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Abstract

This work is concerned with the exponential turnpike property for optimal control problems of particle systems and
their mean-field limit. Under the assumption of the strict dissipativity of the cost function, exponential estimates
for both optimal states and optimal control are proven. Moreover, we show that all the results for particle systems
can be preserved under the limit in the case of infinitely many particles.

1. Introduction

For optimal control problems of time-dependent differential equations, the exponential turnpike prop-
erty states that the optimal solution remains (exponentially) close to a reference solution. Usually, this
reference solution is taken as the optimal solution to the corresponding static problem. The concept of
turnpike was first introduced for discrete-time optimal control problems [15, 31]. Since then, many turn-
pike results have been established, and there has been recent interest in the mathematical community
[14, 21-25, 29, 34, 35].

In the present work, we focus on the exponential turnpike phenomenon for optimal control problems
of a class of interacting particle systems and their mean-field limit equations. Important applications for
these systems occur in the fields of swarm robotics [13], crowd dynamics [3], traffic management [32]
or opinion dynamics [5], to name but a few.

The original formulation of the interacting particle system is usually at the so-called microscopic
level and given by a coupled system of Ordinary differential equations (ODEs). Alternatively, one can
also focus on the collective behaviour by considering the probability density distribution of the par-
ticles and investigating the corresponding McKean—Vlasov or mean-field equation (see, e.g. [1, 8, 9]
for results involving control actions). The control of large-scale interacting particle systems has gained
recent interest (see, e.g. [5, 10, 12]). The control of high-dimensional system is challenging, and cur-
rent approaches resort to, for example, using Riccati-based [2, 28], moment-driven control [4] or model
predictive control approaches [5, 6, 33]. Motivated by this, we aim to utilise the turnpike property to
control those high-dimensional systems [7, 30, 37]. More precisely, we prove the exponential turnpike
estimate for ODE systems with an arbitrary particle number and show that the property also holds in
the mean-field limit. Here, we utilise the particular structure of interacting particle systems to derive the
turnpike property.

The topic of turnpike property for mean-field optimal control problems has been studied recently in
[27]. At this point, we would compare [27] with the present paper and point out our main contributions.
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(1) In [27], the authors prove the turnpike property with interior decay [26], which is a time integral
property [18]. In the present paper, under similar assumptions (with a minor modification), we present a
point-wise exponential estimate, which is more quantitative. (2) In addition to the estimate of the optimal
solution, we also prove the exponential decay for the optimal control.

As in [27], our basic assumption is that the optimal control problems satisfy a strict dissipativity
inequality. By considering a feedback control, we obtain the cheap control inequality. Then, we use this
inequality iteratively to prove the exponential estimate for the optimal solution. This iteration technique
has also been used to prove the turnpike property for other optimal control problems (see, e.g. [16]). Note
that all the estimates for particle systems are independent of the particle number N. Thus, all results are
also expected in the mean-field level as N — oo. By using convergence in the Wasserstein distance and
the lower semi-continuity of the cost function, we prove the corresponding exponential decay property
for the solution of the mean-field optimal control problem. In order to establish the exponential decay
for the optimal control, we design a specific feedback control (see also [17]). In this way, the optimal
control can be bounded by the optimal solution. Combining with the estimate for solutions, we also
prove the exponential decay property for the optimal control with respect to time z.

The paper is organised as follows. In Section 2, we state the problem and present some basic assump-
tions. In Section 3, we prove the cheap control property for the optimal control problem of the particle
system. By considering the limit N — oo, we prove the same property in the mean-field level. Based on
these results, we prove the exponential turnpike property for both the particle system and the mean-field
problem in Section 4. At last, the auxiliary estimate in the Wasserstein distance is given in Appendix A.
The main results are Theorem 4.3 on the exponential turnpike property for the particle system and
Theorems 4.4-4.5 for the mean-field problem.

2. Preliminaries

Consider the optimal control problem Q(0, T, 1y):

VO, T, 1y = mgl/ /L(x)du(t,x)dt—i—/ /\I‘(u(x, N)du(t, x)dt
ue. 0 0

:= min f F(u(t, x), u(t, x)) dt. 2.1)
ueF Jo

Here, u(t,-) € P, (R”) is a probability measure on R? defined for 7 € [0, T, and it satisfies the following
equation in a distributional sense:

A+, - ((P*M+u)u> =0, O0<t<T, xcR‘
(0, x) = po(x). (2.2)

Here, P(x) € R? is a vector-valued function and

@*mmo=/

R

) P(x — y)du(t, y).

As that in [20], we take the control u(t, x) € F satisfying

Definition 2.1. Fix a control bound 0 < Cy < 00. Then u(t, x) € F if and only if
(i) u:[0,T] x R — R? is a Carathéodory function.

(ii) u(t,-) € Wi (R?) for almost every t € [0, T].

(iii) |u(t,0)| + Lip(u(t, -), RY) < Cp for almost every t€[0,T). Here, Lip(u(t,-),R?) is the Lipschitz
constant for u(t, -) such that |u(t, x) — u(t, y)| < Lip(u(t, -), RY)|x — y| for all x,y € R?.
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Remark 2.1. In [20], the control bound can be chosen as an integrable function I(f) € L(0, T) for 1 <
q < oo. For simplicity, we take the bound to be constant.

