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Abstract

In this paper we study parametric optimal control problems governed by a nonlinear para-
bolic equation in divergence form. The parameter appears in all the data of the problem,
including the partial differential operator. Using as tools the G-convergence of operators
and the I"-convergence of functionals, we show that the set-valued map of optimal pairs is
upper semicontinuous with respect to the parameter and the optimal value function responds
continuously to changes of the parameter. Finally in the case of semilinear systems we
show that our framework can also incorporate systems with weakly convergent coefficients.

1. Introduction

In this paper we study the dependence of a nonlinear optimal control problem on
a parameter. The parameter appears in all the data of the problem, including the
partial differential operator. First we establish the nonemptiness of the set of optimal
“state-control” pairs and then we investigate how this set as well as the value of the
problem respond to changes of the parameter. Such sensitivity analysis (also known
in the literature as “variational stability”), is important because it gives us information
concerning the tolerances that are permitted in the specification of mathematical
models, it suggests ways to solve parametric problems and can also give us valuable
insight for the computational treatment of the problem.

Our tools are the G-convergence of operators and the I'-convergence of functionals.
Using these two convergence concepts, we derive continuous dependence results. Our
approach follows that of Buttazzo-Dal Maso (2], who examined linear elliptic control
systems and systems monitored by ordinary differential equations. Here we consider
parabolic systems with nonlinear dynamics.

I'-convergence is a convergence notion of sequences of functions specially designed
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in order to study convergence of solutions and values of corresponding minimization
problems; that is, is a “variational convergence”. Among variational convergences,
I'-convergence plays an important role for its nice compactness properties and for the
powerful results it generates concerning the limits of integral functionals. In addition,
I'-convergence is closely related to the notion of G-convergence, which is used in
the study of the convergence properties of the solutions of a sequence of elliptic and
parabolic problems. Finally, almost all other variational convergences can be easily
expressed in the language of I'-convergence. Hence it seems appropriate to use these
notions to study the variational stability (sensitivity) of optimal control problems.

2. Preliminaries

Let H be a separable Hilbert space of norm | - |. Let X be a reflexive, separable
Banach space with dual X* suchthat X € H € X* with dense and compact injections.
The norms of X and X* will be denoted by || - || and | - ||, respectively. We will use
{x, x*) to denote the duality brackets between x € X and x* € X*. This coincides with
the inner product in H, whenever x* € H. Such a triple of spaces is usually known
in the literature as “evolution triple” (see Zeidler [13]; the names “Gelfand triple”
or “spaces in normal position” are also used). In concrete applications, evolution
triples are generated by Sobolev spaces (see Section 3). Let T = [0, b] and define
W(T) = {x € LXT, X):x € L*T, X*)}. In this definition, the derivative of x
is understood in the sense of vector-valued distributions. Furnished with the norm
Ixllwey = [|lx|lizmx) + IIiIIiz(,‘X.)]‘/Z, W(T) becomes a Banach space which is
separable and reflexive. Furthermore W(T) embeds continuously in C(T, H) and
compactly in L2(T, H). When X is a Hilbert space too, then so is W(T) with inner
product (x, ¥Y)way = (x, Y) 2. x) + (X, ¥)12(r.x+). For further details we refer Zeidler
[13] (Proposition 23.23, pp. 422-423 and p. 450).

Following Kolpakov [6], we say that a sequence of operators A,: X — X* G-
converges to an operator A: X — X*,ifforalln > 1, A;', A~': X* — X are defined
and for every x* € X*, A7'x* 5 A~'x* in X (hence strongly in H). We will use the
symbol G to indicate G-convergence. This is a nonlinear version of a convergence
concept introduced first by Spagnolo [11] for linear parabolic and elliptic equations and
was later extended to abstract linear evolution equations by Zhikov-Kozlov-Oleinik
[14].

Next, following Buttazzo-Dal Maso [2] and Buttazzo [1] (Chapter 5), we introduce
the notion of multiple sequential I"-convergence. So let X,, X, be two topological
spaces and let f,: X, x X, - R = R U {—00,4+00} n > 1 be a sequence of
functionals. We indicate by Z(+) the sup operator and by Z(—) the inf operator,
Let (x;, x2) € X; x X, and denote by S;, i = 1, 2, the set of all sequences in X;,
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converging to x;. Finally let ;, j = 0, 1, 2 be one of the signs + or —. We define

Teq(N®, XT', X5°) fa(x1, x2)
= Z(a) Z() Z(— aO)Z(aO)fn(xls

(eSS (x5)es; keN n>k

So for example Fyo(N*, X1, X7) fu(x1, x2) = mf sup lim f,,(xl,

Kl sx, B
When the I'y;-limit is independent of the sign + or —, associated with one of the
spaces, then this sign is omitted. So for example, if

