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1. Introduction

1.1. Background and motivation

It is important and natural to understand if classical results of smooth differen-
tial geometry still hold if one weakens the regularity hypothesis. Since most of
the classical differential-geometric techniques rely on some smoothness assump-
tion, such a question often calls for substantial generalizations of the existing
methods.

Our starting point in this paper is the following general version of the sphere
theorem by Alexandrov [1].

Theorem (Alexandrov). A bounded and connected C2-domain Q C R™*! must
be a round ball, provided there exist a C'-function ¢ : R* — R and A € R such
that

e(xa,1();--xan@) =A
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and

0 .
o (1 ®), - xan(®) >0 fori=1,...n, (1.1)

for every p € 0. Here xq,1 < ... < xq,n are the principal curvatures of 9<.

The simplest case of this result is the famous rigidity result for hypersurfaces
with constant mean curvature. More generally, choosing ¢ = oy, where oy is
the k-th elementary symmetric function (see definition 5.11), one can deduce
(see [36, Appendix]) that if Q@ C R"! is a bounded C?-domain such that
Haor = ok(xa1,---,Xan) is constant for some k, then 2 is a round ball. This
result was proved by Alexandrov using the moving plane method. A completely
different approach to treat the special case ¢ = o} and based on integral identities
that was found by Ros in [35] and Montiel-Ros [26].

It is natural to ask about generalization of the sphere theorem beyond the clas-
sical smooth regime. This problem was addressed by Alexandrov in [2], where he
generalized the sphere theorem to bounded domains whose boundary can be locally
represented as graph of C!-functions with second-order distributional derivatives
in L™, and under the uniform ellipticity condition

0 )
0<p < %(Xﬂ,l(p)a”-aXQ,n(p)) Spp<oo fori=1,....n, (12)

for H™ a.e. p € 0. Here xa1 < ... < xq,n are the weak principal curvatures of
99Q. Obviously, (1.2) reduces to (1.1) for C%-domains. The proof of this result is
based on the generalization of the moving plane method by means of maximum
principles for W?2"-solutions of uniformly elliptic partial differential equations.
Both the hypothesis of Cl-regularity and the uniform ellipticity condition (1.2)
are important for the applicability of this method. On the other hand, it is natural
to ask if these hypotheses are convenient conditions rather than necessary restric-
tions. Additionally, arbitrary W?2"-functions exhibit very different behaviours than
Cl-functions. For instance, T. Toro in [43] constructs a W2"-function with a
(countable) dense subset of singular points, and J. Fu in [17] points out the existence
of W2™-functions on R™ whose gradient has a dense graph in R® x R™.

With these motivations in mind, in this paper, we generalize Alexandrov sphere
theorem to arbitrary W?"-domains (i.e. open sets which are locally subgraphs
of W2 functions) when ¢ is a symmetric function of the weak principal curva-
tures. Moreover, we prove our result under a more general hypothesis than uniform
ellipticity, namely the degenerate ellipticity condition (1.3), cf. theorem C. Instead
of using a moving plane method, we extend the Montiel-Ros integral-geometric
approach to prove our result. In recent years, Montiel-Ros argument has been
generalized to some classes of non-smooth geometric sets, namely sets of finite
perimeter with bounded distributional mean curvature (see [8] and [7]) and sets
of positive reach (cf. [14]). On the other hand, the aforementioned examples show
that W2"-domains exhibit some very different behaviour than the sets treated in
[8], [7], or in [14]. As explained below, this requires a substantially novel approach.
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1.2. Legendrian cycles and sphere theorem

Here we discuss the generalization of the Montiel-Ros method (see [26]) to W2n-
domains. In the smooth setting, this method is based on a clever combination of
the Heintze—Karcher inequality (see [12] and [26]) with the variational formulae for
the higher-order mean curvature integrals of a C2-domain (cf. [13] and [31]). As
noted by Fu (cf. [16]), the variational formulae are strictly related to the structure
of Legendrian cycle carried by the unit-normal bundle of a smooth submanifold. We
recall that an integer multiplicity locally rectifiable n-current T of R™t! x R**!
with compact support in R™*! x S™ is called a Legendrian cycle of R*! if and
only if 9T = 0 and T'L o = 0, where « is the contact form in R**1 x R"*! (see §2).
Indeed, it is a simple exercise to prove that the unit-normal bundle of a C?-domain
carries a natural structure of Legendrian cycle. It is also well known that if f is a
W2 function on an open subset U of R"*! then there exists an integral current
D(f) (also denoted by [df]) of U x R™ with zero distributional boundary (i.e. an
integral cycle), which serves as a substitute for the graph of the differential of f
(see [15], [32, (4.1) p. 332], and [17]). This current is called differential cycle of f.
The construction of this integral cycle can be naturally extended to construct a
Legendrian cycle associated with the graph of f. However, this information alone
is not sufficient to extend the Montiel-Ros method, as such extension seems to
require a crucial geometric property for the carrier W of this Legendrian cycle:
namely that the segments a + tu with ¢ > 0, at least for ‘many’ points (a,u) € W,
must be distance-minimizing segments near 0. This observation leads us to consider
the proximal unit-normal bundle, which is defined for an arbitrary set C C R"*!
as

nor(C) = {(z,u) € C x 8™ : dist(z + su, C') = s for some s > 0}.

It is always true that nor(C) is a Legendrian rectifiable set of R"™1 x S™ (see
definition 2.1), namely it can be H"™ almost everywhere covered by a countable
union of n-dimensional C'-submanifold of R"*! x 8" and the contact form o
vanishes on the approximate tangent plane of nor(C) at H™ almost all points; cf.
lemma 2.11. On the other hand, it is not always true that H™ L nor(C) is a Radon
measure over R x 8" (for instance even when C coincides with the closure of
a smooth submanifold with bounded mean curvature, cf. lemma A.3), henceforth,
nor(C') cannot always carry an integer-multiplicity rectifiable current.

Our first and central result asserts that the proximal unit normal bundle of
a W?"-domain carries a natural structure of Legendrian cycle. More precisely,
denoting by mp : R*"*! x R"*! — R"™*! the projection onto the first factor, cf.
(2.2), and by E" a volume form of R"!, cf. (2.5), we prove the following result.

THEOREM A (cf. theorem 3.9 and theorem 5.7). If @ C R"™! is a bounded W?"-
domain then H™(nor(Q)) < co and there exists a unique n-dimensional Legendrian
cycle T such that

T = (H"Lnor(Q)) An,

where 1 is a H™ L nor(Q2) measurable n-vectorfield such that

n(z,uw) =1, n(w,u) is simple,
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Tan” (H" L nor(Q), (z,u)) is associated with n(x, u)

and

<[/\n770] (77(377 U’)) A u, El) >0
for H™ a.e. (z,u) € nor(2). We write T = Nqg.

A simple functional-analytic reformulation of theorem A, which can be proved
along the same lines as theorem 3.9, states what follows.

THEOREM B. Suppose f € W2™(U). Then D(f) is a unit-density integral cycle
carried over {(z,Vf(x)) : © € S(f)}, where S(f) is the set of pointwise twice-
differentiabily points of f (cf. definition 2.15), and V[ is the pointwise gradient

of f.

In this direction, we recall that £™(U \ S(f)) = 0 by lemma 2.16, and the
subtlety of theorem B becomes more transparent if we observe that S(f) cannot be
replaced by the set of pointwise differentiability points Diff(f) of f: indeed, there
exists f € C1([-1,1]") N W2"((—1,1)") such that

[—1,1" € Vf([-1,1] x {0}"1),

cf. [37], and denoting by V f the graph map of the gradient of f, we use lemma 3.5
to conclude that H"(Vf(U)\ Vf(S(f))) > 0.

Combining theorem A with the variational formulae for Legendrian cycles in [16],
we can extend Reilly variational formulae (see [31]) to W2"-domains, whence we
deduce the Minkowski-Hsiung formulae in our setting (see theorems 5.15 and 5.17).
Moreover, the Heintze—Karcher inequality for W2m"-domains (see theorem 6.1) can
be deduced from the general inequality [14, Theorem 3.20] employing some of the
structural properties of the proximal unit-normal bundle (see theorem 5.7(2)—(3)),
that already play a role in theorem A.

Combining these results we can eventually prove our generalization of Alexandrov
sphere theorem.

THEOREM C (cf. theorem 6.2 and remark 6.3). A bounded and connected W2"-
domain  C R must be a round ball, provided there exist k € {2,...,n} and
A € R such that

Uk(XQ,l(p)v o 7XQ7n(p)) =\

and

0o .
at’f (xa1(P),- s xan®) >0 fori=1,....,n (1.3)

for H™ a.e. p € 0N2.

If £ =1 the result would reduce to the smooth Alexandrov’s sphere theorem for
constant mean curvature hypersurfaces, since the condition Hg1(z) = A for H"
a.e. z € 0L implies that 92 is smooth by Allard’s regularity theorem (notice that
by theorem 5.15 the function Hgq ; is the generalized mean curvature of J€2 in the
sense of varifolds, see [45]). No analogous regularity result is available when k > 2.
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1.3. The support of Legendrian cycles

Theorem A finds natural application in other problems, beyond the rigidity ques-
tions that we have considered so far. In §4, we employ it to answer a question
implicit in [29]. In [29, Remark 2.3], the authors asked if there exist n-dimensional
Legendrian cycles in R"T! whose support is not locally H"-rectifiable or even has
positive H"T!-measure. Combining theorem A with an observation by J. Fu in
[17] about the existence of W2"-functions whose differential has a graph dense in
R"™ x R™, we prove the following result.

THEOREM D. There exist n-dimensional Legendrian cycles of R*T1 whose support
has positive H>"-measure.

1.4. The Nabelpunktsatz

In the final section of this paper, we study the problem of extending the classi-
cal umbilicality theorem (or Nabelpunktsatz). The classical proof of this theorem
works for hypersurfaces that are at least C3-regular. A proof for C?-hypersurfaces
is given in [42] (see also [28] and [22]). Considering more general hypersurfaces
with curvatures defined only almost everywhere, the question about the valid-
ity of the Nabelpunktsatz goes back to the classical paper of Busemann and
Feller [4], where they also pointed out the existence of non-spherical convex C'-
hypersurfaces which are umbilical at almost every point; see also remark 7.8. In [7],
the Nabelpunksatz is extended to C':!-hypersurfaces. Here we obtain the following
far-reaching generalization of this result.

THEOREM E (cf. theorem 7.6). The Nabelpunktsatz holds for almost everywhere

umbilical W -graphs, provided the Lusin condition (N) holds for the graph function
(¢f. definition 7.5).

The Lusin condition (N) is necessary in order to guarantee the existence of weak
curvatures on the graphs (i.e. second-order rectifiability) and it is automatically
verified for graphs of W?2P-functions, with p > 5; cf. remark 7.7.

2. Notation and background

Given a set of parameters {pl,pz, .. .pn}, we denote a generic positive constant

depending only py,...,pn by c(p1,...,pn).
If f: S — T is a function we define

f:8—=8xT, f(x) = (z, f()). (2.1)

The characteristic function of a set X is 1x and the Grassmannian of m-dimensional
subspaces of R¥ is G(k, m). Moreover, we often use the following projection maps

7o : R"™ x R — R 7 R x R 5 R (2.2)

defined as mo(z,u) = x and 71 (z,u) = u.
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In this paper, we use the symbol e to denote scalar products. In particular, we
fix a scalar product ¢ on R"*1,

an orthonormal basis ey, ..., e,+1 of R"™! and its dual basis €/,... e}, ;. (2.3)

For a subset S of an Euclidean space, S is the closure of S. We use the symbols D
and V for the classical differential and the gradient. If f : U — R is a continuous
function defined on an open set U, we denote the set of x € U, where f is pointwise
differentiable by

Dift(f).

2.1. Basic notions from geometric measure theory

In this paper, we use standard notation from geometric measure theory, for which
we refer to [10]. For the reader’s convenience, we recall some basic notions here.

For a subset X C R™ and a positive integer u, we define Tan”(H* L X, a) to be
the set of all v € R™ such that

O (HM L X N{z : |r(z — a) — v| < € for some r > 0},a) >0
for every € > 0. This is a cone with vertex at 0 and we set
Nor*(H! L X,a) ={v e R™ :veu <0 for u € Tan"(H" L X, a)}.

Suppose X C R™ and f maps a subset of R™ into R*. Given a positive integer
wand a € R™, we say that f is H* L X approzimately differentiable at a (cf. [10,
3.2.16)) if and only if there exists a map g : R™ — RF pointwise differentiable at
a such that

O (HPLX N {b: f(b) # g(b)},a) = 0.