Next, we show assumptions for the optimal control problem (2.2).
Assumption 2.1. The cost function f satisfies the following assumptions:
(i) Strict dissipativity: there exists a constant Cp such that for any b>a>0 and any pairs

(u(t, x), u(t, x)) € P,(RY) x F, the following inequality holds

b b
[ vtz co [ [ (58 + e du. v
a a JRd

(ii) There exists a constant C, such that L(x) < C,|x — x|* for all x € B(X,R) := {x € R?: |x — X| <R}.
Moreover, there exists a constant Cy such that W(u) < Cy|u|* forallu € B(O,R) = {u € R?: |u| < R}.

(iii) The interaction function P(x) satisfies P(0) = 0 and the following Lipschitz property:
|P(x) — PO)| = C,lx —yl, VxeR (2.3)
with Cp > 0 a constant.

Remark 2.2. These assumptions are also used in [27] except for condition (ii). Here, we need to assume
that both W and L can be bounded by quadratic functions. Note that this assumption is also satisfied for
the example of [27].

For further discussion of the optimal control problem, we consider the empirical measure on [0, 7] x
R*:

1 N
(6, = Z 8 (x —xi(1)) . (2.4)
Here, x,() i=1,2,...,N) is the solution to the optimal control problem Qy(0, T, x,):

N T
V(0. T,.x0) = min ]%, Z / LOx(0)) + W (e, x(0)dr,

D _ LS by — 50)+ 5 (0)
= — X; — X; uy\t, X; B
di N4 7 N
X:i(0) = xp. (2.5)
Here, x(t) = (x;(¢), x,(¢), . . ., xy(¢)) represents N particles, xy = (x19, X209, - - - , Xno) i the initial data and

uy(t, x;(1)) is the control. We use the subscript N to emphasise the dependence of the optimal control uy
of (2.5) on the number of particles N.

Remark 2.3. Problem 9Qy(0, T, x,) can be formally derived from the original optimal control problem.
For any N, we have

Fpy, uy) = / L(x)dpn(t, x) + / W u(t, X)) (1, %)
1 N
= 5 2 [+ Wt v |
i=1

which implies that the cost function in (2.5) is given by

T
Vv(0, T, x;) = min / Sy, uy)dt.
uyeF 0

As outlined in the remark, the optimal control problem (2.5) and the original problem are intertwined.
Under Assumption 2.1, the existence and uniqueness of the problems (2.1)—(2.2) has been established
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in [20]. To recall the theorem, the definition of the p—Wasserstein distance between two probability
measures (¢ and v is given:

1/p
W,(u,v)=inf (/ Ix—yl”dy(x,y)) :
ey \ Jgoa

Here, I'(u, v) denotes the set of transport plans, that is, collection of all probability measures with
marginals ¢ and v (see also [36]). Having these preparations, we state the existence theorem in [20],
which gives the unique solution to the optimal control problems (2.1)—(2.2) as a mean-field limit of the
N-particles problem (2.5).

Theorem 2.1. Assume that the initial data 1, in (2.2) is compactly supported; that is, there exists
R >0 such that supp 1o C B(0,R). Moreover, we assume that the empirical measure uy(0,x)=
% Ziil 8 (x — x;0) converges to W, in W, distance. Let

1 N
(e, ) = Z 8(x — xi(1))

be supported on the phase space trajectories x;(t) € R, fori=1,...,N, defining the solution of (2.5)
with the optimal control uy. Then, there exists a subsequence (ly,, uy,) such that uy, converges to u in
F as k— 0o and

Hm Wy Gy, (@, ), w(0) =0

uniformly with respect to t € [0, T]. Here, u(t,x) is the weak equi-compactly supported solution to
the mean-field problems (2.1)—(2.2) with the optimal control u(t,x). Namely, for all t € [0, T], the
distribution u(t,x) € C([0, T1; P,(RY)) satisfies supp u(t, -) C B(0, R) and

/¢(I,X)dM(I,X)—/cb(O,X)dMo(X)

= [ / [3,¢(s,x) + V.o(s, x) - (P * w)(s, x) + u(s, x))]d,u(s, x)ds, V¢ eCr(0,T] x RY). (2.6)
0

Furthermore, we have the following lower semi-continuous property:

T T
/ S, ), u(t, -))de < lilfn inf/ S (2, ), uy (2, -))dt. 2.7
0 - Jo
Here, f(u(t,-), u(t,-)) = f L(x)du(t, x) + f W (u(x, 1))du(t, x) is the time-dependent functional defined
in (2.1).

For the exponential stability later, we discuss solutions (7, x) in C([0, T1; P,(R%)) with metric Wh.
By adapting the method in [11, 20], we have

Lemma 2.2. For fixed control u(t, x), if u(t, x) and v(t, x) are solutions to (2.2) with initial data |1, and
Vo satisfying the assumption in Theorem 2.1, then there is a constant C > 0 such that

WZ(/J'(t, ')7 U(t’ )) E eCY WZ(H’O’ UO) fOr te [Oa T]

Some remarks are in order. The proof is similar to [11, 20] for the stability in WV, and deferred to
Appendix A. Hence, the optimal solution is unique in C([0, T]; P,(R?)) if the initial data 1, € P, (R").
Due to this argument, we assume that the optimal solution w(t, x) also satisfies

