ec | <1}

=| el ' sup {(" ccabe ")(” ecd ”): eca # 0}
Irecafl /\ [l ecll

<l allsup{l(be eca)|: || eca | <1}

=} allll bel;.
Thus a— y(a) extends to a continuous representation of 4 into #4(X,). This
extended representation is not equivalent to y, in contrast to the conclusion of
Theorem 3.3(2). (Note: y isstrictly irreducible on Ae, while the extension of y
is not strictly irreducible on X}).

Example 3.5. Let X be a Banach space and assume that X, and X, are
closed subspaces of X with the properties
@) XinX, = {0},
(i) X, + X, is not closed in X, and
(iii) X, + X, is dense in X.
If X is a separable Hilbert space, it is shown in (11, pp. 28-29) that there exist
subspaces X; and X, with these properties. Let

Fi={f1%: xe X, f(X,)={0}},
F, = {(f1%): xe X,, f(X,) = {0}}.

and let
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Note that the subspaces X; and X, are invariant for both %, and &#,. Let 4
be the closed subalgebra of #(X) generated by #, and #,. Then X, and X,
are invariant for 4.

If x, ye X, and x # O, there exists fe X* such that f(X,) = {0} and f(x) = 1.
Then (f| x) e #, and (f | )(x) = y. Thus &, acts strictly irreducibly on X/,
and similarly, &, acts strictly irreducibly on X,. Let

P.={Ted: T(X) =0}, k=1,2.
Then P, is primitive for k = 1, 2, and by (iii), P;nP, = {0}. Thus 4 is semi-
simple.

Now we verify that X; has no closed A-invariant complement in X. For
suppose X = X,@® Y where Y is a closed A-invariant subspace of X. If
x, € X, then x, = x,+y for some x, € X;, ye Y. Choose T e &, such that
Tx, = x; and Tx, = 0. Then O = x,+ Ty, so that x;, = Ty = 0. Therefore
x, = y. This proves that X, Y. Now there exists K> 0 such that

Klx+yl zlxI
whenever x € X, y € Y. But then this same inequality holds whenever x € X,
ye X,. This contradicts (ii). Now let E = (f|x)e #, where f(x) = 1.
Then F is a minimal idempotent of 4 and the map 7F—Tx maps AE on to X;.
However, X; has no closed A4-invariant complement.

4. The structure of representations

Let n: A>2(X) be a continuous representation of 4. Let e be a m.i. of 4,
and let 7 be the minimal closed ideal cl (4ded). We denote by =, the restriction
of nto X; = cl(n(Z)X). In the first part of this section we describe the repre-
sentations n;. Later in the section we show how in some cases 7 can be written
as a sum of the representations {n,: I a minimal closed ideal of 4}.

Before describing the general form of n;, we consider the case where n(e)
has finite dimensional range. In this case, assuming that e is full in 4, the
structure of n; is especially simple. The key result is the following proposition.
This proposition is essentially contained in P. Chernoff’s paper (8) in the case
where A is an algebra of operators on a Banach space Y such that #(Y)c A.

Proposition 4.1. Assume that e is a m.i. of A which is full in A, that Ae is
complete, and that R(n(e)) is finite dimensional. Let {x,, ..., x,} be a basis for
R(n(e)).

Then n(AeA)X is a closed subspace of X and is the finite direct sum of the
closed subspaces n(A)x,, 1 £ k £ n.

Proof. Assume that a(b)x,+ ... +n(b,)x, = 0, and suppose that

b)x; # 0
for some j. We may assume j = 1. Choose a € 4 such that eab,e = e. Then
n(eabye)x; + n(eab,e)x,+ ...+ n(eab,e)x, = 0, .

so that
xl +A,2X2+...+;.,"xn = 0
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for some scalars A4,. This is a contradiction. Thus the subspaces n(4)x, are
algebraically independent.
Next we prove that n(ded)X = n(4)x, + ... +n(4)x,. Forifa, be A and
x € X, then n(eb)x = A;x,+ ... +2,x, for some scalars 4,. Then
n(aeb)x € n(A)x,; + ... + n(A)x,

which proves the assertion.
By Lemma 3.1 each of the subspaces n(A4)x, is closed. Let

