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1. Introduction

The resolution of many problems in probability depends on being able to provide
sufficiently good upper or lower bounds to certain moments of distributions. A
striking example from the literature of a result that can offer such bounds was given
by P6lya over sixty years ago as the following theorem (see [7, Vol. II, p. 144] and
[7, Vol. 1, p. 94]).

THEOREM A (Pdlya’s inequalities)

(@) Let f :[0,1] — R be a nonnegative and increasing function. If a and b are
nonnegative real numbers, then

1 2 2 1 1
a+b _ a—b 2a %
('/;x f(x)dx) > (1 (a+b+ 1) )fox f(x)dx‘/;x fx)dx. (1)

(b) Let f : [0,00) = R be a nonnegative and decreasing function. If a and b are
nonnegative real numbers, then

2 2
% ath _ a—b ® * %
(/0 x+f(x)dx) _<_(1 (a_+b+l) )/o X f(x)dx/0 xZf(xydx (2)

if all the integrals exist.

The existence of the integrals in either part of Theorem A implies that f is in-
tegrable, so that it can be scaled to give f f(x)dx = 1. Relations (1) and (2) are
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homogeneous in f, so that without loss of generality (1) or (2) can be assumed to
hold with [ f(x)dx = 1. Since f is nonnegative, we can thus interpret it as being
a probability density. A remarkable feature of PSlya’s result is that in the two most
natural settings, f defined on [0,1] and (0, 00), the directions of the inequality are
opposite.

The following generalization of this result, involving a discrete distribution (p;)7,
was given by the authors in [5].

THEOREM 1. Let f : [a, b] — R beanonnegative and nondecreasing function, and let

x; : [a,b) > R, i =1, ..., n, be nonnegative increasing functions with a continuous
first derivative. If p;, i =1, ..., n, are positive real numbers such that 3 ;_, p; = 1
then

b [ n ! n b i
f (]’]xf-(,)) f(t)dtzn(/ x,.’(t)f(t)dt) . 3)
a i=l1 i=1 a

Ifxi(a) =0foralli = 1,...,n, and if f is a nonincreasing function, then the reverse
inequality to (3) holds.

The aim of this paper is to present a result similar to (3) for higher-order derivatives.
This has applications to moments, which are considered in Section 3.

2. Main results

THEOREM 2. Let f, x; : [a,b] — R, i =1, ..., m, be nonnegative functions with a
continuous derivative of the n-th order, n > 2, which satisfy conditions:

1° (-D)"f®@)>0andx™(t)>Oforallt €[a,b), i=1,....,m
22 (=DEfPWBYy>0fork=0,1,....,n—1,
3 xP@)=0andxP®b) =0fork=0,1,...,.n—1landi=1,...,m.

If p;, i =1, ..., m, are positive numbers such that Z:’;l pi = 1, then

b m ® m Pi
f (]‘[xff(:)) f@dt < ]‘[( f x™ () f(t)dt) + A, @
a i=1]

where
m

n—2 m (n—k-1)
A=) (=D P (]'[x,-""(t)) “TT&E"*"@)" | s
k=0 i=l1

i=]
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PROOF. Using integration by parts and Holder’s inequality for integrals we obtain

b m (n)
/ (]’[ xP (t)) f@)dt
a i=1

n—1 m (n—k=1)
=) =D P (]'[ xf! (z))

k=0 i=1

n—1 m (n—k=1)
< Z(—l)"f("’(t) (]‘[ x!! (r))

—A+Z( DS ‘k’(r)]'[(x‘""‘ )"

ey ] ]_[x"’(t)f‘"’(t)dt

pi
+11 ( / x,-(t)(—l)"f""(t)dt>
i=1 a
pPi
+ﬂ( / D" f ‘">(t)dt) )

Ib‘l

t=b

Now applying Holder’s inequality for the discrete case we have that the last expression
in (5) is less than or equal to

m n—1 b Pi
A+T] (Z(—1)*f‘“(t)x,-‘""“"(t)h:b + / xi(t)(—l)"ﬂ"’(r)dt)
i k=0 a

i=1

m b Pi
=Aa+]] (/ x,-(")(t)f(t)dt) .
i=1 a

REMARK 1. If we deal with the condition “f®(@) = 0 forallk = 0,...,n — 17
instead of “x,.(")(a) = 0” then the same result holds.

