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Abstract

For an arbitrary discrete probability-measure-preserving groupoid G, we provide a characterization of
property (T) for G in terms of the groupoid von Neumann algebra L(G). More generally, we obtain a
characterization of relative property (T) for a subgroupoid H C G in terms of the inclusions L(H) c L(G).
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1. Introduction

Property (T) for countable probability-measure-preserving (pmp) equivalence
relations has been introduced by Zimmer in [23]. The natural generalization to discrete
pmp groupoids has been studied by Anantharaman-Delaroche in [2]. In view of the
importance of property (T) in the setting of operator algebras, and the key role it
plays in Popa’s deformation/rigidity theory, it is valuable to have a characterization
of property (T) for a discrete pmp groupoid G solely in terms of the inclusion
L*(G%) c L(G), where L(G) is the groupoid von Neumann algebra of G and G° is
the unit space of G. Such a characterization has been established by Connes and Jones
in the case where G is a countable discrete group with infinite conjugacy classes, in
which case L(G) is a II; factor. They showed in [5] that, under those assumptions,
G has property (T) if and only if L(G) has property (T) in the sense defined therein.
When G is an ergodic II; equivalence relation, in which case L(G) is a II; factor and
L®(G") is a Cartan subalgebra of L(G), a characterization of property (T) in terms of
the corresponding von Neumann algebra has been established by Popa in [17]. It is
shown there that, under those assumptions, G has property (T) as defined by Zimmer
if and only if the inclusion L(G®) ¢ L(G) is co-rigid in the sense of [ 18, Remark 5.6.1].
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(The idea of characterizing property (T) of a countable pmp equivalence relation by a
property of the associated Cartan pair can be traced back to [14].) The purpose of this
paper is to provide a common generalization of such characterizations, applicable to
an arbitrary discrete pmp groupoid G.

More generally, given a subgroupoid H of G, we consider the natural notion of
relative property (T) of H in G, generalizing the usual notion for groups. We then
obtain a characterization of relative property (T) of H in G in terms of the inclusion
L>(X) c L(H) c L(G), where X is the common unit space of G and H. Again, such
a characterization is applicable to an arbitrary pair of discrete pmp groupoids. In the
case of groups, relative property (T) has been characterized in terms of the group von
Neumann algebra by Popa in [18, Proposition 5.1]. It is shown there that the pair
H < G has property (T) if and only if the inclusion L(H) c L(G) is rigid in the sense
defined therein (see [18, Definition 4.2]).

More generally, we consider a notion of property (T) for a triple K < H <G
consisting of a discrete pmp groupoid G together with nested subgroupoids K, H. Such
a notion has been considered in the setting of groups in [7, Definition 2.3]. It subsumes
property (T) for a pair H < G in the case when X is the trivial subgroupoid of G, that
is, the unit space. Again we obtain, for an arbitrary such triple, a characterization of
property (T) in terms of the inclusions L™ (X) c L(K) c L(H) c L(G). We also provide
a cohomological characterization of such a notion and, in particular, of the notion
of relative property (T). In the case of property (T) for a single groupoid, such a
characterization has been obtained by Anantharaman-Delaroche in [2].

The rest of this paper is divided into two sections, apart from this introduction. In
Section 2, we recall the fundamental notions and definitions concerning groupoids to
be used in the rest of the paper, introduce the notion of property (T) for triples of
groupoids and obtain the cohomological characterization of property (T) for triples
of groupoids mentioned above. In Section 3, we obtain a von Neumann algebra
characterization of property (T) for triples of groupoids in terms of the groupoid von
Neumann algebras.

Throughout the paper, we follow the convention that scalar products in Hilbert
spaces are linear in the second variable and conjugate linear in the first variable.

2. Property (T) for groupoids

2.1. Groupoids. A groupoid is, briefly, a small category G where every morphism
is invertible. In this case, the objects of G are also called units, and the set of units
is denoted by G°. The morphisms in G are also called arrows. As is customary, we
canonically identify every object with the corresponding identity arrow. This allows
one to regard G as a subset of G. There are canonical source and range maps
5,7 : G — G° that map each arrow vy in G to the objects s(y), r(y) € G° such that y is an
arrow from s(y) to r(y). A pair of arrows (y, p) is composable if s(y) = r(p). The set of
pairs of composable arrows of G is denoted by G?. One can then regard composition
of arrows as a function G> — G, (y, p) — yp. Since, by assumption, every arrow of
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G is invertible, one can also consider the function G — G, y — y~! that maps each
arrow to its inverse. In the following, given subsets A, B of G, we let AB be the set of
arrows yp for (y,p) € G N (A x B). If y € G, we also write Ay and yA for A{y} and
{y}A, respectively. Consistently, if x is a unit of G, then xA is the set of arrows in A
with range x, and Ax is the set of arrows in A with source x.

A Borel groupoid is a groupoid G endowed with a standard Borel structure such that
the set of objects is Borel, and composition and inversion of arrows are Borel maps.
A countable Borel groupoid is a standard Borel groupoid such that xG and Gx are
countable sets for every x € G° or, equivalently, source and range maps are countable-
to-one. In the following, we will tacitly use classical Borel selection theorems for
countable-to-one Borel maps as can be found in [13, Section 18.C]. A discrete pmp
groupoid is a pair (G, u) where G is a countable Borel groupoid and u is a Borel
probability measure on G° satisfying

f Al du(x) = f 1A ] du(x)
xeGY x€GO

for every Borel subset A of G. In such a case, this expression defines an extension of
4 to a o-finite Borel measure defined on the whole of G. In the following, we regard a
discrete pmp groupoid G as a measure space endowed with such a measure. One can
also define a canonical measure on G? given by

Ug2(A) = fGO(A N (Gx X xG)) du(x).

Given a nonnull Borel subset A of G°, one can define the reduction Gla to be the
groupoid AGA with set of objects A endowed with the measure p4 := (1/u(A))u. Such
areduction is called inessential if A is conull. In the following, we identify two discrete
pmp groupoids whenever they have isomorphic inessential reductions. A Borel subset
A of G is invariant if 7(GA) = A. The groupoid G is ergodic if every invariant set
A c G is either null or conull.

Suppose that G is a discrete pmp groupoid and that H is a standard Borel groupoid.
A homomorphism from G to H is a Borel map f : G — H satisfying s(f(y)) = f(s(y))
and r(f(y)) = f(r(y)) for almost every (a.e.) y € G, and f(yp) = f(y)f(p) for a.e.
(y,p) € G2. This is equivalent to the assertion that there exists a conull Borel subset
A of G” such that s(f(y)) = f(s(y)), r(f(y)) = f(r()) and f(yp) = f(y)f (o) for every
v,p € AGA [19, Lemma 5.2]. A subgroupoid of G is a Borel subset H of G that is also
a groupoid, such that G and H have the same unit space (X, ), and the inclusion map
H c G is a homomorphism from H to G.

A (Borel) bisection of a discrete pmp groupoid G is a Borel subset ¢ of G such that
xt and tx have size at most one for every x € G°. Borel bisections naturally form an
inverse semigroup with respect to the operation

(to,11) = tot1 = {yp : (y,p) € (to X t1) N G*}.

The full pseudogroup [[G]] of G is the inverse semigroup consisting of Borel bisections
modulo the relation of being equal almost everywhere. In the following, we will always
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identify Borel bisections when they agree almost everywhere. The full group [G] is the
subset of [[G]] consisting of the Borel bisections ¢ such that ##~! = +~'t = G°. This is a
Polish group with respect to the topology induced by the metric d(f, ;) = u(fy A ).
A countable subgroup I' of [G] covers G if G = |JT'. If G is ergodic and A, B are Borel
subsets of G°, then u(A) = u(B) if and only if there exists ¢ € [G] such that B = r(tA).

