COMMUTATIVE SEMIGROUP AMALGAMS

J. M. HOWIE

(Received 8 May 1967)

In the terminology of J. R. Isbell [5], an element d of a semigroup S
is dominated by a subsemigroup U of S if, for an arbitrary semigroup X
and arbitrary homomorphisms «, 8 from S into X, «(x) = () for every
u in U implies a(d) = p(d). The set of elements of S dominated by U is a
subsemigroup of S containing U and is called the dominion of U. It was
shown by Isbell that if one takes two disjoint isomorphic copies S+, S~ of
S and forms their amalgamated free product S+ # ;;S—, that is to say, the
quotient of the free product S* % S— by the congruence p generated by

R={(w,u) uelU}

(vt and »~ being the images of # in S*, S— respectively) then the homo-
morphisms u* : S — St % ;S—, u=: S - St % S~ defined by
ut(s) = stp, p(s) =s7p

are one-one. Moreover, ut(s) = u=(¢) only if s = ¢, and ut(s) = u(s) ¢f
and only if s is in the dominion of U. In other words, the two natural copies
of Sin S* = ;S~ intersect precisely in the dominion of U. Thus, in particular,
and in the terminology of [3], the amalgam [S*, S—; U] is embeddable if
and only if U is self-dominating (that is to say, its own dominion) in S.

One obvious question left unanswered in [5] and in the sequel [4] is
whether an amalgam [S, T; U] is necessarily embeddable if U is self-
dominating both in S and in 7. A (commutative) example is given in § 2
to show that this need not be so. Another example shows that an amalgam
[S, T; U] may be embeddable even if U is not self-dominating either in S
orin T.

In the preliminary section it is shown (Theorem 1.3) that amalgamated
free products are associative, and this is then used to show that if U is a
semigroup such that every amalgam [S, T; U] of two semigroups with U
as “core”’ is embeddable, then every amalgam [S;; U] of arbitrarily many
semigroups with U as core is embeddable. This result leads to considerable
simplification in the proofs in § 3.

Isbell [5] calls a semigroup absolutely closed if it is self-dominating
wherever embedded. For the purposes of this paper, concerned principally
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as it is with commutative semigroups, the term “‘absolutely” may be mis-
leading, since it does not seem to be obvious that a commutative semigroup
which is always self-dominating when embedded in a commutative semi-
group is necessarily self-dominating when embedded in a non-commutative
semigroup. It would perhaps be preferable to refer to a semigroup belonging
to a subcategory K of the category Sg of semigroups as being K-closed if
it is its own dominion whenever it is embedded in a semigroup in K. It
may, therefore, be possible for a semigroup in the category CSg of com-
mutative semigroups to be CSg-closed but not Sg-closed. No example,
however, is known to me. Examples are not hard to find if CSg is replaced
by a more trivial subcategory of Sg. For example, if we consider the sub-
category RB of rectangular bands ([1], § 1.8), it is fairly easy to show that
any rectangular band is RB-closed; however, it need not be Sg-closed, as
is shown by ([4], Theorem 2.9).

A commutative semigroup U will be called CSg-amalgamable if the amal-
gam [S,;; U] is embeddable (in a commutative semigroup) for any family
{S; 7 el} of commutative semigroups containing U. It is known ([4],
Theorems 2.3 and 2.6) that commutative regular semigroups and commuta-
tive fotally division-ordered semigroups are CSg-closed. In § 3 it is shown
that they are in fact CSg-amalgamable. It remains an open question
whether a commutative semigroup can be CSg-closed but not CSg-amal-
gamable.

1. Preliminaries

Various basic definitions and results of semigroup theory, all to be
found in Clifford and Preston [1], will be used without comment. Section
1.5, on congruences, factor groupoids and homomorphisms, will be par-
ticularly relevant. However, unlike Clifford and Preston, I shall write
mappings on the left, and also consider relations on a set S as subsets of
the Cartesian square S x S.

The language and the methods used in this section are to a large extent
those of category theory and the results are in particular valid in both
Sg (semigroups and homomorphisms) and CSg (commutative semigroups
and homomorphisms), the two categories that principally concern us here.
Following Mitchell ([6], § 1.7), we call a commutative diagram

Be

P——A4,

A

A,—4
51
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[3] Commutative semigroup amalgams 611

a pullback for «; and a, if for every pair of homomorphisms 8, : P’ — 4,
and By : P’ — A, such that «,8; = x,8, there exists a unique homomorphism
y: P — P such that 8; = B,y and B; = B,». Dually, a commutative
diagram

> A,

ST

Ay——>P

B2

is called a pushout for «, and a, if for every pair of homomorphisms
By : A, — P and B, : A, — P’ such that B« = fya, there exists a unique
homomorphism y : P — P’ such that 8; = y8; and f; = yB,. We shall
actually require a (possibly) infinite version of this latter definition: the
commutative diagram

(4% 4, %Py,

is a pushout for {a;};.; if, for every family {8; : A, — P'},.; of homomor-
phisms such that the diagram

(4% 4,%p,,
commutes, there exists a unique homomorphism y : P — P’ such that
B; = yB, for every ¢ in I.
As in 3], a (semigroup) amalgam consists of a semigroup U together

with a family {S,:7 e/} of semigroups and a family {g,:7 e} of mono-
morphisms ¢, : U — S,. We denote the amalgam by

U=[{S,:iel}; U; {p;,:7el}],

or by [S;; U; @] or just [S;; U] if the context allows. The semigroup U
will be called the core of the amalgam 9.