Fseq(N+a X]—’ X;-)fn(xla x2) = Fseq(N—’ X]_7 X;—)fn(xl, x2)
then their common value will be indicated by

Fseq(N, X|—1 X;—)fn(-xl, xz)'

If the topological spaces are first countable, then the above definition is equivalent
to the original topological definition of the I'-limits (see Dal Maso {3], Proposition
8.1, p. 86). This is also the case in Banach spaces with a separable dual, equipped
with the weak topology and in reflexive Banach spaces again with the weak topology
(see Dal Maso [3], Chapter 8). The theory of I'-convergence is an important tool
in Optimal Control and in the Calculus of Variations, because the equicoercivity
and the I'-convergence of a sequence of functionals f, to f, f not identically +o0,
imply the convergence of the minimizers (x, — x) and of the corresponding minimal
values (f,(x,) = f(x)) (see Theorem 7.19, p. 80 of Dal Maso [3]). The interested
reader can find a comprehensive introduction to the subject of I'-convergence and its
applications, in the well-written monographs of Buttazzo [1] and Dal Maso [3].

Next we introduce our optimal control problem. Solet 7 = [0, r] and Z a bounded
domain in RY with smooth boundary I' = 3Z. Let/A be a complete metric space
of R¥-valued, measurable functions defined on Z (the parameter space) with metric
d(-,-). We will be studying the following optimal control problem, parametrized by
elements in A:

fr / L(t,z,x(t,2),u(t,z), AM(z))dzdt — inf =m(})
.Jo Jz

s.t.a—x —div(a(z, Dx(1,2),A(2)) = f(t, 2, x(t, 2), A(2)u(t, z) ae.} (1)

at
xlT.'X'l" = 09 x(O, Z) = -xO(Z)1 X()(') € LZ(Z)i
lu(t, 2)] < 6(, z, A(z)) a.e. with u(-, -) measurable.

Here Dx = (Dyx, ..., Dyxy), with D, = % k=1,...,N,denotes the gradient
of x. Throughout this paper the following hypotheses will be in effect.
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H(a): a(z,v,A) = D,p(z,v,A), where D, denotes gradient with respect to the

v € R" variable and ¢: Z x R¥ x R* — R is a function satisfying:

(1) (z,A) = ¢(z, v, A) is measurable,

(2) v — @(z, v, A) is convex,

(3) csllvll> — 28 < 9(z,v,AM(2)) < c3p(1 + [[v]?) ae. on Z for every
[v,A] € R¥ x B, B € A compact, with 0 < ¢;3 < ¢33 < 00 and
0 <cyp <00,

4) forevery x;, x; € Ho1 (Z) and every A € B C A, B compact, we have

/(a(z, Dx,(z), M(2)) — (a(z, Dx;(z), A(2))(Dx,(z) — Dx,(2))dz
z
=< )’15||x1 _x2"§.1(;(z)

with y13 > 0, a(z,0,1) = 0 and for all x € H}(Z) |la(-, Dx(-),
A 2zrry = vas(l + x5 z)) With y25 > 0,
(5) if A, — A in the metric space A, then ¢(z, v, 2,(z)) = ¢(z, v, A(2)) a.e.
onZ.
H(f): f:T xZ x R x R* > R is a function such that

1 @,z,A) = f(@,z, x, ) is measurable,

@) 1f@, 2, x,A@))— ft,z,y, A(D)| < ks(t,z)|x —y|a.e. forallA € B C
A compact and kg € L' (T, L*(Z)),

3) |If@¢, z,x,A2)| <ap(t, z) + bp|x| a.e. forall A € B € A compact and
with ag € LZ(T X Z), bB >0,

@) if A,—Xin A, thenforalmostallt € T f(r, -, x, A, (-)> f (¢, -, x, A())
in L*(2).

REMARK 1. We could have assumed that the controls are R™-valued m > 1, in
which case f (¢, z, x, A) is R™-valued and the right-hand side of the partial differential
equation becomes (f (¢, z, x(2), A(2)), u(2))g» denoting the Euclidean inner product
in R™. However to simplify our notation, we have assumed that m = 1.
H@®): 6:T x Z x R* — R, isa function such that
(1) 6C¢, -, A()) € L®(T x Z) and sup{||6(:, -, A(-)) llo: » € B} < oo for any
B C A compact,
(2) if A, = Ain A, thenfor almostall 7 € T, 6(¢, -, Aa(-)) = 6(t, -, A(-)) in
L*(Z).
H(L): L:T x Z x R x R x R* — R is an integrand such that
(1) (,z,A) > L(t, z, x, u, A) is measurable,
2) |ul> < L, z,x,u,M2)) < yse(1 + |x]> + |u]?) ae. on T x Z, for all
[x,u,A] € R x R x B, B € A compact and with y35 > 0,
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(3) forevery x,y € Rsuchthat |[x — y| < 1 and every A € B C A compact
IL(t,z, x,u, A(2)) — L(t, 2, y, u, M(2)| < pa(lx — yDE + |x|* + [u]*)