In the remainder of this paper we assume that p;, i = 1, ..., m, are positive real
numbers such that 3 -, p; = 1, that is, positive probabilities.

COROLLARY 1. Under the assumptions of Theorem 2 and if

xP®) =xP®) foralli,jel{l,...,mjandk €{0,1,....,n =2},  (6)

b m m pi
f (l_[x,-’"(o) f(oyde < ﬂ( f f"’(t)f(t)dt) : o)
a i=1 i=

then

PROOF. We only need to show that A = 0. Write B, = x”(b) fork =0, 1,...,n—1.
It is easily seen that [, (xi("’(b))”" = By. So, it is enough to prove that

n ®
(l_[xf‘(t)) =B, fork=0,1,...,n—1. (8)
i=1
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Let G and C be defined by
x; (1)
xi(6)

It is obvious that G(b) = B, C(b) = B,/By and G'(t) = G(t) - C(¢). We first
compute the higher order derivative of C(t). If y;(#) = x;(t)/x;(t), then using the
Leibniz rule we get

k—1
P = (x,-"‘“’(t) -2 (k) yf"’(r)x.-“""(z))
xi (1) = \J

G(t)—]"[x"'(t) and C(t)_i

and so

CPpb) = Zp, © (b)

Sk .
= 8Dy — D(py . &9
=5 (; pix By = (j)y, ®) - pix! (b))

i=1 j=0

Sy —kZ_l:(k)cm(b)B ; 9)
= B, k+1 j k—j

j=0

forany k € N.

The proof of (5) is by induction on k. For k = 1 we have G'(b) = G(b) - C(b) =
By - B)/By = B,. Suppose that GY(b) = B; for j < k. Then using the Leibniz rule
and (9) we get

k—1

k=1
GY ) = Z (k - I)G(i)(b) C*1-D(p) = Z (k ; I)BJ- . C*=i=D(p)

=0

- (a5 (5 )erwnn))

Z( )BJ CtI0b) = B,

and the corollary follows.

REMARK 2. In the corollary we deal with n > 2. In the case when n = 1 we don’t
need the assumptions (6). In fact, that case is discussed in Theorem 1.

THEOREM 3. Let f,x; : [a, b} — R, i = 1, ..., m, be nonnegative functions with a
continuous derivative of the n-th order, n > 2, which satisfy conditions

https://doi.org/10.1017/50334270000000710 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000000710

[51 Some integral inequalities, with application to bounds for moments of a distribution 329

1° (—1D)"f®@) <0, x”@) >0, f(b) >0forallt €a,bl,i=1,...,m
22 (=D*f®O®B) <O0foreveryk=1,...,n—1,
3 x®P)>0andxP@) =0fori=1,...,mandk=0,1,...,n— 1L

Then the inequality (4) is reversed.

This follows by the same method as in the proof of Theorem 2. The only difference
is in using Popoviciu’s inequality instead of Holder’s inequality for the discrete case.
We recall that Popoviciu’s inequality states that

i
iw,—a,-l. >H(Zwal/p’> I,
i=1

- wherew; >0, wp,...,w, <0, a; >0fori=1,....m, j=1,...,n, p >0
such that Y 7 p; = land ), wiq; /p’ > 0for j = 1,...,n. For detail on this
inequality see [3, p. 118].

COROLLARY 2. Under the assumptions of Theorem 3 and the condition

xP®) =xP®) foralli,jefl,...,miandk €{0,1,...,n -1},

we have that

(n)

m pi
f eyt zﬂ( f ,-‘"’(t)f(t)dt) . (10)

b m
[(fpee)
a i=l1
REMARK 3. For n = 2 we have
m m pi
A= f(b) ((1‘[ xP (b)) — ]’I(x,f(b>)
i=l1 i=1
x®) (5O
= R Aats Pi(b).
=70 (4\; o (x.-(b)) )Dx @