The free product P = II} {S, : ¢ eI} of the amalgam ¥ is defined as
F|p, where F is the coproduct (in the terminology of Mitchell [6]) of the
objects S; (that is to say, their free product in Sg and their “direct product”
in the sense of [3] in CSg) and p is the congruence on F generated by

R = {(p:(u), p;(u)) rueU,ijel}
For each 7 in I there is a homomorphism g, : S; — P defined by

ple) =zp  @eS))
and the diagram

(1) {U%5, 5 Pl

is commutative. In fact, the diagram (1) is a pushout for {¢;},.;, and P is
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determined to within isomorphism by this property. This has been shown
(in different language) by B. H. Neumann ([7], p. 505) for the category
of groups; it is not hard to modify his proof to deal with the categories
Sg and CSg.

The amalgam 9 is said to be embeddable if for some semigroup T there
exists for each ¢ in I a monomorphism 4, : S; — T such that the diagram

U%s, %1,
is commutative and such that
2:(S:) 0 24(S;) = AU)

if 7, § are distinct elements of I, where 4 : U — T is the common value of
A.p; (¢ eI). We say that the amalgam U is embedded in T.
From the pushout property of the diagram (1) we can deduce

THEOREM 1.1. An amalgam
A=[{S;:iel}; Ui {p;:1€l}]
is embeddable if and only if

(1) m; is a monomorphism jor each 1;

(i) u(S;) np;(S;)) =p(U) ¢f 154, where p:U — P is equal to
. u; for some (and therefore every) i in I.

Thus, informally, the amalgam is embeddable if and only if it is em-
beddable in P.

Using ([6], Proposition 8.1) we obtain

THEOREM 1.2. The amalgam A is embedded in T if and only if there
exists a monomorphism A, : S, — T for each ¢ in I such that the diagram

U
(2) Pi l

is commulative and is a pullback for A; and A; for every pair i, | of distinct
elements of 1.

We now derive a general associativity property for amalgamated free
products.

THEOREM 1.3. Let [{S;:4€l}; U; {@,: 1 el}] be an amalgam. Suppose
that the index set I is partitioned into disjoint subsets J, (k€ K) and that
the amalgam [{S;:7€ J.}; U;{p; 7€ Je}] is embeddable for each k. Let
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[5] Commutative semigroup amalgams 613
P, =I5 {S;: 7€ Ji}. Let w, (= p;p; for every | in J,) be the natural
monomorphism from U into P, and suppose that the amalgam
(P, :keK, U; {m 1 keK})
is embeddable. Then the amalgam
{S;:iel}; U; {g; 11 el}]
1s embeddable, and
IIE{S, ciel} x IIG{IT {S; :j € i} : ke K}
Proor. By virtue of Theorems 1.1 and 1.2 we can assume that for every

kin K and every j, i € J,, the diagram
U——S;

®) ! J

S;;— P,

is a pullback for the natural monomorphisms S; — P,, S,  — P,. Also, if
P = II}; {P, : k e K}, then for every %, [ in K,
U— P,
() ! |
P,——>P
is a pullback for the natural monomorphisms P, — P, P, — P. We certainly
have a (perhaps infinite) commutative diagram
(1) {U—Si—> Plier,
where, for each 7, the monomorphism S, - P is equal to S, - P, — P

for the appropriate k2. To prove the theorem we must show that (1) is a
pushout for {U — S,},.; and that for every 7, j in I such that ¢ # 7,

U > S,
®) ! !
S, > P

7

is a pullback for S; - P and S; — P.
To establish the first of these properties, suppose that for some P’
there exist homomorphisms S; — P’ such that

6) {U—S,— Pl

is a commutative diagram. Then by the pushout property of the diagram
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614 J. M. Howie [6]
{U—~>S;,—~ Pk}jeJ,c

there exists for each £ in K a unique P, ~ P’ such that

(7) U—-S,»>P =U-—-S,—~>P,-—>P

for every ¢ in J,. By the commutativity of the diagram (6), it follows that

(8) {U— Py~ P'lix

is a commutative diagram, where U — P, is taken as U — S; — P, for
some (and therefore every) j in J,.
By the pushout property of the diagram

{U— P~ Phx,
there exists a unique P — P’ such that
9) U—>P,—»>P=U—P,—>P—>P
for every £ in K. Thus
U—>S,»>P,—~>P =U—-S,>P,—~P—>P

for every % in K and every ¢ in J, and so, using (7) and the commutativity
of the diagram (8), we deduce that

(10) U-sS,>P =U-—>S,—~P->P

for every ¢ in I. Moreover, the uniqueness of P — P’ in (9) guarantees its
uniqueness in (10); thus {U — S, — P},.; is a pushout for {U - S}, s
as asserted.