with pp: [0, 1) — R increasing, continuous and pg(0) =0, £ > 0,

@4) u— L(t,x,u,A)isconvex,

(5) ifA, = Athen L*(, -, x, u*, Ay()) = L*(-, -, x, u*, A(")) in L'(T x Z)
for every [x, u*] € R x R; here L* denotes the conjugate function of L
with respect to u and 5 denotes the weak convergence in L'(T x Z)
(recall that L*(¢, z, x, u*, A) = sup[(u*, w)ge — L(2,z, x, u, A):u € R¥],
with (-, -)g+ being the Euclidean inner product in R¥).

REMARK 2. This hypothesis which incorporates the quadratic cost functionals con-
sidered by Lions [7], will guarantee the ['yq-convergence of J(x, u, A,) = fob [, LG,
z,x(t, z), u(t, z), A, (2))dzdt as A, — A in A. In particular, assume that the controls
take values in R™ and consider the quadratic cost functional

b
J(x,u,2) =/ /IX(t, 2) — Yo(t, 2, M(2))*dzdt
0o Jz

b
+ lf /(N(t,z,k(z))u(t,z),u(t,z))uxmdzdt
2Jo Jz

‘with yo(-, -, A(-)) € L¥T x Z) and N(-,-,A(:)) € LT x Z,R™™) for every
A(-) € A. We assume that for every (¢t,z) € T x Z, N(t, z, A(z)) is symmetric
and positive definite and so N(¢, z, A(z))™! exists. Furthermore, we assume that

if A, = A, then Yo, -, An()) 3 3o(s s AC Yol Aa(D)? 3 3ol -, AC)) in
LYT x Z) and N(, -, 2D = NG, -, A()™"in LY(T x Z, R™*m). So if we
set L(t,z,x,u,A) = |x — (¢, z, A + %(N(t, Z, A(2)u, u)g~, we have that
L*(t,z,x,u*,}) = LN (@, 2, A\(2))""u*, u*)g= — |x = yo(t, 2, A(z))[? and for this L
hypothesis H (L) is satisfied. This type of cost functional was used by Lions [7].

3. Convergence of the costs and the constraints

We start with the I'yq-convergence of the costs, which can be obtained directly
from the results of Buttazzo-Dal Maso [2]. Let H = L*(Z), X = H,(Z) and
X*=H ~1(Z). From the Sobolev embedding theorem, we know that (X, H, X*)
is an evolution triple. For this triple we will use the notation introduced in Section
2. Denote J(x,u,A) = fy [, L(t, 2, x(t, 2), u(t, ), M2))dzdt, for all (x,u,A) €
W(T) x L*(T, H) x A, where W(T) is the Hilbert space introduced in Section 2.

PROPOSITION 1. If hypothesis H(L) holds and A, — A in A, then Tyq(N, w-W(T),
w-L2(T, HY ) J (x, u, Ay) = J(x, u, A).
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Here w-W(T) (respectively, w-L*(T, H)) denotes the Hilbert space W (T) (respect-
ively, LX(T, H) = L*(T x Z)) furnished with the weak topology. The proof of
Proposition 1 goes exactly as the proof of Lemma 3.1 of Buttazza-Dal Maso [2],
with the independent variable z € Z replaced by (¢,z) € T x Z, since our system is
parabolic and not elliptic. Also recall that W(T) embeds compactly into L*(T, H)
(see Section 2), which allows us to consider W(T') with the weak topology instead of
L*(T, H), with the strong topology.
Next let p: HO1 (Z2) x HO1 (Z) x A — R be the Dirichlet form defined by

p(x,y,A) = / a(z, Dx(z), A(z))Dy(z)dz.

z

From the Cauchy-Schwartz inequality, we have for all . € B € A compact:

lp(x,y, M| < lla(:, Dx (), M(Nlezz.zm | Dyl 2z, mey
< v2ae(1 + Ixllgg ) Iyl 2 (cf. hypothesis H(a)(4)).

So there exists a generally nonlinear operator A: X x A — X* defined by

(A(x,A),y) = p(x,y,2)

for every x, y € X and every A € A. As we indicated in Section 2, (-, -} denotes the
duality brackets for the pair (H, (2), H™'(Z)).

Also let f :T x H x A — H be the Nemitsky (superposition) operator corres-
ponding to the function f (¢, z, x, A); that is, f(t, x,A)2) = f(t, z, x(2), A(2)).