Using the well-known inequality between arithmetic and geometric means we con-
clude that A is a nonnegative number. So under the assumptions of Theorem 3 we

have ,
b m m b pPi
/ (ﬂx.-”"(t)) f(r)dtzﬂ( / x,f’(t)f(t)dt) ,
a i=1 i=1 a

where f is a nondecreasing concave function, that is, we have inequality (10) but
without equality of x;, x; ont = b.
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THEOREM 4. Let f, x; : [a,b] — R, i = 1,...,m, be nonnegative functions with
a continuous derivative of the n-th order such that (—1)"~' f®, ([T, x7)® and

x,.("), i =1,...,m, are nonnegative continuous functions. Then
b [ m 1 m b i
/ (ﬂ(x!"’(t)) fyde > l_[( f x.‘"’(x)f(:)dr) + A
a i=l i=1 a
where
n-—1 m m b
A=) <(—1)""‘“f"'"‘“’(t) (Z pixP@) - ([ (r))""))
k=0 i=l i=1 a
PROOF. Using the arithmetic-geometric mean inequality we get
m b pPi
]‘[( / ""(t)f(t)dt)
<) p / x"(@) f (tydt
i=1
n—1 b bf m
= (( 1V A %)(Zp, “"(t))) +<—1)"f (Zpix,-(t))-f‘”’(t)dt
k=0 a a \i=
n—l1 b bf m pi
=< (( D A "(z)(Zp, %))) +(=1)" / (]‘[(xia)) fOwar
k=0 a a i=1
n 1 b
= (( DS A "(t)(Zp. ‘*’(r))
k=0 a

n—1

—Z (3 ) Al el () (]_[x (t))
k=0
b m
= A+ / (Hx.-’"(t)) f@ydr.
a i=l1

n)
(]—[x (t)) F@)dt

COROLLARY 3. Under the assumptions of Theorem 4 and the conditions
@ =x @ and xP®)=x"®)

foralli,je{l,2,...,m}andk €{0, 1, ...,n — 1}, inequality (10) holds.
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3. Applications

Let Q : [0,2] — [0, 1] be a nondecreasing function such that Q(0) = 0 and
Q(a) = 1. Then the r-th moment of Q is defined by

v, = fa x'dQ(x).
0

We can apply results of the previous section to derive some inequalities for v,. In
the remainder of this section we assume Q and v, to be defined as above.

THEOREM 5. If Q has a continuous derivative of the (n + 1)-th order, n > 2, such
that

1° (=1)"Q®(t) <0foranyt € (0, @),

2° (=DFQ** V() <Oforeveryk=1,...,n—1and Q' (&) > 0, then

> [T ((ai/pi + n)["l)”" m

Vet = (ZT:I a; + n)i" ll:}[("ai/pi)pi o (11)
where
n—2 m n—k-11
A, =Z(_1)kQ(k+1)(a)aE;"=,a,»+k+l (Z a; + n) _l_[((ai/pi + n)[n—k-l])l’i
k=0 i=1 i=1
anda™ Ea@—1)-...-(a—k+1)anda® € 1.

PROOF. Inequality (11) is a consequence of Theorem 3 when we set x; (x) = x%/7i+",
ai/pi>—-1,fori=1,...,m.

THEOREM 6. If @ = 1 and Q has a continuous derivative of the (n + 1)-th order such
that (—1)""'Q®*Y is nonnegative, then

I, ((ai/Pi + n)["l)"" m

) P g(vai/p.»)m + As, (12)
where

0, forn=1,2

Ay = | 511 Qe ) (X8, pitar/ pi + m)
- a+n)), forn > 3.
If (=1)"*100-bB()y>0fork=2,....,n—1, n >3, then
Vaytota, = 1—[7'=1 ((ai/pi + n)["])p‘ ]ﬁl(”ai/p.-)pi- (13)
=1

(Z,"';) a; + n)il
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PROOF. Inequality (12) is a consequence of Theorem 4 when x; (x) = x%/?*" qa;/p; >
—1,fori =1, ..., m. If we prove that A; > 0, the validity of inequality (13) follows.
For this we have

m m m k k m
o opa/pi+m¥ = O a+m® =" p O Nia/p)) =Y N, a)
i=1 i=1 i=1 j=1 j=1 i=1

k
= ZNjgj(ph seey pm),
j=l1

where N;, j = 1,..., k, are positive numbers and g;(py, ..., pn) = 3 v, al /p! ™" —
G a)!. Itis easy to see that gy = O and g;(py, ..., pm) > 0for j =1,...,k, so
A > 0.