W = cl (r(d)x,+ ... +n(A)x,).
By Lemma 3.2 and its proof there exist continuous projections P, on the Banach
space W such that P, maps W on to n(4)x;, 1 £ k £ n, and P,(n(4)x;) = {0}
if k # j. Fix we W and choose {w,} in the subspace n(A)x,+ ... +7n(4)x,
such that w,,—w. Then for each m, w,, = P,(w,,)+ ... +P,(w,), so that letting
m—>co0, we have w = P (w)+ ... +P,(w). This proves that
W = n(A)x, +... + n(A)x, = n(Aed)X.
Let e be a m.i. of 4, and let 4™ be the linear space of n-tuples
{(ase, ..., ae): a e A}
(algebraic operations are performed coordinatewise) and with norm
I (ase, ..., aze) | =l ae || +...+1] asel.
Let ™ be the representation of A4 defined on Ae™ by
y™(a)(aye, ..., a,e) = (aase, ..., aae).
Corollary 4.2, Assume the hypotheses of Proposition 4.1 hold. Let I be the
minimal closed ideal c\ (AeA). Then ; is equivalent to y™ on Ae™.

Proof. Let {x,, ..., x,} be a basis for Z(n(e)). Then by Proposition 4.1,
cl (n(DX) = n(Aed)X = n(A)x, @®...®n(A)x,.
Define
V(aqe, ..., ae) = n(a,)x,+... +n(a,)x,.
An elementary computation verifies that n, = Vy™V -1

Corollary 4.3. Let A be an algebra such that every minimal left ideal of A is
complete and every m.i.of A isfull in A. Let 7 be a continuous representation of A
on X such that n(S ) c A (X). If Iis a minimal closed ideal of A that contains a
m.i. e such that ni(e) # O, then ny is equivalent to Y™ on Ae™ for some integer n.

Proof. The projection n(e) is a compact operator and therefore must have
finite dimensional range. Thus the result follows from the previous corollary.

Now we consider the representations =; in the general case. Our treatment
essentially follows Chernoff’s description of the representations of Z(Y)
(8, Section 2).
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Let e be a m.i. of A4, and let = be a continuous representation of A4 into
R(X) with n(e) # 0. Set M = %(n(e)). Define W,: Adex M— X by

Wo(ae, m) = n(a)ym,ac A, me M.
W, is a bilinear map of dex M into X. Then W, extends to a linear map
W: Ae® M — X such that W(ae®m) = Wy(ae, m) = n(a)m.

Let y denote the left regular representation of 4 on Ae.
(1) WiHk)®1) = n(b)W on Ae@M for allbe A.
To prove (1), let ae®m be an elementary tensor in Ae®@M. Then

W((b)®1)(ae®@m) = W(bae@m)
= n(b)n(ae)m

= n(b)W(ae®@m).
(2) W is one-to-one on Ae@M.

For suppose that t = a,e®m,+...+a,e®m, where {ae, ..., ae} is
linearly independent in Ae and W(¢) = 0. By the Density Theorem for Irreduc-
ible Modules (13, p. 28), for each j, 1 < j < n, there exists b; € 4 such that
byaje = e and bjge = 0, if k # j." (Note: in applying the Density Theorem,
Ae is a strictly irreducible left 4-module and the centraliser " of Ae is the collec-
tion of linear operators that act on Ae by right multiplication by elements of the
form ebe, b€ A. Thus in our case, I' is isomorphic to the complex numbers.)
Then

0= n(b)W(1) = W(r(b)®1)()
=We®m)=m; 1<j<n
Therefore ¢t = 0.
Define a function ||. ||, on 4eQM by [ ¢, = || W® . By (2), .l is a
" norm on Ae®@M. Let Ae® M be the completion of 4e® M with respect to the

norm ||. |-
(3) W extends to an isometry V of 4e® M onto X, = cl (n(deAd)X).
To prove (3), first note that by definition | W(z) || = || ¢ ||, forallte Ae@ M.

Thus W extends uniquely to an isometry V: de® M—X. Also,
(V) = cl(Z(W)),
and Z(W) = n(A)M. Therefore
n(Aed)X = n(A)n(eA)X = n(A)M = FW).
Thus Z(V) = X,.

Consider the representation y®1 actingon 4eQM. Ifae Aand te Ae®@ M,
we have

I (@)@t | = 1| Wir(@)@1) |
=l n@W@ | by )
Sh=llallt wl
=lzlllalflel.

E.M.S5.—19/2—N
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Thus y®1 is a continuous representation of 4 on (4e®M, ||.||,). Let p be
the unique extension of y®1 to a continuous representation of 4 on Ade®, M.

Now we have all the ingredients for a characterisation (up to equivalence)
of the representation n; where 7 is the minimal closed ideal cl (4eA).

Theorem 4.4. The representation n; on X, = cl (n(I)X) is equivalent to the
representation p on Ae®@, M.