Furthermore, let U(t,2) = {u € L*(Z):|u(z)] < 0(t,z,A(z)) a.e. }. Clearly
because of hypothesis H(8), forevery (t,A) € T x A, U(t,2) € L*®(Z) and so
given any u € U(¢, 1), (f(t, x, Mu(-) € L*(Z). Note that for every A € A, the graph
of the set-valued map ¢t — U(¢, ) is given by

GrU(,») ={(t,u) €T x L2(Z):/ lu(z)ldz < / 0(t, z, AM(2))dz, C € B(Z)}
C C

with B(Z) being the Borel o-field of Z.

Let &(u, C) = [ lu(z)|dz and &,(¢, C) = J-0(t, 2, M(z))dz. Thenu — &(u, C)
is continuous, while by Fubini’s theorem ¢ — &,(¢, C) is measurable. Recall that
B(Z) is countably generated and so we can find a countable field {C,},>1 € B(Z)
which generates B(Z); that is, o ({C,.}»>1) = B(Z). Define

Ein(u) =&, C) and &,(1) =&, C).

We have that

GrU(, A = (¢, u) € T x LA(Z): £1,(u) < ()} € B(T) x B(LX(Z))

n>1
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with B(T) (respectively, B(L?*(Z))) being the Borel o-field of T (respectively, of
L*(Z)). Sot — U(t, 1) is a measurable set-valued map (see Wagner [12], Theorem
4.2) and by Aumann’s selection theorem (see Wagner [12], Theorem 5.10), it admits
measurable selectors (thatis, mapsu: T — L*(Z) measurable suchthatu(t) € U(z, 1)
forallt € T).

Then we can rewrite the dynamics of our optimal control problem (1), in the
following equivalent evolution equation form:

X(0) + AG(), A) + f@, x(0), MDu(),
"x(0) = X, (2)
u(t) € U, A) a.e., u(-) measurable,

where %y = xo(-) € L*(2).

By admissible “state-control” pair of (2) (equivalently of (1)), we mean a pair
[x,u] € W(T) x L*(T, H) satisfying (2) (equivalently the constraints of (1)). Given
A€ A, let A(A) € W(T) x L¥(T, H) be the set of admissible state-control pairs
corresponding to this particular choice of the parameter. Let 85, (x, #) be the indicator
function of A()); that is, 8¢y (x, u) = 0if [x, u] € A(A) and +o00 otherwise. Then
problem (1) can be rewritten in the equivalent unconstrained form

m(A) = inf[J(x, u, )\) + 8A(A)(x, u)]

In the next proposition, we establish the I"y,-convergence of the sets of admissible
state-control pairs.

Directly from the definition of I'iq-convergence, we have that if V,, V, are topolo-
gical spaces and B, C V| x V,,n > 1, then

Feq(N, V1, V;7)d5,(x, y) = 85(x, ¥)

if and only if the following two conditions hold:
(i) ifx, - xinV;,y, > yin V, and (x,, y,) € B, for infinitely many »’s, then
(x,y) € B,
(i) if (x,y) € B and x, — x in V), then there exist {y,},>1 € Vo and ng > 1
such that y, — y in V, and (x,,, y,) € B, foralln > n,

(see also Buttazza-Dal Maso [2], p. 388).

REMARK 3. If V;, V, are first countable and condition (ii} above is replaced by the
weaker condition

(i1)" if (x, y) € B, then there exists a sequence {(x,, y»)}n>1 € V) x V; such that
foralln > 1 (x,,y,) € Byand x, > x,y, > yasn — 00,
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then we have a characterization of the classical Kuratowski convergence of sets (see
Dal Maso [3], p. 41).

We will use the above observation concerning the I'yq-convergence of indicator
functions, to establish the I'yq-limit of {651,y (-, )}nz1-

PROPOSITION 2. If hypotheses H(a), H(f), H(0) fold and A, — A in A, then
Ceeq(N, w-W(T)~, w-LA(T, H))oaq,)(x, u) = Sapy(x, u).

PROOF. Let [x,u] € A(\) and u, — u in LT, H), u,(t) € U(t, A,) ae. Let
x,(-) € W(T) be the unique trajectory generated by the control u, (-) (see Papageorgiou
[8], Theorem 3.4). Uniqueness follows from the (strong) monotonicity of A(-, A,,) (cf.
hypothesis H (a)(4)) and the Lipschitzness of f (t, -, A)u, (cf. hypothesis H(f)(2)).
So we have

En(0) + A (1), M) = f(t, X,(0), A)u,) ae.
xn(O) = -20

u,(t) e U, 2,) ae.

