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Abstract. We obtain explicit expressions for genus 2 degenerate sigma-function
in terms of genus 1 sigma-function and elementary functions as solutions of a system
of linear partial differential equations satisfied by the sigma-function. By way of
application, we derive a solution for a class of generalized Jacobi inversion problems on
elliptic curves, a family of Schrodinger-type operators on a line with common spectrum
consisting of a point and two segments, explicit construction of a field of three-periodic
meromorphic functions. Generators of rank 3 lattice in C? are given explicitly.
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1. Introduction. The concept of a sigma-function in higher genus was introduced
by Klein [1]in 1886 as an extensive generalization of elliptic Weierstrass sigma-function
[2]. The importance of a sigma-function lies in the fact that it is a convenient generator
of Abelian functions in g complex variables, i.e., meromorphic multiply periodic
functions that possess the maximal number 2g of periods. From this viewpoint, sigma-
function in genus 2 was studied since the time of Klein, and the classical results were
well documented in Baker monograph [3].

Theory of sigma-functions progresses in several ways. The first approach
considers a generalization called in [4] Kleinian sigma-function o(u) =
exp(%u’ no~'u)d(w 'u; w, '), which is a modular invariant representative of the class
of theta functions' with u € C%. Dealing with this expression for the multivariate
sigma-function the authors have examined fields of Abelian functions associated with
hyperelliptic curves, described Jacobi and Kummer varieties as algebraic varieties,
developed contemporary applications of Abelian functions to completely integrable
equations of theoretical and mathematical physics. Further, theoretical developments
in study of sigma, its relation to tau function, and some algebraic expressions are
achieved in [5, 6] and further papers. Modular definition of sigma-function for generic
algebraic curves is proposed in [7], whilst the case of (7, s)-curves and, in particular, of
hyperelliptic curves is studied in this context in [8].

Another approach, aimed to construct series expansions for multivariate sigma-
functions by means of the operator algebras anihilating these functions. This theory

Here, Riemann 6-function is used. As usual, w and 7 denote first and second kind integrals along a-cycles,
and o’ denotes first kind integrals along b-cycles.
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is developed in the sequential papers [9, 10, 11, 12], and gives many byproducts. For
example, the canonical basis of second kind differentials associated to the first kind
differentials are constructed without introducing Kleinian bi-differential unlike the first
approach; in their turn the second kind differentials can be used for constructing the
bi-differential. Algebraic identities and addition laws in the field of Abelian functions
are easily obtained from a sigma-series expansion, as well as Hirota bilinear equations
for integrable systems associated with a curve. The theory is applicable for both hyper-
and non-hyperellitic plane curves.

The equivariant approach is based on covariance with respect to transformations of
an algebraic curve, see, for example, [13]. For hyperelliptic curves, the transformations
are induced by SL(2,C) action. Identities for multivariate Abelian functions arise as
finite-dimensional irreducible representations of the corresponding algebra s((2, C);
and the covariant form of Kleinian bi-differential is constructed.

There are also computational approach, where series expansions for multivariate
sigma-functions in higher genera and algebraic identities between the corresponding
Abelian functions are constructed by numerical methods independently of the second
approach, but partly inspired by it, see, for example, [14]. Series for some sigma-
functions in genera 3, 4, 6 were obtained as well as identities for Abelian functions
p[k](u) = —3[k] log O'(u)

The present paper is essentially based on the theory of operator algebras anihilating
multivariative sigma-functions, mostly on the paper [11]. The theory originates from
Weierstrass’s definition [2] of sigma-function as the entire function depending on three
variables (i; g2, g3) € C x C* and satisfying the set of differential equations

Oo(0) =0, 012(0) =0, (1
0Oo(0) = —uoy, + 48204, + 6830,, + 0,

QZ(G) = _%au,u - 2_14g2u20 + 6g3agz + %ggo-gp

with initial condition o (i;0;0) = u; here g, and g3 are parameters of Weierstrass
elliptic curve > = 4x* — gox — g3. A multivariative sigma-function in genus g is an
entire function o (u; A) of 3g — m complex variables (u; 1) € C¥ x C*¥~", where m is
modality (in the hyperelliptic case, m = 0, for more details see [12]). The multivariate
sigma-function is defined by a set of heat equations [11] similar to (1) with an initial
condition in the form of so called Schur—Weierstrass polynomial [9].

In this paper, we study cases when sigma-function in genus 2 can be represented as
an aggregate of sigma-function in genus 1 and elementary functions. For g = 2, sigma-
function depends on six variables (i; 1) € C* x C*, where A is the set of parameters of
a genus 2 curve

P = X% 4 Agx® 4+ Aex? + Agx + Apo. )

In fact, curve (2) has actual genus 2 only if a certain constraint is imposed on A.
We say that the curve has virtual genus 2 and focus on the cases when its actual genus
is lower. That is the cases when genus 2 sigma-function can be expressed in terms
of genus 1 sigma-function and elementary functions, we call it a degenerate sigma-
function. Strata of the space of parameters A corresponding to fixed actual genera
of (2) are analyzed in Sections 3 and 4. Then, we proceed to our main question by
carrying out an analysis of the system of linear partial differential equations, so called
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heat equations in a non-holonomic frame [11], that are satisfied by sigma-function in
Section 5, and derive our main result in Section 6.

In Section 7, we apply the result to a few selected problems: solution of a
generalized Jacobi inversion problem, construction of a Schrodinger-type operator
with spectrum composed of two segments and a point, description of the structure
of a field of three periodic functions in two complex variables. In the course of our
research, we also obtain a stratification of the space of parameters of genus 2 curves
(2) with respect to the rank of a period lattice corresponding to the curve.

We emphasize, that our approach is based on the aforementioned operator
algebras, and does not appeal to theta-functions. The paper aims to show that one
can stay within the Weierstrass construction dealing with higher genera hyperelliptic
(and also non-hyperelliptic) curves, which is the subject of our further investigations.

2. Notation. Below in the paper, we consider the space C of genus 2 curves of the
form

X — y2 + A4x3 + )\,6X2 4+ Agx + A0 = 0. 3)

The parameters A = (A4, Ag, Ag, A1g) FUN over C*. Genus2 sigma-function is denoted by
o (u; 1), where u = (u3, up). We assign Sato weights to the variables by the ruledeg A; = i,
deguy = —k. Accordingly, with degx = 2 and degy = 5, the left-hand side of (3) is
homogeneous of weight 10. It is important, that most of functions and operators
appearing below respect Sato weights, in particular, dego (u; 1) = —3.