Proof. By (3), W extends to an isometry ¥V of Ae® M onto X,. By (1),
WHG)®1) = a(b)W on Ae®M for all be A. 1t follows that Vp(b) = n(b)V
on Ae®, M for all be A. This proves the result.

If e is a m.i. of 4 and M is a normed linear space, it is not difficult to con-
struct a representation of 4 having essentially the same form as the representa-
tion p defined above. Let y be the left regular representation of 4 on de. Let
(.}, be any norm on Ae® M such that, for some K>0,

I GBSVl =KI b1y
for all be A and all te€ Ae®@M. For example, | .||, might be the greatest
crossnorm on Ae® M (see (9, p. 373)). Then define 7 to be the unique extension
of y®1 to X, where X is the completion of (4e® M, || .||,). The representation t
has the same form as the representation p. Also, we note that if M is a Banach
space, and if there exist P>0, Q>0 such that

Plm|sle®@mli,=Qllm]|
for all me M, then %Z(z(e)) in X is {e®m: me M} which of course is iso-
morphic to M.

Corollary 4.2 and Theorem 4.4 determine the structure of =, when 7 is a
minimal closed ideal of 4 which contains a m.i. and = is a continuous representa-
tion of A such that n(/) # {0}. In some cases the representation n can be
written as an unconditional sum of the representations

{m;: I a minimal closed ideal of A4}.

We describe the summation process in what follows.
If Y isa normed linear space, A is an index set, and {y,: A& A} is a collection
of vectors in Y, we write y = Xy, if the net of finite sums

{SF =216Fy)-: FCA, F ﬁnite}
convergesto yin Y. Also, if Jc 4, let
R[J]={ae A: Ja={0}}.

Now assume that 7 has the property that cl(n(S)X) = X. Let I be a
minimal closed ideal of 4. Let X; = cl (n({)X) and X, = cl (r(R[I])X).

Proposition 4.5. If either

(1) 4 =L?(G), 1 £ p<owo, G a compact topological group, or

(2) A is a dual B*-algebra, then X = X;® X,.
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Proof. First assume (1). Then [/ is finite dimensional by (14, Lemma 4).
Then by (2, Lemma 6.1), I has an identity u. Clearly, a(u)x, = x, for all
x, € Xy, and n(u)x, = 0 for all x, € X,. If x, € X, and x, € X, then

Iy | =N m@@)(x1+x2) | £ ) | x4 +x2 |
Thus X, + X, is closed, and since n(S ) X< X, + X,, we have X = X, X,.

Suppose now that 4 is a dual B*-algebra. If q,, ..., a4, are in S|, by (3,
Lemma 2.3) there exists an idempotent e € S; such that e = e* and eq, = q,,
1Sk=<n Then|el| =1. Thusif be R[I]and x4, ..., X,, y € X, then

I m(@a)xy+ ... +m(a)x, | = || n(e)[nla)xy +... +n(a)x, +n(b)y] |
Shrll (nladxy+... +7(a)x,) +n(b)y |.
It follows from this inequality that X = X, @ X,.
Assume that A satisfies either (1) or (2) of Proposition 4.5 and that
X = cl (n(S)X).

Let {I,: A€ A} be the collection of all the minimal closed ideals of 4. By
Proposition 4.5 for each A € A there exists a continuous projection P; on X with
range cl (z(7,)X) and null space cl (z(R[1;])X). Foreachxe X, let x; = P,(x).
Also, let 7, denote the representation n | Z(P,) = 7, .

Now if 4 is either a dual B*-algebra or L%(G), G a compact topological group,
then for any closed ideal J of 4, we have 4 = JOR[J]. In particular, for each
AeA, A =1,®R[I;]. Let Q, be the continuous projection on A with range 7,
and null space R[I;]. Ifae A4,leta, = Q,(a). It follows from (1, Theorem 3.5)
that a = Za, for all a € A.

We use the notation and information established above in the next two
propositions.

Proposition 4.6, Assume that A is a B*-algebra. Let © be a continuous
representation of A into B(X) such that cl (n(S)X) = X. Then for all xe X
and all ae A,

x=2Xx; and n(a)x =ZIn(a)x,.

Proof. Let B = cl(S,). Then by (15, Theorem 2.1) B is a dual B*-algebra.
Since B has a bounded approximate identity, Cohen’s Factorisation Theorem
(12, Theorem 32.22) implies that

{n(b)y: be B, ye X} =cl(n(B)X) = X.
If x € X, then x = n(b)y for some be B, ye X. Furthermore, b = £b,. Then
x = Zn(b,)y, and x; = P;(x) = n(b,)y. Therefore x = Zx;, and if a € 4,

n(a)x = Zn(a)x; = In,(a)x,.