Clearly, any countable discrete group is, in particular, a discrete pmp groupoid.
Indeed, these are precisely the discrete pmp groupoids whose unit space contains a
single element. At the opposite end of the spectrum, every countable pmp equivalence
relation is a discrete pmp groupoid. Indeed, these are precisely the discrete pmp
groupoids G that are principal, in the sense that the function G — G° x G°, y
(r(y), s(y)) is one-to-one. Thus, the class of discrete pmp groupoids subsumes both
countable discrete groups and countable pmp equivalence relations.

2.2. Representations of groupoids. Suppose that X is a standard probability space.
A standard Borel space fibered over X is a standard Borel space Z endowed with a
distinguished Borel map p : Z — X. In this case, we let, for x € X, Z, := p~'{x} be
the corresponding fiber over x. We denote the space Z also by | |,cx Z,. Given two
standard Borel spaces Z, Z’ fibered over X, one can define the fibered product

Zx7Z ={(z,7)eZ:XZ.:xeX)CZxXZ,

which is still a standard Borel space fibered over X. A fibered map f from Z to Z’
is a Borel function that maps Z, to Z, for x € X. If Y is a standard Borel space, then
we regard Y X X as a standard Borel space fibered over X with respect to the product
Borel structure and the projection to the second factor. In particular, we regard X as a
standard Borel space fibered over itself via the identity map. A section o for a standard
Borel space Z fibered over X is a fibered map from X to Z, that is, a Borel function
X—>Z x—o,suchthato, € Z, for x € X.

A (Borel, complex) Hilbert bundle over X is a standard Borel space H fibered
over X endowed fibered functions 0 : X — H (zero section), + : H « H — H (sum)
and C X H — H (scalar multiplication) that define on each fiber H, for x€ X a
(complex) vector space structure, and such that there exists a sequence of sections
(0 n)nen of H such that {o, , : n € N} has dense linear span in H,. The Gram—Schmidt
orthonormalization process shows that one can furthermore assume that {o, , : n € N}
is an orthonormal basis of H, for x € X. In this case, we call (0,),en an orthonormal
basic sequence for H. The unitary groupoid U(H) is the groupoid consisting of the
unitary operators U : H, — H, for x,y € X. This is a standard Borel groupoid when
endowed with the standard Borel structure generated by the source and range maps
together with the functions (U : H, — H,) > (0, Uox) for n,m € N. The unit
space of U(H) can be identified with X. One can also consider the space L*(X, H) of
sections for H satisfying

fllfxll2 du(x) < +0o
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identified when they agree almost everywhere. This is a Hilbert space with respect to
the inner product

&= f (€ dux)

for &,m e L2(X, H).

Suppose that G is a discrete pmp groupoid and H is a (complex) Hilbert bundle
over G°. A (unitary) representation of 7 on H is a homomorphism from G to U(H)
that is the identity on the unit space. An invariant sub-bundle of H is a Borel subset
K of H such that K is a subspace of H for a.e. x € G°, and 7, maps K, onto K,
for a.e. v € G. When G is ergodic, the Borel function x - dim % is constant almost
everywhere. Hence, one can define its constant value to be the dimension of K. Real
Hilbert bundles and (orthogonal) representations of discrete pmp groupoids on real
Hilbert bundles can be defined in a similar fashion.

A representation 7 of G on H induces a representation [[x]] of the inverse
semigroup [[G]] on L*>(G°, H). This is defined by setting

{ﬂwfs(w) ifxeoo!,

otherwise.

([[711s&)x =

In particular, the restriction [r] of [[x]] to [G] is a continuous representation of the
Polish group [G].

A unit section for H is a section & such that ||&]| = 1 for a.e. x € G°. A unit section
& for H is invariant if m,éy,) = &, for a.e. y € G. We say that the representation
m of an ergodic discrete pmp groupoid G on H is ergodic if it has no invariant
unit sections. This is equivalent to the assertion that, for some (equivalently, every)
countable subgroup I' of [G] that covers G, [x]|r is ergodic. Let & be a unit section
for H. We say that & is cyclic if, for a.e. x € G°, one has that {75y 1 ¥ € XG} has
dense linear span in H,.

Let H := [l e, H,, where H, denotes the conjugate Hilbert space of H,
with canonical conjugate linear isomorphism H, — H,, & — &.. The conjugate
representation  of G on H is defined by 7?75 = 7?5 fory € G and € € Hy).

Suppose that 7y and 7y are representations of G on Hilbert bundles Hy and H;.
Then one can consider the Hilbert bundle Hy ® H; := || eqo Hoxr ® Hix and the
representation my ® 7; of G on Hy ® H; defined in the obvious way.

Remark 2.1. We will frequently use the following observation. Suppose that G is an
ergodic discrete pmp groupoid, A C G is a nonnull Borel set and 7 is a representation
of G on H. Then one can consider the representation w4 of Gla on H|s = | |,es Hx
obtained from 7 by restriction. If 1 is an invariant section for #|4, then there exists a
unique invariant section & for G such that &, = 5, for x € A. In particular, « is ergodic
if and only if 4 is ergodic.

The notion of a weak mixing representation has been introduced in [7, Definition
3.11]. The representation x of an ergodic groupoid G on H is weak mixing if, for
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every € >0, n € N and sections &1,...,&, for H, there exists ¢ € [G] such that, for
every i, je{l,2,...,n},

fo |<§j,xa ﬂxlé:i,s(xl)” d,u(x) <e.
G

Several equivalent characterizations of such a notion have been established in [7,
Section 3.3] in analogy with the case of representations of groups. In particular, a
representation  of an ergodic discrete pmp groupoid G on H is weak mixing if and
only if for some (equivalently, every) countable subgroup I of [G] that covers G, [7]|r
is weak mixing, if and only if H does not have a finite-dimensional invariant sub-
bundle, if and only if 7 ® 7 is ergodic.

2.3. Property (T). Suppose that I" is a countable discrete group and x is a
representation of I' on a Hilbert space H. If F is a subset of I' and & > 0, then a
unit vector & of H is (F, &)-invariant if it satisfies ||r,& — &|| < & for every y € F. The
representation 7 has almost invariant vectors if, for every finite subset F of I" and for
every € > 0, it has an (F, &)-invariant vector. The group I has property (T) if every
representation of I' that has almost invariant unit vectors has an invariant unit vector
[3]. A standard reference for the theory of property (T) groups is [3].

The notion of property (T) for pmp equivalence relations has been introduced in
[23]. A natural common generalization of the notion of property (T) for discrete groups
and pmp equivalence relations has been considered in [2]. Let G be a discrete pmp
groupoid with unit space X, and let 7 be a representation of G on a Hilbert bundle H.
If F is a subset of [G] and & > 0, then we say that a unit section & for H is (F, &)-
invariant if it satisfies ||[7];£ — &ll2x.4) < € for every ¢ € F. The representation 7 has
almost invariant unit sections if, for every finite subset F' of [G] and € > 0, it has an
(F, &)-invariant unit section. The discrete pmp groupoid G has property (T) if every
representation 7 of G that has almost invariant unit sections also has an invariant unit
section [2, Definition 4.3].

The notion of property (T) admits a natural relative version for subgroups. Suppose
that I" is a countable discrete group and that A <T"is a subgroup. If 7 is a representation
of T on a Hilbert space H, then a unit vector ¢ in H is A-invariant if it is invariant for
the restriction of 7 to A. Then A has relative property (T) in I, or the pair A < T has
property (T) if every representation of I" that has almost invariant unit vectors has a
A-invariant unit vector. This notion admits a natural generalization to discrete pmp
groupoids. Suppose that G is a discrete pmp groupoid, H is a subgroupoid of G and
7 is a unitary representation of G on a Hilbert bundle #. Then a unit section & for H
is H-invariant if it is invariant for the restriction of 7 to H. Then H has the relative
property (T) in G, or the pair H < G has property (T), if every representation of G that
has almost invariant unit sections admits an H-invariant unit section. Clearly, when
H = G, this recovers property (T) for a single discrete pmp groupoid.

