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The punctured neighbourhood theorem can be interpreted as saying that if 0 € C is on
the boundary of the spectrum of a Fredholm operator then it must be an isolated point of
that spectrum. This extends to semi-Fredholm operators, in particular to operators with
closed range and finite dimensional null space. In this note we generalise both the finite
dimensionality of the null space and the scalars involved in the definition of an isolated
point of the spectrum.

If T is a linear operator on a vector space X we shall write

0.1 T°(X) =N T"(X)
n=1
for the hyperrange and

0.2 T=(0)= QJI T7"(0)

for the hyperkernel of T it is clear that both subspaces are invariant under any operator §
on X which commutes with T, although for bounded operators on Banach spaces neither
need be closed. If S commutes with 7 we shall write

0.3 SN T(X)-> T7(X)
for the operator induced by S. If also S is invertible then by [3,7.8.3.4]
0.4 (T - $)™1(0) & T*(X),

so that the null space of T — S is the same as that of (T — S)". It is also well known that if
the null space of T is finite dimensional then the restriction of T to its hyperrange is onto.

1. LemMA. If T is bounded and linear on a Banach space X and if there is k € N for

which

1.1 dim 771(0) N T*(X) < e»,
then

12 T=(X) € T(T*(X)).

Proof. If y € T*(X), there is (x,) in X for which y = T"x,, for each n e N. Now if
T~Y(y) N T*(X) is finite dimensional, then there is N = k (depending on y) for which

13 xy e T (y)N TY(X) = T (y) N T=(X). i
+ This author was supported in part by research grant BSR1-95-1420.
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If the null space of an operator is finite dimensional and the range is closed, then all
the powers of T have closed range. Laursen and Mbekhta [7] have noticed that this is also
true when the null space is “disjoint” from the range; their argument ([7, Corollary],
[4, Theorem 1]) extends to that of finite dimensional intersection.

2. LemMaA, IfT:X—> Y and S:Y — Z are bounded and linear between Banach spaces,
then

21 S(Y) and $7'(0) + T(X) closed = ST(X) closed = §~1(0) + T(X) closed
and
22 S7Y0)+ T(X) closed and S™'(0) N T(X) finite dimensional = T(X) closed.

Proof. Most of this is set out in Theorem 1 of [4]. The first part of (2.1) is a lemma of
Kato [§, Lemma 331], valid whether or not the space X is complete, and the second part is
elementary. When the intersection S™'(0) N 7(X) is {0} then (2.2) is a simple application
of the open mapping theorem ([3, Theorem 4.8.2], [7]); if more generally it is finite
dimensional consider the operator W:Z = $'(0) X X/T~'(0)— Y defined by setting

23 W(y,x+T'(0))=y+Tz foreach yeY,xeX

Evidently W is well-defined, linear, bounded, and onto with finite dimensional null space:
hence there is W': Y — Z, also bounded and linear, for which W = WW'W. Now observe
that

24 E=TW':Y—>Y satisfies E=E? and T(X)=E(Y)= (- E)™'(0) is closed.
a
We need also a modification of the second part of (2.1).

3. Lemma. If S:Y—> X and T:X — Y are bounded and linear between Banach spaces,
then

31 T-1(0) + ST(X) closed = (TS)™}(0) + T(X) closed.

Proof. If y € cl((TS)™'(0) + T(X)), then there are sequences (z,) and (x,) such that
2y + Tx, -y with TSz, =0, giving

Sy = lim(Sz, + STx,) € cl(T~1(0) + ST(X)).

Since T7'(0) + ST(X) is closed, Sy € T~'(0) + ST(X) and hence y € (TS)™'(0) + T(X).
a

The case T =1 shows that (3.1) cannot be reversed. The punctured neighbourhood
theorem now follows.

4. THEOREM. If T is bounded and linear on a Banach space X with k € N for which

4.1 T~1(0) + T*(X) is closed and T~'(0) N T*(X) is finite dimensional,
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and if S, S' are invertible, commute with T and have sufficiently small norm, then we have

4.2 dim(T — §)"}(0) = dim(T - §')"}(0) < =,
and

43 (T - S}(X) and (T — S')(X) are closed.

If in addition

4.4 T~Y(0) + T*(X) is of finite codimension,
then also

4.5 dim X/(T ~ )X =dim X /(T - S )X < .