In what follows, we also deal with a family of genus 1 curves

X’ =Y+ pX +y =0, “)

here,deg X = 2and deg Y = 3. To avoid confusion, we denote the corresponding genus
1 sigma-function by o (), which stands for standard Weierstrass sigma-function with

invariants (g2, g3) = (—4ys, —4ys).
For brevity, we use the notation 9, in the place of 9/9dx.

3. Stratification of the space of parameters. The space of parameters A is
naturally stratified into three strata: A,, Ay and A that correspond to curves in
genus g =2, 1 and 0, respectively.

PROPOSITION 1. The space A is a disjoint union A, U Ay U Ay and

Ay ={reCH AR #0),
A= eC [ AR) =0, T(1) # 0},
Ao =1{reC*|T() =0},
where
A(L) = 312545 — 375043 Aera + 2000432304 4 225023 AsA2

— 16004102326 + 25643 — 90027 AsA3 + 825432207 4 56011043 A6

— 6301 10hghihg + 10811042 — 1284323 4 14443220, — 27220%

+ (108723 — T2h10Ashehs + 16A10AZAS + 16A3AE — 4AFAEAL,

)

https://doi.org/10.1017/50017089518000162 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000162

172 JULIA BERNATSKA AND DMITRY LEYKIN

and
50A10h6 — 8043 + 36AsA] — 27A%Ag — 425
oo 2002 10hs — 40%1043 — 36Agheha + 2743 + 4A6h]
B 62503, — 72002 %4 + 1354gA2 + 308AgA] — 2164223 — 3213
1600A3 — 10404543 + 360AgAZis + 13508 + 2244515 — 884205 — 16A
Proof. Consider a curve (3) with at least one double point at (x, y) = (a2, 0). It has
the form

17+ (x — @) (x* + 2% + pax + pg) = 0. (6)

By subtracting (6) from (3) and collecting coefficients at the power of x, we find the
following polynomials in (A19, Ag, Ag, A4j te, U4, @2):

Ay — (na — 3a3)

re — (6 — 2ar 4 + 2a3)
T()\‘a M, 612) = 2 ° (7)
Ay — (—2ax6 + a3pu4)

2
A0 — a3l

The polynomials vanish whenever a curve (3) has the form (6), that is the curve
has genus not greater than 1, equivalently A € A; U Ag. The polynomials Y(A; u, az)
generate an ideal Iy C C[A; u, a2]. Grobner basis of Iy N C[A] is A(A).

If 8(u, a) =4(pa — %ag)S +27(16 — 3azpa + %ag)z vanishes then the polyno-
mial x> 4 2a>x + p4x + pe, cf. (6), has a double root. This means the curve (6) has
two double points and its genus is 0, equivalently A € A(. The polynomials Y(A; u, az)
and §(u, a») generate anideal Iy 5y C C[A; u, ax]. Grobner basis of Iy, 5N C[A]is T'(A).

To calculate Grobner bases, we use Buchberger’s method with lexicographic
monomial order. O

REMARK 1. The polynomial A(X) is in fact the discriminant of x> 4+ A4x* 4+ Agx? +
AgX + A19, cf. (3), while the polynomial 8(j, ay) is the discriminant of x* 4 2a,x> +
Hax + e, cf. (6).

Introduce variables y4, y5 by the formulas y; = g4 — %a% and ys = ug — %azm +
1243. Then, the above polynomial 8(u, a2) takes the form 8(y) =4y, +27y2. In what
follows, we shall need the following expressions

me=va+ia, e =vs+jan+ 5a. ()

Equations Y(A; y, az) =0 with respect to (y, a»), here u in (7) are replaced by
y according to (8), have no solution when A € A,, a unique solution for (y, a»)
when A € Ay, and two solutions when A € Ay. Indeed, if A(A)#0 the equations are
incompatible. Let A(X) =0, suppose there exist two distinct points (y, ay) and (8, by)
corresponding to the same point A. Subtracting Y'(; 8, b) =0 from Y(A;y, a;)=0
then eliminating y4 — B4 and ys — B¢, Wwe come to a pair of algebraic equations of
order five and four with respect to = a, — b,. These equations have a single common
root ¢t =0 iff §(y)=#£0, thus the points (v, a») and (B, b;) coincide. Now suppose,
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both A(A) and 8(y) vanish, then (ys, y4) = (213, —3¢*) for some value of te C. The
system Y(A; (263, —=31%), ax) — Y (1; (253, —35°), b,) =0 is satisfied by two solutions:
(s, b2)=(t,az) and (s, b)) = (31 + 3, 1 — 3a2).

4. Frames in strata. To define a frame in the stratum A,, we use a theorem due to
Zakalyukin [24], see also [21], which puts into correspondence a vector field L tangent
to hypersurface A(A) =0 and a polynomial p(x, y), namely,

Lf(x,y) =p(x, p)f (x,y) mod (3:f, 9,1,
where f(x, y) = 0 is a curve equation. In our case,
Clx, y)/(3+f, 3,f) = spang (1, x, x%, x7),
and four vector fields {¢y, £, £4, £} correspondent to the polynomials

po(x, y) = 10, pa(x,y) = 10x,
pa(x,y) = 10x> + 614, po(x,y) = 10x° 4 614x + 4As,

provide a basis in A;. Explicitly,

£y Oy
%) 0,
=V o 9
cl=vo | )
4 a)»10
where
dry 6X¢ 8g 10219
6A¢ 8lg — 1?2)»42‘ 10110 — %)\6)\,4 —%)»g)m
V(A) = . (10)

8Xrg 10110 — g}%)% Ahghg — %Ag 6)10As — g)LS)LG
1010 _%‘)\.8)\-4 6X10Ag — g)ng)% 4X10Ahe — %)\é

Vector fields € =(£y, £, £4, €) are tangent to discriminant variety {A | A(A) =
0} = Ay U Ay, in fact,

UAG) = g AR), ¢ eCAl, k=0, 2, 4,6 (11)
¢ = (40, 0, 1214, 4hg).
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Vector fields ¢ are tangent to the variety {A | (1) =0} = A, namely