A natural generalization of property (T) from pairs of groups to triples of groups
has been considered in [7, Definition 2.3]. Suppose that I is a countable discrete group
and that A < A <T are nested subgroups. Then the triple A < A <T has property (T)
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if every representation of I' with almost invariant A-invariant unit vectors admits a A-
invariant unit vector. Clearly, when A is the trivial subgroup, one recovers the notion
of property (T) for pairs of groups. Naturally, one can generalize such a notion to
discrete pmp groupoids, as follows. Suppose that G is a discrete pmp groupoid and
that K < H < G are nested subgroupoids.

Dermvition 2.2. The triple K < H < G has property (T) if, for every representation
of G and if 7 has almost invariant K-invariant unit sections, then  has an H-invariant
unit section.

RemARrk 2.3. When H is ergodic, in Definition 2.2 one can, equivalently, require that
every representation of G with almost invariant K-invariant unit sections has a nonzero
H-invariant section £. Indeed, in this case, one has that there exists ¢ > 0 such that
llE,|| = 6 for a.e. x € HC. Therefore 6~'¢ is an H-invariant unit section.

Again, when K is the trivial subgroupoid of H—that is, K is equal to the common
unit space of H and G—one recovers the notion of property (T) for pairs H < G.

Several equivalent characterizations of property (T) for pairs of groups are
established in [11]. Furthermore, a cohomological characterization of property (T)
for discrete pmp groupoids is the main result of [2]. In this section, we provide a
characterization of property (T) for triples of discrete pmp groupoids, subsuming the
characterizations from [2, 11].

2.4. Cohomology of representations. Let G be a discrete pmp groupoid, with
subgroupoids K < H < G. Denote by X their common unit space. In the space of
complex-valued Borel functions on G, consider the (Polish) topology generated by

the pseudometrics
, lp(1x) — ¢’ (1)
d N = d X),
= [T o o
where 7 ranges within (a dense subset of) [G]. If H is a Hilbert bundle over X, then we
let S (G, H) be the space of Borel functions G — H, y + b, € H,,, endowed with the
topology generated by the pseudometrics

T
d,(b,b") = — " q .
(.69 fxex T+ |l = b ] “He*™)

Suppose that 7 is a representation of G on the Hilbert bundle H. A cocycle for n
is an element b of S(G, H) such that b,,,, = b,, + m,,(b,,) for ae. (y1,72) € G*>. A
cocycle b for rris K-trivial if b, = 0 for a.e. y € K. A section ¢ for H defines a cocycle
¢ (&) for m by setting c;(£), = &ry) — My, Tor y € G. Cocycles of this form are called
coboundaries. The section £ is K-invariant if and only if ¢,(¢) is K-trivial. We denote
the space of K-trivial cocycles for by Z}K(ﬂ) and the space of K-trivial coboundaries
for by B! (). We let Z}K’ () be the set of restrictions to H of elements of Z%(n).

The K-invariant H-relative cohomology group H () of x is the quotient of Z}y ,, ()

by the subgroup B}K(nlﬂ). The same argument as in [2, Proposition 3.9] shows that
Z}K’H(ﬂ') is a closed subset of S (H, H).
The following result is established in [2, Theorem 3.19].
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THEOREM 2.4 (Anantharaman-Delaroche). Suppose that G is a measured groupoid. Let
7 be a representation of G, and let b be a cocycle b for n. Consider the following
conditions:

(1) b is a coboundary;

(2) There exists a nonnull Borel subset A of G° such that the function AGA — R,
v = |Ib, |l is bounded.

(3)  There exists a nonnull Borel subset A of G° such that, for every x € A, the function
AGx — R, v = ||b,|| is bounded.

Then (1)=(2)=(3).

If, furthermore, G is an ergodic discrete measured groupoid, then (1), (2) and (3)
are equivalent.

2.5. Functions of positive and negative type. Suppose that G is a discrete pmp
groupoid and K C G is a subgroupoid. The following is a standard definition (see [20,
Definition 4.1.2]).

DeriniTioN 2.5. A complex-valued function ¢ : G — C is of positive type if it is Borel
and, fora.e. xe X, foreveryn > 1, yy,...,v, € xG and 4y, ..., 4, € C, one has that

n
Z idje(yi'y)) = 0.
i1

A real-valued function ¢ : G — R is of positive type if it is Borel, ¢(y) = ¢(y~!) for
a.e.y€Gand, forae. xe€ X, foreveryn>1,y,...,v, € xG and 4y,...,4, €R, one
has that

n
D ety 2 0.
i,j=1

The function ¢ is K-invariant if ¢(poy) = ¢(y) = ¢(yp1) for every pg,p1 € K and
¥ € G such that (oo, y), (v, p1) € G>. The function ¢ is called normalized if ¢(x) = 1 for
ae. xe€G.

The same proof as in [9, Proposition 5.3] gives the following proposition.

ProposITION 2.6. Suppose that ¢ is a Borel complex-valued (respectively, real-valued)
Sfunction on G. The following assertions are equivalent.

(1) ¢ is a normalized K-invariant function of positive type.
(2) There exists a representation ¥ of G on a complex (respectively, real) Hilbert
bundle H? and a K-invariant cyclic unit section & for HY such that ¢(y) =

Eriy)s Tyésy)) for a.e. v € G.

The representation (n¥, H¢, &%) of G is uniquely determined up to isomorphism, and
we will call it the GNS representation of ¢.

The following definition is considered in [2, Proposition 5.19].
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DeriniTion 2.7. A real-valued function ¢ : G — R on G is of conditionally negative
type if it is Borel, y(y~') = ¢(y) for a.e. y € G, y(x) = 0 for a.e. x € G° and

D Ay <0

ij=1

for a.e. x € G, for every n > 2, for Ay, ..., 4, € R satisfying 4; +--- + 1, = 0 and for
every yi,...,¥n € xG.

A complex-valued function ¢ : G — C is of conditionally negative type if it satisfies
the same properties where one consider complex scalars instead of real scalars.

The following proposition is essentially established in [2, Proposition 5.21].

ProposiTioN 2.8. Suppose that  is a Borel real-valued function on G. The following
assertions are equivalent.

(1) ¢ is a K-invariant function of conditionally negative type.

(2) There exists a real Hilbert bundle H?, a representation n’ of G on HY and a
K-trivial cocycle b¥ for n? such that {bg .y € xG} has dense linear span in H?
and such that Yy(py) = ||b$ - bﬁ" I for a.e. (p,y) € G*

The following two lemmas are consequences of [3, Theorem C.3.2] and [9,
Proposition 5.18].

Lemma 2.9. Suppose that v : G — R is a Borel real-valued function such that y(x) = 0
for a.e. x€ X and y(y) = y(y~") for a.e. y € G. Then the following assertions are
equivalent.

(1) ¥ is conditionally of negative type.
(2) The function y — exp(—ty/(y)) is of positive type for every t > Q.

Lemma 2.10. Suppose that  : G — C is a complex-valued function of conditionally
negative type. Then Re(y) is a real-valued function of conditionally positive type.
Furthermore,  is bounded if and only if Re(y) is bounded and, for every x € G°,
Re()|Gx is bounded if and only if WG, is bounded.

2.6. A cohomological characterization. We now provide a characterization of
property (T) for triples of groupoids, including, in particular, a cohomological
characterization (see Theorem 2.13 below). Such a cohomological characterization
generalizes the one in [2] for single groupoids. Even in this case, some parts of the
proof presented here are different and are, in fact, closer in spirit to the group case as
in [11].

Lemma 2.11. Suppose that G is a discrete pmp groupoid with unit space (X, 1) and H
is an ergodic subgroupoid of G. Let  : G — R be a function of conditionally negative
type. For t > 0, let 1) be the representation on the Hilbert bundle H® and let £&? be
the section of H" obtained from the function of positive type exp(~tyr) via the GNS
construction. The following assertions are equivalent.
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(1) There exists a nonnull Borel subset A of X such that, for a.e. x € A, Ylap, is
bounded.