Proposition 4.7. Let G be a compact topological group. Let n be a continuous
representation of L'(G) into B(X) such that n is essential (i.e. cl (n(L'(G)) X) = X).
Then for all x e n(L*(G))X and all fe L(G),

x=2Xx; and =n(f)x =Zn,(f)x,.
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Proof. Note that z is continuous on L*(G) with respect to the L2-norm.
L*(G) is an H*-algebra (see (16, p. 100)). Assume that x = n(g)y where
geL*(G),ye X. Theng = Zg,, so that x = Zn(g,)y = Zx,. Then

n(f)x = Zr,(Nx;,
whenever f e LY(G).

S. Some applications

Throughout this section = is a continuous representation of 4 into Z(X).
In the case when 4 = #(Y) for some Banach space Y, we also assume that ©
maps the identity in Z(Y) on to the identity in Z(X). The aim of this section is
to apply Theorem 3.3 in the case where the representation space X is certain of
the classical Banach spaces.

Proposition 5.1. Assume that every minimal left ideal of A is complete and
that every m.i. of A is full in A. Also, assume that cl(n(S)X) = X. If X =1,
1 £ p<oo, or X = ¢, then any minimal left ideal of A not contained in ker (%)
is either finite dimensional or bicontinuously isomorphic to X. If X = C(K),
K a compact Hausdorff space, then any minimal left ideal of A not contained in
ker (n) is either finite dimensional or non-reflexive.

Proof. Let ¢ be a m.i. if 4 such that n(e) # 0. Choose x, € X such that
n(e)x; = x; # 0. Then by Theorem 3.3 Ae is bicontinuously isomorphic to
n(A)x, and n(A4)x, is a closed complemented subspace of X. Therefore the
first conclusion of the proposition follows from (17, Theorem 1), and the second
from (10, Corollaire du Proposition 5).

Corollary 5.2. Assume that Y is infinite dimensional and that A is a sub-
algebra of B(Y) such that F(Y)c A. Assume that © is continuous with respect
to the operator norm and cl(nM(F(YNX)=X. If X=1, 1 £ p<oo, or
X = ¢, then Y is bicontinuously isomorphic to X. If X = C(K), then Y is non-
reflexive.

Proof. Consider 4 as normed with the operator norm. Then Proposition
5.1 applies to A. Since every minimal left ideal of A4 is bicontinuously iso-
morphic to Y, the corollary follows.

In some cases the hypothesis that X = cl (n(S,)X) can be replaced by
special hypotheses on 4. This is true in the next result which is a generalisation
of (6, Corollary 6.15). Also, Proposition 5.4 can be applied in an obvious way
to replace the hypothesis that X = cl (r(S,)X) in part of Corollary 5.2.
Proposition 5.4 is a slight modification of a result communicated to us by the
referee.

Corollary 5.3. Assume that A = B(Y) where Y is an infinite dimensional
Banach space with a symmetric basis. Let 1 be a continuous representation of A
into B(X) where X =1,, 1 < p<oo, or X =c¢y. Then Y is bicontinuously
isomorphic to X.
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Proof. It follows from (6, Corollary 6.13) that cl (r(#(Y))X) = X. Then
Corollary 5.2 implies the result.

Proposition 5.4. Assume that Y is a Banach space with the approximation
property. Let A be a closed subalgebra of B(Y) such that #(Y)=A. Let n
be a continuous representation of A on a reflexive Banach space X. Then
Z = cl(n(F(Y))X) is complemented in X.

Proof. Since Y is bicontinuously isomorphic to a closed subspace of X,
Y is reflexive. Also, by hypothesis, Y has the approximation property. It
follows that there exists a bounded net (F,} = #(Y) which converges to the
identity operator on Y in the strong operator topology (see A. Grothendieck,
Memoirs of the Amer. Math. Soc., Number 16, Corollaire 2, p. 181). Now for
any ye Y, ge Y*, we have F,(g | »)—(g | ») in the operator norm, so that
a(F)n(g | y)—n(g | ¥) in norm in Z(X). It follows that n(F,)—I pointwise on
n(S,4)X, and since {n(F,)} is bounded, n(F,)— I pointwise on Z. By hypothesis
X is reflexive, and therefore closed balls in #(X) are compact in the weak
operator topology. Thus {n(F,)} has a cluster point P € #(X). Then P(X)c=Z
and P = Jon Z. Thus P is a bounded projection of X onto Z.
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