Gr) =wl'®),  ¥x € Mat4C[AD), k=0,2, 4,6 (12)
0 -6 0 0
— 165, 0 8 9
— diag(16, 18, 20, 24), = ° :
Vo = diael b= T 00
T2heha 24015 — 5627 0 0
32 4
—2hy o 0
’ B Sh 0
4= ,
24ns — 2223 0 1224 -2
1440504 + 10802 = %23 0 0 %y
— I — Ik 0 0
4rg — 28037 0 Brg 0
Ve = _m 8142
100ng — 8agrs  —6ag =827 0 0
T2hghe — Baer]  40ashs— 23 0 0

It follows from det V(1) = ]—SGA(A) that £ defines a frame in the stratum A»; next
(11) and (12) imply that restrictions of £ to the strata A; and A provide frames on the
both strata. To analyze the restrictions in more detail, we need parameterization of A
and A . By combining (6) with (8) and comparing with (3), we observe that the subset
of curves (3) with one double point is parameterized as follows:

572
)‘«4:)/4_5(127

Ao = V6 — 310274 - %ai
Ag = —2ary6 — %Cl%)ﬂ + %ag, (13)

Mo = a3ys + %agm + %a;
dy} 427y #0.
LEMMA 1. The restricted vector fields (Zo, Zz, Z4) = (Lo, L2, L4)|a, form a frame on
the stratum A,. In terms of parameterization (13) they are expressed as follows
T =2a20,, + 440y, + 6V60y,,
O = Z(6ys + 5a3)da, + 2 (995 — 8a2ya)d,, — 2 (v + 6a276) 3y
Uy = 2 (276 + 9arys — 40a3) 04, — 202 (976 + a2ya)dy, — a2 (3azys — 4v7)dy,.
On A the vector field {g is decomposed into

Lol a, =—a§?o - a%% — arly. (14)
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Proof. The proof is straightforward. ]

REMARK 2. The vector fields (Zo, Zg, ?4) on a curve (3) with a double point at
(a2, 0) can be expressed in terms of the three vector fields: 9,,, Lo =4y40,, + 6¥s0y,,
and Ly = 6ys0,, — 3¥}9,, as follows:

Z() =26128a2 + Ly,
2 =%(6V4 + 561%)3@ - %azLo + Lo, (15)

64 :%(27)/6 + 9612)/4 — 4061;)86,2 — %a%Lo — 2612L2.

The fields Ly, L, are tangent to the variety {y | 8(y) =0}.

In a similar way, from the generic form of a curve (3) with two double points at
(a2,0) and (b, 0)

=17+ (x — @)’ (x — b2)*(x + 2a5 + 2by) = 0, (16)
we obtain a parameterization of A

)\.4 = —3([% — 4a2b2 - 3b§,
Ao = 2ar + bo)(a3 + 3azby + b3),

(17)
Ay = —a2b2(4a§ + Thyay + 4b%)7

)\.10 = 2a§b§(a2 + bz)
LEMMA 2. The restricted vector fields (Zo, Zz)z(ﬁo, )|, form a frame on the

stratum Ag. In terms of parameterization (17) they are expressed as _follows

Z() = 2a28a2 + 2b23b2 s

O = — (a3 + 8ashy + 6b3) 8, — 2(643 + 8arbs + b3) .

On Ay the vector fields L4 and £¢ are decomposed into

Calay = —(@ + arby + D)o — (a2 + b)la, (18a)
Csln, = arba(ar + b2)lo + arbs 0. (18b)
Proof. The proof is straightforward. U
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5. Annihilators of sigma-function. Following [11], we write down the operators
producing heat equations in a non-holonomic frame in the case of genus 2 curve (3):

qo = — u19y, — 3u3dy, + 3 + Lo,
@2 = — 0 + Prauzdy, — w1y + Hhaui — 15 (15g — 423)153 + Lo,
g4 = — Oy, + %)\'6“38141 — Aqu30y, + %Kﬁu% — AgU U3
— L (30110 — 6A6ha)u3 + Ag + Ly,
q6 = — %3143“3 + %}\81"38141 + ll—oksu% — 2Xjouruz + l—%kskwg
+ 16 + €.
We define sigma-function o (43, u;; A)on genus 2 curve (3) as a solution of the equations
qro(uz, uj; A) =0, k=0,2,46

with the initial condition o (u3, 0; 0) =u3. Since the solution is unique [11], this
completely defines the sigma-function.

According to relation (14) from Lemma 1, the operator Q¢ = —2(g¢ + a2q4 +
aq> + @3qo)|a, does not include derivatives over y and a», namely:

2
Qs = <8u3 + ardy, + auy + (va + %Clg)azm) — (6 + 2aaya+ 2a3). (20

Introduce a new variable U; by the formula u; = U; 4+ ayus, then (20) becomes an
ordinary differential operator

Qs = D* — d(a, y), (21
with the operator D and the function d(a», y) given by
D =, + AU + (s + 1) arus d(a, v)* = v6 + 2ays + Gan)’.
The operator Qs = —(q4 + 2a>¢> + 3a3qo)| a, has the form
Os= (3Ul +2a2 U + (ya + 23—845)113)D — 2d(ar, v)du,(d(az. v) - )
— (U} + 120, Uyus + 3(ys + Ta3)u3)d(az, v ). (22)
Then, Qyp=qola, and Or=¢q> + %azqoh\l take the form
Qo =— U1y, — 3uzdy, + 2a20,, + Lo + 3. (23a)
0> = — 30u,u, — 1a2(Ur + 3azus)dy, — (Ur + Sazu3)d,, (23b)
+ 5 (6v4 +253)04, + Lo + 15 (3ys — 5a3) (U + 2a2u3) Uy

+ 5 (90arys + 12y} — 16a3ys — 15a3)u3 + 4as.
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A solution Z(us, Uy, az, y) of the system
0Z=0, k=0,2, 4,6, Z(u3,0,0,0) = u3
at Uy =u; —au; is a degenerate sigma-function and coincides with o (u3, u; A)

restricted to A ;. We construct this solution explicitly in the next section.

6. Degenerate sigma-function.

THEOREM 1. Suppose A € Ay. Sigma-function associated with a curve (3) has the
form

3 1.3 2 1
*g@(a)((j vt 35 9(@)? )i+ g@(a)uluﬁguf)

o (us, up, A)la, = o' (a)o(a)

| 3
o <C, (¢ ru -2 p(a)ug))ej@(Ol)us—C(Ol)(ul—gﬁJ(a)m) 24)

—o(a—u + éKJ(Ot)us)e_%‘“’/(“)"3“(“)(”‘_%”O("‘)‘”))
5 9

where o, ¢, g are Weierstrass functions associated with the curve (4), and « is defined by
5
o) = 3.