(2) Foreveryt>0, 1%y is not ergodic.

(3)  There exists t > 0 such that n'¥|y is not weak mixing.

(4)  For every nonnull Borel subset B of X, there exists a nonnull Borel subset A of X
contained in B such that, for a.e. x € A, Y|ay, is bounded.

(5) For every nonnull Borel subset B of X, there exists a nonnull Borel subset A of X
contained in B such that Y|aga is bounded.

Proor. (1)=(2) Suppose that |4y, is bounded by c, for a.e. x € A, where A is a
nonnull Borel subset of X. In view of Remark 2.1, after replacing G with Gl4, we
can assume that A = X. Fix t > 0. Set ¢ := fexp(—tcx) du(x) for t > 0. Define C to be
the closed convex hull of {[7("]1&" : o € [H]}. We claim that ||£]| > ¢ for every £ € C.
It is enough to consider the case when & = Y, 5,[n?],, £ for o; € [H] and s; € [0, 1]
such that s; + - - - + s, = 1. In this case,

“Z si[n],, €9

2
= > sisj 0, 1)1 €7 dp(x)

1

= Z ;8 fexp(—tw((filajx)) du(x)
ij

> Z 5;S8; fexp(—tcx) du(x) =c.
ij

Now pick an element & of C of minimal norm. Observe that £ is nonzero, and it is
H-invariant by uniqueness.

(2)=(3) This is obvious.

(3)=(1) Suppose that (1) does not hold. Thus, for every nonnull Borel subset A of X,
there exists a nonnull Borel subset B such that, for every x € B, /|4y, is unbounded.

Fix ¢ > 0. We claim that this implies that, for any unit section 7 for H” ® 7_{(0 and
€ € (0, 1), there exists p € [H] such that

7?7 1n —nl* - 2| < &.

In particular, this shows that (7 ® 7)| is ergodic, and hence 7|, is weak mixing.
Since £ is a cyclic unit section for H®, it suffices to prove the claim when 7 is of the

form
xm Y a1, © (718 ),
ij=1 :
where n € N, a;; € L¥(X) and 0,07, € [G] for i, j = 1,2,...,n. For z € X, fix M(z) > 0
such that )
max{la;;(r(o; ' 2) exp(~=tM(2)) : 1 < i, j,k <n} < e 2.1
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By assumption, for every nonnull Borel subset A of X there exists a nonnull Borel
subset B of A such that, for every x € B, {/|4y, is unbounded. This easily implies that
there exists p € [H] such that, for a.e. z,w € X, forevery 1 < i,k <n,

U(zpw) > M(2)"? + y(ow2)'? + y(wo)' /2. (2.2)
‘We have that

1
5tz @ Gy = nlf* - 2|

=Re Z f ay(x)a;j(x)
ijkl=1 Y XX
o) (0 ox?® E d
§ ®§ f -1 7’ é:s(xo' po‘) ,u(x)

xzr p(r s(xo ' po) Xo7] p(r
—Re ) f Gu()aij(x) exp(—t (o port) — 1 (xori o)) dp().
ijk =1 xeX

Now let (HY,b”, n%) be a triple obtained from ¢ as in Proposition 2.8. Thus we
have that H" is a real Hilbert bundle over X, n” is a representation of G on H" and b"
is a cocycle for 7 such that

w(g™'h) = lIbg — by
for g, h € G. Thus, for a.e. x € X, by the choice of p,
l/’(xo-lzlpo-:) = ”br((rkx)p(r; - bowcnz
= ”br(ow()p + 7Tr(o'kx)pbs(r(0'kx)p)0'; - bO'kX||2

2
= (”br((rkx)p” - ||bs(r(0'kx)p)0';|| - ”boux”)

= W(r(ox)p)'? = w(s(E)a)'* — y(ox)'/?)?
> M(r(oyx)),

where we used (2.2) at the last step. Similarly, for a.e. x € X,
w(xy; ' py)) = M(r(ox)).
Hence

(I, @ [7,)m — 7l -2

=Re Z f a(x)ay(x) exp(~ty(xery per)) = (o poy)) dp(x)

i,k I=1

<Re Z f ax(x)a;j(x) exp(=tM(r(ox)) — tM(r(0ix))) du(x) < €

ijki=1

by (2.1). This concludes the proof.
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(1)&(4) Suppose that B is a nonnull Borel subset of X and r is a representation
of G. Since H is ergodic, by Remark 2.1 the equivalence (1)< (4) follows from the
equivalence (1)< (2) after replacing G with G|p.

(4)=(5) This follows from Theorem 2.4. O

Lemma 2.12. Let w be a representation of a discrete pmp groupoid G on H and fix
6 > 0. Suppose that & is a unit section for H. Assume that, for every y € G, one
has that ||,y — myépll < 6. Then there exists an invariant section n of H such that
7,y — &l < 6 for a.e. x € X.

Proor. For every x € G°, let C, be the closed convex hull of {my-1€1y) - ¥ € Gx}. Then
let 17, be the (unique) element of minimal norm of C, for x € G°. If x € X, then, for
every yi,...,¥n € Gxand sy,...,s, € [0,1] such that s; +--- + 5, =1,

HZ Siﬂ-yi’lfr(yi) - fx < Z Si“fr(y,-) - ﬂ)’i‘fx” <o
i

=&l <6

Therefore

for every { € C, and, in particular,

Inx — &l < 6.
By the uniqueness of the element of least norm in C,, one also has that 7 is invariant. O

The proof of the following result is inspired by [11, Theorem 1.2] and [2, Theorems
4.8 and 4.12].

THeOREM 2.13. Let G be a discrete pmp groupoid and let K < H < G be subgroupoids.
Fix a countable subgroup T of [G] that covers G. Let (X, i) be the common unit space
of K, H,G. Suppose that H is ergodic. The following statements are equivalent.

(1) There exists a finite subset F of [G] and 6 > 0 such that, whenever a
representation nt of G has an (F, 6)-invariant K-invariant unit section, m has an
H-invariant unit section.

(2) There exists a finite subset F of [G] and 6 > 0 such that, whenever a
representation m of G on a Hilbert bundle H has an (F, §)-invariant K-invariant
unit section, H contains a finite-dimensional rt|y-invariant sub-bundle.

(3) Forevery complex-valued K-invariant Borel function  on G that is conditionally
of negative type, there exists a nonnull Borel set A of X such that, for every x € A,
Ulanx is bounded.

(4)  For any representation  of G, one has that H:IK, y(7) is trivial.

(5) The triple K < H < G has property (T).

(6) For every € > 0 and nonnull Borel subset B of X, there exists a finite subset F
of ' and 6 > 0 such that, for every normalized K-invariant function of positive
type ¢ on G such that maxcp fxeX lo(xt) — 1* du(x) < 6, there is a nonnull Borel
subset A of B such that Re(1 — ¢(y)) < € for a.e. y € AHA.
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(7)  For every € > 0 and nonnull Borel subset B of X, there exists a finite subset F of
I" and 6 > 0 such that, if rt is a representation of G on a Hilbert bundle H and &
is a (F,0)-invariant K-invariant unit section for H, then there is a nonnull Borel
subset A of B and an H-invariant section n for t such that ||é, — n,|| < & for a.e.
x €A.

(8) For every € > 0, there exists a finite subset F of |G] and 6 > 0 such that,
for every normalized K-invariant function of positive type ¢ on G such that
max;er fx oy lp(xt) = 112 du(x) < 6, there is a nonnull Borel subset A of X such
that Re(1 — ¢(y)) < & for a.e. y € AHA.

(9) For every € > 0, there exists a finite subset F of [G] and 6 > 0 such that, if n
is a representation of G on a Hilbert bundle H and ¢ is a (F,6)-invariant K-
invariant unit section for H, then there is a nonnull Borel subset A of X and an
H-invariant section n for m such that ||é, — n,|| < € for a.e. x € A.