We will derive some a priori bounds for the x,’s. Firstlet B = {A,,A},»; € A
compact. Then from hypothesis H (a)(4), we have for A’ € B:

((AGx,)) = Ay, 1), x — y) = Pallx = yII%, 78 > 0,
((A(x, X), x) = Pllx|%, 95 >0 and [ AGx, Ml < P5(L + lIxI), P >0,

where | - || (respectively, || - ||.) denotes the norm of Hj (Z) (respectively, H!(Z)).
Also (-, -) denotes the duality brackets for the pair (X = HJ(Z), X* = H™'(2)),
while in what follows by (-, ) we will denote the inner product in H = L?(Z) and by
| - | the corresponding norm. Recall that (-, -) [xxz= (-, -); see Section 2. Then we
have

(e (D), Xa () + (AQ (), M), X (D)) = (FE, %0 (0), M) (£), X (1)) 2.

1d N A
= EEIAC,.(I)l2 + Vel @7 < 1 £ x00), An)un D [l lxa ()11 ace.

Applying on the right-hand side Cauchy’s inequality with € > 0, we get

%%Ixn(t)l2 + Pallx. I < gllf(t, %0 (1), A Jun (O3 + %llxn(t)ll2 ae. (3)
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Lete = 1/2y;. We have
1d 1
—— O < —
2dt 47,

Y
o O < 1R + — f 1FG5, %0 (), A Yitn(5) 12
2vs Jo

£, %00, M)t (1) 112

N 1 N
< |%)*+ —A,/ | £ (s, Xa (), Andun(s)|*ds
2y Jo
- 1 "oa
<Rl + == (/ | f (s, xn(5), )»n)un(S)IzdS) sup 16C-, -, Aa) 1.
2)/8 0 n>1
From hypothesis H(6)(1), we have that sup,,, ||6(, -, A,,)llf,o < 0. So
t
O < Vol + s [ Qa(s) + 2531, (5) s
0
with ;g > 0, dg(s) = |lag(s, )|, and bg > 0 as in hypothesis H(f)(3).

Invoking Gronwall’s lemma, we deduce that there exists M; > 0 such that for all
n>1landallt € T we have

X, ()] < M,. “4)

Next in inequality (3) above, lete = 1/y,. We get

1d 2 J;é 2 1 & 2
=X, - |{xn (£ < == t,x,(t ,A-n a(f L.
2dt|X()l+2||x()|| 2y,’,|f( Xn (1), An)ua(1)|” ae
~ [ . 1 L oa
= }’Bf lxa (x)1°ds < |%o|* + = sup 18(, -,Kn)lliof (2ap(s)* + 2b%|x,(s)|*)ds.
0 B nxl 0

Using bound (4) above, we deduce that there exists M, > 0 such that foralln > 1
we have

s (O 2,0 < Mo, 5)

Finally using hypothesis H (a)(4) and H (f)(3), as well as bounds (4) and (5), we
conclude that there exists M; > O such that for all n > 1 we have

1% Ol 27, x0) < Ms. (6)

From (5) and (6) above, we deduce that {x,}, is bounded in W(T'), hence relatively
weakly sequentially compact. So by passing to a subsequence if necessary, we may
assume that x, — £ in W(7T).
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Next let g(r) = f(t, x(), Mu(r) and let y.(-) € W(T) be the unique solution of
the following evolution equation

yn(t) + A(t9 }’n(t), )"n) = g(t) a'e-’
¥a(0) = Xo.

The existence and uniqueness of y,(-) € W(T) solving the above Cauchy prob-
lem, is guaranteed by Theorem 30.A, p. 771 of Zeidler [13]. Let % be the family
of all open subsets of Z and define the functional ®: Ho1 (Z)y x % x A > R by
®(x,Z',2) = [, ¢ Dx(z),Mz))dz. Then from hypothesis H(a)(5), together
with Theorem 5.14, p. 51 and Proposition 8.10, p. 93 of Dal Maso [3], we have
that Feeq(N, w-H}(Z')®(x, Z', *,) = ®(x, Z, 1). Hence invoking Theorem 3.2 of

Defranceschi [5], we get that A(:, A,,) 5 A(-, 2). Then Theorem 1 of Kolpakov [6],
tells us that y, — x in W(T). Exploiting the monotonicity of the operator A(-, A,),
we have

(-"Cn(t) - yn(t)’xn(t) - yn(t)) S (f(ts xn(t)5 )‘-n)un(t) - g(t)’xn(t) - yn(t)) a.c.
= (£, X, (1), Aun (1) — (F 8, X (), M)tn(t), X, (2) — ya(2))
+ (f(t, x(@©), A)un(®) = £, x(@), Mul@), x,(6) — ya(©)) 2ce.