In this case, (see [10, 3.2.16]) f determines the restriction of Dg(a) on the
approximate tangent cone Tan”(H* L X, a) and we define

ap Df(a) = Dg(a)| Tan*(H" L X, a).

Suppose X C R™ and p is a positive integer. We say that X is countably H"-
rectifiable if there exist countably many u-dimensional C'-submanifolds 3; of R™
such that

HM(X\ G %) =0.

It is well known that if X is countably H*-rectifiable with H*(X) < oo, then
Tan”(H* L X, a) is a p-dimensional plane at H* a.e. a € X, and every Lipschitz
function f : X — RF has an H*_ X-approzimate differential ap Df(a)
Tan*(H* L X,a) — RF at H* a.e. a € X. At such points a we define for
he{1,...,k} the h-dimensional approximate Jabobian of f
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iy f(a) =sup {|[A, ap Df(a)](€)] : € € A, Tan" (H* L X, a), [¢] = 1}

(see (2.4) for the definition of A, ap Df(a)). The approximate Jacobian naturally
appears in area and coarea formula for f; see [10, 3.2.20, 3.2.22].

2.2. Differential forms and currents

Let V be a vector space. We denote by vy A - -+ A v, the simple m-vector obtained
by the exterior multiplication of vectors vi,..., vy, in V and A,, V is the vector
space generated by all simple m vectors of V. Each linear map f : V — V' can be
uniquely extended to a linear map

At ALV = ALV (2.4)

such that A, f(vi A--- Avp) = f(v1) A--- A f(uy,) for every vi,..., v, € V (cf.
10, 1.3.1-1.3.3]).

The vector space of all alternating m-linear functions f : V™ — R (ie.
f(v1,...,vm) = 0 whenever vq,...v, € V and v; = v, for some ¢ # j) is denoted by
A" V. There is a natural isomorphism between A" V and the space of all linear
R-valued maps on A, V (cf. [10, 1.4.1-1.4.3]). It is often convenient to use the
following customary notation (see [10]):

(€&, h) = h(§) whenever (€ A,V and h € A™V.

Using the notation introduced in (2.3), we define
E=e1 A Nepp1 €N, R™™ and E' =€ A---Nej € ATTRMTL (2.5)

If V is an inner product space, then both A,V and A™V can be endowed with
natural scalar products, whose associated norms are denoted by |- |; see [10, 1.7.5].

Suppose U C R? is open and k > 0. A k-form is a smooth map ¢ : U — /\IC R?
(if k=0 we set A’ R? = R). Following [10, 4.1.1, 4.1.7], we denote by £*(U) the
space of all smooth k-forms on U and we denote by DF(U) the space of all k-forms
with compact support in U. If ¢ € £F(U), we denote by d ¢ the exterior derivative
of ¢ (cf. [10, 4.1.6]). Moreover, if f is a smooth function mapping U into R? and
¥ is a k-form defined on an open subset V of R? with f(U) C V, then we define
the k-form f#1 on U by the formula

(01 Ao A, FFO()) = (NDF@) (w1 A= Ao, 9 ()

for x € U and vy,...,v; € RP. We refer to [10, 4.1.6] for the basic properties of
f#. Functions mapping a subset of U into A, (RP) are called k-vectorfields.
Suppose U C R? is open and & > 0. A k-current is a continuous R-valued
linear map 7 on D¥(U), with respect to the standard topology (cf. [10, 4.1.1]) and
we denote the space of all k-currents on U by Dy (U). We say that a sequence

https://doi.org/10.1017/prm.2025.10047 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10047

8 M. Santilli and P. Valenting
Ty € Dy (U) weakly converges to T € Dy (U) if and only if

Ty(¢) — T(p)  for all p € D*(U).

If T is a k-current on U, then the boundary of T is the (k—1)-current 0T € Dy_1(U)
given by
OT(¢) =T(dp)  for all p € D*(U),

while the support of T is defined as
spt(T) = U\U {V :V C U open and T(¢) = 0 for all ¢ € D*(V)}.

If T € Di(U) and spt(T') is a compact subset of U, then T can be uniquely extended
to a continuous linear map on E¥(U). If v € EM(U), T € Dy(U) and h < k we set

(T ) (o) =T A¢)  forall p € DM(U).
If T € Di(U), V is an open subset of R? and f : U — V is a smooth map such that

flspt(T) is proper, then noting that sptf#¢ C f~!(spt ¢) and f~!(spt ) Nspt T is
a compact subset of U for each ¢ € D¥(V), we define f4T € Dy (V) by the formula

F#T(@) =T [y A f79], (2.6)

whenever ¢ € D*(V) and v € DY(U) with f~!(spt¢) NsptT C interior [y~1({1})].
If spt(T) is a compact subset of U then fxT(¢) = T(f#¢) whenever ¢ € EF(V).
We refer to [10, 4.1.7] for the basic properties of the map fu.

We say that a k-current T € Dy(U) is a integer multiplicity locally rectifiable
k-current of U provided

T(¢) = /M<17(x), o(x)) dH* () for all ¢ € D*(U), (2.7)

where M C U is H*-measurable and countably #H*-rectifiable and 7 is an H* . M-
measurable k-vectorfield such that:

(1) [remns InldHE < oo for every compact subset K of U,

(2) n(z) is a simple and |n(x)| is a positive integer for H* a.e. z € M,
(3) Tan®(H* L M, z) is associated with n(z) for H* a.e. x € M.

We refer to M as carrier of T.

2.3. Legendrian currents

Here we introduce the central notion of Legendrian cycle and we collect some
fundamental facts.
Let a € EL(R™! x R™M) be the contact 1-form of R™*!, which is defined by
the formula
((y,v),a(z,u)) =yeou for (z,u),(y,v) € R".

DEFINITION 2.1. Let M C R™"t'xS™ be a countably H™ rectifiable set. We say that
M is a Legendrian rectifiable set if and only if for every Q@ C M with H"(Q) < oo
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we have that
a(z,u)| Tan" (H" L Q, (z,u)) =0

for H™ a.e. (z,u) € Q.

REMARK 2.2. In relation with definition 2.1, we recall that Tan" (H" L Q, (z,u)) is
an n-dimensional plane for H" a.e. (x,u) € Q.

DEFINITION 2.3. Let W C R™! be an open set and let T be an integer-multiplicity
locally rectifiable n-current of W x R"1 with spt(T) C W x S™.
We say that T is Legendrian cycle of W if TLa =0 and 0T = 0.

REMARK 2.4. If T is a Legendrian cycle and M is a carrier of T, then M is a
Legendrian rectifiable set (with H"(K N M) < oo for every K C R" x R**!
compact).

LEMMA 2.5. Suppose Wi,...,W,, C R are bounded open sets and T €
D, (R x R"1) such that T (W; x R"*1) is a Legendrian cycle of W; for
every i = 1,...,m and spt(T) is a compact subset of |J;~, W; x S™. Then T is
a Legendrian cycle of R*1.

Proof. Foreachi=1,...,m choose an open set V; with compact closure in W, and
fi € C>°(R™"1) such that spt(f;) is a compact subset of W;, >1", f;(z) = 1 for
every z € J", V; and spt(T) C 2, VixS™. Then T =T (31", fi), Yoieqy dfi =0

on U7, Vi,
(6,TLa) = imqb,ﬂo» =0
and -
OT () = i OT(fi9) + T (SILdfi) Ao| =0
for every ¢ € D"~ 1(R"+! >< _R"“). O

For the next definition recall (2.3) and (2.5).

DEFINITION 2.6. Lipschitz—Killing forms (cf. [47]) For k € {0,...,n} the k-th
Lipschitz—Killing form of R"™1, ¢, € E"(R"T x R"Y), is defined by the formula

<§1 ARRENA gnv @k(‘ra u)> = Z <7Ta(1)(€1) TARRRNA Wo(n)(gn) Au, E/>7
A

for every &1, ...,&, € R x R where

Zn,k:{a:{l,...,n}—>{0,1}:;a(i):n—k}

and mg and w are the projections defined in (2.2).
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For 1 < k < m, we denote by A(m,k) the set of all increasing mappings from

{1,...,k} into {1,...,m}.

LEMMA 2.7. (cf. [16, Lemma 3.1]). The exterior derivatives of the Lipschitz—Killing
differential forms satisfy the following equations:

(GNA N1, dor(@,u)) = (E A Apgr, oz, u) An—k+1)pg-1(z,u)) (2.8)
fork=1,....,n and
(& A ANny1,dpo(x,u)) =0, (2.9)

whenever &1, ..., &1 € Tan(R™! x 8™ (2,u)) and (z,u) € R"T! x S™.

Proof. We fix (z,u) € R"*! x S™.
Suppose k > 0 and notice that o5 : R"™t x R*™ — A"(R"™! x R"M1) is a
linear map. Henceforth, we compute (cf. [10, p. 352])

(EL A Nnyr, dop(m,u)) (2.10)
n+1
=) (=1)7H{EG A NG A A AN, (&G, Dor(a,w)))
=1
0
=) ()7 EG A NG AN A A er(€))
=1
=
=D )T Y (mo)(€) A Aoy (§-1) Ao (§41) A
Jj=1 0EX Lk
A Wo(n)(gn+1) ATy (Ej)a E/>
n+1
D" D Tom(E) A Aoy (§-1) A1) Ao (€41) A
j=lo€eX,

A 71-G(n)(fn-i-l)a El>

for &1,...,&41 € R x R whence we readily deduce (2.9). Moreover, if p,, :
R"t! — R™*! is the orthogonal projection onto span{u} we use the permutation
formula (cf. [10, 1.4.2]) to compute

(1A Nepyr, alz,u) Apr—1(x,u)) (2.11)
n+1

*Z Y a(mu)) (G A ANEi AN A A, 1 (2, 1))

n+1

D" D (mem (&) A Ao (1) Apa(mo(é))

j=1 O'EE,L k—1
ATy (Eiar) Aeee e ATy (Ent1), E')
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whenever &;,...,&,41 € R* x R*! and k > 1. Suppose 71,...,7, € ut is an
orthonormal set and we define

v = (1;,0) fori=1,....,n, v;=(0,7_p) fori=n+1,...,2n, wvopy1 = (u,0),
which form an orthonormal basis of R"*! x ut. Then we define
Ux =Ur1) A AUxg1) Whenever A € A(2n +1,n+ 1)

and, recalling that {vy : A € A(2n + 1,n + 1)} is a basis of A, (R"* x ut)
(cf. [10, 1.3.2]), we notice that (2.8) reduces to check

(n—k+1) vy, a(z,u) Apgp_1(z,uw)) = (vr, dpg(z,u)) for X e A2n+1,n+1).

(2.12)

Firstly, we notice that if A € A(2n 4+ 1,n + 1) and 2n + 1 ¢ Im(\) then one can

easily check from (2.10) and (2.11) that both sides of (2.12) must be equal to zero.

We fix now A € A(2n+1,n+ 1) such that A\(n+1) = 2n+1. Then 7 (v2y+1) =0
and we employ (2.10) to compute

<v)\»d90k(x’ u)>

= (D" > (moOa@) A A1y (vag-1) A T (0AG)

j=10€%, &
Aoy (UnG+1) Ao AT (n=1) (V@) A T () (V2041), )
=(-n" > Y (Mo (am) A A1) (UaG-1) A TAG)—n /A
JEATH{ntL 20} 0€T K

o(n)=0

ATy (OrG+1)) A A Ton_1)(Vam)) Au, E'),

while, since p, (mo(vy(jy)) = 0 for j = 1,...,n, we obtain from (2.11)

(on, afw,u) Appor(@,u)) = (1) Y (M) (Wa@) A ATy (Vam) Au, EY).