Proof. (2.2), with (T, T*) in place of (S, T), says that T*(X) is closed; also (2.1) and
(3.1) with S=T**"(m =0,1,2,...) gives the inductive step, which shows that T"(X) is
closed for all n = k. Hence also the hyperrange T*(X) is closed and therefore complete. It
follows that, since also 7" is onto, the operator (T — §)" is onto for S with sufficiently
small norm commuting with 7. At the same time, if S is invertible and commutes with T,
then the null space of (T — §)" is the same as that of T —S. Thus if S is invertible,
commutes with T and is of sufficiently small norm, then (T — §)~!(0) is finite dimensional
and we can write

4.6 dim(T — §)~(0) = dim((T — §)*)~*(0) = index((T — S)") = index(T"),

using the continuity of the Fredholm index on the Banach space T(X). This shows that
the dimension of the null space of T — S is to a certain extent independent of S, which is
the first part of (4.2). For the closedness of the range of T — S observe that the restriction
of T to T"(X) is also upper semi-Fredholm for each n = k, and hence also the restriction
of T — § for § of sufficiently small norm commuting with 7. Now

47 T XT -8)TYX)=T*TT - §)(X) = (T - S)(X) + T*(0) = (T - S)(X).

The third equality is obtained by interchanging the roles of T and T — S in (0.4), the
second is elementary linear algebra and the first is because T — § commutes with 7. Since
(T - 8)T*(X) is closed, so is its counterimage by T* Towards (4.5), observe that
T7'(0)+ T*(X)= T7%(0) + T(X). Thus by (3.1) and (4.4), T~*(0) + T(X) is closed and
of finite codimension. Now we claim that condition (4.4) is sufficient for the dual operator
T' on X' to satisfy condition (4.1). By another argument of Kato [6, (4.12) Theorem

IV.4.8]

4.8 S71(0) + T(X) closed=>S~'(0)* + T(X)* closed,

while by the theorem of Banach [6 (4.11) Theorem 1V.4.8]

4.9 S(Y) closed=> S71(0)* + T(X)* =(T")"1(0) + S'(Z")

and

4.10 S(Y) closed= (S7'(0) + T(X))* =S"(ZH N (T")"'(0). O

For an alternative derivation of the closedness of the range compare Grabiner [2
Lemma 4.2, Theorem 4.7). The closedness of the ranges of powers of T under the
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conditions (4.1) can also be deduced from a result of Saphar [11, Proposition 7]. Taking
k =1 in (4.1) shows that T%(X) is closed, so that (4.2) and (4.3) give back Schmoeger’s
result [12, Theorem 1].

Theorem 4 incorporates a corrected version of Theorem 2 of [9], in which the first
part of condition (4.1) is omitted. Unfortunately this doesn’t work.

5. ExampLe. If Y =1, or Y = ¢, and

w 0\ /Y Y
51 T_(I 0)‘(1')_’()/)
with
5.2 Wy s )= 4y, dys, . )
then
53 T=TT'T with T'eBL(X,X) isregular,
5.4 T~Y0)N T(X) = T~=(0) N T(X) = {0}
and
55 T?(X) #cl T2(X).
Also
1 -1
5.6 dim(T - ;I) (0)=1 foreachneN
and
1
5.7 dim(T - AD7'(0)=0 if 0#A¢g {;:n € N}.
Proof. We have
0 I
5.8 T=TT'T with T'= ( ),
wi I 0
giving the “regularity” (5.3), and a straightforward calculation gives (5.4). It is clear also
that

TX(X)={(W?y, Wy):y e Y}
is not closed; also (5.6) and (5.7) are easily verified. |

The operator T of (5.1) satisfies the second part of condition (4.1), but by (5.6) and
(5.7) fails the ‘“‘punctured neighbourhood” property of Theorem 2 from [9]; it also fails
the conclusion of Lemma § of [8].

Theorem 4 gives a genralization of the “Riesz-Schauder theorem™ [13, Proposition
2.6, 2.7] for semi-Fredholm operators: if in addition to the condition (4.1) T is “of finite
ascent”, in the sense that for some k € N the null spaces of T* and T**! coincide, then 0
cannot be an accumulation point of the approximate point spectrum of T. This is clear
from the proof of Theorem 4, remembering [3, (6.5.4.6), (7.8.4.1)], the isomorphism

59 (ST)"1(0)/T~'(0) = $~'(0) N T(X),
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which says that the finite ascent condition specialises the second half of the condition
(4.1). By (4.6) and (4.7) the operator T — S is one-to-one with closed range for invertible
S of sufficiently small norm commuting with 7. We have been unable to decide whether
(4.2) and (4.5) still follow if (4.4) and the second part of (4.1) are replaced by the
condition

5.10 THO)NTH(X)=T"Y(0)NT"(X) is closed for all n =k.

This certainly works if X is a Hilbert space [10}, or more generally if the condition
“closed” in (4.1) and (5.10) is replaced by “‘closed and complemented”.
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