1 2
= 2Ix,,(t) — ya(2)|
< / (F 5, %0 (), Anditn () — F(5, 25, Anditn(S), %n(5) — ya(s))dls
0
+f (f(s, x(5), An)tn(s) — F(s, x(s), MNu(s), x,(s) — yn(s))ds
0
< / (5, %n(5)s Adin(s) = F5, 2(5)s AnYitn(8)] - %as) = ya(s)ldis
0
+ f F 5 205), At (s) — (5. x(5), A)u(s), % () — yu(5))ds.
0

Observe that

/ lf(ss x,,(s), A-n)un(s) - f(s’ X(S),A")MH(SN ) lx,,(s) - yn(s)lds
0

=< sup ”9(1 Ty A-n)"co If(sa x,,(s), A,,)u,,(s)—f(s, X(S), )‘-n)un(s)l'lxn (S)—)’n(s)|ds
0

n>1

<supie¢, -, )»n)lloo/ kg (5)1xa(s) = ya(s)Pds, with kp(s) = Ikz (s, *)llco-
0

n>1
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Also we have
/ (f(s, x(5), M)t () — £(5, X(5), Mu(5), Xa(s) — ya(s))ds
0

4 [ / (£ (5. 20 %05, 200 An(DDita5, 2)
0 zZ
— f(5,2,x(5,2), M(@Nu(s, 2)) (%, (s, 2) — yu(s, 2))dzds

=/ /f(s,z,X(s,z),A,.(z))(un(s,z)—u(s, D)) (X, (s, 2) — x(s, 2))dzds
0 Z

+/ /(f(s,z,x(s,z),An(z))
0 z
— £(5, 2, x(5, 2), M@)u(S, (% (5, 2) = Ya(s, 2))d2ds.

Since W(T) embeds into L2(T, H) compactly, we have that x, S % and Yn S5 x
in LXT, H) = LX(T x Z). Also by hypothesis u, — u in L*(T x Z) and because
of hypothesis H (6), we have u, % uin L*(T x Z). So using hypothesis H(f), we
get

/ [f(s,z,x(s, 2), 2 () (Wa (s, 2) — u(s, 2))(x, (s, 2) — x(5, 2))dzds
0 V4

+ / [ (F(52 2,265, 20, M@ — £(5, 2, %(5, 20, AN, )G (55 2)
0 z

— Yu(s,2))dzds - 0 asn — 00
= / (f (s, x(5), M)t ($)—F (5, X(5), Mu(s), X, (5) — ya(s))ds—0 as n—o0.
0

Thus in the limit as n — 00, we get

t
1£(t) — x()° < 281:13 nec, -, )»n)llcofo kg (5)|%,(s) — x(s)ds.

From Gronwall’s lemma, we conclude that x = X. Hence every subsequence
of {x,}.> has a further subsequence which weakly converges in W(T') to x. Since
{x, (-)}:,UZ, equjpped with the relative weak-W (T') topology is metrizable, we conclude
that x, 3 xin W(T) and [x,, u,] € A(A,), n > 1. So we have established condi-
tion (ii) in the characterization of Tseq (N, w-W (T)~, w-L*(T, H))8a0.,(:, -) provided
earlier.

Next we will show that condition (i) is also valid, establishing this way the desired
I'eq-convergence of the indicator maps 85, (-, -). So let [x,, u,] € A(X,), n > 1,
and assume that x, — x in W(T) and u, = u in L*(T, H). We will show that
[x,u] € A(}X).
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Let g,(t) = £(t, x,(2), \)un(t) and g(t) = F(t, x(t), Mu(t). We have already
seen in the first part of the proof, that by passing to a subsequence if necessary, we may
have g, 5 g in LX(T, H). Let v, € W(T) be the unique solution of the evolution
equation

Va(t) + A(va(2), A,) = g(#) ae.

v, (0) = fo.
Since A(-, A,) 4 A(-, 1), from Theorem 1 of Kolpakov [6], we know that v, S
in W(T), with v(-) € W(T) being the unique solution of the evolution equation
v(@) + A(w(), M) = g(t) ae.
'U(O) = i().
Recalling that W (T) embeds compactly in L?(T, H), and continuously in C(T, H),
by passing to a subsequence if necessary, we may assume that x,(t) — x(z) and
v,(t) — v(@) in H for all ¢t € T (in fact using the results of Simon [9], we can

actually show that {x,},>, {v.}n>1 are relatively compact in C(T, H)). Exploiting the
monotonicity of A(-, A,,) we have

(xn(®) ~ 0 (0), X0 (1) — va (D)) < (8u(1) — 8(1), Xa(2) — v,(2)) ace.