For the other result we must consider two cases separately: (i) ¢, € Ji;

(iyie e, 7€), R#L
In case (i) we have that both S; — P and S; — P factor through P,.
If for some U’ there exist U — S;, U" — S, such that

U—-S,>P=U—-S5,-P,
it follows that

U —~S,»-P,—>P=U —>S,-~P,—~ P
Since P, — P is a monomorphism, it follows that
U'—-S,—>P,=U —>S5,— P
hence, by the pullback property of the diagram (3), there exists a unique
U’ — U such that the diagram
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N Commutative semigroup amalgams 615
S,

/T\
(11) U—>U P,

~ |

S.

J

commutes. It follows that (5) is a pullback as required.
In case (ii) we have the commutative diagram

St(——U——SJ

12) N

P.—>P«—P,
If, for some U’ there exists U’ — S,, U’ — S, such that

U—~S,—-P=U" —>S5,->P,
then
U—-S,-P,—~P=U—-S,—~P,—~ P.

Thus there exist U'— P, (=U’'— S, —> P,) and U'— P, (=U"—= S, > P))
such that
UI—>Pk—>P:U/_>Pl_>P

and so, by the pullback property of the diagram (4), there exists a unique
U’ — U such that

(13) U—-P,=U—>U-—>P,
and
(14) U P, =U—-U-—P,.

Thus, using (13) and the commutativity of (12), we have that
U—-S,—-P=U—->U—-P,=U->U—>S5,— P,

and so

(15) U—-S,=U0U->U-=>3S,

since S; — P, is a monomorphism. Similarly, using (14), we find that

(16) U —-S;,=U->U-=S;

and so (5) is a pullback as required, since the uniqueness of U’ — U in (15)

and (16) follows from its uniqueness in (13) and (14). This completes the
proof.
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Next we establish

THEOREM V1.4, If U is a semigroup such that every amalgam [{S, T};
U; {g, v}] of two semigroups with U as core is embeddable, then every amalgam
A=10S,:iel}; U; {g, : i e€l}] of arbitrarily many semigroups with U as
core ts embeddable.

Proor. We apply Zorn’s Lemma to the set & of subsets E of I such that
the amalgam
WUy =[{S,:ie E} U; {p,: 1€ E}]

is embeddable. Then & contains all subsets of cardinal 2 and so is non-
empty. Let P, denote the free product of the amalgam 9 and let € be a
chain in & with union C. If E and £’ in & are such that £ C E’ then

Pp = Py yPpg

by Theorem 1.3 and so there exists a natural monomorphism Py — Pg..
Indeed {Pg: E e ¥} with its associated monomorphisms forms a direct
system with direct limit L. Now, if ¢ € C, then 7 € E for some E in € and so
there exists a monomorphism S, — L which equals S, - Py — L for every
E such that ¢ e E. Thus, for every ¢, j in C with ¢ £ 4, we have a com-
mutative diagram

U > S,

a7 ! J

S,— > L,

in which S, - L and S, — L are monomorphisms factoring through Py,
where E is any member of % large enough to contain both ¢ and 7. If there
exist U’ and homomorphisms U’ — S,, U’ — S, such that

U'—-S,-L=U >S5 —>L,
then
U-»S,—>Pyg—>L=U —S,>Pr—~>1L
and so
U —~S,—>P,=U >S5, Py,

since Py — L is a monomorphism. Since the amalgam [{S,, S,}; U; {g,, ¢,}]
is embedded in Py, the diagram

U > S,
Lo
S, > Py

is a pullback for S, — Pg, S, = Pg, and so there exists a unique U’ — U
such that
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(9] Commutative semigroup amalgams 617
U—-S5=U—-U=S5,,U-=>5=U—=-U=35,.

Thus the diagram (17) is a pullback for S; - L, S; — L, and so the amalgam
A, is embedded in L. [It can be shown that L ~ P, but we do not need
this.] Thus C € &€ and so by Zorn’s Lemma & contains a maximal element
J It ] #1,1et K = J u {i}, where 7 ¢ J. Then 9y is embeddable by Theorem
1.3 and by the assumed embeddability of amalgams of two semigroups
with U as core, and so the maximality of J is contradicted. Thus J =1
and so U is embeddable as required.

2. Examples

The first example shows that an amalgam [{S, T}; U; {¢, v}] need
not be embeddable even if ¢(U) and p(U) are self-dominating in S and T
respectively.

Let U be the quotient of the free commutative semigroup Fy on four
generators u,, #,, %3, #, by the congruence « generated by

W = {(wy10q, Uptay), (y00y, t31t3), (u3,03), (43, g)}.
Let S be the quotient of the free commutative semigroup F ¢ on six genera-
tors vy, Uy, Uy, U4, S;, Sp Dy the congruence § generated by
B = {(v193, 0304), (V174, Va3), (3, 05), (03, 2%), (S10p, S2¥3)}

Let T be the quotient of the free commutative semigroup ¥, on five
generators w,, w,, w3, w,, { by the congruence y generated by

€ = {(wy, wyt), (wy, wy?), (w3, wy?), (wy, wyt)}.

It is convenient to summarise the relevant facts about these semigroups
in the following theorem.