0E ko1
Therefore, if #°(A7'{1,...,n}) # k — 1 then

(vx, a(z,u) A pp—1(z,u)) =0 = (v, dpr(z,u)).
Finally, if 7—[0()\’1{1, cee n}) =k — 1 then

(n—k+1) vy, a(z,u) A pg_1(z,u))
= (n —k+ 1) (—1)” <T)\(1) AN AT k=1) N TA(k)—n N A Ta()—n A U,E/>
= (v, d or(x,u)).
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We recall that a local variation (Fy)ier of R"*!is a smooth map F : I x R**! —
R"*! where I is an open interval of R with 0 € I, such that Fy = F(0,-) is the
identity of R"*! and F;, = F(t,-) : R"*! — R"*! is a diffeomorphism for every
t € I. For such local variation, we define the initial velocity vector field V by

Fi(z) -z

V(z) = lim for x € R™*1.

t—0

Moreover, if F: U — V is a C?-diffeomorphism between open subsets of R*t!, we
define the C!-diffeomorphism Uz : U x S™ — V x S™ by

(DF(2)~1)* (u)
[(DE(z)~1)* (u)]

Up(z,u) = (F(a:), > for (z,u) € U x S™. (2.13)

We define Ry = R\ {0}. For a local variation (F});c; (where I is an open
interval of R with 0 € I) we define (cf. (2.13)) the smooth map h : R"*! x R{™H x
I — R x R by

h(z,u,t) = Up, (x,u) for (z,u,t) € R" x Ryt x T
and we notice that h(z,u,0) = (z,u) for (z,u) € R"** x Ry, Moreover we define

p: R x R x R — R x R, p(z,u,t) = (z,u),

¢:R"™ xR"" xR - R, q(z,u,t) =1,

P:R" xR 5 R x R™T! x R, P(z,u) = (x,u,0).

LEMMA 2.8. (cf. [16]). Suppose T is a Legendrian cycle of R™™ with spt(T)

compact, (Fy)ier is a local variation of R™" 1 with initial velocity vector field V and

Oy : R"TL x R"! — R is given by Oy (x,u) = V(z) eu for (z,u) € R"1 x R"+1,
Then (see (2.13))

=(n+1-9)TOv Npi—1) fori=1,....n

L [(wr)4T(0)

t=0
and
4 [(@r)e)00)| _ =0
dt ¢ t=0
Proof. Firstly, a simple direct computation leads to
haoP = (p¥a+6ydg)oP (2.14)
and
(h#cpk A dq) oP = (p#npk A dq) oP. (2.15)

Suppose now M C R"*1 xS is a countably H"-rectifiable set and 7 is a H™ L M-
measurable simple n-vectorfield such that |n(z, )| is a positive integer for H™ a.e.
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76) = [ (0.1, 0 0) 41 (w.0) for cach 6 € D" (R xR,

and Tan"™(H"™ L M, (z,u)) is associated with n(xz,u) for H™ a.e. (x,u) € M. For
t >0 we define [0,t] € D1(R) by the formula

t

[0,41(8) = / (t, B(st)) ds = / (L, 3(s)) ds for § € E'(R).

0

Denoting by T x [0,t] € D1 (R x R"*! x R) the Cartesian product of T and
[0,t], we employ [10, 4.1.8] to compute

t
@ 10.0)@) = [ [ (Cu5). 600 .5)) ds it (w0
m Jo
whenever ¢ € E"THR"! x R+ x R), where

C(z,u,8) = (N, P)(n(z,u) Awapys for H™ ae. (z,u) € M and for s € (0,1).

Employing [10, 4.1.8, 4.1.9] and taking into account that 0T = 0 we derive the
homotopy formula

(\I/Ft)#T T = (—1)”8[h#(T X [[O,t]])]
Since spt(hy (T x [0,¢])) € R™*! x S™ we use lemma 2.7 to compute
[(05) ,T — T)(0) = (~1)" (1 — 1) h(T x [0,4]) (@ A 1)
=(-1D)"(n— t x,u,8), h*a #op_1(x,u,s)) ds dH™ (z,u
0 =k 1) [ ()it i) ds i (o),

whence we infer that

. [(¥r),T = T)(er)
t—0 t

=(-D)"(n—k+1) /M (¢(z,u,0), A" a A h#pp_1(z,u,0)) dH" (2, u).

Using (2.14) and (2.15) we deduce that

<<($, U, 0)3 h#a A h#@kfl(xa u, 0)>
= <C(l’, U, 0),]7#04 A h#@kfl(xv U, 0)> + <<(.’E, u, O)a GV(‘ra u) dq /\p#ipkfl(xv U, 0)>

for H™ a.e. (z,u) € M. Moreover, noting that p(wa,+3) = 0 and (7, a(z,u)) =0
whenever 7 € Tan"(H" L M, (z,u)) for H" a.e. (z,u) € M by [30, Theorem 9.2],
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we obtain that
(C(z,u,0), p*a A ¥ pp_1(z,u,0)) =0 for H™ a.e. (z,u) € M
and employing the shuffle formula we compute

<C(xvua 0),9\/(1‘,@&) dq Ap#¢k,1($,u70)> = (_1)n Hv({l?,u) <n(xvu)a§0kfl(xau)>

for H™ a.e. (x,u) € M. Moreover, applying lemma 2.7, we obtain

%[(‘I’FJ#T](%)(t:O = (=" lim [ (T ﬂ‘zv’fﬂ)](dwo)

=0.

2.4. The proximal unit normal bundle

The following notion plays a key role in this paper.

DEFINITION 2.9. (cf. [34, p. 212]). If @ # C C R™"! we define the proximal unit
normal bundle of C' as

nor(C) = {(z,v) € C x 8™ : dist(z + sv,C) = s for some s > 0}.

REMARK 2.10. Notice that nor(C') = nor(C). We recall that nor(C) is a Borel
set and it is always countably H"-rectifiable; see [40, Remark 4.3].! However,
H™ L nor(C') might not be a Radon measure, even when C' is the closure of a smooth
submanifold with bounded mean curvature; cf. lemma A.3 and remark A.4.

The following lemma is an extension of well-known results for sets of positive
reach (cf. [30, Lemmas 4.23 and 4.24]).

LEMMA 2.11. Suppose C C R""L. For H™ a.e. (x,u) € nor(C) there exist numbers
—00 < Kky(z,u) < ... < Kp(z,u) < oo

and vectors T (x,u), . .., Tn(x,u) such that {11 (z,u), ..., T(x,u),u} is an orthonor-
mal basis of R" and the vectors

1 - Ki(x,u)
V14 ki(z,u)? (@), V14 ki(z,u)?

form an orthonormal basis of Tan"(H" L Q, (x,u)) for every H™-measurable set
Q C nor(C) with H"(Q) < oo and for H" a.e. (z,u) € Q (We set = =0 and

>

% =1). In particular,

Ci(z,u) = ( Ti(.li,u)>, i=1,...,n,

nor(C) is a Legendrian rectifiable set.

Moreover, the maps K1, ...k, can be chosen to be H™ L nor(C')-measurable and
they are H™ L nor(C)-almost uniquely determined.

IThe unit normal bundle of a closed set C in [40] is denoted with N(C).
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Proof. The existence part of the statement and the measurability property are
discussed in [14, Section 3] (see in particular [14, Remark 3.7]). Uniqueness can be
proved as in [30, Lemma 4.24]. O

DEFINITION 2.12. If C C R"", we denote by kca,... k0, the H™ L nor(C)
measurable maps given by lemma 2.11.

The following Heintze—Karcher-type inequality for arbitrary closed sets is proved
in [14].

THEOREM 2.13 (cf. [14, Theorem 3.20]). Let C C R™"! be a bounded closed set
with non empty interior. Let K = R"*!\ interior(C) and assume that
Z/{Kﬂl(x,u) <0 for H" a.e. (x,u) € nor(K).
i=1
Then

n

(n + 1)L£" " (interior(C)) < / Jor ) o (2, u) dH" (x,u).

nor(K) | Z?:l KK, (iC, u)|

Moreover, if the equality holds and there exists ¢ < oo such that | Y ;| kk (@, u)| <
q for H"™ a.e. (z,u) € nor(K), then interior(C) is a finite union of disjointed
(possibly mutually tangent) open balls.

2.5. W2 _functions

Suppose U C R" is open. We denote by WkP(U) (resp. Wlﬁf(U)) the usual Sobolev
space of k-times weakly differentiable functions, whose distributional derivatives up
to order k belong to the Lebesgue space LP(U) (resp. LY (U)); cf. [11, Chapter 7].
We denote by V f and D f the distributional gradient and the distributional i-th
differential of a Sobolev function f.

We now state two results on the fine properties of W?2"-functions, which play an

important role in this paper. We start with some definitions.

DEFINITION 2.14. Given U C R™ open set and f : U — R continuous function,
we define UT(f,U) as the set of & € U for which there exists p € R™ such that

fly) < flx)+pe(y—z) VyeU.

DEFINITION 2.15. Suppose f: U — R is a continuous function. We define S*(f),
respectively S.(f), as the set of x € U, where there exists a polynomial function P
of degree at most 2 such that P(x) = f(x) and

fly) — Ply)

- P
lim sup M < 00, respectively  liminf ——"———= > —o0
yoz |y —al v |y —a
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Moreover, we set S(f) to be the set of x € U, where there exists a polynomial

function P of degree at most 2 such that P(xz) = f(x) and

i £ — Py)

=0.
y=r |y —x|?

LEMMA 2.16. If f € C(U)NW2™(U), then L™(U \ S(f)) = 0.

Proof. This is a special case of [5, Proposition 2.2], which is attributed to Calderon
and Zygmund. This result can also be proved by a simple adaptation of the method
of [27] (cf. [44]). An interesting generalization is given in [17]. O

The following oscillation estimate plays a key role in lemma 3.5 and was proved
by Ulrich Menne, see [24, Appendix B].

LEMMA 2.17. Leta € R", r> 0, f € C(B.(a)) NW2"(B,(a)) and g € C?(B,(a))
such that
g(a) = f(a), f(z) > g(z) for every x € By(a).

Then there exists a constant c(n), depending only on n, such that

IDf — Dg(a)llLr(B,(a)) < C(”)T(||D2f| L7 (By(a)) T THD29||L°°(BT(a)))a (2.16)

| f = Lalle(B,(a)) < c(n)r([|D?f]|

L™(By(a)) T r||D2gHL°°(BT(a))>7 (2.17)

where Lq(z) = f(a) + Dg(a)(x — a) for x € R™. In particular, f is pointwise
differentiable at a with Df(a) = Dg(a).

Proof. See [24, Lemma B.3]. In particular, (2.16) and (2.17) follow from the esti-
mate of [24, Lemma B.3], while the pointwise differentiability of f at a directly
follows from (2.17). O

REMARK 2.18. It follows from lemma 2.17 that if a € §*(f) U S.(f), then a is a
Lebesgue point of D f, the map f is pointwise differentiable at a, and

Df(a) = Df(a).

We conclude with a Lusin-type result for W' !-functions, which can be easily

deduced from well-known results of Calderon—Zygmund and Federer. We provide
a detailed proof since we were unable to find this precise statement in classical
references.
LEMMA 2.19. Suppose U is an open subset of R™ and f € VVliCl(U, RF). Then f
is L™ L U-approzimately differentiable at L™ a.e. x € U with ap Df(z) = Df(z).
In particular, there exist countably many L™-measurable subsets A; of U such that
LU\ U2, A;) =0 and Lip(f|A4;) < oo for every i > 1.
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Proof. By [6, Theorem 12] (or [46, Theorem 3.4.2]), we have that

r—0

ti [ (7)) - DI@y - 0 dL) =0 (215)
B(z,r)

for L™ a.e. x € U. Fix now x € U such that (2.18) holds, define the affine function
L,(y) = f(z) + Df(z)(y — z) for y € R™ and notice that

eL™(B(z,r) N {y : [f(y) — La(y)| > €7})

TTL

< pnl / F() — Lo(y)|dC™y
B(z,r)

for every € > 0. Henceforth, by (2.18) and [39, Lemma 2.7],
O™ (L™ A{y : |f(y) — La(y)| > 2€ly — z[},2) =0 for every € > 0,
whence we conclude that f is L™ U-approximately differentiable at z with

ap Df(xz) = Df(z) applying [10, p. 253] with ¢ and m replaced by £" U and
n. Now we can use [10, 3.1.8] to infer the existence of the countable cover 4;. O

3. Legendrian cycles over W?"-graphs

The main result of this section (theorem 3.9) proves that the Legendrian cycle
associated with the subgraph of a W2"-function is carried over its proximal unit
normal bundle. This is the key result to extend the Alexandrov sphere theorem to
W?2"-domains.

DEFINITION 3.1. Suppose 1 : R® — R"*! is defined as

_ (_y71)
If f e W2™U)NCU), we define
Oi(z) = (z, f(z),¥(Vf(z)) e U xR x S" for every x € Diff(f).

REMARK 3.2. Let ST = {(z,t) e R" x R: [2|* + ¢* = 1, t > 0}. Notice that 1 is
a diffeomorphism onto 87 with inverse given by

QD:ST-:-*}R”7 50(2725):7%7

and | Dy (y)|| <2 for y € R™.