Proof. First, we consider the equation
Q6Z(u3, Uy, a, y) = 0,
where Qg is defined by (21). The gauge transformation
Z(u3, Uy, a2, y) = exp H—%az(m +1a)u; — a3 Ulus}p(us, Ui,ayy)  (25)
leads to a simpler equation

au3u3p(u3s Ul& a29 )/) - d(azs V)zp(u3s Ul» 612, )/) = 0

As fundamental solutions of the equation, we choose ¢.(Uy, az, y) exp(ed(az, y)us),
where € is unary operator: € = +. Then,

o(uz, Ur, az, y) = co(Uy, az, y)e V) ¢ (U, ay, y)e 4@, (26)
Next, consider the equation

04Z(u3, Uy, a2, v) = 0.

Taking into account (25) and (26), we obtain the following equations for ¢,
€y, Cc — gaaz (d(az, y)ce) = (—2ea2U1 + %d(az, y)Ulz)ce.
The substitution

ce(Uy, a2, y) = exp {@c(Uy, a2, y)} /d(az, v)
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leads to a linear non-homogeneous partial differential equation
(68(]] — gd(az, )/)8“2)(,0E = —-2ea, U + %d(az, y)Ulz. 27)
We solve the associated homogeneous equation by the method of characteristics:
5 day d(3a2)
6 d(as, y) _2\/@(’2)3 N V6'

—GdUl =

The characteristics is defined by the equation
a(ay, y) + €Uy = const,

where

30 X
a(ar, y) = f d dega = 1.

o 22X+ X+
We write down a general solution of the homogeneous equation as
o™ = log s, (aaz, v) + €Uy, y).

In what follows, we need elliptic functions o, ¢, @, &’ associated with the curve
(4). Here,

p@)=3a 9@ =2d@,y) =2 (Ca) + s + ve.

The functions g, g’ satisfy the equation (p')* = 4> + 4r4p¢ + 4X¢, thus, they are
standard Weierstrass functions with the invariants (g», g3) = (—414, —4Xs), see [15].

Next, we construct a particular solution of non-homogeneous equation (27) in the
form

o™ = Cy(ar, y) Ui + Ci(az, ) Uy + Colaz, v).

By substituting the ansatz and collecting coefficients at the powers of U;, we obtain a
system of equations for C, C; and Cy:

0,Cr=—¢, (a2, y)3,C1 =2¢(Co+ a2),  %d(az, v)d4,Co = €Cy.
Observe that 9, = gd(az, ¥)0,4,. Whence

Ca(az, y) = —ga,

0, C1 = €3ar = ep(a) = Ciaz, y) = —€¢(a),

3 Co = —¢ () = Co(az, y) = —logo(a),

above we have used the standard relations:

() = — / p)dv,  logo() = f ¢(v)dv.

[ee]
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Summing up, the general solution <p£h) + goi"h) of (27) has the form

0(Ur, a3, y) = logse(a(az, ) + €Uy v) — 1@ Up — eZ(@)U; — logo(a).
Therefore, we come to the following expression for c¢,:

Se (a(az, )/) + € Ulv y) e—éasz—eg(a(az,y))Ul
©'(a(az, y))o(a(az, v))

ce(Ur,ar,y) = (28)

Taking into account the form (28) of dependence of ¢, on ay, for the next step, we
change the variables on A from (az, 4, ¥s) to (o, V4, Y6)-

Se¢ (Ol + €U, V) e_ll—op(a)UIZ_E;(a)Ul

AUy = @@

Under the change of variables the operators 0>, Qp map to new operators 0s, Oy,
where the map is defined by the following formula (cf. Remark 2)

_ L(p@), Io— Ly(p(@) , )

(0a» Lo, Lo) (L o, Lo
3p'(a) #'(a) #'(a)

Applying the operator @2 to Z(uz, Uy, %p(a), y) with ansatz (28) and using the
relations

Lyo(a) = o (o) (— e + 3¢(@) — Sp(@),
Lyt () = =3y — S(@)p() — 39/ (),
Lyp(a) = 3ys + 2p(@)* + ¢ (@) (@),

Log' (o) = ¢ () (6p(a)” + 2y4) + 3p(a)p’ ().

we come to the equation
2
(~300,0, + brala + €Ul + Lo )sc( + €Uy, y) = 0. (29)
Similarly, the operator Q) leads to the equation

(—(a+eU1)aU1 Y Lo+ l)se(oz YelUi,y)=0. (30)

https://doi.org/10.1017/50017089518000162 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089518000162

180 JULIA BERNATSKA AND DMITRY LEYKIN

Further, consider the power series expansion for Z(us, 0, %g)(a), ) in u3 near zero.
We obtain

sp(e,y)+5(ay) | si(ay)—s(ay)
o(a)p'(@) 20 ()

Z(u3, 0, 3p(a), y) = u3 + 0(u3).

Comparing the expansion with the initial condition Z(us, 0,0,0)=u3 for entire
function Z and taking into account that at y =(0, 0) the value of a(as, y) tends
to infinity as a, — 0, we find

St (a, 0) = —s5_ (a, 0),

s+(a, 0) =o(a)ly=0 = 0.

Therefore, s, (a, 0) =e€a. Thus, the initial condition singles out a unique solution of
equations (29) and (30) that is

Se(a + €Uy, y) =eo(a + el)).

Combining all of the above results, we write down the final expression for Z. [J

REMARK 3. Note that the genus 2 degenerate sigma-function (24) can be
represented with the help of elliptic Baker function ®

B o(a —u) @u
D(u, o) = —a(oz)cr(u) et 31

Indeed, we have

o(uz, ug, M)la,

e—%KJ(W)((%V4+%@(a)z)ug-‘r%@(a)ulla-‘r%uf) a(u1 — %g,)((x)m)
©'(a)

1, 1,
x <<I>(—u1 + 2p()us, Ot)efp(o‘)“3 + @ (ur — 2p(a)us, a)eZma)’“).