THEOREM 2.1. (i) The mapping ¢ : U — S defined by

p(u;0) = v,p (=123 4)
s @ monomorphism.
(ii) @(U) is self-dominating in S.
(iii) (syv1)B 7 (s204)P-
(iv) The mapping v : U — T defined by
p(ua) = w;y (=123, 4)
is a monowmorphism.
(v) w(U) s self-dominating in T.
(vi) If u is the canomical mapping of S into the free product P of the
amalgam [{S, T}; U; {p, v}], then

M((slvl)ﬂ) = ;“( (327)4)/3)-
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Before proving these assertions, let us note that it follows from (iii)
and (vi) that the amalgam [{S, T}; U; {@, v}] is not embeddable.

Proor oF THEOREM 2.1. (i) It is clear from the definitions of % and B
that ¢ is well-defined. In fact it is also one-one; for if

e((urrugrugsufa) = o((upugrugsugs)e),

then vT1og203sv’t and vitvg2vysv e are connected by a sequence of elemen-
tary B-transitions. Now clearly the last relation (s,v,, s;v3) in 8B can never
be used in this sequence; hence w7 uy2uysuy+ and uiruy2ug2uy are connected
in an obvious way by a sequence of elementary U-transitions — which is
what we require.

(ii) Consider the two homomorphisms y and @ of S into the infinite
monogenic semigroup M = {1, x, «2, - - -}, defined as follows:

x(s) =1 for every s in S;
wvp) =1GE=1,234); w(s,f) =2 =1,2).

Then clearly x(s) = w(s) if and only if s € (U) and so ¢(U) is its own
dominion in S.

(iii) By inspection, no elementary $B-transition can change the word
s,v, into any other word. This is also the case for s,v, and so certainly
($121, $204) € .

(iv) This is less trivial. First notice that ® C y, where

D = {(w,w;, wow,), (w11, wws), (W], 05), (w5, w))};
for we have sequences of elementary €-transitions as follows:
Wy W3 ~> Wl —> Wyly, WyWy —> WyWyl —> Wy,
W — wywot - wi, Wi wyw,t — w.
It follows that y is well-defined, but it is not immediately clear that v is
one-one. We must show that if two words in w,, w,, w,, w, are connected
by a sequence of elementary @-transitions, then they are connected by a
sequence of elementary D-transitions; for it then follows that the cor-
responding two words in #,, #,, u;, u, are connected by a sequence of
elementary -transitions.
It is convenient to begin by considering a sequence & of elementary
C-transitions beginning on a general element x of F,. The element z is a

word of the form
m m m m m
W 1W, W5 3wy 1t

and so can conveniently be identified with the quintuple

(my, my, ms, my, m)
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of non-negative integers. Let us now name the ordered pairs constituting
€ as follows:
¢ = (@, wyi), ° (wy, @,1)

¢ = (w3, wyl), ¢y = (w,, wyt).

In the sequence &, an elementary @-transition will be called a forward
step if it increases the number of occurrences of ¢ by one, and a backward
step if it decreases the number of occurrences of ¢ by one. The weight of
¢; (¢ =1, 2, 3, 4) in the sequence & is defined to be the number of forward
steps based on ¢; minus the number of backward steps based on ¢,. The
weight of the sequence & is defined to be the quadruple (r,, 7,, 75, 7,) of
integers (positive, negative or zero), where 7, (# = 1, 2, 3, 4) is the weight
of ¢, in &.
By a straightforward inductive argument one can prove

LEMmA 2.2. If & is a sequence of weight (v, r,, 75, 7,) 0f elementary
C-transitions beginming on the element (m,, my, my, my, m) of Fp, then
& ends on the element

(my—r1t7y, Mod-7—7,, Mg—73474, My+73—7,, M+71+7,+75+7,).

Our interest is of course primarily in sequences that connect two ele-
ments (m,, m,, my, my, 0) and (n,, ny, ny, #,, 0). If such a sequence has
weight (7, 7,, #3, 74), then 7;+7,+73+7, = 0.

The next lemma contains the result we require.

LemmA 2.3. If (my, my, my, my, 0) and (n,, ny, ns, ny, 0) are y-equiv-
alent, then there exists a sequence of elementary D-transitions connecting them.

Proor. In describing sequences of elementary D-transitions, I shall
use phrases such as “‘% uses of w} — w}”. If & is non-negative the meaning
of this is clear; if % is negative, the phrase is to be interpreted as meaning
“—Fk uses of w? — w?”.

By hypothesis, there exists a sequence of weight (7, 7, 73, 74) Of
elementary €-transitions connecting (m,, m,, my, m,, 0) to (ny, ny, n3, 1y, 0),
and, as we have seen, #,+47,+73+47, = 0. Notice that »,—7, is even if
and only if 7,7, is even; this in turn holds if and only if 7,47, is even,
that is, if and only if #,—7, is even.

By Lemma 2.2,

(11, Mg, My, 1y, 0) = (my—7+75, Myt-7,—79, Ma—73+74, Mmy+73—7,, 0).

If 7,—7, and 7;—7, are both even, then a sequence consisting of 1(r,—7,)
uses of w} — wi followed by }(r;—7,) uses of wj— w’ will change
(my, my, mq, my, 0) to (ny, ny, ng, n,, 0). A typical intermediate element
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in the sequence will be (%, &y, k5, k4, 0), where %, lies between m, and #,
for each 7, and so negative values never appear.
Now suppose that »,—7, = 2k+-1, 7;—7, = 2/+1, where & and [/ are
integers. Thus
ny = my—2k—1, ny, = my+2k+1,
ny = mg—20—1, ng = my~+2/+41.