1im Wa(uux, (1, ), (t, ) = 0 2.8)

uniformly with respect to # € [0, T]. The assumption is justified since we have the convergence in VV, and
the uniform boundness of the second-order moment for py (%, -) with respect to N (see, e.g. Theorem 4.3).
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3. Cheap control property

The cheap control property of the optimal control problem shows that the optimal values are bounded by
the distance between the initial state and the desired static state. Combining the cheap control property
with the strict dissipativity, we provide a bound on the second-order moments of the probability density.
More specifically, for the N-particles system (2.5), we prove:

Lemma 3.1. Suppose uy is an optimal control to the problem Qy(0, T, x,) and x(t) is the corresponding
solution, then uy| 1) is also an optimal control to the sub-problem Qy(a, T, x(a)) for any 0 <a < T.
Moreover, the following inequality holds under Assumption 2.1:

1« [’ 1 &
52 / b (0) = 3 + lun (6, x,(0) Pt < Cos D (@) — . 3.1)
i=1 Y4 i=1

Here, Cy is a positive constant independent of N and T.

Proof. Suppose there exists a control #y, defined on 7 € [a, T], such that the corresponding solution x(¥)
satisfies X(a) = x(a) and

T T
/ Sy, wy)dt < / Supw, wy)de.
Here, [1y is the empirical measure given by
1 N
=" ;S(x—fcim).

Then, we construct a control

uy(t, x), te€[0,a)
uy(t, x), tela,T].

’:tN(tr -x) - {
In this case, the cost satisfies

/ f(y, ty)dt = f Sy, uy)dt +/ Sfiy, uy)dt < / S, uy)dt.
0 0 a 0

This contradicts to the fact that (x(¢), uy()) is an optimal solution on [0, T]. Therefore, uy|,cj, 7 is an
optimal control for the sub-problem Qy(a, T, x(a)).
Thanks to the strict dissipativity, we have

T T
[ stuweupir= o [ [ (=58 + a0 s
a a R4

1 ([T 3
=Coy Y- [ ) =5 + e x )P
i=1 V4
By Remark 2.3, we obtain the estimate (3.1) once we prove the following cheap control inequality:
T 1 N T 1 N
/a Flus it = Z f L) + Wyt 5())dr < CoCos Z (@ -3 (32

for a constant C;, > 0 independent of N and 7.
Next, we focus on the proof of (3.2). To this end, we consider the feedback control for the problem
2.5):

N
(50 = 0O D~ Y PEO-F@),  i=12, N, relaT)
j=1
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Note that ity € F holds. Indeed, due to assumption (2.3), we have that

N

() — ()] = B =)+ 1 D [P ) — POy~ 50|

j=1

1 N
<Ble—yl+Cos D Ix =21 = (B +Crllx—yl,

j=1

which gives a Lipschitz constant for uy(¢, -). Based on this feedback control, x;(¢) satisfies the equation

dx;(t) - _ -
7 —Bx:() — X), Xi(@) = xi(a).
It follows that
1%(t) — x> = e " |%(a) — X* = e xi(a) — X7 (3.3)

In the next paragraph, we estimate |iiy(z, X;(£))|>. By definition, we have
~ ~ 2 2% -2 I+ ~ ~ :
(e B = 28250 =3 +2| 2 Y PGO = 50)]
=1
Using Jensen’s inequality, we have
| AR NI S P
= Y PaO-50)| =+ Y |Pao 50| (3.4)
Jj=1 Jj=1
Due to the assumption of P(x), we have
1 N 5 Cz N
5 2 |PGEO =50 = 2D B0 -F0F
J=1 j=1
e 20N
< 2GR0 — 3 + =5 350 -3
j=1
Then, it follows that
4C
liy (2, X(0)* < 2B° +4Cp)|x(H) — XI” + TP Z |%(1) — XI°.

J=1

We sum i from 1 to N and get

1 o 1 &

I Z (6, ) < C(B, Co); Z %:(0) — X[
with C(8, Cp) = 2% + 8C;. Since uy is optimal in (2.5), we have

1 & r 1 & T
¥ ;/a Lx(1)) + W (un(t, x:()))dt < N ;/H L) + Wiy (1, %:(1)))dt
1 <& (7
=(C(B, CpCy + CL)N ; /a |X,(t) — x|*dt.

https://doi.org/10.1017/50956792524000871 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792524000871

European Journal of Applied Mathematics

7

Note that the last inequality is due to Assumption 2.1 (ii). Substituting (3.3) into the last inequality, we

have

N T
33 [ L) + Wt x oy

T 1 N
<(C(B,Cp)Cy + Cy) (/a e_zﬂ“_a)df) N ; Ixi(a) — X|*.

It is easy to show that

a 1
<

T_ﬁ'

T
/ e—Zﬁ(t—a)dt — Le—%ﬁ(t—a)
a 28

Then, we conclude
e (7 C(B, Cr)Cu + Cu 1 ﬂ
N ;/ Lxi()) + W (un (2, xi(1))dt < 28 N ; lxi(a) — xI".
Note that the inequality (3.2) holds if we take the constant

o _ CB.CICy + G,
o 26C)

s

which is independent of N and 7.

(3.5)

O

The estimate (3.1) is independent of N. We consider N — oo to get the corresponding result for the
mean-field problem. To this end, we also need to use the lower semi-continuity of the cost function (2.1).