REMARK 4. Visibly the right-hand side of (24) is singular when o(x)=0 or
g’ () =0. The first case corresponds to @, = oo, which does not belong to A, otherwise
the equation (3) would not include the term x°. In the second case, 2« is a period of
the Weierstrass elliptic function, that is g(«) becomes a branch point ¢; of (4). Then,
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by Lopital rule,
o= 39@((3r+ 35 9@ )3+ 3 pl@mu+ gud)
o 5 ) A ' ()=0 =
(u3, u1, M)Ay, p/@)=0 20 (a)
3
up — sp(a)us 3 *f("‘)(”"gﬁo(“)m)
X\ \us +plo)——=——=- || ola+u — sp(a)us)e i
((3 oo ) (oo~ o)

+o(e—u + %p(oz)w)e;(“)(“‘_%@(“)”3))

1

3
+—— (o'(a+u — 2p(a)u e—C(or)(ul—gm(a)ua)
i (e = o)

3
—o'(e—u + %@(a)m)e{(“)(“‘3‘”(“)“3)>>

3 1 3 5 2 1
*gei((5V4+3E;)u§+§e,»ulu3+guf> %

) _ 3, / _ 3,
y ((3 N g)a( o) + M) G2

va + 3e? va + 3e?

where o = Jw;, ¢; = (i), 1= ¢(wy), and o,(u) = exp(—un,)o(u + w)/o(3w;)
denotes a sigma-function with characteristic [15], p. 348 equation (22). We use

the notation w; = w, wy = —w — @', w3 = &’ for periods of the Weierstrass elliptic
function, and take into account the following properties of sigma-functions with
characteristic

oi(—z) = 0i(2),

1 1
o/(u—f— @) —nit _ —U/(_ul+ 2) e = 20/(z).
U(jwi) U(zwi)

THEOREM 2. Suppose A € Ay. Sigma-function associated with a curve (3) has the
form

1
3 (3a2b2(u2+bg)u§+2a2b2ul u3—(az +b2)“f)

e
o(us, ur, M|, = (@ — bo)
sinh (v/3az + 2by(uy — baus))
h (v/2ay + 3b —
X <cos (m(ul aru3)) 3 1 25,
sinh (v2a; + 3b5(u; — az“3)))
— h (v/3ay + 2b —-b .
cos (m(ul 2113)) N

(33)
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The theorem is proven by an argument similar to the proof of Theorem 1.

REMARK 5. Evidently, when b, = a; an uncertainty arises in (33), which has the
following limit

0’(143, ui, A.)|A0yb2:g2 — ea2(3a§u§+u2u|u37u%)

1 1 .
x (u3 + 100, (u1 — aruz) — G sinh (2y/5ax(u; — Clzu3))>. (34)

At a; — 0, we come to the curve y> = x°, and o-function turns into the Schur—
Weierstrass polynomial, introduced in [9]

u3

o (u3, ur, M) agr=0 = U3 — ?1 (35)

7. Applications.

7.1. A generalized Jacobi inversion problem. Let (X7, Y7) and (X3, Y>) be a pair
of finite points on the elliptic curve (4). Consider an inversion problem for integrals

XY gy (2. Y2) qx
oo - oo -

X1, 1) dx X, 12) dx (36)
L =aatl ="
Denote
Z=0(Us, U+ 24Us, M4, y)),
and A(4, y) is defined by
Aa = ys — %Az,
Ao =Ve— 3Ays — %A, 37)

Ay =—SAys — £ A v+ %A

Mo = A7V + e Ay + 1A

Further, let

Pj=—dyuylogZ and Py = —adyuyuy logZ.

COROLLARY 1. The solution of a generalized Jacobi inversion problem (36) is given
by the formulas

X1+X2='P11+‘§‘A,

X1 Xo = —Pi3 + APy + %A%, (38)
1 Pz
Yi=—= -\ k=12
k 27’111 20X — A)
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Proof. Consider the Jacobi inversion problem on a genus 2 curve of the form (3)

/(Xuy]) dx (2.2)
A +/ QA = u39
Py _2y Py _2y

) x dx (202) x dx 9)
/Po _—2y + /Po _—2y =u.
The pair of points (xy, y;) and (x,, y2) on the curve is defined by formulas
X1+ X2 = g1, X1X2 = —§13,
Yk = —%(stﬂm +eo3), k=1,2, 4
where ©; = —0y,, logo(u3, ur, A) and @ji = — 08y, 10g 0 (u3, u1, 1). For more details,

see [3].

Indeed, relations (40) hold for all values of u and A, where sigma-function does

not vanish. Consider (39) with parameters A as in (37). The substitution
x=X-324, y=Y(X — A),

41

uz = Us, u1=U1+%AU3, @D
transforms the problem (39) to the problem (36). Consequently, (40) transforms to
(38). O

Introducing the following notation

_ 0@+ ) swvexeu
P= = P e? , (42a)
1 P+1
S=— Y (- , 42b
2o = p@) (60( 1) 60(06)7)_1) (42b)

where p(a) = 4, we present explicit expressions for (38)

X+ X, =8 — p(U), (43a)
©'(U1)? — o' (a)?

XX = p(U)S* — '(U))S — (U —— =~ (43b
1X2 = p(U1)S* — 9'(UNS — p(a)(p( 1)+p(a))+4(50(U1)—60(05)) (43b)
and from Yi = 4 (Xedy, (X1 + X2) = 00, (X1 X))/ (X = p(@))
Xi—pW) o3, (U)o
Y =— S S
Xie — p(a) Xie — o) (430)

o' (U)* — o' (a)?
(Xk — 9() (9(U1) — (@)

+ <2p(U1) + p(a) + ) )S + 5@,(U1)~

Example 1. In the case when A4 is a branch point, say e; = g(w/2), of the curve (4)
the function o is simplified dramatically, cf. (32). However, formula (43c¢) fails for one
of the roots. The explicit solution has the form

(X1, Y1) = (e1,0), (X2, Y2) = (9(U1 + @/2), —39'(U1 + @/2)). (44)
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Introducing variables &, by the equalities (&)= X, k=1, 2, we rewrite the

problem (36) in the form
s +&=1U,
& dé & dE (45)
= Us.
/o ) — p@) +fo P& —p@
With the help of
©' ()
_ ¥ 9 _ _F) ,
S o = K@ttt E)

we explicitly integrate and reduce (45) to the following system

_ o(ot — 51)0(01 - 52) _ a2t (@) U+ () Us
& +&="U, oo+ &)o(o + &) —° T o

Example 2. For the rational limit (y4, y) =0

o§)=& &=, pE=£7 pE=-2£"
the problem (36) with usage of (46) is solved explicitly:
U U\
f+6=U. &HEh=-d +aU1[tanh (—j + —‘)] .
o o
In the rational limit, the same relations are obtained from (43) with X =&, 2,

Consider the equation with respect to &

v 0 —a)o(E+B)
CoE+a)oE—2a+p)

