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Abstract

Twisted K-theory classes over compact Lie groups can be realized as families of Fredholm operators
using the representation theory of loop groups. In this paper we show how to deform the Fredholm family
in the sense of quantum groups. The family of Dirac-type operators is parametrized by vectors in the
adjoint module for a quantum affine algebra and transforms covariantly under a central extension of the
algebra.
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1. Introduction

Let X be a topological space and Fred.. the space of self-adjoint Fredholm operators in
a complex Hilbert space H with both positive and negative essential spectrum. This is
a universal classifying space for K'. Indeed, one can take as the definition:

K'(X) = {homotopy classes of maps f : X — Fred,}
and in the even case
K°(X) = {homotopy classes of maps f : X — Fred},

where Fred is the space of all Fredholm operators in H.
The Chern character
ch: K'(X) -» H°Y(X, 2)

is an additive map into the set of all odd cohomology classes. In particular, the degree-
three component DD(f) = chs(f) of [f] € K'(X) is called the Dixmier-Douady class
of the gerbe defined by the family f(x) of Fredholm operators. In the de Rham
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cohomology an equivalent construction of DD(f) comes from the family L,; of
complex line bundles. One can choose the curvature forms w,, such that

W +a)/l//l;/ = W

and, with a partition of unity ), p, = 1 subordinate to the cover by the open sets U,,
one has

DD(f) = Z doi N wyy.
A

This does not depend on the choice of 2. The 3-cohomology class is related to
quantum field theory anomalies and it transgresses in the Hamiltonian formulation
of gauge theory to central or, more generally, abelian extensions of the group of gauge
transformations [2].

A 3-cohomology class [HH] can be used as a twisting in K-theory. Instead of
a globally defined family of Fredholm operators over X, we have local families
fo 1 Uy — Fred(H), where {U,} is an open cover of X that satisfies the condition that
on the overlaps U, N Ug we have

o) = hpa () fu(X)hga(X) ™.

Here the hp are the transition functions for a principal PU(H) bundle P over X. Recall
that PU(H) = U(H)/S" is the group of projective unitaries in H. The equivalence
class of the bundle P is given by [H]. The local 2-forms w,z are given as the pull-
backs h;ﬁw, where w is the Chern class of the canonical complex line bundle over
PU(H).

Quantum field theory provides a method for constructing twisted families of
Fredholm operators. In particular, one can use the supersymmetric Wess—Zumino—
Witten (WZW) model in the case when X is a compact Lie group. This construction
actually provides an operator theoretic realization for the relationship between twisted
K-theory and the Verlinde algebra in conformal field theory, shown in [4]. In the next
section, we will briefly recall the construction of the nondeformed family of Dirac
operators [8].

2. The supersymmetric WZW model

Families of Dirac operators D4 on the unit circle S! coupled to smooth vector
potentials A transform covariantly under the gauge group action and so define an
element of K*(A/G) = K*(G). Here G = QG is the based smooth loop group of a
compact Lie group G. The quantized Dirac operators éé acting in a fermionic Fock
space transform covariantly under a central extension LG of the full loop group LG.
Thus, the family D, is a candidate for an element of twisted K-theory on the moduli
space of gauge connections. However, there is a catch: these operators are essentially
positive. We need operators with both positive and negative essential spectrum.

To find genuine nontrivial twisted K-theory classes, we have to go to the
supersymmetric WZW model. Morally, the family of Fredholm operators is now a
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family of Dirac operators on the loop group LG. We cannot make sense of the Dirac
operators on the infinite-dimensional manifold LG by standard analytical methods
(we would need a Haar measure on the group LG), but there is a purely algebraic
construction using the highest weight representation theory of LG.

Concretely, the operators are acting in a tensor product H = H; ® H),, where H,
carries irreducible highest weight representations of LG of level k=0,1,2,...and H i
carries an irreducible representation of the Clifford algebra of the vector space Lg.
The Clifford algebra is then used to construct a (reducible) representation of the
central extension § of Lg, of level «, the dual Coxeter number of g. A basis for
the Clifford algebra consists of elements ¢ withneZ anda=1,2,...,dimg with
anticommutation relations

Yl + ¥y ¥a = 20a0n-m-

The commutation relations of the basis vectors 77 of Lg in the representation space H),
are

k
[T(;l, T/',n] = /labcTéHm + Zéabndn,—ma

where the A, are the structure constants of g in a suitably normalized basis and the
Dirac operator Q4 coupled to a vector potential on S! is

J k+
On=if @T" - lezabcwgwg" Sl i LA o1 2.1)
j k+
=it T, + %‘/’ZKJ” ®1+i— SWAT @ 1. 2.2)

Here the K satisfy the same commutation relations, as operators in Hy, as the
operators 77 except that the level is « instead of k. In addition, the A? are the Fourier
components of a vector potential on the circle.