Namely, we prove the following property for the mean-field problem.

Lemma 3.2. Suppose (u(t, x), u(t, x)) is the solution to the optimal control problems (2.1)—(2.2), then

the following inequality holds under Assumption 2.1:

/ / <|x —x|? + |ut, x)|2)d,u(t, x)dt < Cy / |x — x|’ du(a, x).
a Rd

Proof. Due to lower semi-continuity, we have

/ f(u(t, x), u(t, x))dt < liin inf/ Sy, (8, X), uy, (2, x))dt

Ni T
— liminf — > / L(x(1) + W (u, (£, x:(2)))dr.

k—o00 Nk -

On the other hand, since uy, is the optimal solution to (2.5), it follows from (3.2) that
T 1 Nie T
/ J(u(t, x), u(t, x))dt < liminf — Z / L(xi(1)) + W (uy, (¢, x(1)))dt
a k=00 Nk i—1 Ya
1 &
. . - 2
< lim inf CDCOE ; Ix(a) — |

= CDCO/ |x — X|*du(a, x).

Here, C, is the constant introduced in Lemma 3.1. Using the strict dissipativity shows that

(3.6)

Cp / / <|x — X + |u(t, x)|2)d,u(t, x)dt < f f(ult, x), u(t, x))dt < CpC, f Ix — X’ du(a, x).
a R4 a

This is the relation (3.6), and we conclude the result.
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We conclude this section with the following remarks:

o The inequality (3.6) is the mean-field limit of relation (3.1).

o The right-hand side of (3.6) is independent of 7. As in other turnpike results, this shows an inte-
gral turnpike property. Namely, the second-order moments fRd <|x — X2 + |u(t, x)|? )du(t, x) must
be small along the largest part of the time-horizon provided that T is sufficiently large.

o The cheap control idea was also used in [27] to prove the integral turnpike property with interior
decay. Different from the results in [27], the present work uses the second-order moment fRd |x —
X|*du(a, x) as the bound in (3.6) instead of the first-order moment. This is important for the proofs
in the next section.

4. Exponential turnpike property

In this section, we will prove that the optimal solution to (2.1)—(2.2) converges to the optimal static state
exponentially fast. In general, the optimal static state (@(x), u(x)) is a solution to the problem:

min f(i(x), u(x)) := min / L(x)dji(x) + / W (u(x)dfu(x),

st Vx-((P*,tTL—I—I;t)/TL):O, xeR.

In the present work, we focus on the case where i(x) = §(x — X) and u(x) = 0. We check that fu(x) satisfies
the equation in the weak sense: for all ¢ € C°(R?),

/ Vi - (P [+ Wdfi(x) = f V¢ - P(x — X)dji(x) = 0.

Thus, it is not difficult to see that (i(x), u(x)) = (§(x — X), 0) is an optimal static state.

The estimates on the inequalities for the optimal solution z(#, x) and the optimal control u(t, x) are
given separately (see Theorems 4.4 and 4.5 below). To this end, we derive the estimate for the optimal
solution x;(¢) of the N-particles system. Then, we consider the mean-field limit N — oo to obtain an
estimate for wu(z, x). At last, we prove that the optimal control u(#, x) can be bounded in terms of the
solution (¢, x).

4.1 Estimate for the solution
For the solution x;(f) of (2.5), we use Gronwall’s inequality to derive
Lemma 4.1. Suppose (3.1) holds, there exists a constant C, > 1, independent of N and T, such that

N

1 o ) 1 _
§ 2 ) —F =G Y ) 3P, V0sh=n<T. .1
i=1 i

i=1

Proof. We estimate y;(f) = x,(t) — x by computing:

1

noJ ’2 ,
! / L 50 0hdr = / 040, i ()

%)

1 o
=5 Z / (yi(0), PQi(t) — yi(0)))dt + f i(®), ui(1))dt. (4.2)
j=1

n ol
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For the second term, we have

n 1 n 1 n
/ 00, 0N = 5 / O+ 5 / 0P, 43)

and for the first term, we have

1 N n 1 N "
N ; /rl i@, P(yi(1) — y;(0))dt < N ; Cp'/t; [y y: () — y;(0)|dt

1 & & 3C, [
=y G [P + iyl < 37 [ o dt+—Z / wOPd. @44

n n

Combining (4.2)—(4.4) yields

1 [2d 1 3Cp
5 / S0 = (5+57) f ol dr+—Z / (o) e+ 5 f (0.

We sum i from 1 to N and multiply 1/N to obtain

1 « 1 & 1 [ 1 [
5 2 @ = 5 Y TP + (1 +4C) & 37 / ioFde+ > / i) dt.
i=1 i=1 i=1 1 i=1 Yh

Combining this with (3.1), we obtain
1 1 &
N ) =3 <G Y ) =3, Y0sn<n<T.
i=1 i=1

with C, = (24 4Cp)C, + 1. Note that C, is independent of N and 7. O]
Combining this lemma with the inequality (3.1), we prove:

Lemma 4.2. Under Assumption 2.1, the following inequality holds for any t € [nt, T] with a given
constant T > 0 and an integer 1 <n < I:

G C
— Z (1) — x> < ( - ) Z x6,(0) — X[,
Proof. We first prove the case n = 1. There exists a point #, € [0, t] such that
1 i| ()3 < - / : i| 0 —xpdr < &2 XN] 0 — 3
— x(t) —x|"<— = x;(t) —x|"dt < —— x;(0) — x|~
Ni:l 1 TJo Ni:l TN1=1
Note that the last inequality follows by (3.1). For any # > t > ¢#,, we obtain by Lemma 4.1

—Z|x,(r>—x|<cl le(z.)— %—Dx(m—ﬂ

Then we suppose the inequality holds for n > 1 and prove the result for n 4+ 1. There exists #, €
[nT, (n + 1)T] such that

(n+D)t

1 & o 1 o n
N;mm)—ﬂ <~ / z‘v;'x"“)‘x' dr

nt

Z|x(nr)—x|2 (C°C‘) Z|x(0)—x|2
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Thus, for any ¢ € [(n + 1), T], we obtain by Lemma 4.1

n+1 N
—Z|x(t)—x|2<cl Zix(r) i < (C°C‘) %;m(m—ﬂz

and this completes the proof. O

Thanks to the above lemmas, we are in the position to state the main result for the optimal solution
x;(t) of the particle system (2.5):

Theorem 4.3. Suppose Assumption 2.1 holds. Then there exist constants C, > 0 and o > 0, which are
independent of N and T, such that for all T > C,C,, the optimal solution of Qx(0, T, x,) satisfies the
exponential turnpike property:

1 & _ 1 & )
v Z () = 7 < Coe™' - Z x:(0) — X2

for any t € (0, T). Here, Cy and C, are two constants given in Lemma 3.1 and Lemma 4.1, which are
independent of N and T.

Proof. In this proof, we need to fix the constant t in Lemma 4.2 such that t > C,C;. Since T > C,C,, we
choose the constant 7 satisfying 0 < v < T. Next, we discuss the cases € (0, 7) and ¢ € [, T) separately.

For any 7 € [, T), we take the integer n = |7/t ]. Then, 1 <n < % and ¢ € [nt, T), and we obtain by
Lemma 4.2:

cC
—Z|x(r>—x| <( - ) Z|x(0)—x|

Due to the definition of n, we have n>t/t — 1. Also, the constant t is chosen such that > C,C,. Thus,

we have
Co Cl n T —n T 1—-t/t
= < .
T COC| - C()Cl

The exponential estimate is then given by

1 & . 1 &
v Z bo(0) = 3 < Coe™' - Z (0) =%, Vielr,T)

with

a T 1 T
Co=——, o= —log > 0.
C()C] T COCI

On the other hand, for 7 € (0, T), we have
éze_m > éze_ar =1.

By Lemma 4.1, we have
1 & 1 & . 1 &
¥ Z () = 3 < €1 Z (0) =3 < € Coe™ = Z 6(0) — X[,

Recall that due to the proof of Lemma 4.1, C; > 1 holds. To combine the results of r € (0, ) and ¢ €
[7,T), we take C, = C, é’z and obtain
1 N
— Z Ix(f) — X|* < Cre ™™ — Z [x(0) — X%, Vte(0,T). 4.5)
i=1 D

This theorem implies that the empirical measure has equi-compact support and bounded second-
order moments for any number of particles N. Moreover, we know that the empirical measure py(t, x)
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defined in (2.4) satisfies
Wi(un(t, ), 8(x — X)) < v/ Coe™ Wi (1 (0, ), 8(x — X))

We established the exponential decay property for the second-order moment of the empirical
measures uy(?, -) with respect to #:

/ I — Hdpan(t, ) < Coe™ / b — 2Py 0, ).

The constant C, is independent of N. Thus, we can use the uniform WV, convergence to obtain the
exponential turnpike property in the mean-field limit. Namely, we have

Theorem 4.4. Suppose Assumption 2.1 holds. For problem Q(0, T, wo) with T > CyC,, the optimal
solution u(t, x) € C([0, T1;P,(R?)) satisfies the exponential turnpike property in the sense that

/ |x — X|2du(t, x) < Cze’”’/ [x — X|2d o (x)
for any t € (0, T). Here, the constants C, and o are the same as those in Theorem 4.3.

Remark 4.1. Alternatively, the result of the mean-field problem can be also proven by a direct esti-
mate of (2.2). Namely, we may take a test function ¢(z, x) = |x — X|* xz(x) with xz(x) being a mollified
characteristic function yz(x) = Vs * X[_r-s.r+s]>» SUch that xz(x) =1 for |x| <R.

Then by the same argument as in Lemma 4.1, we have

/Ix—fclzdu(tz,x)scl/Ix—fclzdu(tl,x), Vo<t <n<T.

Similarly, the inequalities analogue to those in Lemma 4.2 and Theorem 4.3 can be also obtained.

4.2 Estimate on the control

In this subsection, we estimate the optimal control u(z, x) in the mean- field problem. The idea is to
construct a novel feedback control and take advantage of the strict dissipativity.
We divide the time interval [0, 77 into three parts:

[0,T]1=1[0,5)U[s,s +mh]U (s 4+ mh,T].