REMARK 3.3. We recall that V f is L™ L U-approximately differentiable at L™ a.e.
a € U by lemma 2.19. Moreover, Vf(a) = Vf(a) for L™ a.e. a € U by remark
2.18. If a € Diff(f) and Vf is L" U-approximately differentiable at a, then ®; is
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L™ U-approximately differentiable at a and

ap D®(a)(1) = (7, Df(a)(7), (ap D(V f)(a)(7), DY(V f(a))))

for every 7 € R". In particular ap D®y(a) is injective for L™ a.e. a € U and,
recalling (3.2) and noting that D(V f) = ap D(V f) by lemma 2.19, we infer that

[ hep D act < ) (@) + [ Ipsract+ [ ozgpac).
U U U

It follows that ® is a Whn.map over U.

REMARK 3.4. The following basic fact of measure theory is used in the proof of
lemma 3.5. Suppose i is a measure over a set X, C is a positive constant, and
{E; : j € S} is a countable family of p-measurable sets, such that H°({j € S :
E;NE; #©}) < C for every i € S. Then

> B < Cu( U Ez)

€S €S

The following result is proved using a Rado—Reichelderfer-type argument; cf. [21]
and references therein.

LEMMA 3.5. If f € C(U) N W2(U) then H™(D4(Z)) = 0 for every Z C S*(f)
such that L"(Z) = 0.

Proof. Given ;>0 and V C U, we define X (V,u) as the set of € V for which
there exists a polynomial function @ of degree at most 2 such that f(y) < Q(y) for
every y €V, f(z) = Q(z), |DQ(z)|| < p and ||D?Q| < p. If D C U is a countable
dense subset of U and I(c) = {s € Q: Bs(c) C U} for every ¢ € D, then we notice
that

s‘Hecly U Uxmsde.i.

ceD sel(c)i=1

Henceforth, it is sufficient to show that H"(®,(Z)) = 0 whenever Z C X (U, p)
with £"(Z) = 0, for some p > 0. Notice that f is pointwise differentiable at each
point of the set X (V, ), by lemma 2.17.

Now we prove the following estimates: given ¢ € U and 0 < r < 1 such that
Bs,.(c) C U, then

IDf(a) = DF®) < e(n) (ID*£ll (55, () + 17) 3.1)

(@) = fO)] < c(n)r(ID*fll L (55,(e)) + 1) (3.2)
for every a,b € X (U, u) N By(c). We fix a,b € X(U, u) N B, (c), a# b, and we define
la — b] a+b

5272 and d= 5
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We notice that s < r,
Bs(d) C Bas(a) N Bag(b) and  Bag(a) U Bag(b) C Bs,(c);
consequently it follows from (2.16) of lemma 2.17 that
IDf = Df(e)llrB.ay < Df = Df(e)llr(Baie)

SC( )s(ID? fllLr (Bau(e)) + 115)
< e(n)s(ID* fl| L (Ba, () + H7)5

for e € {a,b}, whence we infer
a(n)/"s| Df(a) = DfB)| < DS = Df (@)l + IDF = DFO)| 5. ()
< e(n)s(|D* fll (s, (e)) + 1r)
and (3.1) is proved. Moreover, combining (2.17) of lemma 2.17 with (3.1)
[f(a) = f(b)]
< = Lallee s, @) + If = Lol s,y + sIDf (@)l + s Df(B)]]

Sf = Lalle=(Bactay) + I1f = Lol (oo v)) + 207
< c(n)r(||D*f]

Ln(Ban(e) T 1)

We consider the function f x Vf mapping = € Diff(f) into (f(z),Vf(z)) €
R?"*1. Then it follows from (3.1) and (3.2) that

diam [(f x Vf)(Br(c) N X (U, )] < e(n, @) (1D fll Lo (s, () +7)- (3.3)

Let Z C X (U, u) bounded and £L™(Z) = 0. Given ¢ >0, we choose an open set
V C U such that Z C V, and

L'V)<e, |D*flfny) <e (3-4)
We define R: Z —-Rand p: Z — R as

R(z) :inf{l,ChSt(x’?\V)}, for x € Z,

p(z) = diam ((f x V) (Br) () N X (U, p))), forze Z.

We notice that R is a Lipschitzian function with Lip(R) < i and, noting that
Bsp(g)(x) €V for every x € Z and combining (3.3) and (3.4), we obtain

p(z) < c(n’M)(HDQJCHL"(BSR(I)(I)) + R(z)) < c(n, p)e/", (3.5)
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for x € Z. We prove now the following claim: there exists C C Z countable such

that
{Bry)5(y) : y € C} is disjointed,
Z < |J Bry®),
yeC
and

H°({y € C : B3ry)(y) N Bap(w)(z) # @}) < c(n), for every z € Z.

Applying Besicovitch covering theorem [3, Theorem 2.17] (see also the remark at
the beginning of p. 52), there exists a positive constant £(n) depending only on n,
and there exist 71, ..., Z¢gy) C Z such that

&(n)
Z < |J U Bruys(@)

i=1 z€Z;
and {Br(s)/5(x) : ¢ € Z;} is disjointed for every i = 1,...,£(n). We now apply [10,
Lemma 3.1.12] with S = Z;, U=27, h= £, A= & and a = 8 = 15, to infer that

HO({y € Z; : B3ry)(y) N Bapa) () # @}) <c¢(n), foreveryi=1,...,&(n).

We define 7' = Ufgi) Z;, and we notice that Z C | J,c, Br)/s5(x) and

H° ({y eZ . Bsgy)(y) N Bapa) () # @}) < &(n)e(n), for every x € Z.

Now we apply Vitali covering theorem to find a countable set C' C Z’ such that
{Br)/5(x) : ¥ € C} is disjointed and

zeC

which proves the claim.

Denoting with ¢s the size § approximating measure of the n-dimensional
Hausdorff measure H" of R?"*1 (cf. [10, 2.10.1, 2.10.2]), and combining (3.5) with
the claim above and with remark 3.4, we have

Se(mumern (F x VI)(2)) < e(n) Y ply)"

yel
(1) Y (Dl 8y ) + B ®))

yeC
c(n, p1) ZR "+ c(n, 1) Z/ ||D2f||”d£”
yeC yeC ¥ Bsrw) (¥
< el " (V) + el ) | D2 de”
< e(n, p)e.
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Henceforth, letting ¢ — 0 we deduce that H" ((fxV f)(Z)) = 0. Since @y = (Lgn+1 X
) o (f x Vf) (see remark 3.2), we conclude that H"(®;(Z)) = 0. O
LEMMA 3.6. Suppose U C R" is open, v > 3, f € CO(U), x € U, v € 8" C
R™ x R such that B"T'(f(x) + sv,s) N f(U) = & for some s> 0.

Then v ¢ R™ x {0}. In particular, this is always true for f € W2 (U) N C(U).
Proof. We prove the assertion by contradiction. Suppose 0 € U and f(0) = 0; hence
there exists ¢ € U \ {0} such that

B" (¢, |e)NG =2 and K := B"ti(c,|¢))n (R x {0}) C U.
Suppose L >0 such that |f(z) — f(y)| < L|x — y|” for every x,y € K, and define
hi(x)==%/|c|? = |z — |2 = £/2cox — |z|?

for z € K. Henceforth, either hy(z) < f(x) for every z € K, or f(x) < h_(x) for
every x € K. In both cases, replacing =z with tc and 0 < ¢ < 1, one obtains

£727(2 — 1) < L3¢ 2

for 0 < t < 1. This is clearly impossible, since 1 — 2y < 0. O

DEeFINITION 3.7. IfU C R"™ is an open set and f : U — R is a function, we define
Ef={(z,u) eUxR:u< f(z)}

and
N =nor(Ef) N (U x R x R™).

LEMMA 3.8. If U is a bounded open set and f € W*™(U)NC(U) then
NN (AxRxR") =&, [ANS*(f)] (3.6)

for every A C U, and
| sanr = [ 5(@s(w) ap 1uts (o) d" o), (37)
Ny U

whenever B : U x R x R*"™ — R is a H"-measurable non-negative function. In
particular, H™(Ny) < oo and

ap D®s(z)[R"] = Tan" (H" L Ny, s (x)) (3.8)
for L™ a.e. x € S*(f).

Proof. Suppose (z,v) € Ny, where z = (z, f(z)) with z € A, and s >0 such that
B"(z+sv,s)NE; = @. Since v ¢ R" x {0} by lemma 3.6, we can easily see that
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there exists an open set W C U x R with z € W, an open set V C U with z € V,
and a smooth function g : V' — R such that f(z) = g(x) and

WNB"™ (2 +sv,8) ={(y,u) sy €V, u>g(y)};

in particular f(y) < g(y) for every y € V. It follows that z € S*(f), « € Diff(f)
and Df(z) = Dg(x) by lemma 2.17. Noting that

_ (=Vga). 1)
T+ Vg(a)P

we conclude (z,v) = ®¢(z) and Ny N (A x R x R") C &4(S*(f) N A).

The opposite inclusion is clear, since for every xz € S*(f) there exists a polynomial
function P and an open neighbourhood V of z, such that P(z) = f(z) and P(y) >
fy) for every y € V.

We prove now the area formula in (3.7). Since ®¢ is a WH™-map (see remark
3.3), we apply lemma 2.19 with f replaced by ®; and we find countably many
L™-measurable sets B; of U such that Lip (<I>f|Bl-) < oo for every i > 1 and

E”(U\ UBi) =0.
1=1
Then we set
A =B NS (f), Ai=B;nNS(f)\U,_iB fori>?2
and we notice that
LY(UN\Ui214;) =0 and H"(Ny\ U2 ®5(4;)) =0 (3.9)

by lemma 2.16, lemma 3.5, and (3.6). If 3: U x R x R"™! — R is a H"-measurable
non-negative function, firstly we notice that (cf. [10, 2.4.8])

/ﬂ ®s(x)) ap J,®s(x) dL™ (z Z/ B(®s(x)) ap J,® () dL (),

then, recalling [10, 2.10.43], we use the area formula for Lipschitzian maps in [10,
3.2.5] and the injectivity of ®; to compute

[ s@s@) apnts@aci@) = [ pwanw)  foriz
A; Dr(Ay)
and we use (3.9) to conclude

o

| s@s@) wis@acr@ =3 [ swan)

D5 (A;)

= [ Bly)dH"(y).

Nf
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Choosing =1 we conclude that H"(N;) < oo and we deduce that
Tan"(H" L Ny, (z,v)) is an n-dimensional plane for H"™ a.e. (z,v) € Ny. Let D;
be the set of x € A; such that @™ (L" L R™\ A;,x) =0, ap D®(x) is injective and
Tan" (H" L Ny, ®s(x)) is an n-dimensional plane. Noting [10, 2.10.19] and remark
3.3, we deduce that

H"(A;\ D;) =0,

Noting that Tan™ (L™ L A;, z) = R™ for x € D;, and noting that ¥|A, is a bi-lipschitz
homeomorphism onto ®¢(A;), we employ [40, Lemma B.2] to conclude

ap D®(z)[R"] = D¥;(z) [ Tan" (L™ L A;, z)]
C Tan" (H" L ¥;(4;), Ps(x)) C Tan" (H" L Ny, @s(x))

for every x € D;. Since Tan"(H"L Nf, ®s(x)) is an n-dimensional plane and
ap D®s(x) is injective for every = € D;, we conclude that

ap D®¢(z)[R"] = Tan" (H" L Ny, ®¢(x)) for every x € D;.
(]

THEOREM 3.9. If U C R" is a bounded open set and f € W2™(U) N C(U), then
there exists a Borel n-vectorfield n on Ny such that

(H" L Ny) An is a Legendrian cycle of U x R
and, for H™ a.e. (z,v) € Ny,

() =1, n(z,v) is simple
Tan" (H" L Ny, (z,v)) is associated with n(z,v),

([Anmo](n(z,v)) Av, E") > 0.