REMARK 4. The result for n = 2 was discussed in [8].

REMARK 5. Let f, be a function defined by

fi)=In ((’ * ")v,) ,
n

where Q from the definition of v, satisfies all the assumptions of Theorem 6, that is,
inequality (13) applies. Then f, is a concave function and the following corollary
holds.

COROLLARY 4. (a) Ifp > q > r, then
(7)) = () (C2))
v, > v, Vv, .
n n n
(b) Ifp>q, r=>sip>r, q>s,then
n 1/p-r n 1/g—s
()" ()" "
() “\G)

(c) Ifr=0,r,...,r, >0, then

r4n\ \" ' (rn+.. Arptrtn m(ri+r+n
(( n )V,-) (1 n )vr,+---+r,,.+rfl_[( n )vr,»+r- (15)

i=]

(d) Ifg>s>r>p, p<t<gq,then
p+n q9-t/q~p g+n t-p/q—p r+n s—tfs—r s+n t—r/s—r
Up vq S l)r vs .
n n n n

https://doi.org/10.1017/50334270000000710 Published online by Cambridge University Press


https://doi.org/10.1017/S0334270000000710

9] Some integral inequalities, with application to bounds for moments of a distribution 333

(e¢) Ifp>gq > 0then

i/p l/q
p+n q+n
< .
((72")) "= (("2")x)
PROOF. (a) This is a consequence of inequality

H(p) H(q) H(r)
)/ q r | <0 forp>qg>r
1 1 1

for a concave function H (see [3, p. 1]).
(b) For any concave function H the inequality

H(p) - H(r) _ H(g) = H(s)
p—r - q—=s

holds for p > g and r > s (see [3, p. 2]). Therefore (14) is a simple consequence of
the previous inequality if we set H = f.
(c) Settingr =5, p=ri+---+r, +r, g =r;+r in(14) we obtain

ritetrmtrin 71/ (r+-trm) (r;+r+n) v
n Ur|+...+r,,,+r < n ri+r

(e (%)
On multiplying together all these inequalities for i = 1, ..., m we obtain (15).
(d) This is a consequence of Narumi’s inequality

t—-rH(s)
~r

T gy + =P H(g) < %H(r) +

q9—p q9—p s

(see [4]), where H is a concave functionandg > s >r > p, p <t <gq.

(e) Set r = s = 0in (14) and use the fact that vy = 1.

A simple consequence of Theorem 2 is the following result.

THEOREM 7. If Q has a derivative of the (n + 1)-th order such that

1° (=1)"Q®*"(t) > 0 fort € (0, @),
22 (—D*Q** V() > Oforeveryk=1,...,n—1and Q'(a) > 0, then

n;n.-:l ((ai/p,- + n)[n])l’i

Vay 4oty <
ar = (L @+ )W

[ [Gare)” + 2. (16)
i=l1
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REMARK 6. For j =0, ...,k — 1, we have

Za. +@—j)= Za'—/m fl (ai/pi + (n — J))".

Multiplying these inequalities together for j =0, ...,k — 1 we get
Q_ai+m¥ —[]a/pi + ™) >0
i=l i=l

for k = 0,...,n — 2. So, if Q satisfies the assumptions of Theorem 7, A; is
nonnegative.

REMARK 7. In probability theory the r-th absolute moment is defined by

o0
v, = / x"dQ(x),
0
where the distribution function Q : [0, c0) — [0, 1] is a nondecreasing function such
that Q(0) = 0 and lim,,,, Q(x) = 1. In that case, if (—1)*"'Q® is a positive,

continuous and decreasing function for k = 1,2, ..., n, use of a similar method to
the proof of Theorem 2 and the relation

r+ 1)/°ox’Q’(x)dx = —foox’“dQ’(x)
0 0

enables the inequality

[ ((a,/p, +n)["] m
(12:,-=1 a; + n)["] I—[(va,/p,

va|+-~'+am =

to be proved, where v, = fo°° x"d Q(x). For more on this result see [1, 2 and 6].
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