Here, s € (0, T) is a fixed time point, m > 0 is a scale parameter, which will be given later (see (4.22)),
and £ is a sufficiently small constant such that s + mh < T. We construct a feedback control u(z, x) by

u(t, x), te[0,s)
1 t—s m—1 R

i(t, x) = Zu <s + - ,x> — (P * [1)(t, x) t€[s,s + mh] (4.6)
u(t—(m—l)h,x), te(s+mh,T],

where u(z, x) is the optimal control to the problems (2.1)—(2.2) on the time interval [0, T'] and fi(z, x) is
the solution of (2.2) associated with the new control u(z, x),

Next, we discuss the solution ji(t, x) on the different time intervals.

For ¢ € [0, 5), we know that u(f, x) = u(t, x) and the initial data satisfies

10, ) = po(-)  in Po(RY).
According to the uniqueness of the solution to the mean-field equation (2.2), it is easy to see that
)= p(t, ) in Py(RY), Vie[0,s].

Here, (¢, x) is the solution associated with the optimal control u(, x).
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On the other hand, for ¢ € [s, s + mh], we use the expression of (%, x) to compute the equation of [
(for simplicity in the strong form). A similar computation holds in the weak form.

0= 3,/i(t, )+ V, - ([(P % Pt %) + it )| A, x))

"L P ot 0] 0)

N . 1 t—s
=9d,u(t,x)+ Vi - ([(P*u)(t,x)—{— %u <s+ - ,x> —

— 0,0t ) + n%V* : ([(P « )t )+ u (s n t%x) ];l(t, x)).
Moreover, by the first step, we have
fi(s, ) = (s, ) inPy(RY).
Thus, the equation for (i reads (in weak form)
/ o1, 0)d[u(t, x) — / @(s, x)d (s, x)

r

— f f [8,¢(r, D+ V() ((P* ), x) + u (s + = S,x) )]d,l(r, X)dr
0 m m

Y ¢(1,x) € Cy° ([s, s + mh] x RY) . 4.7)
Since the map that maps ¢ € [s, s +mh] to t, € [s, s + h] by

t—s
t = =5+

is bijective, we consider the test function
o o t—s o
¢t x) =@(t;,x)=¢ (s + —,x) with ¢ e Cy ([s,s + h] x R")
m
and the formula (4.7) is equivalent to

/ (1, DA, ) — / $(s, X)dus. %)

= [ [ [2d.0+ 96010 (@ 002+ 00,0 |,
0

Ve (Is,s+hl x RY). (4.8)
Here, we use the relation

r—s

1
rn=s+ , dry = —dr,
m m

and obtain that
r—s
w(t, x)=pn (S+ —,x)
m

is a solution to (4.8). Again, wu(t, x) is the solution associated with the optimal control u(z, x). Since the
solution for (2.2) is unique in P,(R?), we have

At ) =t ) = (s + [_73 ) inP,(RY,  Vrels,s+mhl 4.9)
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In the last interval, for 7 € (s + mh, T], the control is u(t, x) = u(t — (m — Dh, x), and the equation for
reads (in strong form):

0=8,4(t, )+ V, - ([(P % (1, %) + i1, 0] A, x))

=81, + V.- ([P 60 + ult = n = D, x) [ e, ).
Considering ¢t = s + mh, we have
fs +mh, )= pu(s+h,-) inPy(RY).

Thus, the weak form in the time interval (s + mh, T] reads as

/ o(t, x)d(t, x) — / ¢(s + mh, x)du(s + h, x)

- f / [a,¢(r, X) 4 Vo (r, x) - ((P % )0, %) + u(t — (m — Dh, x)]dﬁ(r, X)dr
0

Y ¢(1,x) € Cy ((s+mh, T] x RY) . (4.10)
In the new variable ¢, =t — (m — 1)k and for the test function
o(t,x) = qAS(tz,x) = q3 (t—(m—1h,x) with qg eCy ((s +h, T —(m—1)h] x R‘l) ,

equation (4.10) reads

/ Qg(l‘b x)dut, x) — / (2>(S + mh, x)du(s + h, x)

= [ [ [202 0+ 98050 (@ 0020+ utr0) |
0

VéeCy ((s+h T—(m— 1] x RY) 4.11)

for r, =r — (m — 1)h and dr, = dr. It is easy to see that u(t,, x) = pu (t — (m — 1)h, x) satisfies (4.11). At
last, we use the uniqueness of (2.2) in P,(R?) to conclude that

At )= put, Y=pn (@t —(m— Dh,-) inP,(RY), Vte(s+mh,T]. 4.12)

Summarising, we have

u(t, ), te|0,s),
) =1 pu <s+ t—_s ) , tels, s+ mhl, (4.13)
m
wW(—m—"Dh ),  te(s+mhT].

4.3 The turnpike estimate

Having the feedback control #(t, x) and its associated solution (¢, x), we proceed to estimate the optimal
control u(t, x):

Theorem 4.5. Suppose Assumption 2.1 holds. Then there exists a constant Cs; > 0 such that the optimal
control u(t,x) € F for Q(0, T, o) with T > C,C, satisfies the exponential turnpike property:

/ lu(t, x)|*du(t, x) < C3e’°"/ |x — X2 dpo(x) for a.e. t € (0, T).
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Proof. Since u(t, x) is optimal, we have

/ Fu(, x), u(t, x))dt < / FQ, x), (e, x)dt
0 0

K s+mh T
= / f(alt, x), u(t, x))dt + f(act, x), u(t, x))dt + fact, x), u(t, x))dt. 4.14)
0 K s+mh
According to (4.6) and (4.13), we have
/ ROt x), it )t = / FQut, ), u(t, X)) (4.15)
0 0
and
T T
face, x), u(t, x))dt = flu (@t —m—Dh,x),u(t— (n— Dh,x))dt
s+mh s+mh