(47)

Similar equations appear in the theory of Bethe ansatz, see [20] and many other
publications. By combining the substitutions

B=o— U, n==20(a)U; + p'(a) Us.

the equation (47) is reduced to (46) and has two solutions &;, & defined by (43).

o(§ —a)a(§+B)

o6 +a)o(§ — 2+ p)
function in (&) and g’(&). Then, the equation (47) is transformed to

REMARK 6. The ratio can be represented as a rational

P& &) 1
) ol 1
o o(f) @) —pQx—p) —-0'(B) B 1
oRa—pB)  pla)—pB) ©'(€) £(&) 1
—'(a) p(a) 1
O'Qu—p) pRa—p) 1

This is equivalent to an equation of the form Agp'(§)+ Bp(¢€)+ C =0, which
apparently has three roots. Two of the roots are functions in > and provide a
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solution of (47) and in fact are the same as defined by (43). The extra root
(9(&), 9'(§)) = (9 — B), —'(ar — B)) is independent of .

7.2. Schrodinger equation with periodic potential. Introduce the function

(B3 —uz, i —ug, 1)

((u3, u1), (B3, B1)) =

o (uz, u, 1)
Ga®) (333 + Agx) dx Gy0) x2 dx
x exp [ —u3 —_— —u , (48)
P 00 —2)/ 00 _Zy

where (81, B3) is the image of the point (b, y(b)) on the genus 2 curve (3) under the Abel
map

(bo®) gy (bo®) y dx
ﬂ3 = / AL :31 = / A
00 —2y 0o -2y

The 1-forms %dx and %dx are second kind differentials associated to the first
kind differentials %ydx and —;dx. The function ®((uz, u1), (B3, B1)) is a genus 2

analog of the elliptic Baker function (31).
Next, we exploit the fact that ®((us, u1), (83, B1)) satisfies the equation

(3,4]“] - 2@11)@ =b o, (49)
which is similar to a Schrédinger-type equation
(0 = U@V (2) = EY(2), (50)

where £ is a value of energy.

COROLLARY 2. Suppose M(gp(a), y)) € A is defined by (37) with o(a) = A. Then for
all Us € C the function

o (B3 — Us, B — Uy + 2p(a) Us; Mgp(@), v))
U, = e 51
vt o(Us. Us + 2p@Usip(@). 7)) Gh

where By is an arbitrary complex number,

B; =

(25@)31 +log %),

1sc<a)5o(a>> o 9@ (B —a)
sp'@) )T 25pa) S o(Bita)

' (@)

o= —¢(B)+ %@(OO(I +

satisfies the Schrodinger equation (50) with the potential and energy
U =28 = 2p(U1) = 2p(), € =p(B), (52)

where the notation (42b) is used.
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Proof. Consider the equation (49) with respect to the variable Uy =u; — %p(a)m,
and use Py from Corollary 1 instead of g;,. The equation acquires the form

(Ov,v, — 2P1) W = bW,
where W is obtained from ® by applying the substitution (41)

o (Bs — Us, B) — Uy + 2p(a) Us; Mp(), v))
o (Us, Ui + 2p() Us; (@), v))

(b.y(b)) (b.y(b))
X €Xp (—U3/ dR3 — U1 / de), (53)

o] o0

W((Us, Uy), (B3, By)) =

where By =83, Bj =81 — %60((1),33, the set of parameters A(gp(«), y) is defined by (37)
with 4 = p(«). Under the substitution (41), we get

bt v dx B dg
By = = .
’ /oo —2(X — p(a) Y(X) /0 p(€) — p(a)

The factor exp (— Us f o(f’y(b)) dR3) is inessential so can be safely omitted. Next, we

compute
dR, — i@ X =) ax.
—2Y T 22Y T 2Y(X — p(a))
and obtain ["" dR, = & . Finally, using (41), we find b= p(B) —2p(a). O

REMARK 7. The function U/ defined by (52) satisfies the KdV equation
40y,U = 03, U — 6UIY U,
and is a stationary solution for higher equations of KdV hierarchy.

Suppose, the roots {ej};zl, Zj ¢;=0, of polynomial f(x,0)= x>+ Asx>+
A6X> 4+ AgX + A1, that is branch points of the curve (3), are real numbers, and
e1 = ey > e3> eq > es. Then, the spectrum of operator in (49) is the union of three
segments: [es, es] U [e3, e2] U [e;, 0o]. When A € A one of the segments, say [es, e4],
contracts to produce a double point 4. Under the conditions, we can interpret the

results of Corollary 2 in the following way.

COROLLARY 3. Let (w, ') be periods of Weierstrass functions and assume Im w = 0,

Rew’ = 0. Then, provided p(«) € R, formula (52) defines one parametric families, with

parameter ¢ € [—%, %], of real-valued potentials in variable x on real line

1 2
Vi(x) = —U(x), with Uy = ——g;
w o' ()
1 1 7 : 27” / /
Wi(x) = 5U(0x + 50),  with Us = ——¢ + ——(¢(@)o' — an).
w ') ()

The operators 9y, — V1(x) and 3y — Vo(x) share a common spectrum

{p@} U[pG0), pGo+30)]U [pGG0), 0o].
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b

Figure 1. Sketch of branch points aild basis homology cycles.

Proof. Under the assumptions g(z) is real when z runs from the origin along
the boundary of rectangle with sides %w and %a)/. Further, both (p(x), o'(x)) and
(p(x + %a)/), o (x + %a)’)) are real for x € R. Let « € (0, %w), the functions P and S
defined by (42) are real valued. At o € (%a) + %a)/, %a)’) value of g’(«) is real, and
P/P*=1,as aresult Sisreal. At o € (%a)/, 0u (%a), %a) + %a)/) values of '(«) are
imaginary, and PP* = 1 so § is imaginary.

)

=

REMARK 8. The above potentials are unbounded except for V5 (x) with ¢ € (— %
in three cases: (1) Rea =0, (2) Rea = w, (3) Ima = 0.

7.3. Rank 3 lattices. Consider the space C of curves with a puncture at
the common branch point at infinity. Choose the following basis of holomorphic
differentials

2 3 ¢ dx
hx,y) = (1, x, =x*, —=(3x> + A4x)) 5 (54)
Denote by € = (al, ay, by, bl) a basis of homology cycles such that a; o b; = §;, see
Figure 1. Denote by 2 a matrix of integrals of A(x, y) over €, thatis Q = |, e 1(x, ).
If A € A,, then rank Q = 4 and  satisfies Legendre identity

QUQ =2m1J, (55)

for the symplectic matrix J = codiag(1, 1, —1, —1). First two rows of 2 generate a rank
4 lattice in C?, and thus define a two-dimensional complex torus as the quotient of
C? over the lattice. Meromorphic functions on the torus, that is four-periodic functions
on C?, can be derived from sigma-function by taking logarithmic derivatives of order
greater than 1. If A € A U Ay, then rank Q < 4.