Proor. Fix an increasing sequence (F,) of finite subsets of [G] whose union is I.

(1)=(2) This is obvious.

(2)=(3) This is a consequence of Lemma 2.11.

(3)=(4) As in the proof of [2, Proposition 4.13], it is enough to consider the
case when 7 is a representation of G on a bundle of real Hilbert spaces (see also [2,
Lemma 4.11] and [9, page 49]). Suppose that b is a K-trivial cocycle for . Define the
K-invariant function of conditional negative type ¢ : G — R by y(y) = ||b,II>. Then, by
assumption, there exists a nonnull Borel subset A of X such that, for every x € A, ¥|anx
is bounded. This implies, by Theorem 2.4, that the restriction of b to H is a coboundary
for |y Thus H', ,,(7) is trivial.

@)=(5) Suppbse, by contradiction, that there exists a representation 7 of G that
has almost invariant K-invariant unit sections but it does not have an H-invariant unit
section. The hypothesis implies that BY(nly) = Z}K’H(n). In particular, B! (n|y) is a
closed subspace of S(H, H). Let S.x(X, H) be the space of K-invariant unit sections
for H, which is a closed subspace of the space S (X, H) of sections for H. Define a
map f3 from the space S .x(X, H) to B! (x| by

BE )7 =& ry) — ”7§ s(y)

for £ € S(X,H) and y € H. This map is a continuous linear map from S.x(X, H)
onto B}K(nly). Since, by assumption, 7 does not have an H-invariant unit section,
such a map is injective. Since a continuous linear isomorphism between metrizable
complete topological vector spaces is a homeomorphism, 8 is a homeomorphism.
Since, by assumption, 7 has almost invariant K-invariant unit sections, we can find
a sequence (¢£™) of K-invariant unit sections in S.x(X, H) such that (&™) — 0.
Therefore £™ — 0, which contradicts the fact that the £ are unit sections.

(5)=(1) Assume that (1) does not hold. Then, for every n € N, there exists a
representation 77 on H®™ without H-invariant unit sections that has a (F,,2™")-
invariant K-invariant unit section £&”. One can then consider the direct sum 7 of 7" for
n € N. Then 7 has almost invariant K-invariant unit sections. Hence, by assumption, it
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has an H-invariant unit section £. One can write & as the direct sum of sections £&™ for
H™ for n € N. Since ¢ is H-invariant, one has that £™ is H-invariant for every n € N.
Since & is a unit section, there exists 7 € N such that £™ is not identically zero. Since
H is ergodic, this contradicts the assumption that 7" does not have H-invariant unit
sections.

(3)=(6) Suppose that (6) fails. Then there exists ¢ > 0 and a nonnull Borel subset B
of X such that, for every n € N, one can find a K-invariant function of positive type ¢
on G such that maxcr, fx ox lo(xt) — 1| du(x) < 27" and, for every nonnull Borel subset
A of B, the set of y € AHA such that Re(1 — ¢(y)) > ¢ is nonnull. This allows one to
find a sequence (¢,) of K-invariant functions of positive type on G and Borel subsets
X, of X such that u(X,,)) > 1 = 27", |p(xt) — 1| < 27" for x € X, and ¢ € F,, and such that,
for every nonnull Borel subset A of B, the set of y € AHA such that Re(1 — ¢(y)) > ¢
is nonnull. One can then define, for a.e. y € G,

() = ) 2"Re(l = ¢, (7).
neN
This gives a K-invariant function of conditionally negative type on G such that /|4y
is unbounded for every nonnull Borel subset A of B. By Lemma 2.11, this implies
that, for every nonnull Borel subset A of X, for a.e. x € A, ¥/|4p, is unbounded. Thus
contradicts (3).

(6)=(7) Fix £ > 0 and a nonnull Borel subset B of X. By assumption there exist a
finite subset F of I" and 6 > O such that, for every K-invariant normalized function of
positive type ¢ on G such that maxer fx X lp(xt) — 1] du(x) < 6, there is a nonnull
Borel subset A of B such that Re(1 — ¢(y)) < ¢ for every y € AHA. Suppose that
7 is a representation of G on 9 that has a K-invariant unit section & satisfying
l[7]:& — €llr2x.a) < 6 for t € F. Define the K-invariant normalized function of positive

type ¢ on G by ¢(y) = (:(), TyEs(y))- Then, fort € F,

f Xlw(xt)—lld/l(X)= f [K€x> Tarsny) — 1 dpa(x)

xeX

_ f Ky = E1duo)
= | [ - ) < IxLé - €]l < 6

Therefore, by assumption, there exists a nonnull Borel subset A of B such that, for
v € AHA, one has that Re(1 — ¢(y)) < &. Therefore, for y € AHA,

Himyéyy — Epll* =Re(1 — g(y) < &.

Therefore, by Lemma 2.12 applied to the representation 74 of H|4 on H|, obtained
from 7 by restriction, we have that there exists a unit section 1 for |, that is invariant
for m4 and such that ||, — n,|| < & for x € A. Since H is ergodic, this concludes the
proof by Remark 2.1.

(8)=(9) This is the same as (6)=(7).

Finally, the implications (7)=(1), (6)=(8) and (9)=(1) are obvious. O
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RemMark 2.14. Theorem 2.13 in the case when G is a countable discrete group and
K is the trivial subgroup recovers [11, Theorem 1]. Theorem 2.13 recovers [2,
Theorems 4.8, 4.12 and 5.22] in the case when H = G and K is the trivial subgroupoid.

2.7. Property (T) for action groupoids. Suppose that (X,u) is a standard
probability space. A standard probability space fibered over (X, w) is a triple (Y, v, p),
where (Y,v) is a standard probability space and p: Z — X is a Borel map such
that p.v = u. We also write (Y,v) = | |,.ex(Yx, Vi), where (v,),cx is the disintegration
of v with respect to u. One can consider the space Aut(| |,y Yy) of Borel maps
T:Y,— Y, forx,y€ X such that T,v, = v,. One can define a standard Borel structure
on Aut(| |,y Yy) that turns it into a standard Borel groupoid, whose unit space can be
identified with X.

Suppose that G is a discrete pmp groupoid and | |,.x Y is a standard probability
space fibered over G°. A pmp action 6 of G on | |,y Y, is @ homomorphism y +— 6,
from G to Aut(| |,cx Y,) that is the identity on the unit space. We sety -/ y = 0,(y) for
y € G and y € Y. One can then define the transformation groupoid G <’ Y. This is
the set of pairs (y,y) such that y € G and y € Y, which is a Borel subset of G X Y
endowed with the product topology. Identifying an element y of Y, for x € X with the
pair (x,y), one can identify ¥ with the unit space of G <’ Y. The source and range
maps on G <’ Y are defined by s(y,y) =y and r(y,y) = y - y. Composition of arrows
is given by (v, )(7',¥) = (yy',y') whenever y’ -y’ = y.

Suppose that G is a discrete pmp groupoid and 6 is an action of G on the standard
probability space Y = | |,cqo Y. One can then consider the transformation groupoid
G <’ Y. Suppose that K < H < G are subgroupoids. A representation 7 of G on H
induces a representation 7 <’ ¥ of G <’ Y on H defined by (7 <’ Y),.0,(£) = m,/(€) for
&€ H,. Let b € S(G,H) be a cocycle for mr. Then one can define a cocycle b <’ Y for
n<’ Y by setting (b <’ Y) ., = by. Itis clear that if b is K-trivial, then b <’ Y is K =’ Y-
trivial. Furthermore, if b|y is a coboundary for 7|y, then b|y <’ Y is a coboundary
for (<’ Y)|p.ey. Therefore the assignment b — b =? Y defines a homomorphism
H}K’H(n) - H}KW oy (@< Y). The following lemma is an immediate consequence
of [2, Lemma 5.12].