Proof. We identify R"*! ~ R" xR and we consider the orthonormal basis e, . .. , €,
of R™ such that (¢;,0) = ¢; for i = 1,...,n (cf. (2.3)). We use the notation
Dy,...D, and apD1,...,ap D, for the partial derivatives and the approximate
partial derivatives with respect to €, ..., €,, respectively. We notice by [10, 3.1.4]
that ap D;®; is a L£" L U-measurable map for ¢ = 1,...,n. Henceforth, by the
classical Lusin theorem (cf. [10, 2.3.5, 2.3.6]) there exists a Borel map & : U —
R" x R x R™"! such that &; is £ L U almost equal to ap D;®s fori=1,...,n.
Since fU [€1 A+ A&p| dL™ < oo by remark 3.3, we define

ﬂ@:L@mAmAM%M%@mM%w (3.10)

for ¢ € D"(U x R x R""1) and we notice that T € D,(U x R x R"™1). We
choose now a sequence f, € C°(U) N W*"(U) such that fr — f in W™ (U),
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fr(x) = f(z) and D fi(z) — Df(z) for L™ a.e. x € U; see [11, Theorem 7.9]. Since
Qs U —-UxRx R"*! is a smooth proper map, we define

T, = (q)fk)#((ﬁn\_U) N €1 /\"'/\En) S Dn(U x R x Rn+1)

and we prove that

Ty — T in D, (U x R x R™™). (3.11)

Noting that

Ti(¢) = /U<D1‘I’fk (@) A= A Dn@y, (2), 9(R g, (2))) dL" ()
whenever ¢ € D*(U x R x R""!), we estimate

| (3.12)

Ty (o
/ | Dy (£) A+ A Do, (1) — €a(a) A+ A Enle), (85, () AL ()
+ [ @) A1 600,010, (0) — ol (0))] 4L 2)
< [ollw) [ Dr®y (o) A A Dy, () = ale) A+ A (o) d7()

+/ ap Jn @ (2) [|p(P(2)) — (P, (2))]| dL" (2)
U

for ¢ € D"(U x R x R"*1). Moreover, noting that ap J,,®; € L'(U) (see remark
3.3) and

ap Jn@f(2) |6(Pf(z)) — ¢(Pr, ()] < 2[|B]| Lo (U xRxR7) 3P TP ()

for L™ a.e. x € U and for every k > 1, it follows from the dominated convergence
theorem that

lim P In®@s(2) [[6(P () = S(®f, ()| dL™ () = 0. (3.13)

k—o0

We observe that

Di®p A ADp®@p — & ANy

= Zfl AN ANE1 N (Di(bfk —fi) /\Di-‘rlq)fk AR /\Dn‘l)fk
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and we use the generalized Holder’s inequality to estimate

/ |D1®g, A+ ADp®y, — & A Ay |dLT (3.14)
U

I A

Z/|§1/\ N&i1| & — Di®y, | - |Dig1®p, A+ A Dyp®y, | dL”

> / |ap D&, [ - | ap D&, — Dby, | - | Dy, [ dL”

| N

i—1

2::( [ tep D act) "

n—i

([ 1peniract) "
U

Moreover, by (3.2),

n

- ( [ I p2, —D<I>fk||”dc”)
U

/U |D®;, — ap D" dL”
o( [ 107 - p7Irac + [ 10095 - Dwo v ac)
U U
n>( [ 107~ D7 acn + [ IDe(v "D h — D4l i
U U
+ [ 1Du(v i) - D¢<Vf>||”|D2f||"d£")
o( [ 107 -prirac + [ 102 - D4 ac
-/ Dw<vmDw<Vf>||”|D2f||"dc”)
U
and
lim / ID(V 1) — Do(V f) "D " dL™ = 0
—oo i

by dominated convergence theorem. Consequently, ||[D®y, — D®y||zn @y — 0, and
combining (3.12), (3.13), and (3.14) we obtain (3.11).

Since 0Ty, = 0 for every k > 1, we readily infer from (3.11) that 9T = 0. Define
G = [®4|S*(f)]"' : Ny — U and notice that G is simply the restriction on Ny of
the linear function that maps a point of R*! x R™*! onto its first n coordinates;
in particular G is a Borel map (recall that Ny is a Borel set). We employ lemma
3.8 to see that

T() = /N (E[G (2], 6(z v)) dH" (2, ) (3.15)
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for every ¢ € D"(U x R x R"™!), where £ : U — A, (R™™! x R"*!) is the Borel
map defined as

51 (33) A §n(x) )
’fl T /\§n(.7;)‘

§(z) =

Then we define the Borel map
n:Np = AR xR, p=¢0G,

and we readily infer that Tan"(H"™ L Ny, (z,v)) is associated with n(z,v) for H"
a.e. (z,v) € Ny by lemma 3.8, and (K" L Ny) An is a Legendrian cycle by lemma
2.11. Finally, we use remark 3.3 and shuffle formula (see [10, p. 19]) to compute

([An 7] (€(2)) AB(V f(2)), E')
= f f ’
= 7B D@ A A Daf(@) AUV (), B)
_ WV @)
—apJu®p(2) =0

for L™ a.e. x € U. O

4. The support of Legendrian cycles

Suppose C' C R™*1. We define Unp(C) as the set of x € R"*!\ C such that there
exists a unique y € C with dist(z, C) = |y — x|. It is well known that R"*!\ (C' U
Unp(C)) is the set of points in R"*1 \ C, where dist(-,C) is not differentiable,
see [20, Lemma 2.41(c)] and references therein. In particular, Rademacher theorem
ensures that

LPHRM (C U Unp(C))) = 0. (4.1)
The nearest point projection ¢ is multivalued function mapping z € R"*! onto
éo(x) ={aeC:|a— x| =dist(z,C)}.
Notice that £&-| Unp(C) is single-valued and we define

T — Ec(g; and  Yo(z) = (€o(x),ve())

Vc(l‘) =

for € Unp(C). It is well known (see [9, Theorem 4.8(4)]) that ¢, v¢ and ¢ are
continuous functions over Unp(C) and it is easy to see that

nor(C) = ¢ (Unp(C)). (4.2)
We also define
po(x) =sup{s > 0 : dist(a + s(z — a),C) = sdist(z, C)}

for x € R""1\ C and a € ¢o(x). This definition does not depend on the choice of
a € £o(x), the function po : R\ C — [1,00] is upper-semicontinuous and we
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set
Cut(C) = {z e R"™\ C: po(z) = 1};
see [20, Remark 2.32 and Lemma 2.33]. Finally, we define
Si(C) = {z ¢ R"! : dist(z,C) =t} fort >0
and we recall from [14, Lemma 4.2(53)] that
H"(S:(C) N Unp(C)NCut(C)) =0  for every ¢ > 0. (4.3)
We are ready to prove the following lemma.

LEMMA 4.1. If C C R™! and W C R™! x R™! is an open set such that
W Nnor(C) # @, then H™(W Nnor(C)) > 0.

Proof. Notice that R"*1\ C' # @ since nor(C) # @. It follows from the continuity
of ¥ ¢ that 15" (W Nnor(C)) is relatively open in Unp(C'). Henceforth, we conclude
from (4.1) that

L (pz (W Nnor(C))) > 0.

We define 7' = 5" (W N nor(C)). Since Jydist(-,C) is £""! almost equal to the
constant function 1 on R"*™!\ C, we use coarea formula to compute

0< LT = /H"(T N S,(C)) dt

we infer there exists 7 >0 so that H"(T'NS,(C)) > 0, and we use (4.3) to conclude
H™"((T N S-(C))\ Cut(C)) > 0.
Consequently there exists s > 7 so that
H™ (T NS (C)N{pc >s/7}) >0.

Since ¥ |S-(C) N {pc > s/7} is a bi-lipschitz homeomorphism by [14, Theorem
3.16], we conclude that

H" (Ve [T N S(C)N{pc > s/7}]) >0,
whence we infer that H™(W Nnor(C)) > 0. O
REMARK 4.2. In relation with lemma 4.1, the following example is particularly

appropriate.
Suppose 0 < o < 1 and f : R® = R is a C'*-function such that

H'{(z, f(z):2 e R"}NB)=0

whenever B is an n-dimensional C?-submanifold of R™t!. The existence of this
type of functions is proved in [33]. We define M = {(z, f(z)) : « € R"}, we choose
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v: M — S™ a unit-normal vector field of M of class C%% and we define
Nt ={(z,v(z)):ze M} and N~ ={(z,—v(z)):2 € M}

Clearly, N* and N~ are disjointed closed n-dimensional C?®-submanifolds with-
out boundary of R"*! x S and nor(M) C Nt U N~. Moreover, we notice that
H"(mo(nor(M))) = 0 since mo(nor(M)) is H™-rectifiable of class 2 by [25]. Noting
that mo|NT and mo| N~ are homeomorphisms and recalling remark 2.10, we con-
clude that nor(M) is a countably H™-rectifiable subset of NT U N~ with empty
relative interior.

For the next proof we recall that, for a subset C C R™*!, the normal cone
Nor(C, z) (see [10, 3.1.21]) coincides with the cone of regular normals of C at z
introduced in [34, Definition 6.3] (and denoted there by N¢(z)), while nor(C, z) is
the cone of proximal normals of unit length of C' at z defined in [34, Example 6.16].

LEMMA 4.3. Suppose U C R" is open and f € C(U) such that V f[Diff(f)] is a
dense subset of U x R™. Then nor(Ey) is dense in G x S}, where G = {(z, f(x)) :
xeU}.

Proof. First, we observe that

»(Vf(z)) € Nor(Ey, f(z))  for every x € Diff(f).

Since 9 is a diffeomorphism of R"™ onto S and f is continuous, the set
{(f(z),(Vf(z))) : @ € U} is dense in G x S ; consequently we infer that nor(Ey)
is dense in G x S’} by standard approximation of regular normals, see [34, Exercise

6.18(a)]. O

Fu in [17, p. 2260] observed that there exist continuous functions as in lemma
4.3 that belong to W2 (U). Consequently, combining lemma 4.1, lemma 4.3, and
theorem 3.9, we conclude that there exists n-dimensional Legendrian cycles (of
open subsets on R"*!) whose support has positive H?"-measure. This answers a
question implicit in [29, Remark 2.3].

5. Reilly-type variational formulae for W?"-domains

In this section, we study the structure of the unit normal bundle of a W?™-domain
(see theorem 5.7), and we prove the variational formulae for their mean curvature
functions (see theorem 5.15). The latter extends the well known variational formulae
obtained by Reilly in [31] for smooth domains. As a corollary Minkowski-Hsiung
formulae are also proved; see theorem 5.17.

DEFINITION 5.1. (Viscosity boundary). Suppose Q@ C R"*! be an open set. We

define 0V €) to be the set of all p € O such that there exists v € 8™ and >0 such
that
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B" " (p+rv,r)NnQ=@ and B""'(p—rv,7) C Q.

[Notice {p} = 0B(p + rv,r) N 0B(p — rv,r).] Clearly for each p € 078 the unit
vector v is unique. This defines an exterior unit-normal vector field on 03,

vo 070 — S".

We introduce the notion of second-order rectifiability. Suppose X C R™ and p
is a positive integer such that H*(X) < oco. We say that X is H"-rectifiable of class
2 if and only if there exists countably many p-dimensional submanifolds ¥; C R™
of class 2 such that

HH(X\UZ, %) =0.

LEMMA 5.2. Suppose X C R"! is H"-measurable and H™-rectifiable of class 2,
andv:X — S™ is a H" L X-measurable map such that

v(a) € Not"(H" L X,a) for H" a.e.a € X.

Then there exist countably many H"™-measurable sets X; C X such that
H™(X \ U2, Xi) = 0 and Lip(v|X;) < oo; moreover, v is H™ . X -approzimately
differentiable at H"™ a.e. a € X and ap Dv(a) is a symmetric endomorphism of
Tan"(H" L. X, a).

Proof. Suppose {X;}i>1 is a countable family of C%-hypersurfaces such that
H(X\UZ %) =0

and 7; : ¥; — S™ is a continuously differentiable unit-normal vector field with
Lip(n;) < oo for i > 1. By [10, 2.10.19(4)]

O"(H"LX\%;,a)=0"(H" X\ X,a)=0 for H" a.e. a € ;N X,

whence we infer that Tan"(H" L X,a) = Tan(X;,a) for H" ae. a € ;N X. In
particular, if we define

Y={aesinX ni(a) =v(a)} and %] ={ae€;NX :n(a) = —v(a)}

we infer that H"(X; N X \ (7 U X;)) = 0 for each i > 1. Moreover, employing
again [10, 2.10.19(4)] we infer that

O"(H"LX\XF a)=0 for H" ae. a € XF,
whence we deduce that v is H™ L X approximately differentiable at a with
ap Dv(a) = £Dn;(a)
for H™ a.e. a € Y. Finally, since Dr;(a) is symmetric, we conclude the proof. [

We introduce now the class of W?2"-domains in a slightly more general fashion
than the notion given in the Introduction.
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DEFINITION 5.3. An open set Q@ C R"*! is a W2"-domain if and only there exists
a couple (U, F), where

(1) Q" C R™ is an open set such that for each p € O there exist €>0,
v € S™, a bounded open set U C v+ with 0 € U and a continuous function
f € W2™(U) with f(0) =0 such that

{p+b+Tv:belU, —e<7< fW)}=VN{p+b+Tv:beU, —e <1 <c¢},

(2) Flisa C?-diffeomorphism defined over an open set V. C R"1 such that
Q' CV, and
(3) F(Q)=Q.