= %Ed_tIXn(t) — 'Un(t)lz < (g.(t) — g®), x,(t) — v, (1)) ae.

1 o
= 2|xn(t) - 'U,,( )I

< / [(gn(s) — g(s), x,(5) — x(5)) + (gn(s) — g(s), x(s5) — v(5))
0

+ (ga(s) — 8(s), v(s) — v, (s))ds
= [%,(8) — v ()] > 0
= |x(@) —v()] =0; thatis, x =v.

Therefore [x, v] € A(A) and so we have established condition (i) and we can
conclude that 'y (N, w-W(T)", w-LX(T, H))8a0.)(x, u) = 8ay(x, u).

4. Main convergence theorem

In this section, using the auxiliary proposition of Section 3, we will examine the
variational stability (sensitivity) of our optimal control problem (1).

Let Q(A) be the optimal state-control pairs corresponding to the parameter A € A;
that is, Q(A) = {[x, u] € W(T) x L*(T, H)): [x, u] solves problem (1)}. Recall that
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if Y, Z are Hausdorff topological spaces, then a set-valued function R: Y — 2Z{@}
is said to be upper-semicontinuous (u.s.c.), if for all U open in Z, R*(U) = {y €
Y:R(y) C U}isopenin Y. An us.c. R(-) with closed values has a closed graph;
that is, if [yg, zgl isanetin ¥ x Z, zg € R(yg) and [yg, zg] — [y, z], then we have
z € R(y).

THEOREM 1. If hypotheses H(A), H(f), H(0) and H(L) hold, then for every A € A,
Q) #0, A > Q) isus.c. from A into the nonempty, weakly compact subsets of
W(T) x L*(T, H) and m: A — R is continuous.

PROOF. From the a priori bounds established in the proof of Proposition 2, we know
that for every A € A, A(X) is weakly sequentially, compact in W(T) x L*(T, H).
Alsoif A, = A n > 1 (constant sequence), we have from Proposition 1 that J (-, -, A) is
the I'-regularization of itself and so from Proposition 1.3.1, p. 16 of Buttazzo [1] we
get that J (-, -, A) is sequentially weakly lower semicontinuous on W(T) x L*(T, H).
So for every A € A, the problem inf[J (x, u, A): [x, u] € A(})] has the solution; that
is, Q()) # 0.

Next let A, — X in A. Combining Propositions 1 and 2 of this paper with
Theorem 2.1 of Buttazzo-Dal Maso [2], we get that w-lim QM) = {lx,u]l € W(T) x
L¥(T, H)): [x,u] = w-lim[x,,, un,], [Xn,,Un] € Q(hn), ny < ny < n3 < e <
n, < ---} € Q(1). But we saw in the proof of Proposition 1 that U Q@) is

nx>1
a weakly compact subset of W(T) x L*(T, H) (recall that the weak topology on
the product space W(T) x L*(T, H) is the product of the weak topologies; that is,
(W(T) x LXT, H)),, = W(T),, x LXT, H),). So from Remark 1.6. of DeBlasi-
Myjak [4], we get the desired upper-semicontinuity of A — Q(A).

Next let A, — A in A and let [x,, u,] € Q(A,) n > 1. Thenm(A,) = J (X, Un, M)
and by passing to a subsequence if necessary, we may assume that x, — x in W(T')
and u, = u in L*(T, H). Then from Proposition 2 we have [x,u] € Q(A). Also
from Proposition 1 and the definition of I'yq-limits, we have

J(x,u,2) <limJ(x,, u,, A,) = limm(A,)

= m(}) < limm(a,). N
Next let [x,u] € Q(A) and € > 0. We have m(A) = J(x,u, A), [x,u] € AQQ).

From Propositions 1 and 2 of this paper and Corollary 2.1 of Buttazzo-Dal Maso [2],
we have that

Coeq(N, w-W(T)~, w-LX(T, H))(J (-, -, An) + 8agy (-, D) (x, )
= (-J(" Ty A') + 8A().)('1 '))(x’ u)'
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Then from the definition of I'wq-limits we know that we can find a sequence
{{xn, #nl}az1 S W(T) x LX(T, H) such that x, — x in W(T), u, — x in L2(T, H)
and

Hm[J (X, tny M) + 850, (K, n)] < T (x, 1, 1) + 8agy + € < 00.

Hence for all n large enough, we have that [x,, u,] € A(A,) and so
limm(A,) <1im J(x,, #n A) < m(A) + €.
Let € | 0. We get that
imm(,) < m(). ®

From (7) and (8) above, we deduce that m(),) — m(}) and so we have proved
that A — m(A) is continuous.