Lemma 2.15. Adopting the notation above, suppose that H is ergodic and the action
Olg of H on Y is ergodic. Then the homomorphism H:IK,H(H') - H:]K><9Y, oy T Y) is
injective.

ProoF. Suppose that b is a K-invariant cocycle for 7 on H. Assume that (b =< Y)| g0y
is a coboundary. Then, by [2, Lemma 5.12], b|y is a coboundary. Thus the map

HY y(m) > HL o (1< Y) is injective. o

Suppose now, adopting the notation above, that 7 is a representation of H < Y
on H. One can then define the induced representation # of G as follows. Consider the
Hilbert bundle H = | |,ex L*(Y) ® H, = | | ex L*(Yy, H,). Then the representation 7
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on H is defined by setting, for y € G and £ € LZ(YS(Y), Hi(y)), 1€ to be the element of
L*(Y,), Hiy) given by

Ry = Ry, € y)

for y € Y,(,). Observe that this is indeed a representation. In fact,

1,~-16

ﬁy(ﬁp'f) = ﬂyx"y*‘y(ﬁpf)('y_ y) = Tyt~ \(ﬂ'px”p v v)f(ﬁ y)

= nypx‘?(yp)"yé:((yp) 0 y) = ”yp(y)-

Given a section & for H, one can define the section & of H by settlng & =& v, €
L>(Y,, H,) for x € G°. Tt is clear that if & is K < Y-invariant, then £ is K-invariant.
Furthermore, it is shown in [2, Section 5] that if (£,) is a sequence of almost mr-invariant
unit sections for H, then (£,) is a sequence of almost #-invariant unit sections for H.
As in the proof of [2, Theorem 5.15], one can deduce the following theorem from
Lemma 2.15 and these observations.

THeEOREM 2.16. Suppose that G is a discrete pmp groupoid and K < H < G are
subgroupods such that H is ergodic. Let 8 be an action of G on a standard probability
space Y such that 6|y is ergodic. Then K < H < G has property (T) if and only if
K=Y <Hw’Y < Gw’Y has property (T).

3. Rigid inclusions of von Neumann algebras

Suppose that G is a discrete pmp groupoid. One can then consider the Hilbert bundle
H = | |eqo £2(xG). Observe that one can canonically identify L2(G°, H) with L*(G).
The left regular representation of G is the representation A of G on H defined as
follows. For y € G, let 9, € £2(r(y)G) be the indicator function of {y} c r(y)G. Then
Ap0, = 6,y for (p,y) € G?. This gives rise to the representation [[1]] of [[G]] on L(G).
The groupoid von Neumann algebra of G is defined to be the von Neumann algebra
L(G) ¢ B(L*(G)) generated by the elements u, := [[A]], for o € [[G]]. The main goal
of this section is to provide a characterization of property (T) for (triples of) groupoids
in terms of the associated groupoid von Neumann algebra.

3.1. Hilbert bimodules and unital completely positive maps. Suppose that (M, 7)
is a tracial von Neumann algebra. We let L?>(M) be the Hilbert space obtained from
(M, 1) via the GNS construction and let M — L*(M), x — |x) be the canonical
inclusion. Thus |1) is the canonical cyclic vector of L?>(M) for M.

A (Hilbert) M-M-bimodule is a Hilbert space $ endowed with commuting normal
*-representations 7 of M and p of M°® on $. In this case, given x,y € M and
¢ €9, one writes x&y for m(x)p(y°P)E. A vector & of § is called tracial if it satisfies
(&, a€) = (¢, &a) = 1(a) for every a € M. Given a subset F' of M and € > 0, a vector &
in $ is F-central if it satisfies aé = £a for a € F, and it is (F, €)-central if it satisfies
llaé — &al| < e for a € F. The adjoint M-M-bimodule $is equal to the conjugate Hilbert
space of $ endowed with the bimodule structure given by x£y = y*&x* for x,y € M and

£€9.
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A linear map ¢ : M — M is completely positive (cp) if, for every n € N,
idy,cy®¢: M,(C)® M — M,(C) ® N maps positive elements to positive elements.
If, furthermore, ¢(1) = 1, then ¢ is unital completely positive (ucp). Amap¢: M — M
is trace preserving if T o ¢ = 7. If A is a subalgebra of M, thenamap ¢ : M — M is an
A-bimodule map if it satisfies ¢p(ax) = ap(x) and ¢(xa) = ¢(x)a for x € M and a € A.
Suppose that ¢ : M — M is a cp A-bimodule map satisfying 7o ¢ < 7 and ¢(1) < 1.
Setting Ty|x) = |¢(x)) for x € M defines a bounded operator Ty on L?>(M). The adjoint
T;; of T, is of the form Ty, where ¢* : M — M is a cp A-bimodule map satisfying
To¢" <tand ¢*(1) <1 (see [18, Lemma 1.2.1]).

Given a nonzero normal cp A-bimodule map ¢ : M — M satisfying ¢(1) < 1 and
To¢ <71, one can define a Hilbert M-M-bimodule associated with ¢ as follows.
Consider the completion $4 of M © M with respect to the inner product defined by

(a®b,c®d)y=1b"¢(a’c)d).
The M-M-bimodule structure is induced by the maps
x(a® b)y = xa ® by
for x,a € M and b,y € N. Denoting by &; the vector of $, obtained from 1 ® 1,

(bépx,aésy) =(b® x,a®y) = T(x*¢p(b"a)y).

In particular, (¢4, &4) = T(¢(1)-) < T and (&, -E4) = 7 0 ¢ < 7. Since ¢ is an A-bimodule
map, &; is A-central. The vector & is cyclic for g, in the sense that {a&sb : a,b € M}
has dense linear span in 9. If ¢ is ucp and trace preserving, then & is a tracial unit
vector.

Conversely, suppose that & is an M-M-bimodule with an A-central cyclic vector
¢ satisfying (£,:6) <71 and (£,¢&) < 1. One can define a normal cp A-bimodule
map ¢ : M — M by setting ¢(x) = LixL;. Here L : L>(M) — $ is the operator
defined by Lely) = &y for y € M. If £ is a tracial unit vector, then ¢ is a ucp trace-
preserving map. These constructions are the inverse of each other. More information
on the correspondence between cp maps and Hilbert bimodules can be found in [18,
Section 1].

3.2. Completely positive maps and functions of positive type. Let G be a discrete
pmp groupoid with unit space X. For a function of positive type ¢ on a discrete pmp
groupoid G and o € [[G]], denote by (o) € L™ (X) the function

p(xo) if x € ran(o),
- .
0 otherwise.

The proof of the following proposition is similar to the proofs of [8, Lemma 1.1] and
[1, Proposition 3.5.4]. Recall that, if o € [[G]], then we let u, be the element [[1]], of
L(G) ¢ B(L*(G)), where A is the left regular representation of G.
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ProposiTioN 3.1. Suppose that G is a discrete pmp group, K < G is a subgroupoid and
@ is a normalized K-invariant function of positive type on G. Then there exists a unique
trace-preserving, L(K)-bimodule normal ucp map ¢ : L(G) — L(G) such that

P(us) = (0)us
for o € [G].