REMARK 5.4. This class of domains is invariant under images of (?-
diffeomorphisms, which is clearly a necessary condition in order to provide a natural
framework to generalize Reilly’s variational formulae. We do not know if we really
need to introduce the diffeomorphism F in the definition above; in other words, if
) belongs to the class S of domains satisfying only condition (1) of definition 5.3,
is it true that F(£2) belongs to S too?

We collect some basic properties of W2"-domains.

LEMMA 5.5. If Q C R"! is a W2"-domain, then the following statements hold.

(1) H™(0Q\01Q) = 0 and K NOQ is H™-rectifiable of class 2 for every compact
set K C R,
(2) For H™ a.e. p € 09,

Tan" (H" L 09, p) = Tan(dQ, p) = va(p)*.
(3) For every p € 034,
Tan" ™! (L7 L Q,p) = Tan(Q,p) = {v € R"" 1w e vg(p) < 0}

Proof. Suppose Q = F(), where Q' and F are as in definition 5.3. Clearly,
F(0Q') = 09 and F(91€) = 0Y. Therefore, assertion (1) follows from theorem
2.16, theorem 7.6, and remark 7.7.

If p € 04Q, we have Tan(99, p) C vo(p)*; since Tan™ (H" L 8Q,p) C Tan(dL, p)
for every p € 00 and Tan"(H"™L0RQ,p) is an n-dimensional plane for H" a.e.
p € 09, we obtain (2). Finally it follows from definitions that Tan(Q,p) = {v €
R™ ;v evg(p) <0} and Tan" ™ (L7 LQ,p) = {v € R*™! : v e vg(p) < 0} for
every p € 0% (). O

By lemma 5.2 the map vq is H™ L 0Q-approximately differentiable with a sym-

metric approximate differential ap Dvg(x) at H™ a.e. x € 9. Consequently we
introduce the following definition.

https://doi.org/10.1017/prm.2025.10047 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10047

Alexandrov sphere theorems 31

DEFINITION 5.6. (Approximate principal curvatures). Suppose Q@ C R™! is
a W?"-domain. The approximate principal curvatures of {2 are the R-valued
(H™ L 0Q)-measurable maps

X155 XQuns

defined so that xo,1(p) < ... < xa.n(p) are the eigenvalues of ap Dvg(p) for H™
a.e. p € 082.

We prove now the main structure theorem for the unit normal bundle nor(Q2) of
a W2"-domain.

THEOREM 5.7 If Q C R"*! is a W2"-domain then the following statements hold.

(1) H"(7a(Z)) =0, whenever Z C 0YQ with H"(Z) = 0.

(2) " (nor(2) \ 7 (@2.0)) = 0.

(3) ka,i(z,u) = xq.i(z) for everyi=1,...,n and for H" a.e. (x,u) € nor(Q).
In particular, ko (x,u) < oo for H™ a.e. (x,u) € nor(f).

(4) If 0Q is compact, then H™(nor(?)) < oo and there exists a unique
Legendrian cycle T of R"*! such that

T = (H"Lnor(Q)) An,
where 1 is a H™ L nor(§)) measurable n-vectorfield such that

In(z,u)l =1, n(x,u) is simple,

Tan"™ (H" Lnor(Q), (x,u)) is associated with n(x, )
and
([Anmo] (n(z,w)) Au, E) >0
for H™ a.e. (xz,u) € nor(Q). In this case, n = (1 N ... A (p, where

1 KQ,i
Q:( T L0 Ti> fori=1,...,n
\/1 + H?Z,i \/1 + kg,
and 11 (z,u), ..., To(x,u) are an orthonormal basis of ut such that 7 (x, u) A

ATz, u) Au=E for H" a.e. (x,u) € nor(Q).

Proof. Suppose Q = F(£), where Q' and F are as in definition 5.3. We recall the
definition of ¥y from (2.13) and notice that

U (nor(2)) = nor(2) (5.1)
by [41, Lemma 2.1]. Since F(04€Y) = 04, we readily infer from (5.1) that

Uy (z,vo (z) = (F(x),vo(F(x))) for every z € 91
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and
Up (T (F71(S))) = q(S) for every S C 9% Q. (5.2)

To prove the assertions in (1) and (2) we notice, firstly, that they are true for
Y as a consequence of lemma 3.5 and (3.6) of lemma 3.8; then we apply (5.1) and
(5.2).

To prove (3) we first employ lemma 5.2 to find a countable family X; C 09
such that H™(9Q \ U;2; Xi) = 0 and Lip(vo|X;) < oo for every i > 1; then we
define Y; to be the set of x € X, such that vq is H" L 0 approximately differ-
entiable at x, Tan"(H" L 09Q, z) and Tan"(H" L nor(Q),vg(x)) are n-dimensional
planes, and O™ (H" L 90\ X;, z) = 0. We notice that 7g|X; is bi-lipschitz and, since
Tan" (H" L nor(Q), (z,u)) is an n-dimensional plane for H™ a.e. (z,u) € nor(Q), we
conclude that

HY(X;\Y;) =0 for every i > 1.

It follows from (1) and (2) that
H" (nor(Q) \ U;Z, 7a(Y4)) = 0. (5.3)

We fix now x € Y;. Then there exists a map g : R*"*! — R x R"*! pointwise
differentiable at x such that ©"(H"LIN\ {g = Tq},x) = 0 and ap Dvg(x) =
Dyg(z)| Tan™ (H™ L 09, z); noting that ap DUg(x) is injective, g|X; N {g = Tq} is
bi-lipschitz and

Tan" (H" L 9Q,x) = Tan" (H" L X; N {g = Uq}, ),
we readily infer by [40, Lemma B.2] that
ap Dug(x)[Tan" (H" L 0Q, x)] = Tan" (H" L nor(Q), vg(x)).

Henceforth, if 7y,...,7, is an orthonormal basis of Tan"(H" L0900, z) with
ap Dvg(z)(7;) = xq,i(z)7; for i = 1,...,n, we conclude that

( 1 N x9,i(z) 7.,) i=1,....n
VI xai@)? 7T+ xaa(@)? o

is an orthonormal basis of Tan" (H"™ L nor(2),7g(x)). Since z is arbitrarily chosen
in Y;, thanks to (5.3), we deduce from the uniqueness stated in lemma 2.11 that

ka,i(z,u) = xa.(x) for H" ae. (x,u) € nor(Q).

Finally, we prove (4). By lemma 2.11 we can choose maps 71, ..., 7, defined H"
a.e. on nor(Q') such that 71 (z,u),. .., 7,(x,u),u is an orthonormal basis of R" T,

iz u) A Th(z,u) Au=ep Ao+ Aepqpr  for H'ae. (z,u) € nor()  (5.4)

and the vectors

ko i(T, u) n(a:,U)), i=1,...,n,

7 — 1 ;
Ci(az,u)(mﬂ(x,u),m
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form an orthonormal basis of Tan" (H™ L nor(QY'), (z,u)) for H™ a.e. (z,u) € nor(Y).
Then we define

and notice that

' (z,u)l =1, 7'(z,u) is simple,

Tan" (H"™ Lnor(Q'), (z,u)) is associated with n'(z,u)

and (see (2.2) and (2.5))

([Anmo] (' (w,w) Au, E') >0 (by 5.4) (5.5)

for H™ a.e. (z,u) € nor(Q). If p € OV, >0, v € S*, U C vt is a bounded open
set with 0 € U and f € W2"(U) is a continuous function with f(0) = 0 such that

{p+b+7v:beU, —e< 1< f(b)} = NCu,,

where Cyy ={p+b+7v:b€ U, —t <7 <t} for each 0 < ¢t < 00, then we observe
that
Ny =nor(Q)N (Cye x S™),

where Ny = nor(Ef) N (Cyeo x S™) and Ef = {p+b+7v:b e U, —0 < 7 <
f(b)}. It follows from (5.5) and theorem 3.9 that n'|[nor(Q) N (Cy, x S™)] is
H™ almost equal to a Borel n-vectorfield defined over nor(©2') N (Cy,e x S™) and
(H" L [nor(Q) N (Cy,e x S™)]) A7 is an n-dimensional Legendrian cycle of Cy,.
Henceforth, we define the integer multiplicity locally rectifiable n-current

T = (K" cnor(QY)) A7/

and we conclude by lemma 2.5 that 7" is a Legendrian cycle of R"+,
We define now 9 = ¥ p|nor(Q)’) and recalling (5.1) and noting that

ap DY~ (y,v)) = DVp($~" (y,v)) (5.6)
for H™ a.e. (y,v) € nor(Q2), we define
(A, ap DY (¢~ (y, )]0 (¥~ (y. v))
T 1y, v))

for H™ a.e. (y,v) € nor(Q2). Since ¥ is a diffeomorphism we have that n(y,v) # 0
for H™ a.e. (y,v) € nor(2). We now apply [10, 4.1.30] with U, K, W, £, G and g¢
replaced by R x R"H1 90/ x S" nor(Q), ¥ and 1 respectively. We infer that

n(y,v) =

(Up)g[(H"cnor(Q) An'] = (K" Lnor(Q)) An

and that |n(y,v)| = 1 and Tan"(H" L nor(Q2), (y,v)) is associated with 7(y,v) for
H™ a.e. (y,v) € nor(Q2). Clearly, (1" Lnor(2)) An is a cycle, and [(H" L nor(Q2)) A
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77] La = 0 by lemma 2.11. Finally, if % is the Hodge-star operator with respect to
E (cf. remark 5.8), since 71 (z,u) A -+ A T (x,u) = (—1)" (*u) and

[Anmo] (n (‘I’F(z u)))
Jgor Q’ (;l—[l 1+K/Q/ ( )2)

[DF(x)(n(x u)) A DF(x)(Tn(x,u))]

( )" .
— DF(z)|(*u
P [l s ) NPF@] )
for H™ a.e. (x,u) € nor(€Y'), it follows by remark 5.8 below and (5.1) that either

([A\,m0](n(y,v)) Av,E")y >0 for H" a.e. (y,v) € nor()

([Anmo] (n(y,v)) Av,E') <0 for H a.e. (y,v) € nor(Q).

This settles the existence part in statement (4). Uniqueness easily follows from the
defining conditions of T and the representation of 7 follows from lemma 2.11. [

REMARK 5.8. Let * : R"™* — A R"! be the Hodge-star operator, taken with

respect to E; cf. [10, 1.7.8]. We notice that if u € S™ and 74, ..., 7, is an orthonormal
basis of u' such that w A7y A--- AT, = E, then it follows from the shuffle formula
[10, p. 18] that

*U=T1 N NTp.

Using this remark, we prove that if F : R*"t! — Rt is a diffeomorphism, then
either

([N, DF(z)] (xu) A (DF(z)"")*(u), E') > 0 for every (z,u) € R"™' x 8"
([N, DF(z)](*u) A (DF(z)"")*(u), E') <0 for every (z,u) € R"*' x S™.
By contradiction, assume that there exists (z,u) € R"™! x S™ such that
([ADF(@)] (+0) A (DF () ™) (). ') =0

and choose an orthonormal basis 7q,...,7, of ut such that u A 7'1 AN N1y, =
e1 A+ Aepq1. Henceforth, DF(z) (1) A+ ADF(z)(t) A (DF(2)~1)*(u) = 0 and,
since {DF(z)(r;) : i = 1,...n} are hnearly independent, we conclude that there
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exists ¢1,...,c, € R such that
n
(DF(z)™")*(u) = Y _ e DF(x)(:).
i=1

Applying DF(x)~! to both sides and taking the scalar product with u, we get
[DF(2)™ o (DF(@)™1)] (u) o u =0,
whence we infer that (DF(x)~1)*(u) = 0, a contradiction.

DEFINITION 5.9. Suppose Q@ C R"™ is a W2"-domain. We denote by Nq the
Legendrian cycle given by theorem 5.7(4).