Introduce the notation

Fr = {» € C* | rank Q = &}, k=0,1,2, 3, 4.

Evidently, the space A = C* is a disjoint union A = U/i:o}—k (cf. Proposition 1), where
F4 = A»>. Next,

LEMMA 3. F3 is the set of simple roots of the discriminant A(A) of (3)

Fy={r| AR) =0, 0, A1) # 0}.

Proof. Evidently, 73 C A;.Inthecase of A € A, we use the transformations (41) to
obtain elliptic parametrization (x, y)= (p(§) — $p(@), —3'(¢) () — p(a))) with
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Figure 2. Sketch of branch points and basis h&nology cycles when two branch points
contract.

the uniformizing parameter & € C. Compute the integrals I(x, y) = fo(:} ) h(x, y) as
functions in &

2@, 1 o8

I ,
o= 0 T v o re)

b(§) = & + 3p@N(). (56)

KO = £6) @ 16) ~ Lol

L) = —3p'(€) — ip(@)(vs + @) [1(§) — np(@)hE) — 2p(@) ().

Now, we calculate the periods. Let Q = (,311 ,52 fo; ,S‘i ), where T} and Hj are two-

dimensional vectors. By taking expansion of 7(§) near & = «, we find that

Tl _ T4 _
(Hl) =2mi1Res,—o I(a + 1), (H4> = 00.

For this computations, Figure 2 is instrumental.
On the other hand,

(Zfz) — I + )~ 1), (,?) — It + o)~ 1(2).

Explicitly, for finite periods, we have

O /
o=k v ). (57)
> nn
0 /
(t o, H) = KT T T + K (00 ). (58)

where
2 2
Fat@  —pme _[(me@)? 0
K= | 4 6 2@ 6@ K= 0 LRGN
308 (@ =5 gam® —(vs + 3o@)?)

K%:( ) 1 )
T\t @) —ip(@)

and w, o’ are periods of the Weierstrass function g, and n = 2¢(w/2), n' = 2¢(w'/2).
Thus, when A € A rank Q = 3 if and only if p'(«) # 0.
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Table 1. Classification of strata of parameters Lambda.

deg(f)o L,y @enLy GLnyH 2.2y 32 @G O
genus g 2 1 1 0 0 0 0
#deg(f)o — 1 4 3 2 2 1 1 0
rank 4 3 2 2 1 1 0

To complete the proof, it remains to notice that on A; the gradient of the
discriminant (5) vanishes together with o’(«). Indeed,

BA0, = 547 + 21 (¢'@) (Go@). Go@)’ 9@, 1), (59)

here 3, stands for (d;,, 9., i, 95,,). By definition, 4y} + 27y? does not vanish
on Aj. O

Similarly, F, is the set of double zeros of discriminant A(), and Fj is the set of
triple zeros of discriminant A(}):

Fr={1]0,A() =0, 3;A(L) # 0},
Fi={r A0 =0, 3]A(R) #0}.

Further, Fj is the set of 4-tuple zeros of discriminant A(A), which is a singe point A = 0.

On the other hand, let f(x) = x> + 213(:0 Ao—2X*. Divisor of zeros (f) is a formal
product p‘ll] p‘zi2 e p‘slS, p; are distinct points, integers d; are non-negative and Y d; =
5, while Y dip; =0. Assume d| > d, > --- > ds and denote deg(f)o = (d\, d>, .. .),
for non-zero d;. Clearly, deg(f)o takes values in partitions of number 5. Denote the
dimension of corresponding subset of A by m, we have m = #deg(f)y — 1. In fact, m
equals the dimension of a component of F,,. Table 1 gives summary of all possible
cases.

This completes description of the stratification of A by the rank of corresponding
lattice.

REMARK 9. Since F, has non-empty intersections with both A and Ay, cf. Table 1,
the two-periodic functions on the associated ‘torus’ can be of different nature: those
that are essentially a combination of rational and elliptic functions, see Remark 4, and
those that are combinations of exponential functions, see Theorem 2. The strata F;
and Fy are associated with exponential and rational functions, respectively.

7.4. Three-periodic functions. On the stratum F3 in the place of identity (55), we

have
T T, T ’J T T, T3\ _, 8 8 (1)
oo H H)\m B H)TT D

COROLLARY 4. For allu = (u3, uy) € C? sigma-function o (u; A) obeys the periodicity
property

o(u=x Ti;))

o(u; 1) :_eXp{iHltc((l)(l))(“i%Tk)}, k=1,2, 3.

reF;
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Proof follows directly from the periodicity property of genus 2 sigma-function.

REMARK 10. The function ®(u, 8) defined by (48) has Bloch property on 4 = A,
and keeps the property when restricted to F;3

O(u+ T;, B) = D(u, BT, i=1,23.

The ‘quasi-momenta’ M; are given by rather cumbersome expressions, which, however,
can be readily deduced from (56), (57) and (58) in a condensed form. Let B’ =
(I1(), () and p = (I4(), I3(x)), where « is the image of double point 4, that is
g(a) = A. Then, we have

M, =p+B'K, My = M5 = p+ B'(K> + K3K[).
Now, return to discussing three-periodic functions. Over F3 any order greater than

1 logarithmic derivative of sigma-function is a three-periodic function.
Introduce the function

ola+u — 3o(a)u , 6
P(U3, ul) _ ( 1 gﬁo( ) 3) e(p (oz)-‘rSp(a)g(oz))ug—k(a)ul ’ (60)
a(a —u; + gp(oz)m)

with p'(«) # 0. It is straightforward to verify that Ty, T;, T are periods of the function
P(u3, uy).

COROLLARY 5. Any meromorphic three-periodic function in two variables (u3, u)
with the periods Ty, T,, Tj is a rational function of Prasis = (P(ug,, uy), pu — %5@(0[)”3),
9 () — 2p()us), p(a), '(@)).