If we apply a sequence of elementary ®-transitions consisting of & uses of
w? — w} followed by / uses of w} — w2, then we change (m,, m,, m,, m,, 0)
to

(18) (11— 2k, myt-2k, mg—20, m, 21, 0).

This is legitimate unless #, = 0 or #, = 0, in which case we should have
my+2k = —1 or m;+2l = —1. Suppose for the moment that »#, > 0 and
#ny > 0. Then a single use of w,w; - w,w, transforms the quintuple (18)
into (ny, ny, ng, ny, 0) as required.

If n, =0 (and %, > 0), then m,+2k = —1. Since m, > 0 we must
therefore have that # < —1; hence m,—2k—2 = m,; = 0. Now, k41 uses
of w? — w} followed by [ uses of w2 — w} will change (m,, m,, m,, m,, 0) to

(my—2k—2, my+2k+2, mg—21, my+21, 0),

and a single use of w,w; - w,w, now changes this to (n,, #,, 75, 7y, 0) as
required. Similar modifications are effective if #, > 0 and #, = 0 or if
Ny = 1y = 0.

This completes the proof that ¢ is a monomorphism.

(v) It is clear that ¢(U) is an ideal in 7. If, therefore, we take y as
the natural homomorphism of T" onto the Rees factor semigroup T'[y(U)
and w as the homomorphism mapping every element of T to the zero of
T/yp(U), then obviously y(x) = w(x) (xeT) if and only if zey(U). Thus
yp(U) is its own dominion in 7.

(vi) The free product P of the amalgam [{S, T}; U; {g, y}] can be
described as the quotient of the free commutative semigroup on the seven
generators u,, #,, 43, #,, Sy, S, ¢ by the congruence = generated by

B = {s11y, Spu3), (w1, ust), (g, ut), (3, uyt), (s, ust)}.
Hence
p((s191)B) = (sym1) 7 = (s,ut) 7w = (Sp045t) 7
= (Sgty) 7w = l‘((327)4)/3)-

This completes the proof.

The next example is of an amalgam [{S, T}; U; {g, y}] which is em-
beddable, but such that ¢(U) is not self-dominating in S and ¢(U) is not
self-dominating in 7.
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Let U be the free commutative semigroup generated by u,, - - -, #,.
Let S be the quotient of the free commutative semigroup Fg on eight
generators vy, - -+, vg, , ¥ by the congruence a generated by

%[ - {(‘Z)l, xv2), (‘03, "’2?/)}-

Let T be the quotient of the free commutative semigroup F, on eight
generators w,, - - -, wg, 2, ¢ by the congruence f§ generated by

B = {(w,, 2ws), (ws, wst)}.
Again we summarise the relevant facts in a theorem.

THEOREM 2.4. (1) The mapping ¢ : U — S defined by

p(u;) = v, f=1,---6)
is a monomorphism.
(ii) The mapping v : U — T defined by

p(u,) = w.fp (¢=1---6)
1S @ monomorphism.
(iil) @(U) is not self-dominating in S.
(v) w(U) @s not self-dominating in T.
(v) The amalgam [{S, T}; U; {@, w}] ts embeddable.

ProoF. By the symmetry of the situation, it will clearly suffice to prove
(1), (iii) and (v).
(i) A typical element of Fgis

1o v glepPyd
vyt vgsxPy?,

which it is convenient to identity with the octuple (n,, -+, %4, p, ¢} of non-
negative integers. If (m, - - -, #g, 0, 0) is an arbitrary element of the sub-
semigroup V of Fg generated by v,, - - -, vg, then any element of F g derived
from this by a sequence of elementary 9-transitions is necessarily of the
form

(n,—7, ny+7r+s, ng—s, ny, 15, #g, 7, S)

where 7, s are non-negative integers. This element belongs to V only if
r =5 = 0 and so « n (V' x V) is the identical equivalence on V' — which is
exactly what we require in order to show that ¢ is a monomorphism.

(iii) It follows from the considerations above that an element
(ny, -+, ng, p, ¢)u of S belongs to ¢(U) if and only if #,—p—g = 0. This
condition is certainly not satisfied by

(v19)x = (1,0,0,0,0,0,0, 1o

and so (v;y)x ¢ ¢(U). However, if y and 4 are two homomorphisms of S
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which coincide on ¢(U), then, denoting f« by f for any element f in Fyg,
we find that

y(vy) = y(viy(y) = d(vi)y ()
- =0(xvy)y(y) = 8(x)8(vy)y(¥) = d(x)y(va)y(¥)
0 = 0(x)y(vs) = d(x)d(vs)
9 = 8(xvyy) = 8(viy).
Thus v,y is in the dominion of ¢ (U) in S and so ¢(U) is not self-dominating.
(v) The free product P of the amalgam [{S, T}; U; {p, y}] can be
described as the quotient of the free commutative semigroup Fp on the ten
generators u,, - * -, #g, %, ¥, 2, t by the congruence = generated by
/ B = {(uy, wuy), (us, upy), (g, 2045), (tg, ust)},
the canonical homomorphisms p : S — P, » : T — P being given by
plo) =wm (G =1,--+,6), p(ra) = 27, ulys) = y=;
v(w,f) =um t=1--,6), »(2f) = zn, »(f) =
The elements #71- - - ugea’y*z't™ of Fp can conveniently be identified with