REMARK 5.10. The proof of theorem 5.7(4) proves that if F : U — V is a C?-
diffeomorphism between open subsets of R"T1 and Q is a bounded W?™-domain
such that Q C U, then

(Vr)#(Na) = Npq).-

DEFINITION 5.11. (r-th elementary symmetric function). Suppose r € {1,...,n}.
The r-th symmetric function o, : R™ — R is defined as

1
Ur(tl, e ,tn) = 7N Z t)\(l) o 't)\(r)v
()&
where A, , is the set of all increasing functions from {1,...,r} to {1,...,n}. We

set
O'()(tl,...,tn):l fOT’ (tl,...,tn)ERn.

DEFINITION 5.12. (7-th mean curvature function). Suppose Q@ C R"*! is a W2"-
domain and r € {0,...,n}. Then we define the r-th mean curvature function of
as

Ha,(2) = 0r(x0,1(2), .-, xXon(2))
for H™ a.e. z € 092.

LEMMA 5.13. IfQ C R is a bounded W% -domain and ¢ is a smooth R-valued
function over R™! x S™ then

n

[Nowon-i](¢) = <k> o, (@) olw va(@) i (@) - for k=0,....n.

Proof. We know by theorem 5.7(4) that No = (H™ L nor(Q))A(CiA...Ay). Noting
that

n

1
Joor @ () = for H™ a.e. (z,u) € nor(Q),
};[1 1+ koi(z,u)?
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we employ theorem 5.7(3) to compute

n

sl = (1) [ st ) o) o) 350,

whence we conclude using area formula in combination with theorem 5.7(2) and

lemma 5.5(1). O
DEFINITION 5.14. (r-th total curvature measure). If Q C R""! is a bounded
W2n_domain and r = 0,...,n, we define
Ar(Q) = [ HqrdH".
o0

Now we can quickly derive the following extension of Reilly’s variational formulae
(cf. [31]) to W2"-domain.

THEOREM 5.15. Suppose Q@ C R is a bounded W>"-domain and (Fy)ier is a
local variation of R™ with initial velocity vector field V. Then

iAkfl(Ft(Q)) = (’I’L—]{,‘—l—l) HQ’]C (VQ.V> dH" fork=1,....n
dt t=0 a0
and
iA (F:(2)) =0 (5.7)
dt” t=0 '

Proof. Combining remark 5.10 and lemma 5.13 we obtain

[(Pr,) 4 Na](Pn—t+1) = Ney @) (On—k+1) = (k ﬁ 1) Ai_1(F(2))

for k=1,...,n 4 1. Hence we use lemma 2.8 and again lemma 5.13 to compute

Gln Vol ensin| =4 (}) [ (V@) ern(0) Hosle) an7 o)

for k=1,...,n and

%[(‘I’Ft)#NQ} (@o)‘t:O =0.

O

REMARK 5.16. If  is a C?-domain, then (5.7) follows from the Gauss-Bonnet
theorem. The validity of the Gauss-Bonnet theorem for bounded W2"-domains is
an interesting open question, and (5.7) seems to point to a possible positive answer.

The following integral formulae can be easily deduced from theorem 5.15 by a
standard procedure. For the C?-regular domains these formulae are classic, see [13].
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COROLLARY 5.17. If Q@ C R"*! is a bounded W*"-domain and r € {1,...,n}
then

Ho r1(v) dH" (z) = / (zova(z)) Hor(z) dH" (z).
a0 a0

Proof. We consider the local variation Fy(x) = e’z for (z,t) € R® x R and we
notice that

Tan™ (H" L 0Q, z) = Tan" (H" L F,(09), Fi(x))

vi ) (Fi(z) =vo(z) and  xp(0):(Fi(@)) = e "xai()

for H" a.e. x € 02 and i = 1,...,n. Henceforth, we compute by area formula

Arfl(Ft(Q)) = / HFt(SZ),Tfl dHn

OF(2)

— e / oy (F 1)) dH™ (y)
F,(69)
_ e(n—7-+1)t Herfl(.’E) dHn(.’E)

and we apply theorem 5.15. O

COROLLARY 5.18. Suppose Q C R" ! is a bounded W*"-domain, k € {1,...,n}
and

Hqi(2) >0 fori=1,...,k—1 and for H"a.e. z € ON. (5.8)
Then there exists P C 09 such that H™(P) > 0 and Hq x(z) # 0 for z € P.

Proof. Suppose Hq ;(z) = 0 for H™ a.e. z € 0. Then we can employ corollary
5.17 (with r=%k) and use (5.8) (for i = k — 1) to infer that Hg x_1(2) = 0 for
H™ a.e. z € 0. Now we repeat this argument with r =k —1 and i = k — 2 to
infer that Hq j—2(z) = 0 for H™ a.e. z € 99, and we continue until we obtain that
Hqo(z) = 0 for H"™ a.e. z € 0N, which means H"(9Q) = 0. Since the latter is
clearly impossible, we have proved the assertion. O

6. Sphere theorems for W?"-domains

The results in the previous section in combination with the Heintze-Karcher
inequality proved below can be used to generalize classical sphere theorems to
W?2"_domains.

THEOREM 6.1 (Heintze—Karcher inequality). Suppose Q@ C R"*! is a bounded and
connected W2™-domain such that Ho 1(z) > 0 for H" a.e. 2 € Q. Then

1

n+1
(n+1)L" Q) < o Hon ()

ac"(x).

Moreover, if Ho1(z) > Wj'f)nﬁ(if?l)m) for H™ a.e. z € O then Q is a round ball.
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Proof. We define €' = R""!\ Q and notice that Q' is a W?"-domain. Since 84 =
0 and vor = —vq, it follows from theorem 5.7 that

H™ (nor(V) \ {(z, —va(2)) : 2 € 05Q}) =0,

and
—x0,i(2) = xa,i(2) = kari(z, —va(z)) for H" a.e. z € 95 €.
Henceforth,

ZHQ/)Z‘(Z,U) =-nHq1(z) <0 for H" a.e. (z,u) € nor(Q) (6.1)
i=1

and we infer from theorem 2.13 and area formula [10, 3.2.20] that

(n+1)L" Q) < / Jﬁor(ﬂl)ﬂo(z,u) o " dH" (z,u)
nor (') | 2o ka2, )]
1
= — dH"(2). 6.2
oo oy (2) 1) (6:2)

We assume now that Hq 1(z) > % for H" a.e. z € 9Q. Then, we

observe that
H™(09)

H"({z € 0N : HQJ(Z) > (1 + E)m

}) =0 for every € > 0,

otherwise we would obtain a contradiction with the inequality (6.2) (cf. proof of
[14, Corollary 5.16]). This implies that

H™(59)

et G e @)

for H™ a.e. z € 09,

whence we infer that (6.2) holds with equality. Recalling (6.1) we deduce from
theorem 2.13 that € must be a round ball. 0

THEOREM 6.2. Ifk € {1,...,n}, A € R and Q C R"*! is a bounded and connected
W2n_domain such that

Hqi(2) >0 fori=1,...,k—1 (6.3)

and
Ho 1(2) = A (6.4)
for H™ a.e. z € 02, then Q is a round ball.

Proof. Combining theorem 5.17 and divergence theorem for sets of finite perimeter,
(it is clear by lemma 5.5 that 2 is a set of finite perimeter whose reduced boundary
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is H™ almost equal to the topological boundary) we obtain
Hqp1dH" = )\/ zovg(x)dH™(z) = Mn + 1)L"H(Q) (6.5)
a0 o0

and we infer that A > 0. Hence we deduce from [14, Lemma 2.2] and corollary 5.18

that
Hoi(2) > ... > Hoj1(2)=7 > Hoi(2)F = A% >0 (6.6)
for H™ a.e. z € 9. By (6.6),
Hopo1(2) dH™(z) > A% H™(09)
o0
and combining with (6.5) we obtain
A(n+ 1)L"HH(Q) > A7 1™ (09).
Since A >0, we obtain from (6.6) that
H™(09)
H > ————  f ™ a.e. Q .
Q’l(z)_(n—i—l)E"H(Q) or H" a.e. z €0 (6.7)
and we conclude applying lemma 6.1. O

REMARK 6.3. Hypothesis (6.3) in theorem 6.2 can be equivalently replaced by the
following assumption:

%jk (xa1(2),--.,xan(2)) >0 fori=1,...,n and for H" a.e. z € 02. (6.8)

Assume (6.8) in place of (6.5) in theorem 6.2. Then, first we use [38, eq. (1.15)] to

infer that
1 n
Ho -1 ( =7 Z:

for H"™ a.e. z € 0. Then, as in (6.
[38, Proposition 1.3.2] to infer (6.3).

e Xan(2) >0

5), we deduce that A > 0. Finally, we employ

7. Nabelpunksatz for Sobolev graphs

In this final section, we extend the Nabelpunktsatz to graphs of twice weakly dif-
ferentiable functions in terms of the approximate curvatures of their graphs. In
particular, theorem 7.6 provides a general version of the Nabelpunktsatz for W2!-
graphs. In view of well-known examples of convex functions, this result is sharp;
see remark 7.8. In this section we use the symbols D; and D7; (respectively D; and
D?j) for the distributional partial derivatives of a Sobolev function (respectively

the classical partial derivatives of a function) with respect to the standard base
€1,...,en, of R™.

https://doi.org/10.1017/prm.2025.10047 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.10047

40 M. Santilli and P. Valentini

REMARK 7.1. Let U C R" be a connected open and f € C?(U). We define G =
{(z, f(x)):2 €U}, and v: G — S™ C R"*! 50 that

(=V/(x),1)
VI IVI()]?

for every x € U. Differentiating (7.1) we get

v(f(z)) = (7.1)

(=D(V[)(x)(v),0) _ Vf(z)e DNV f)(x)()
1+[Vf(z)? 1+|Vf(z)?

Duv(f(x))(v, Df (2)(v)) = v(f(x))

for every v € R™. We recall that G is umbilical if and only if there exists a function
A : G — R such that

Dv(z) = M2)Id ran(c,) Vz € G.

Therefore, noting that Tan(G, f(z)) = {(v, Df(z)(v)) : v € R}, we conclude that
G is umbilical if and only if

Dzzjf(x)

VI+IVi()]?

for every x € U and for every i,7 = 1,...,n. It follows from [42] that if U C R"
is a connected open set, f € C*(U) and X\ : G — R is a function such that (7.2)
holds for every x € U, then either f(U) is contained in an n-dimensional plane or
f(U) is contained in an n-dimensional sphere.

A(f(x))[ei e ej + Dif(x)D; f(x)] = — (7.2)

The first result of this section generalizes remark 7.1 to W?2'!-functions. Suppose

U C R" is an open set, v € 8"~ and 7, is the orthogonal projection onto v=.

Then we define
U, = m,[U]
and

U/ ={teR:y+tveU}CR foryel,.

Notice that U, is an open subset of v+ and U, is an open subset of R for every
yeU,.

LEMMA 7.2. Suppose U C R™ be an open set, g € Wi)cl(U) and k € {1,...,n}
such that

Dig(z) =0 for L™ a.e. x € U.

Then for L~ a.e. y € U,, the function mapping t € Ugr into g(y + tey) is Lt
almost equal to a constant function.
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Proof. Tt follows from [46, Theorem 2.1.4] that there exists a representative g of g
such that the restriction of g on Ug* is absolutely continuous and

d
Dyg(y +tex) = -Gy + tex) for Llae teU*

for £~ ! a.e. y € U, . It follows from the hypothesis that

d
—q t = 0
79 +tex)

for L' ae. t € Ug* and for L 1ae. y € U,,, and we readily obtain the conclusion
from the absolute continuity hypothesis of g. O

We prove now the first result of this section.

THEOREM 7.3. Suppose U C R™ is a connected open set, f € VVIQO(}(U) and p :
U — R is a function such that

Dzzjf(x)

V1I+I[VI(z)]?

p(x)[e; o e; +D;f(z)D;f(z)] = - (7.3)

for L™ a.e. x € U and for every i,j =1,...,n.
Then, either f is L™ almost equal to a linear function on U, or there exists an
n-dimensional sphere S in R such that f(x) € S for L™ a.e. x € U.