Proof. Any genus 2 Abelian function, that is a meromorphic four-periodic function
of (u3, u1), has a unique representation as the rational function of @p.sis = (911, £13,
#1115 113> P11, £1113), In particular

Ay = %5@1111 - 398 — 2013,

Ao = %501113 - %6011116911 + 41-‘501211 + 2@%1 — 2013011,

Ag = —%8011136011 - %601111&013 + %6011360111 + 80123 + 4@1216013,
Ao = —%6011135013 + %601213 + 2501235011.

(61)

The composition of A(%), see (5), with (61) defines a polynomial A (A(g@pasis)). When
A € Ay, the polynomial A (A(gpasis)) should vanish, while 8§(y) =4y, + 27y should be
non-zero. Taking into account

Ve — ©'(U1)? — 4p(U1)’ — (9'(@)* — 4p()’)
4(p(U) — p(a))
__p@)(p'(U) = 4p(U1)) — p(U)(p' (@) — 4p(@)*)
a 4(p(U) — p(a))

)

3

where Uy =u; — %50(0[)143, we see the condition 4;/43 + 27y¢ #0 turns into a condition
on a polynomial in p(U)), 9'(U)), (o) and g'(«). By (40)—(43) we can express i1,
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©13, £111, £113 as rational functions of Py,ss. Differentiating expressions for 111, 113
with respect to u; we get the rational functions

o = 65 — 8(2p(U)) + p(a))S* + 4p'(U))S
©'(U)? — o' ()

49U + 10p(@p(U) + 4p(@)* - S e
F4p(U1) + 10p(@)p(Ur) + 4p(a) 2(p(U)) - p(@)

o113 = —6(p(U1) — 2p(a))S* + 60'(U1)S’

+ (4@(U1)2 + Bpp(Un) + L)’ -

3(' (1) — p'(@)) ) s
2(p(U1) — p(@))

— 20/ U)(109(U) + 11p(@)S + 69(@) (20U + p(@)p(U1) + Fp(@))

Ip(Un (' (U + 9/ (@))

A (o(UL 2
() + o)) + S0 — p@)

These rational expressions for g@p,sis substituted in A(A(pbasis)) make it vanish
identically. Furthermore, we can re-express a rational function of gy,gs as a rational
function of Prass. O

The parametrization of gy,ss by rational functions of Phy,ss is analogous to the
parametrization of A in terms of a, and y, cf. (13). In fact, the former parametrization
is induced by the latter, which is clearly seen if we follow the connection between
sigma-function o and generators @p,sis of the field of fiber-wise Abelian functions on
the universal space of genus 2 Jacobi varieties.

REMARK 11. Note that the function f(z1, z2) = P(z1 /' (@), czo + %p(a)zl/go’(a)),
where ¢ # 0 is an arbitrary number, is a solution of the following system of functional
equations

f(z1, 22)f (21, —22) = exp(z1), f(z1,22) = —f(=z1, —22).

PROPOSITION 2. A field of three-periodic functions is a transcendental extension of
the field of elliptic functions with transcendence degree 1.

Proof follows from Corollary 5, the function P(u3, u1) serves as the transcendental
element.

8. Concluding remarks. For all values of parameters A sigma-function o (u; A)
is essentially a function of the same nature, that is remains holomorphic and entire
in all its arguments for singular curves as well. It possesses a periodicity property,
in particular, for the case of actual genus 1 and 9, A # 0 it is given in Corollary 4,
and the functions —9,,0,, logo (u; A) are three-periodic. The whole classification of
degeneration strata is given in Table 1. ‘Degenerate’ expressions (24) and (33), at
special values of parameters A, are useful for solving generalized Jacobi inversion
problem, and Schrodinger equation with periodic potential.

The technique we use above can be extended almost literally to higher genera
hyperelliptic sigma-functions. Generalization to non-hyperelliptic sigma-functions is a
challenging problem. Based on (24) and well-known formula for degenerate Weierstrass
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sigma-function [15], namely when (g», g3) — (124°, —8a%)
o) — %@efé"“z (em" - ef‘/g“),

we conjecture that evaluation of a genus g hyperelliptic sigma-function at a stratum of
parameters A,_;, where genus of the underlying curve falls by 1, has similar structure

o(u) > Ce ' (U(.A +uyeM" — o (A — u)e_M’“>.

Here, sigma-function on the left-hand side is in genus g, while sigma-function on the
right-hand side is in genus g — 1, scalar C, g x g matrix Q and vectors .4 and M are
expressed with the hep of first and second kind Abelian integral as functions of the
coordinates of a double point and the parameters of genus g — 1 curve corresponding
to a point in Ag_j. From this viewpoint, sigma-function in genus 0 is a constant
function, say, 1. We can regard the result of degeneration as an action of an operator
7T, which is in essence an evaluation operator. Then, properly tuned operators 7 («) and
T (b) associated with double points at @« and b commute with respect to composition,
which opens a possibility to study further degeneration of sigma-function in a more
abstract setting.

For the generalized Jacobi inversion problem considered in Section 7.1 a solution
is known within the framework of the generalized Theta-function theory, which
was originated by Clebsch and Gordan [17], whereas the algebraic description of
generalized Jacobians arose in [23]. It was further developed by Previato [22], Fedorov
[19], Braden and Yu. Fedorov [16] and others. A connection between the degenerate
sigma-function (24) and the generalized Theta-function can be traced through the
relation between sigma- and theta-functions in genus 1, see [15].

The subject of Section 7.2 may be viewed as the simplest examples of a potential
of mixed solitonic and finite-gap nature. It is of considerable interest to explicitly
construct potentials that possess arbitrary collection of points and segments in the
place of spectra.

In general, lattices of odd ranks satisfying Riemann and Schottky conditions lead
to generalized Jacobi varieties, see [18, 22]. The rank three lattice from Section 7.3 is
an example of that. The corresponding generalized Jacobi variety is a product of a
cylinder and a torus. At the same time, we conjecture that a field of 2g + 1-periodic
functions can be effectively constructed as a transcendental extension of the field of
hyperelliptic Abelian functions in genus g with help of a single transcendental element
of a form similar to (60), namely

o(a+u)

Plugir, u) = ( )

exp {c(@)ugy1 + d(a)'u},

where o denotes genus g sigma-function, u, o € C%, 4y € C and c(«), d(a) are
appropriate functions.

Our study of three-periodic functions of two complex variables will be extended
in our future publications, in particular, we plan to derive explicit form of addition
law, and to find a special dynamical system solvable by these functions like the KdV
equation is solved by the Weierstrass elliptic function.
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