Proor. Consider the GNS representation (%, H%, &%) of G associated with ¢. Choose
an orthonormal basic sequence (), for H¥. Define a” € L*(G) by setting

ay _< r(y),n$e£’27)> = <’T5*fﬁy>’e§?y>>'

Fory,p € G,
S = 3 W)
= l% (sl()p)’ f<p>>( e §]<)y>>< (sl()y>e(sf)y)>
)l 7 )

= <”ff*f¢<p>’”¢* f}y>>
- < iy gw(y)>
= @(py™)

For T € L(G) € B(L*(G)), set ¢(T) = Y.;cy a?*Ta?. The convergence is in strong
operator topology since >, a‘a; < 1 for every n € N.
Now, for £ € L>(G) and i € N,

(@ buya®¢), = @) (buya"¢),

= @by (usa"€),
= a( r(y)(a g)o"ly
= a( )br(y)ao_ ’yqfo_f]y

if r(y) € co™!, and (a"*bu,a"¢), = 0 otherwise. Therefore,

(Gbu)e)y = Y (@buga®é),

ieEN

= 2@ Vbripésy

ieN
= QD(F(')/)O-)br(Y)g(T*Iy
= (p(o)buyé),
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1

if r(y) e oo™, and

((p(bu(r)é:)y =0= (‘p(o—)buo"f)y

otherwise. This shows that ¢(bu,) = ¢(0)bu,. Since ey ara; = 1, we have that
¢ is unital. Clearly, ¢ is normal and completely positive, and hence is completely
contractive. If o’ € [K], then, since ¢ is K-invariant,

¢(bu0'uo") = ¢(butro") = ‘P(O—O-’)buo'o" = (p(o—)buo'uo" = ¢(bu0')u0"

and
(g buy) = P05 (D)t o) = (07 )0 (D)t tr = U p(blUy).
Similarly, if a € L*(X) c L(G),

¢(abu0') = a¢(bu(r)

and
¢(busa) = ¢(bus)a.

These equations, together with that fact that ¢ is a normal ucp map, imply that ¢ is an
L(K)-bimodule map. This concludes the proof. o

3.3. Rigidity for von Neumann algebras. In order to characterize property (T) for
triples of groupoids, we introduce a notion of rigidity for a nested quadruple of von
Neumann algebras.

Dermition 3.2. Let (M, 7) be a tracial von Neumann algebra and let ZCACBcCc M
be von Neumann subalgebras. Then the quadruple Z Cc A ¢ B C M is rigid if, for every
& > 0 and nonzero projection py € Z, there is a finite subset F of M and ¢ > 0 such that,
for any Hilbert M-M-bimodule $ with an (F, d)-central and A-central tracial unit vector
¢ € 9, there is a nonzero projection p € Z such that p < py and, for every projection
g € Z such that g < p, one has that ||x¢ — &x|| < 1(q)"/?||x|le for x € ¢Bgq.

As in the case of rigidity for pairs of von Neumann algebras, as defined in [18], one
can provide several equivalent characterizations of rigidity for quadruplesZc A Cc B C
M. The proof of this fact is standard, and it follows arguments from [10, 15, 16, 18].
We present a full proof, for the reader’s convenience.

ProrosiTion 3.3. Let (M, T) be a tracial von Neumann algebra and let ZCAC BCc M
be von Neumann subalgebras. The following assertions are equivalent.

(1) ZcAcCcBcCcMisrigid.

(2) For every € > 0 and nonzero projection py € Z, there exist a finite subset F of M
and & > 0 such that if ¢ : M — M is a normal trace-preserving ucp A-bimodule
map such that maX,cr ||¢p(x) — x||o < 6, then there exists a nonzero projection
p € Z such that p < pg and, for every projection q € Z such that g < p, one has
that ||p(b) — bll» < e1(q)'|bl| for every b € qBq.

(3) This is the same as (2) where ¢ is not necessarily unital and trace preserving,
but it satisfies o ¢ <7, ¢(1) < 1 and ¢ = ¢".
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(4) This is the same as (2) where ¢ is not necessarily unital and trace preserving,
but it satisfies To ¢ < T and ¢(1) < 1.

(5) Forevery € > 0 and nonzero projection py € Z, there is a finite subset F of M and
6 > 0 such that if 9 is an M-M-bimodule and & € 9 is an (F, 6)-central and A-
central unit vector satisfying (¢,-£) < T and (¢,&-) < 7, then there exists a nonzero
projection p € Z such that p < pg and, for every projection q € Z such that q < p,
one has that ||x¢ — €x|| < 1(¢)""?||xl|e for every x € qBq.

Proor. (1)=(2) Let F be a finite subset of M and let 6 > 0. Suppose that ¢ : M — M
is a normal trace-preserving ucp A-bimodule map such that max,cg ||x||2]|¢(x) — x||2 <
6/2. Let (9,¢) be the corresponding Hilbert M-M-bimodule with distinguished A-
central tracial unit vector &. For x € M,
llx¢ — Exl® = Ix&11” + [I1€x]* — 2Re(xé, éx)
= 2|lxll; — 2Re((x), )12 u)
= 2Re{x — ¢(x), X) 1201
< 2[lx = ¢()ll2llxll2 < 6.
By assumption, one can choose F and ¢ < ¢ in such a way that this guarantees the
existence of a nonzero projection p € Z such that p < pg and ||x& — &x|l, < 7(¢q)"/?||xlle
for every projection g € Z such that ¢ < p, and for x € gBg. For such a ¢ € Z and
X € qBq,
ll¢(x) = xlI3 = lgOII3 + x5 — 2Rer(p(x)" x)
< (1t o d)(x"x) + T(x*x) — 2Ret(¢p(x)" x)
= |lxé — £xl* < (g)llxle”.

(2)=(3) Suppose that ¢ : M — M is a ucp map such that To ¢ <7, ¢(1) <1,
¢ =¢* and ||¢(1) — 1|], < 6. By assumption and by the definition of ¢*, we have that
Ty =Ty =Ty. Thus 1(x¢(y)) = 7(¢(x)y) for x,y € M. Then consider the ucp map
Y : M — M defined by

Y(x) = ¢(x) + (1 = (1 0 $)(1)Ez(x),
where E; : M — Z Cc M is the unique trace-preserving conditional expectation.
Observe that Tg, = ez : L>(M) — L*(Z) ¢ L>(M) is the orthogonal projection.
Therefore 7(xEz(y)) = 7(Ez(x)y) for every x,y € M. Thus t(xy(y)) = T(¥(x)y).
Furthermore, (7 o ¥)(1) = 1. From this, we deduce that
(D) = 13 = (DI + 1~ 2Rer((1)
= (1))~ 1 < 7(W(1) - 1=0.

Thus ¢ is unital, which implies that ¢ is trace preserving.
Now observe that since ||¢(1) — 1|l < J, we have |1 — (7 o ¢)(1)| < 6. Therefore, for
a projection g € Z and b € gMgq,

Iy (b) — (D)2 < 7(g)"*5lIbll.

This easily gives the desired implication.
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(3)=(4) Suppose that ¢ : M — M is a normal ucp A-bimodule map such that
To¢ <7, ¢(1) < 1. Then observe that ¢ := %(qﬁ +¢*): M — M is a normal cp A-
bimodule map satisfying ¥(1) < 1, T oy < 7, Y = ¢*. Furthermore, for a projection
q € Z and a unitary u € gMgq,

() — ully < Llip@u) — ully + 1167 @) — ulla < 2lip(u) — ull}/?

by [18, Lemma 1.1.5]. Since every element x of gMq with ||x|| < 1 is a convex
combination of unitaries, this suffices (see also [16, Lemma 3]).

(4)=(5) Let F be a finite subset of the unitary group of M containing one and
let 6 > 0. Suppose that & is an M-M-bimodule and ¢ € M is an A-central and (F, 6)-
central unit vector satisfying (£, -£) < 7 and (£, &) < 7. We can assume that £ is cyclic.
Consider the normal cp map ¢ : M — M associated with (9, £). This is defined by
o(x) = L:;ng, where L¢|x) = éx. Then we have that ¢ is a normal A-module cp map
satisfying

(T 0 $)(x) = (ULgxLel1) = (€lx&) < 7(x).