T—(m—1)h T
= / f(u(t, x), u(t, x))dt < / f(u(t, x), u(t, x))dt. (4.16)
$ s+h

+h
Therefore, it follows by (4.14)—(4.16)

s+mh

s+h
/ FQu(t, x), u(t, x))dt < f(at, x), u(t, x))dt

s

s-+mh
<C, / / b — X7 4 |t ©)Pd (e, x)dt 4.17)

with C, = max{Cy, C;}. Notice that the last inequality is due to Assumption 2.1. Moreover, we use (4.6)
and (4.13) to obtain

s+mh
G, / / lx — X|? + |iu(t, x)Pdu(t, x)dt

s+mh 1
- m—1 2
=C4/ /Ix—xl + Iau(tl,x)— T(P*u)(tl,X)l du(ty, x)dt

t J—
with t, = s+ —s. By change of variables, the above inequality yields
m
s+mh
C, f / Ix — X|* + |i(t, x)|*d(t, x)dt
s+h . 1 m— 1 )

<mC, lx = XI" + | —u(t, x) — ——(P* p)(t, 0)|"du(t, x)dt

s m m

s+h 3 1 1 2
-2 2 m—
<mC, / / |x — x| + = —|u(t, x)|” + 3| —— (P * p)(t, x)| du(t, x)dt. (4.18)
§ 2 m? m
Note that the last inequality follows from the basic inequality
3
la+b|* < §|a|2 +3/b/%.

Using Jensen’s inequality and Assumption 2.1, we have

(P s p)(t, x)|* < / |P(x — y)Pdu(t, y) < Cplx = XI> + C; / ly — X% du(t, y). (4.19)

By (4.17)-(4.19), there exists a constant Cs > 0 depending on Cp, Cy, C; and m, such that

s+h s+h s+h
/ f(u(t, x), u(t, x)dt < %% / f lu(t, x)|*du(t, x)dt + Cs / / |x — X|Pdu(t, x)dt.  (4.20)
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On the other hand, by the strict dissipativity, we obtain
s+h s+h
/ FQu(t, x), u(t, x))dt > Cp / / lx — X|* + [u(, x)|*du(t, x)dt

s+h
CD/ / lu(t, x)|*d (e, x)dt. 4.21)

By equation (4.20)—(4.21), we conclude that

/\ s+h

Set

s

2G4 } , (4.22)

m = max {2 —
Cp

and hence, 2 MCC“ < 2. Therefore,

/ / lu(t, x)|*du(t, x)dt < —/ / lu(t, x)|*du(t, x)dt + —/ / |x — X|2du(t, x)dt.

Since m is given, we know that the constant Cs > 0 depends only on Cp, Cy, and C;, respectively.
This holds for any # satisfying s 4+ mh <T. By Lebesgue’s differentiation theorem [19], we obtain
f lu(s, x)|*du(s, x) < 4C‘ f |x — X|*du(s, x) for a.e. t € (0, T). Combining this estimate with the results

of Theorem 4.4, the proof is completed for Cy = *Z=. O

Remark 4.2. By Theorem 4.4 and Theorem 4.5, the function f in (2.1) decreases exponentially in the
sense that for any ¢ € (0, T),

J(u(z, x), M(l,x))SCL/ Ix—)_flzdﬂ(t,x)-l-cw'/|M(l,x)|2dll(l,x)

< (GG + CyCi)e™ / b — %[ d o (x).

Remark 4.3. In the proof, we adapt the technique in [17] by considering a new feedback control and
introducing an adaptive parameter m in 4.22. If the cost function in equation (2.1) is of quadratic form,

FGutt0. ) = [ =Pt + [ lute 0P,
then we have Cy =1, C, =1 and Cp = 1. It follows that C, = 1 and m = 2.

Remark 4.4. The exponential turnpike property for the optimal control problem of the N-particles
system (2.5) can also be proved by considering the feedback control

u(t, x,(1)), 10, s)
1 m—
iy (t, %,(1)) = n—1uN(t1,x(t))——m —Z, | PGi(0) — x,(0) t€[s, s+ mh]

uy(t, Xi(1)), te(s+mh,T],

where ¢, and #, are taken as those in the proof of Theorem 4.5.

5. Conclusion

In this work, we prove the exponential turnpike property for optimal control problems of both particle
systems and their mean-field limit. The main assumptions include the strict dissipativity of the cost
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function and the Lipschitz property of the interaction function. Compared to the previous work [27] in
this direction, our main contribution is a more quantitative exponential estimate for both the optimal
solution and the optimal control. More specifically, for the N-particles system, we prove the exponential
decay property of the optimal solution by employing a feedback control and basic estimates. Then, by
considering the limit N — oo, we establish the same property at the mean-field level. At last, we design
a novel feedback control to prove the exponential decay property for the optimal control. Possible future
work includes the extension to the following cases: (1) second-order models in the microscopic level
and (2) other types of cost function (e.g. L'-regularisation for the control).
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A. Proof of Lemma 2.2

We follow the idea in [11, 20] to prove the estimate in the Wasserstein distance W, of Lemma 2.2:
Let 7* be the flow map associated with the system

dx(1t)
ek (P p)(x(1)) + u(t, x(1)) = / P(x(t) — y)dp(z, y) + u(t, x(1)).