The family Q4 transforms the loop group LG covariantly under the projective
representation of level k + « defining an element in K(G, k + k) corresponding to
the Dixmier—Douady class [H] in H*(G,Z) equal to k +  times the basic class in
H3(G) = Z when G is a simple, simply connected, compact Lie group.

Indeed, since A/QG =G and G C LG, we have a G equivariant class, which is an
element of K;(G, H). In the g-deformed case the gauge symmetry is not a group but
a Hopf algebra and the moduli space of gauge connections is not defined. Instead, the
role of the Dixmier—Douady class [#] is completely taken over by the (level of) the
central extension of the quantum affine algebra.

Our construction can be viewed as a generalization of [1], from the quantum SU(2)
algebra to quantum affine algebras. A more detailed article is in preparation [5]. We
want to stress that we are not trying to construct a spectral triple, in the sense of
noncommutative geometry, using the generalized Dirac operator. Such constructions
for compact quantum groups have been discussed in several papers during the last ten
years. We refer the interested reader to the recent paper [9] for the references to the
earlier literature contained therein.
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3. Quantum affine algebra

Let g be a simple finite-dimensional Lie algebra and § the associated affine Lie
algebra. The quantum affine algebra U,(d) is generated by vectors eg, ey, . .., e,

fo, fis- ... frand Ko, Ky, ..., K¢, K'Y, ..., K with the relations
K- K
[ei’ ﬁ] = 6ijﬁ, K’Kl = KJ'K,',

Kie)K; ' =q%e;, KifiK'=q"f;,

l—a,j
Z<—1)k[1_kau] e, ek =0 (i#)).
q

k=0

]*a,'j
1_ ij —ajj— . -
Z“”"[ ka’] £ gt =0 G,
k=0 q
where

b

[m} :mq(m—l)q---(m—k-i-l)q
kq kytk—=1)g--- 1,

ky=1+q+---+4"".

Here the parameter g is a positive real number and the integers a;; are the matrix
elements of the Cartan matrix of §.

Let A7, for n € Z and i a label for the basis in the adjoint module of g, be a basis for
the g-affine adjoint module. Under g each ‘Fourier mode’ A" transforms according
to the adjoint representation of U,(g), which is a g-deformation of the adjoint
representation of g. The generator e( increases the index n by one unit, while f;
decreases it by one unit. For example, for g = sl(2) one has the explicit formulas

Al = fAl=0, fIA]=A), eA] =Ap,
ady =(g+q DAL fAj=(g+q HAT,
fiy =A%), ey = Ay,
elAl; = (g +q DAY oAl =(g+q DAY,
FAL = 0=e)A”,,
KiAT = g% AT = K AL
The vectors A will be constructed as operators acting in a Fock space carrying a
representation of U,(§) such that the adjoint action is given by

x-Al= ) WAIS(X)  for x € Uy(),
(x)
where S : Uy(8) — Uy(8) is the antipode and A(x) = 3 (,) X’ ® x”” is the coproduct
A:U;—»U;®U,. We also need the Clifford algebra generated by elements ¢
acting in the Fock space and transforming under U,(8) according to the dual adjoint
representation (which, in fact, is equivalent to the adjoint representation).
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4. The Dirac operator

The Dirac operator Q acts on H, ® H),, where H is the g-fermionic Fock space and
H), carries another highest weight representation of U,(§). The action of the nontrivial

central extension is seen in the action of the element KoK - - - Ky, which is no longer
equal to the unit operator, but a power of ¢ whose exponent depends on the level of the
representation.

inZlﬁZ@T;"+i%Z¢/2Kg”®l.

Here the T/ are basis vectors of the adjoint module, acting as linear operators in the
space Hj,. We also need another copy of the adjoint module, acting on the space H;.
The components are denoted by K. The vectors i/ are elements of a quantum
Clifford algebra which act as operators on a g-Fock space Hy. These will be defined
in Section 4.1. In contrast to the undeformed case, the operators K7, T); do not satisfy
the defining relations of the algebra U,(8).

Let R be the universal R-matrix for the algebra U,. An explicit construction is given
in [6]. Following [3], we can then define a basis for vectors in a submodule A C U,
which transform according to an adjoint representation

ad,(x)v = Z xX'vS(x")
(x)

of U, on itself. A basis is defined by
AP = ) K s ® 1A,

where A = (R'R - 1)/h, with ¢" = g and RT = cRo. Here o permutes the factors in
the tensor product U, ® U, and the m,, 4., are the matrix elements in the defining
representation V of U,,.

For example, for § = 5(2) the basis in the defining representation is v/, with n € Z
and @, =4, and i = -1, 0, I in the formula for A? above. The numerical coefficients
K come from the identification of the basis of the adjoint representation as linear
combinations of the basis vectorsin VQ V.