Furthermore,

(xlp(D)]x) = (xX|LiLelx) = (Exléxy = (Eléxx™y < t(xx) = [Ixll5 = (xlx)
and thus ¢(1) < 1. We have that (7 o ¢)(1) = (£|¢) = 1 since £ is a unit vector. Foru € F,

pGae) = ully = $Qnll3 + 1 = 2Ret($(u)"u)
<2 —2Ret(p(u)" u)
= |lu¢ — &ull® < 6.
By assumption, choosing F' large enough and ¢ small enough guarantees that there
exists a nonzero projection p € Z such that p < pg and, for every projection g € Z

such that ¢ < p and x € ¢Bq, ||¢(x) — x|l < 7(g)"/?||x||e. This implies that, for a unitary
u € U(gBq),

g = ul’> = (7 0 P)(g) + 7(g) — 2ReT(P() u)
< 21(q) - 2Ret($(u)"w)
= 2Ret(q(q — qué(u)’))
< 21(¢)'"llg ~ queu)'ll2
< 27(q)e.
Therefore ||ué — £ul| < 7(p)'/*2&!/? for a unitary u in gBg. Since every element b € gBq

with [|b]| < 1 is a convex combination of unitaries, this concludes the proof.
(5)=(1) This is obvious. O

REmaRrk 3.4. Proposition 3.3 shows that if M is a von Neumann algebra and B € M is
a subalgebra, then B C M is rigid in the sense of [18, Definition 4.2.1] if and only if
C1 c C1 c B c M isrigid in the sense of Definition 3.2 (see also [16, Theorem 1] and
[10, Theorem 3.1]). Furthermore, B is co-rigid in the sense of [18, Remark 5.6.1] if
and only if C c B C M C M is rigid in the sense of Definition 3.2.
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3.4. von Neumann algebra characterization of property (T) for groupoids. Now
we use the characterization of property (T) for groupoids from Theorem 2.13 together
with the characterization of rigidity for inclusions of von Neumann algebras from
Proposition 3.3 to give a characterization of property (T) for groupoids in terms of
the corresponding groupoid von Neumann algebra.

TueOREM 3.5. Suppose that G is a discrete pmp groupoid and that K < H < G are
subgroupoid. Assume that H is ergodic. Let X be the common unit space of K, H,G.
The following assertions are equivalent.

(1) K < H <G has property (T).

(2) For every € > 0 and nonzero projection py € L™ (X), there exist a finite subset F
of L(G) and 6 > 0 such that, for every Hilbert M-M-bimodule $ with an (F, )-
central and L(K)-central tracial unit vector & € §, there is a nonzero projection
p € Z and an H-central vector n € $ such that p < py and ||qn — g¢|| < 1(¢)"%e
for every projection g € L*(X) such that g < p.

(3) The inclusion L*(X) c L(K) c L(H) c L(G) is rigid.

(4) For every € > 0, there is a finite subset F of L(G) and 6 > 0 such that, for any
Hilbert M-M-bimodule © with an (F, 6)-central and L(K)-central tracial unit
vector &£ € ), there is a nonzero projection p € L™ (X) such that ||x¢é — &x]| <
()" lxlle for x € pL(H)p.

Proor. (1)=(2) Suppose that K < H < G has property (T). Fix € > 0 and a nonzero
projection pg € L*(X). Then pg can be seen as the characteristic function of some
Borel subset B of X. Let F be a finite subset of [G] and let 6 > 0 be obtained from
€ and B via item (7) of the characterization of property (T) for triples of groupoids
provided by Theorem 2.13. Now let $ be an L(G)-bimodule with an L(K)-central and
(F, 6)-central tracial unit vector £ € L. We can assume that £° is a cyclic vector for $.
The assignment a — (£ — a€) defines a normal *-representation of L™ (X) on $. Thus
there is a Hilbert bundle H = (H,)cx such that $ = L*(X, H) and, for & = (£)yex €
L>(X,H) and a = (ay)rex € L¥(X), aé = (aréx)rex (see [12, Theorem 14.2.1] or [22,
Proposition F.26]). Now suppose that ¢ € [G] and a € L™ (X). Observe that u,a = 6,(a)u;,
where 6;(a) = (aun)xex € L7 (X). Therefore uaéu; = 6,(a)u,éu;. This shows that the
operator & — u,£u; on L2(X, H) intertwines the normal *-representations a i (£ +— af)
and a — (¢ - 6,(a)¢) of L*(X) on 9. Therefore & — u,£uy is a decomposable operator
(see [21, Theorem 7.10], [22, Theorem F.21] or [6, Section 2.5]). This means that
there exists a section x = my € B(H), Hy) such that u,éu; = (mx€sxn)xex for € €
L*(X, (H,)xex) (see [21, Definition 7.9]). By considering such a decomposition when
t varies within a countable dense subgroup of [G], and by the essential uniqueness of
such a decomposition [22, Proposition F.33], one obtains a representation y — m,, of G
on H such that u,&u; = [n],£ forevery t € [G] and € € L*(X,H). Since, by assumption,
&% is L(K)-central, we have that £° is K-invariant. Furthermore, since &° is (F, 6)-
central, we have that £° is (F, §)-invariant for &. Therefore by the choice of F and &,
there exists a nonnull Borel subset A of X and an element 5 of L*(X, ) such that

https://doi.org/10.1017/5144678871800040X Published online by Cambridge University Press


https://doi.org/10.1017/S144678871800040X

[23] A von Neumann algebra characterization of property (T) for groupoids 385

n is H-invariant and ||, — £%|| < & for every x € A. The vector 5 together with the
characteristic function p of A witness that the desired conclusion holds.

(2)=(3) Suppose that M is a tracial von Neumann algebra, Z C M is a subalgebra,
q € Z is a projection and $ is an M-M-bimodule. Consider a Z-central unit vector £ € H
and an M-central vector i € $ such that ||g&€ — gnl| < 7(g)"/?e. Then, for every unitary
uingMgq,

llug = Sull < lug — unll + 15w — null < 2|lg& — gnll.

One can easily prove the implication (2)=(3) using this observation.

(3)=(4) This is obvious.

(4)=(1) Suppose that (4) holds. We verify that item (8) of Theorem 2.13 holds.
To this purpose, fix £ > 0. We want to find a finite subset Q of [G] and ¢ > 0
such that, for every normalized K-invariant function of positive type ¢ on G such
that max,co fx o lo(xt) — 1> du(x) < &, there is a nonnull Borel subset A of X such
that Re(1 — ¢(y)) < & for a.e. y € AHA. Consider a finite subset F of L(G) and
6 > 0 with the property that, for every trace-preserving ucp L(K)-bimodule map
¢ : L(G) — L(G) satisfying max,cr ||¢(x) — x|, < 9, there exists a nonzero projection
p € L¥(X) such that ||¢(x) — x|l» < 7(p)!/%el|x|| for x € pL(H)p. By Kaplanski’s density
theorem [4, 1.9.1.3], we can assume, without loss of generality, that there exists a finite
subset Q of [G] such that F = {u, : t € Q} C L(G). Consider a K-invariant normalized
function of positive type ¢ on G. Suppose that maxcg fx oy lp(xt) = 1] du(x) < 6. Let
¢ : L(G) — L(G) be the trace-preserving ucp L(K)-bimodule map associated with ¢,
as in Proposition 3.1. Observe that, for every ¢ € Q, ¢(u;) = @(t)u;, where ¢(t) € L™ (X)
is the function x — @(xt). Therefore, for ¢ € Q,

llp(ur) = willz = lle@u; — willz < llo(n) = 12 < 6.

Therefore, by assumption, there exists a nonzero projection p € L*(X) such that, for
every projection g € L*(X) such that g < p, one has that ||¢(x) — x|, < 7(q)"%&l|x|| for
x € gL(H)q. Now let A C X be a Borel subset such that p is the characteristic function
of A. Then we have that, for o € [AHA], u, € pL(H)p, 7(p) = u(A), and hence

HA)E 2 1g(uy) = gl = llp(o) = 115 = f lp(xor) = 1 dp.

x€A

Since this holds for every o € [AHA], we conclude that |p(y) — 1| < e fora.e.y € AHA.
This shows that item (8) of the characterization of property (T) for triples of groupoids
(Theorem 2.13) holds. This concludes the proof. O
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