We know that u(f) = 7*tu, with 7;*1 denotes the push-forward of 1o. Then, we have
Wh(u(@), v() = W, (Tﬂﬁﬂo, 7:”11‘)0)
=W, (Tﬂﬁﬂo, Tﬂﬁ‘)o) + W2(77Lﬁ‘)0, f”ﬁvo) . (A.T)
For the first term, we have the following result.

Lemma A.1. Assume that P satisfies the Lipschitz condition (2.3) and u(t, x) € F. Then, it holds that

Wz(f“ﬂl/vo, 7:“11‘)0) < DWW, (1o, vp) -

Proof. Set k to be an optimal transportation between w, and vy. One can check that the measure
y = (77” X 7:“) fix has marginals 7*#u, and 7 *fv,. Then we have

1/2
Wz(fuﬁﬂo, 7:“11‘)0) = (/ o _YO|2dV(x07)’0)>
R xR

1/2
( / |77 (x0) — T (o) i (xo, yo)) : (A2)
R x R4
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Denote x(t) = 7,*(x,) and y(t) = 7, (yo). We have

[x() — y(®| < |xo — yol + / [(P* w)(x(s)) — (P w)y(s)| + |u(s, x(s)) — u(s, y(s))|ds
0

t t
<%0 — ol + C» / 1X(5) — Y()lds + C / Ix(s) — y(s)lds.
0 0
By Gronwall’s inequality, we have
[x(1) — y(©)] < TP x5 — yol.

Substituting this into (A.2), we have
172
Wh (7:#11110, 7;”11”0) < elCrrenr (/ X0 — y0|2dK(x0,y0)> = e Wi (o, vo) -
R xR

For the second term in (A.1), we have the following lemma.

Lemma A.2. Let T and T,” be two flow maps associated with u(t) and v(t). Suppose the initial data
vy € P,(RY). Then,

Wz(T“fWo, 7:”11‘)0) <IT" =Tl
Proof. The proof is similar to that in Lemma 3.11 in [11]. Consider a transportation plan defined by
7 := (T* x T")tv,. One can check that this measure has marginals 7,“fv, and 7,'fivy. Then, due to the
definition of Wasserstein metric, we have

12
W, (7:“7;11)0, TUﬁVO) = (/ X0 — yol*7 (xo, yo)dxod)’o>
R

d R

172
(/ |7:“(xo) - f”(xo)lzdvo(x0)>
IRd

17" =T Mloo-

IA

Thanks to this, it suffices to estimate || 7, — 7,"||. To this end, we state
Lemma A.3. Under the assumptions in Lemma A.1, it holds that
17 =T e <Cor / t eCrEERII W), (14(s), v(s)) ds.
0
Proof. Denote x*(t) = T,"(xo) and x"(t) = 7," (x,). We compute
[X“(1) = x"()] < /Or |(P s p)(x"(5)) — (P v)(x"(s)|ds + /0[ |u(s, x*(s)) — u(s, x"(s))|ds. (A.3)

For the first term on the right hand side, we compute

f (P )(x"(5) — (P v)(x*(5))] ds

0

< / (P () = (P ) ()] + (P j)( () — (P ) () I ds
0

< Cp/ |x*(s) — x"(s)lds + [ (P s p)(s, -) = (P v)(s, )| ods. (A4
0 0

Moreover, using the fact that u € F, it follows from (A.3)-(A.4) that

() — ()] < / (Cr + C)lx(s) — '(s)lds + / 1P % 1)(5, ) — (P v)(s, )l s,
0

0
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By Gronwall’s inequality, we have

WW%%WNSfkwwm”MPMM&O—@*W@Nuﬁ
0

Denote 6(y, z; ) the optimal transportation between u and v. Clearly, 6(y, z; ) has marginals u(t, y)
and v(z, z). Thus, we compute

Pxpu—Pxv)t,x)= / P(x —2)dv(t,2)

R

dPu—wmmw—/

R
= / [P(x —y) — P(x — 2)1d6(y, 2; 1).
R2d

It follows from Jensen’s inequality that

172
|(P* po — Pxv)(t, )] < (/ |P(x —y) = P(x = 2P0y, z3 t))
R2d

12
<Cp ( / y ly — zI’df(y, z; t)) = CpWih((0), v(1)).
R
Note that it holds for arbitrary x € R?. Thus, we know that

() —x"(0] < Cp / [ TR, (u(s), v(s))ds.
0

Combining Lemma A.1-A.3 with the inequality (A.1), we have
Wi (u(0), v(1)) < W (7:“1:1#0, 7:“11”0) + W, (7:“1,‘;1)0, 7;”1:‘11)0)

< DWW, (1o, vo) + Cp / DWW, (uls), v(s)) ds.

0
Then we have

e~ TP, (u(t), v(1)) < Wh(po, vo) + Cp / e~ PTBIW, (u(s), v(s)) ds.
0

Again, by Gronwall’s inequality, we obtain
ei(CPJrCB)t WZ (M(t)’ l)(t)) S eCPt WZ (MO’ UO) s te [O’ T]

This completes the proof of the stability with respect to the W, distance.
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