10-tuples
(M’]) Y ns: j: k; ly m)

of non-negative integers. Thus, if

1

s=(ny,ng i, R, S = (n, o, §L R e
are two elements of S, then the supposition that u(s) = u(s’) amounts to
the supposition that the two 10-tuples
(nly ! nsr 7.; k; 0; O): (’”’1; AR n(’;: 7"; k’: O; 0)

in Fp are connected by a sequence of elementary PB-transitions. It is
easy to see that the most general element of I, obtainable from
(ny, - - -, ng, 1, &, 0, 0) by elementary B-transitions is

(19) (my—p, naFp+q, Ba—q, ng—7r, ng+r-+s, ng—s, j+p, k+q,7,s),

where 7 and s are non-negative integers and p and ¢ are integers such that
i+p, #+4q are non-negative. Putting » = s = 0, we find that

8" = (ny—p, nat+p+q, n3—q, ny, n5, ng, 1-+p, k+q)a.

Hence s = s’, since it is clear that the two octuples
(1, * o, g, 1, k), (my—p, natp+q, mg—q, ny, ns5, ng, j+p, k+9)

can be connected by a sequence of elementary U-transitions. A similar
argument establishes that » is a monomorphism.
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Suppose now that
b= (ny, -, ng, l,mp

is an element of T and that u(s) = »(¢), where s is as before. Then there
exists a sequence of elementary ‘-transitions connecting

(ny, -+, m5, 7,k 0,0) and (ny, -, 1 0,0, 1, m).
It follows from (19) that p = —j, ¢ = —k and so
1y = ny+], ny = ng—j—Fk, ng = nztk.

It is now easy to see that the element (n,, - -, #g, 7, ) of Fg can be con-
nected to the element (n), ny, ng, ny, 75, #g, 0, 0) by means of a sequence
of elementary YU-transitions, and so s € ¢(U) as required.

This completes the proof.

3. CSg-amalgamable semigroups

By virtue of Theorem 1.4 we can restrict our attention to amalgams
of two semigroups. Accordingly, let A = [{S, T'}; U; {, v}] be a commutative
semigroup amalgam. It will be convenient to denote ¢(U) and (U) by
V and W respectively and to write v, v;, v', etc. and w, w,, w’, etc. respec-
tively for p(u), ¢(u,;), p(u’), etc. and y(u), p(u,;), p(u'), etc.

The coproduct [6] of S and 7 in the category CSg is most easily described
as follows: first form S and T by adjoining an extra unity element 1
to each of S and T whether or not they alveady have unities; then form the
Cartesian product SW x7T@; then remove the element (1,1). Since this
semigroup is the commutative analogue of the free product of S and T as
usually understood in semigroup theory, it is reasonable to write it as
S « T. It contains isomorphic copies {(s, 1) :seS}, {(1,¢) : e T} of S and
T respectively.

The free product P = S = ;T of the amalgam % is thus given by

P = (S=T)/p,
where p is the congruence on S % " generated by
% = {((p(), 1), (1, p())) 1w U},
and the canonical homomorphisms # : S — P, » : T — P are given by
p(s) = (s, 1)p, »(t)=(1, D)p.

We first obtain general necessary and sufficient conditions for the
embeddability of the amalgam 9, analogous to the commutative zigzag
theorem (1.1) in [4].
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Suppose that (z,y), (2,¢)eS* T and that (z,y)— (z,¢) by an
elementary $R-transition. Then either

(@ y) = (2 9 1 s), (1) = (90, 2)( ),

or

(@ y) = (£, 9, @), s), (2 1) = () 1), 5),

where p, 7 € SM, ¢, s e TV, v = p(u), w = p(u), ue U. A step of the first
type will be called an r-step (since the v moves right); one of the second
type will be called an Il-step. By commutativity we thus have either

r = 2zv, = wy,
or
z2=12v, y = wi

Two consecutive 7-steps (corresponding to #,, #, respectively) can be com-
bined into a single r-step (corresponding to u,u,). A similar remark applies
to l-steps and hence we may assume that every sequence of elementary
R-transitions consists of /-steps and r-steps alternately.

If u(s) = u(s’), where s, s’ € S, then there exists a sequence

(s, 1) >---—(s', 1)

of elementary R-transitions. The first step must be an 7-step, since 1 has
no divisors in S; similarly the last step must be an /-step. Hence there
exist s, -+, s5,€S5, ¢, -, ¢t,_,€T,uy, -, uy, U such that

S = $;7,, wW; = Wyl,,

$1Up = SpUs, W3l = Wyls,

sn—len—2 = SpVsp—1, wzn—ltn——l = Way,

14

Splsn = S'.
Thus p is one-one if and only if the equalities
W, = Wyi,,
(20) S1¥p = Sal3, Wl = Wyl
Su-1V2n—2 = Splsn1, Wan—1lpa = Wy,

imply that s;v;, = $,7,,.
A similar argument shows that » is one-one if and only if the equal-
ities
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Uy == S1Up, Wyl = Wily,