5. Semilinear systems

In this section we consider systems with semilinear dynamics. The linearity of the
partial differential operator x — A(x, A) allows us to incorporate in the framework
of this paper, semilinear systems with weakly convergent coefficients (e.g. rapidiy
oscillating coefficients).

Solet T and Z C RY be as before. We consider the optimal control problem

frf L(t,z,x(t,2), u(t, 2), A(2))dzdt — inf = m(}),
0 z
dx
Erie
= f(t,z,x(t,2), \(z2)u(t,z) ae.on T x Z,
X lrxr= 0, x(0,2) = x0(z) a.e. on Z, xo(-) € L*(Z),
lu@| <0, z,A(2)) ae.

S.t.

N
Y Di(aij(z, M2)Djx (¢, 2))
i,j=1 (9)

We will make the following hypothesis on the coefficients, a;;(z, A):

H(a), for every A € A, a;;(,A()) € L¥(Z), a;;(-,A()) = a;(-,A()) i, ] =
1,2,...,N, forevery z € RY, my|jz|® < Y0, a1z, M2)ug; < myliz|?
with 0 < m; < m, < oo and if A, — A in A, then a;(-,A,(-)) —
a;;(-, A(-)) in L3(Z) forall i, j € {1,2,...,N}and 3~ | Dia;;(-, An()) >
S Diai;(-,A(-)) in H'(Z) forall j € {1,2,...,N}.
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In this case ¢(z, x, A) = (A(z, A)x, x)gv Where A(z, 1) = (a;;(z, A)]',_, € RV*V.
Let ®: HJ(Z) x % x A — Rbe ®(x,2Z,1) = [,¢(z,x(2), AM(z))dz, where as
before (see the proof of Proposition 1), % is the collection of all open subsets
of Z. Then because of hypothesis H(a),, we have that if A, — A in A, then
Coeq (N, w-Hy (Z2))®(x, A,) = ®(x, A) (see Dal Maso [3]). Soif for A’ € A we define
AW) € L(H)(Z), H™(Z)) by (AQ)x, y) = [, 11,0, aij(z, X (2)) Dix(2) D;y(2)
dz, then from Theorem 3.2 of Defranceschi [5], we have that A(A,,) 5 A(A). Hence
the proof of Proposition 2 goes through and therefore we can state the following result.

THEOREM 2. If hypotheses H (a),, H(f), H(0) and H(L) hold, then for all \ € A,
Q) # @ the set-valued map . — Q(A) is u.s.c. from A into the nonempty, weakly
contact subsets of W(T) x L*(T, H) and m: A — R is continuous.

As a simple illustration, let Z € R? and assume that the sequence of partial
differential operators of the approximating problems is B, = —A — 1 cos(nz,) D}.
Remark that {% cos(nzz)}.>1 1s a sequence of C* functions, which converges strongly
in H~'(Z) butnotin L%(Z) (recall that by the Riemann-Lebesque lemma % cos(nz,) —
0in L?(Z) and since L2(Z) embeds compactly in H~'(Z), we have } cos(nz,) 30
in H™'(Z)). Then B, X% B = —A and so Theorem 2 is applicable for systems
monitored by parabolic partial differential equations involving these operators. In
particular then we have convergence of the corresponding optimal values.

If N = 1, the situation is simpler. In this case the partial differential operator is
—diz(a(z, A2) ‘;—’; and hypothesis H (a); takes the following form:

H(a), foreveryA € Aandalmostallz € Z, m, <a(z,A(z) <myandif A - Ain

in L*(Z).

1 » 1
a(-,24,())  a(,A()
Under this hypothesis, we know (cf. Dal Maso [3]), that

A then

TN, w-HY(Z)®(x, Z', An) = ®(x, Z', 1),

where ®: Hi(Z) x % x A — R is given by ®(x, Z',)) = [, a(z, A’(z))(‘;—’;)zdz.
So again Proposition 2 is valid and so we state the following result.

THEOREM 3. If hypotheses H(a),, H(f), H(0) and H(L) hold, then for all A € A,
Q(A) # 9,the set-valued map A — Q(A) is u.s.c. from A into the nonempty, weakly
contact subsets of W(T) x L*(T, H) and . — m(}) is continuous.

=1

1
a

This is the case for example if a,(z) = 1 + €™ and a,(z) = 1. Then al SN
in L*(Z). Note that ||la, — all« = 1. So a, / a strongly in L*(Z).

REMARK 4. This type of coefficient convergence was considered by Sokolowski [10].
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Finally, we mention that the framework of this paper allows us also to treat optimal
control problems with homogenization in the dynamics. In this case in the context of
semilinear systems a;5(z) = a;;(y»z) with a;; periodic and y, — oo (see Dal Maso
{31, Chapter 24). Also we can investigate systems with controls in the coefficients
(see Sokolowski [10]).
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