Proof. Recall the diffeomorphism 1 from remark 3.2 and define n = ¢ o Vf. By
the classical chain rule for Sobolev maps (cf. [11]), n € W,21 (U, R"*1) and

C

Di(z)(v) = [D¥(V f(z)) o D(V f)(2)] (v)
_ (=DV)(@)(0),0)  Vf(z)eD(VS)(z)(v)

n(x

T VP rrvimp

for L™ a.e. € U. In particular, noting that n(x) e (e;,D;f(z)) = 0 for every

j=1,...,n and for L™ a.e. z € U, we employ the umbilicality condition to obtain
Dzzjf(w)

Dinlw) e (¢;: D1 (0)) = =A==
= u(z)(e;, Dy f(x)) ® (e, D f(x))

for L™ a.e. z € U and for every 7,5 = 1,...,n. Consequently, for every i =1,...,n
and for L™ a.e. x € U there exists A\;(z) € R such that

Din(x) — p(x)(ei, Dif (x)) = Ai(@)n(z). (7.4)

On the other hand, since 7 is a unit-length vector, we see (again from the chain rule
for Sobolev maps) that n(x) e D;n(xz) = 0 for L™ a.e. x € U and for i = 1,...,n.
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Therefore, we infer from (7.4) that A\;(x) =0 and

Dyi(x) = u(x)(e;, Dif(x)) = p(x)Dif (z) (7.5)
for £ a.e. z € U. For k=1,...,n let g, € W} (U) be given by

D.f

9k = =~ /75>
VIV

and we notice from (7.5) that

D;g; =0, whenever i,7 € {1,...,n} and i # j, (7.6)

D,g; = i, whenever i € {1,...,n}. (7.7)

We fix now an open cube Q C U with sides parallel to the coordinate axes,
¢ € CP(Q) and k =1,...,n, and we prove that

/ 1 DpbdL™ = 0, (7.8)
Q

Choose j € {1,...,n} with k#j. Since by (7.6) we have that Dyg; = 0, it follows
from lemma 7.2 that for £L"~! a.e. y € U,, there exists v;(y) € R such that

gi(y +tex) =vj(y) for L' ae. t € Uk

Now we use (7.7) to obtain

/qudﬁ”:/ D,g; Do dL"
Q Q
Z—Agj Dj(Dkgb) dﬁn

=— / vi(y) / D, (qub) (y + teg) dﬁl(t) dﬁ"_l(y) =0,
Q Y

k €k

where the last equality follows from the fact that the function mapping ¢ € Qg*
into D;é(y + tex) has compact support in Qg*.

Since (7.8) holds for every open cube @ with sides parallel to the coordinate axes
and for every ¢ € C'°(Q), and since U is connected, we infer from [10, 4.1.4] that

wis £ almost equal to a constant function on U. (7.9)

Since U is connected, we combine (7.9) and (7.5) to infer that there exists ¢ € R
and w € R™*! such that

n(z) —cf(r) =w for L™ ae. x € U.
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If ¢#0 the last equation evidently implies that f(z) € B" ' (—w/c,1/|c|) for L™
a.e. v € U. If c=0, we have that we e, 11 = (1 + |V f]?)71/2 and

wee;

D;f(z) = —

for LT ae.xelUandi=1,...,n.
we e

This implies that f is £™ almost equal to a linear function on U, since U is
connected. O

DEFINITION 7.4. Suppose X C R"™! is H"-measurable and H"-rectifiable of
class 2. We say that X is approximate totally umbilical if there exists a H"™ L X -
measurable map v such that v(x) € Nor™ (H™ L X, z)NS™ and there exists a function
u: X — R such that

ap Dv(x)(t) = pu(x)r  for every T € Tan" (H" L X, x), (7.10)
for H™ a.e. z € X (keep in mind lemma 5.2).

DEFINITION 7.5. (Lusin (N) condition). Suppose U C R™ is open and g : U — R
(k > n). We say that g satisfies the Lusin’s condition (N) if and only if H™(g(Z)) =
0 for every Z C U with L™"(Z) = 0.

We are now ready to prove the second result of this section.

THEOREM 7.6. Suppose U C R™ is a bounded open set, f € W3Y(U), f satisfies
the Lusin’s condition (N) and G = f(U).

Then G is H™-rectifiable of class 2. Moreover, if G is approzimate totally umbil-
ical then, up to a H"-negligible set, either G is a subset of an n-dimensional plane
or a subset of an n-dimensional sphere.

Proof. By [6, Theorem 13] and [10, 2.10.19(4), 2.10.43] we can find countably many
functions g1, g2, . .. € C?(R™) such that £L*(U\U;2,{g; = f}) = 0 and Lip(g;) < o0
for every i > 1. Henceforth, thanks to the Lusin’s condition (N), we readily infer
that G is H"-rectifiable of class 2. We define D; as the set of z € {g; = f} such
that

O"(L" U\{gi = f},2) =0, Dgi(z) = Df(x)

and Tan"(H" LG, f(z)) is an n-dimensional plane. Since Dg;(z) = ap Df(z) for
every z € D;, it follows from [10, 2.10.19(4), 3.2.19] and lemma 2.19 that

L' {gi=f}\D;) =0 foreveryi > 1.

Since Tan™(L" L{g; = f},z) = R" for every x € D;, and noting that g; : R" —
gi(R™) is a bi-lipschitz homeomorphism, we use [40, Lemma B.2] to conclude

Df(x)[R"] = Dg;(«)[Tan" (L" L{g: = f},2)] € Tan"(H" L G, f(z))

for every z € D;. Since D f(x) is injective whenever it exists, we conclude that

Df(x)[R"] = Tan"(H" L G, f(z))
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and
»(V f(z)) € Not"(H" L G, f(x))

for every # € D; and i > 1. Let D = |J;=, D; and notice that H"(G \ f(D)) =0
(again by Lusin’s condition (N)). Let v be the H™ L G-measurable map defined by

v=10Vfo(xlG),

where 7 : R" x R — R" is the orthogonal projection onto R™. We observe that
if 2 € f(D;) and ©"(H"LG \ f(D;),z) = 0, then v is H" L G-approximately
differentiable at z (since v|f(D;) = (¢ o Vg; o )| f(D;)) and

apDz/(z) D(1p o Vg; o) (2)
D(¢poVg;)(m (Z))O(W|Tan (H"L G, Z))
=ap D(1p o V f)(m(2)) o (| Tan™ (H" L G, z))
=D(¢ o V[)(n(2)) o (7| Tan" (H" L G, 2)),

whence we infer

ap Dv(z) o Df(m(2)) = D(¢ 0 V f)(m(2)). (7.11)

By [10, 2.10.19(4)] we conclude that (7.11) is true for H™ a.e. z € G.

If G is approximate totally umbilical then it is easy to see that the unit normal
vector field v defined above fulfils the umbilicalilty condition in (7.10) with some
function u. Henceforth,

pu(f(x))(e; o €j + Dif(2)D (apDV x)) o Df(x))(ei) ® (e, D; f(x))
= (OVf)($)°(€]7 if (@)
i/ (2)
\/1+|Vf(f€)|

for every i,7 = 1,...,n and for L™ a.e. z € U. By theorem 7.3 and the Lusin’s
condition (N), we deduce that, up to a H"-negligible set, G is either a subset of an
n-dimensional plane or a subset of an n-dimensional sphere of R?*1. O

REMARK 7.7. If f € W*P(U) with p > %, then the Sobolev embedding theorem
[11, Theorem 7.26] ensures that f € W (U) with p* > n. Henceforth, f satisfies
the Lusin’s condition (N) by [23, Theorem 1.1].

REMARK 7.8. It is easy to find convex functions f € C*(R") such that the
approximate principal curvatures of the graph are zero H"™ almost everywhere and
the conclusion of theorem 7.6 fails. (Notice that the graph is H"™-rectifiable of class
2 and f satisfies the Lusin’s condition (N).) Indeed the gradient of these functions
are continuous maps of bounded variation whose distributional derivative is not
a function. An example of such functions is given by the primitive of the ternary
Cantor function.
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Appendix A. Area of the proximal unit normal bundle

LEMMA A.1. If C C R™! is a closed set and M C R"*! is a k-dimensional
submanifold of class 2 then there exists R C M N C' such that:

(1) nor(C)N (R x S™) C nor(M);
(2) HF (M NC)\ R) =0.

Proof. See the proof of [40, Lemma 6.1]. O

Suppose C' C R™1 is closed with H"(C) < oo and ¥ = m(nor(C)). It follows
from [25] that ¥ is H™-rectifiable of class 2. We fix a H" . X-measurable map
v : 3 — S" such that v(a) € Nor"(H"LX,a) for H" a.e. a € ¥ and we notice
that it is ‘H" L X-approximately differentiable at H" a.e. a € ¥ with a symmetric
approximate differential ap Dv(a) by lemma 5.2. We denote by

xsi(a) < ... < xsnla)
the eigenvalues of ap Dv(a) and we define (cf. definition 2.12)
E = {(z,u) € nor(C) : kop(x,u) < 0o}
LEMMA A.2. If A C R™! is a Borel set, then
H"(EN (A xS")) / H,/1+m )2 dH"™ (2
$NA )

Proof. Let {;};>1 be a sequence of C*-hypersurfaces such that H"(X\ s, X;) =
0. Employing lemma A.1 we can find a disjointed sequence of Borel subsets {R;};>1
of ¥; N X such that

H"(S\ Uy Ri) =0 and  nor(C) N (R; x S™) C nor(%;)
for every i > 1. It follows from [10, 2.10.19(4)] that
Tan” (%" L(nor(C) N (R; x ™)), (z,u)) = Tan(nor(%;), (z, u)) (A1)
for H™ a.e. (z,u) € nor(C) N (R; x S™) (recall that nor(X;) N (X; x S™) is an n-
dimensional submanifold of R™** x 8™ of class 1). Since 7o ( Tan(nor(%;), (z,u))) =

Tan(X;, z) is an n-dimensional linear space for every (x,u) € nor(¥;) N (X; x S™),
we deduce from (A.1) and [14, Lemma 3.9] that

kon(a,u) < oo for H™ a.e. (a,u) U nor(C  x S™M)].

For each 7 > 1 let x5,1 < ... < xx,,» be the principal curvatures of 3;, and we
notice that
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for (z,u) € nor(X;) N (3; x S™). Applying area formula we can estimate
H"(E N (AxS™))

> ZH”(nor(C) N((ANR;) x S™))

oo
- T )
i—1 Y nor(C)N((ANR;)x8m)

H L+ x5, 0(z)? dH™ (z,u)

=1

z Z/A n H 14+ xu,.0(x)2dH™ (2).
NRi y=1

i=1

From the proof of lemma 5.2 we obtain that if ¢ > 1 then

H V14 xs,0(2)? = H /14 xse(z)? for H" ae.z € XNX,.
=1 =1

Henceforth, we conclude

n

H”(En(Axsn))z/ IT /1 + xs.e(2)? dH" (2).

ANS 7
O

LEMMA A.3. There exist a smooth two-dimensional submanifold M C R> with

bounded mean curvature such that H? L. M is a Radon measure over R3, and a set
P C R? x S? such that H*(P) > 0 and

H?(nor(M) N {(z,u) e R" x 8™ |z —b| <7, [u—v|<r}) =00
for every (b,v) € P and for every r>0.

Proof. By [19, Example 10.8 and Remark 10.10] (see also [18, 6.1]) there exists
a smooth two-dimensional submanifold M C R3 such that H2. M is a Radon
measure, and if y; < xo are the principal curvatures of M with respect to a
unit-normal vector field n : M — S™ then

Ix1(a) + x2(a)| <1 for every a € M
and there exists a Borel set B C M \ M such that

/ (X%+X§)q/2d7{2:oo for every 1 < ¢ < oo,b € B and r > 0.
MNB(b,r)
Henceforth, for every b € B and r >0,

400 = (X +x3) dH> < H*(M N B(b, 7)) — 2/ X1 X2 dH?
MNB(b,r) MnB(b,r)
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and

/ X1 X2 dH? = —oo.
MNB(b,r)

By lemma A.2 we infer that

2
H2 (nor(F) N (B(b,r) x S™) z/M » )H(HX@(@?)U?M"(@ —
NBb,7) p=1

for every r>0and b € B.
Now the compactness of S™ guarantees that for each b € B there exists v(b) € S™
such that

H?(nor(M) N {(z,u) e R"™ x 8"t |z —b| <7, [u—v(b)| <r}) =0

for each > 0. Henceforth, setting P = {(b,v(b)) : b € B} we have that H2(P) > 0
and the proof is complete. O

REMARK A.4. In particular, nor(M) is a Legendrian rectifiable set by lemma 2.11,
but it cannot be the carrier an integer-multiplicity rectifiable n-current of R3 x S2.
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