S1U3 = SpUy, Wyly = Wsly,

(21)

Sn—2¥2n-3 = Spn_1Vspn—2, Z‘7/2n—2tn—‘1 = w2n—1tn:

Sn-1Y2n—1 = V2
(where s;, -+, 8, 1€S5, &4, ¢, €T, uy, -, g, € U) imply that w,f, =
Wy, by

Also, if p and » are one-one, then u(S) Nnv(T) = pe(U) (= »(U)) if
and only if the equalities

Wy = Wiy,

$1VUp = SyU3, Waly == Wyl,,

(22)

Sn—2V2n4 = Sp1Vsn-3 Won-3lng = Wan_gln 1,

Sn~1V2n—2 = Ugn_g
(where sy, -+, 8,,€8, t;, - t, 67T, uy, -+ Uy, ,€U) imply that
s, v, eV o

THEOREM 3.1. If A = [{S, T}, U; {9, v}] vs a commutative semigroup
amalgam and U is regular, then U is embeddqble.

Proor. Since U is both commutative and regular, it is an ‘nverse
semigroup; that is, every element « of U has a unique inverse x ! such that

el = x, xlaxl =zl

Suppose now that we have a set of equalities (20). Let w,w;* = w;'w, = ¢,

forr=1,---,2n,andlet f, = e,e, -~ e, (r =1, -, ). Then
LeMMA 32. Ift¥ = f,t, (r = 1,-- -, n—1), then t* e W, and

wy = w2t1 4 w27~1tr—1 - ertr (7 — 2: N 1),

i %k -
' Won—1tn1 = Wanfn-
Proor. First,

i = f1t; = ety = wy'lwyt, = witw, e W.
Also, if £, € W, then
t:: = frtr = fr—lyeZ'rt'r = r——lwz—rlwwtr
= fr,—lw;rlw2r~1tr——1 (by (20))

—— g1 * .
= Wy, w2r!1tr~1’
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hence ¥ e W. Thus the first statement in the lemma is proved by in-

duction.
Also,
Wy = Wyt = Wyept; = Wyfyt; = wyl],
Wop at}y = fr1Wap yt, g = r—1We,l,
= fr 160, Ws,t, = [,Wy,l, = Wy, L}
(r=2---n—-1),
Won_1tm—1 = frn1@Wan_1tn_1 = frn_1%@sn,

and so the lemma is proved.
Returning now to the proof of Theorem 3.1, if we let s* = @yp~1(t¥)
(r=1,---, n—1), we have that

- * __ % __ *
S1U1 = $1UpS; = SaU3S; = $3U48,

— e e e — * — * —_

- - sn—lvzn—2sn-—-1 - Snvzn—lsn—l - snev2n

= €S,Vy,,

where e = @yp~1(f,_,) is an idempotent of V. However, the situation is
symmetrical and so we can equally assert that s,v,, = fs,v;, where f is an
idempotent of V. Hence

S1Vy = €5,0,, = €S, v, (since fs,v,, = S,7,,)

- fesnv2n = fslvl = $,Vsp,

and so g : S — P is a monomorphism.

The proof that » : T'— P is a monomorphism is similar.

Finally, suppose that we have equalities (22), and take &, - -, /5_;
as before. Then the result of Lemma 3.2 holds, and if we again write s*
for py~1(¢F), we obtain

_ *_ .. _ * *
$1U; = $1U28; = = Su_1V2n-2Sn—1 = Van1Sn-1 € V.

This completes the proof.

Before stating the next theorem, we recall some definitions in [4].
First, if ¢, d are distinct elements of a commutative semigroup S, we say
that c is a potential divisor of d if, for every a, b e S,

ac = bc = ad = bd.

S is called division-ordered if every potential divisor is an actual divisor.
If S is division-ordered and if, for any two distinct elements x, y of S,
either z divides y or y divides x, we say that S is fofally division-ordered.

It is known ([4], Theorem 2.6) that totally division ordered commutative
semigroups are CSg-closed. In fact we even have
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THeOREM 3.3. If A = [{S, T}; U; {g, v}] is a commutative semigroup
amalgam and U 1s totally division-ordered, then N is embeddable.

Proor. With the same notation as before, suppose that u:S — P is
not a monomorphism. Then there exist s, s" € S such that u(s) = u(s’),
but s # s’. That is, there exist u,, -, #,, € U, sy, *-, s, €S, ¢, -+, t,_,€T
such that

$ = $;0y, W; = Wyl
S1Up = SpU3, Wst) = Wyly,
(23)
Sp-1V2n-2 = Sp¥2n-1, wzn—ltn—l = Wy,
Sa¥2s = S’,

and such that s £ s’. Let us suppose that s, s’, u,, - -+, {,_, are chosen so
that » is as small as possible.

LEMMA 3.4. Suppose that p S — P is not a monomorphism and that
(23) s the shortest set of factorisations exhibiting this fact. Then
(1) ug ¢ u, U,
(ii) onme or other of u;_y, u;,, does not belong to uw, U (j =3,---, 2n—2);
(ili) %g,o ¢ thp, U
Proor. (i) If uyu = u, (u € U'), then
wyt, = ww,t, = ww, e W.