The action of the Serre generators in the defining representation is

no_ no_ no_ .n n _  n+l n _  n—1
eV, = fovi =0,  fivi =VI, egVp =V, eV =V,
no_ .n n _  n—1 no_n _— n
ev_ _V+$ f()V?—V+ s eovf—O—flV—’

n +1. n —1.n
K =g Vi =K, v,.

4.1. Generalized affine Hecke algebra, the case of Uq(;I(Z)). The affine Hecke
algebra for § is defined through the relations coming from the R-matrix R = o'R in
the tensor product VO ® V0. See [7] for the use of the Hecke algebra for constructing
Fock space representations of U,(sl(n)). The matrix satisfies

R-¢gHR+¢q)=0,
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since —g and ¢~ are the only eigenvalues of the invertible matrix R. Denote by Y,
the shift operator which sends v} ® V! to vl e v} and by Y, the corresponding shift

operator acting on the second tensor factor. The matrix R acting on V is then defined
using the relations

RY,=VR, RV=YR+(g-q )Y

Indeed, the second relation follows from the first and the minimal polynomial relation.
Now the braiding relations are given by setting the ideal in the tensor algebra of V
generated by the elements
@' +R(VeV)

equal to zero. In particular, these have the consequence that any v?v’;? with n > m can

be written as a linear combination of vectors v/ v?

V) With p+g=n+mand p <gq. Inthe
zero mode space V° the meaning of the braiding relations is that they project out the
‘symmetric’ part of the tensor product V° ® V°. The three-dimensional representation
is the eigenspace of R with eigenvalue ¢~' and the one-dimensional component
corresponds to the eigenvalue —q.

To complete the construction of the Dirac operator, we also need the generalized
Clifford algebra in the coadjoint representation. The algebra is generated by vectors
Y! withneZand i = 1,0, —1. The defining relations are given by braiding relations
and an invariant (nonsymmetric) bilinear form. The braiding relations are defined
recursively, similarly to the case for V (or V*) with the difference that the R-matrix R in
the adjoint representation has three rather than two different eigenvalues. These eigen-
values are now —¢ 2, ¢*> and g~* with multiplicities 3, 5 and 1, respectively. The Fock
space representation of the Clifford algebra is defined similarly to the undeformed
case: it is generated by a finite-dimensional irreducible spin representation of the zero
Fourier mode algebra, with the additional relation that this subspace is annihilated by
the elements ¢! for n < 0.

Finally, the action of Uq(a(n)) is defined in the tensor algebra modulo the ideal
generated by the elements (4.1) below, over the coadjoint module, using the opposite
coproduct A°P(x) = 3,y X" ® x'.

The negative eigenvalue corresponds again to a three-dimensional ‘antisymmetric’
representation and the positive eigenvalues to a six-dimensional ‘symmetric’
representation. The latter contains the one-dimensional trivial representation. The
Hecke algebra is replaced by a generalized Hecke algebra,

Vi =1Y,
R-gHYR-gHR+47)=0,
RY, =R, RV, = YR+ (4 - g DY,
where the middle relation is the minimal polynomial of the diagonalizable matrix R.

The generalized symmetric tensors correspond to positive eigenvalues of R. In the
Clifford algebra, symmetrized products are identified as scalars times the unit. That is,
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we fix a Uq(a(Z)) invariant bilinear form B and the Clifford algebra is defined as the
tensor algebra over V modulo the ideal generated by

Pu®v)— B(u,v)-1, “4.1)

where P is the projection on the positive spectral subspace of R. In the case when V
is the adjoint module for U,(sl(2)), one can fix B by identifying the first factor V with
the dual V* and using the natural pairing V* ® V — C. Alternatively, one can view B
as the projection onto the one-dimensional trivial submodule inside of the ‘symmetric
module’.

4.2. The family of Dirac operators. In the nondeformed case one has, for an
infinitesimal gauge transformation X € Lg,

., k+

[X. Q1= (k+ 1) ) (- X" = =

and for, a family of operators Qa = Q + ((k + k) /4y A",

k
[X, Qa1 = "W 14, X] + dX).

. dx)

In the ¢g-deformed case A is to be understood as a vector in the adjoint module extended
by Cc. The above equation is replaced by

DX O0AS () = Qun,

()
where x, denotes the adjoint action in the centrally extended module,

x:A=x-A+ A (A)c.

Here A, is a linear form on the adjoint module which is linear in the argument
x € Uy(sl(2)). It satisfies the cocycle relation

lxy(A) =Ly A).

Here c is an element of the extended module such that x - ¢ =0 for all x € U,,(;I(Z)). It
is enough to give a value of A, when x is a Serre generator. The only nonzero forms
are A,, and Az,. The former is nonzero only for the component A = A' and the latter
for A = All. In the particular case when the adjoint module is acting as operators in a

level 1 representation of Uq(gf(Z)), we have A,,(A]") = —¢ ' and A5, (A’ ) =q7".
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