Hence, if s’ = s,(vv,), we have

14

§" = s,(vvy), ww; = wyi,,

Sg¥y = S35, Wity = Wely,
—_ !
SpUs, = S,

Thus u(s”’) = p(s’), and the set of factorisations demonstrating the fact is
shorter than the set (23). Hence s" = s’. Now, either »; = u, or u, is a
potential divisor of u,; for, if #, 4’ € U1, then
Uy = Uty > WW, = W'w,
=> Wyl = w'w,t, => ww, = w'w, = w, = u'n,.
Hence, since U is division-ordered, there exists #* e U' such that u*u, = u,.

Hence
S = §;Uy = 5,U* v, = $,0% 03 = S, v* Vv, = S,vv;, = §”

and so s = s’, contrary to hypothesis.
A similar argument establishes (iii).
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To prove (ii), suppose first that § = 2¢, an even integer, and that
— ’ . 173
Ugiy = UgsU, Ug;y = UgU
where #', '’ € UL. Then the two rows
Si_1Vpi g == SiVs; 1, Woyyl; 1 = Wy,
SiVs; = Sip1Vsiq1, Woinly = Waiyeling

of the factorisations (23) can be replaced by the single row

- * * _
SiaVsig == $; V%, W¥l,_ = Wy, 0l 04,

where
e 1,11 ’.
UF = sy 0 = ug ' = uy 0
for
_ _ r r *
Si1Vsi2 = S;Vgi1 = S;VUgi¥ == S;14 VsV = S$; 1 V7,
and

* — rr — r? — —
WHE =W Wy by g = W Wyt = Wo il = Wouiali.

The set of factorisations (23) can thus be shortened, contrary to hypothesis.
Suppose now that j = 2/+1, an odd integer, and that

’ r?
Ug; = Ugs U, Ugyig = Uy U .

Then, by an argument very similar to that employed in the previous case,
we can show that the three rows

Si—1V2i—2 = S:Vgi1, Woiytiy = Wails,
SV = Sit1V2i41s Woirly = Waipalivas
Sit1V2ite = SiteVaitss  Wairslitn = Wairalire
of the factorisations (23) can be replaced by the two rows
Si—1V2i-2 = Si¥si—1,» Wy gl g = W¥li4y,
SV = Siialsits,  Woipslins = Wairalire,
where u* :‘u’u2i+2 = u'u' Uy, = u' 1y;. Thus again we obtain a reduction
in the length of the factorisations (23), contrary to hypothesis. This com-
pletes the proof of the lemma.

Returning now to the proof of the theorem, we consider the factorisa-
tions (23). Since U is totally division-ordered and since, by Lemma 3.4 (i),
4 is neither equal to nor divisible by u,, we must have that u, is divisible
by u4; hence, by Lemma 3.4 (ii), u, is neither equal to nor divisible by #,,
and so u, is divisible by #,. Hence, by Lemma 3.4 (ii), #; is neither equal
to nor divisible by #,, and so #, is divisible by #,. Continuing in this way,

we end with the statement that u,, , is divisible by #,, ,, contrary to
Lemma 3.4 (iii). Hence # must in fact be one-one.
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A similar argument shows that » is one-one.

To establish the intersection property, suppose by way of contradiction
that there exist s e S, e T such that u(s) = »(t), but s ¢ V. Then there
exist #y, <, Uy, €U, 8¢, ", 8,1€S, b, ", ¢,_, €T such that

s = $7y, W, = Wyty,

$1Vg = Sp¥, Wil = Wyly,

(24)
Sn—2V2n—4 = Sp-1V2n-3, w2n—3tn——2 = w2n——2tn—l’
Sn1Y2n—2 = VYgn-1, Wop—1ln1 =1
and again we can suppose that s, ¢, %, - - -, £,_; are chosen so that # is as

small as possible.
Closely analogous to Lemma 3.4, we have

LEMMA 3.5. Suppose that u(S) n v(T') properly contains up(U) and that
(24) s the shortest set of factorisations exhibiting this fact. Then
(1) wy & u, UL;
(i) ome or other of u;_y, u;,, does not belong to u;,U* (j =3, -+ -, 2n—3);
(ii1) g, g ¢ thy, o U

Proor. The proof of (ii) is identical to the proof of Lemma 3.4 (ii).
The proofs of (i) and (iii) are very similar. Considering (iii) by way of
illustration, we suppose that u,, 5 = #,,_,u, where 4 € U'. Then

Sn—2V2n—a4 = Sn—1V2n—3 = Sp-1V2p—2V = VUgp1 ¥

and so if we replace the last two lines of the factorisations (24) by the
single line
Sn—2Van—a = Ugp 1V, Won W, =1,

we obtain a set of factorisations which asserts that u(s) = »(¢').

Hence s € V by the minimal property of (24) — a contradiction.

It is now easy to use the totally division-ordered property of U to
derive a contradiction from the factorisations (24), in exactly the same
way as for the factorisations (23).

One corollary of Theorem 3.3 seems interesting enough to deserve a
mention. It is shown in the proof of ([4], Corollary 2.7) that finite monogenic
(cyclic, in the terminology of [1]) semigroups are totally division-ordered.
Hence

COROLLARY 3.6. Finite monogenic semigroups are CSg-amalgamable.
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