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SOME WEIGHTED ESTIMATES FOR
IMAGINARY POWERS OF LAPLACE OPERATORS

HeNDRA GUNAWAN

We study the boundedness of singular integral operators that are imaginary powers
of the Laplace operator in R™, especially from weighted Hardy spaces HL(R") to
weighted Lebesgue spaces L},(R™) where 0 < p < 1. In particular, we prove some
HE — LY, estimates for these operators when 0 < p < 1 and w is in the Muckenhoupt’s
class Ag, for some ¢ > 1.

1. INTRODUCTION

We shall study a class of singular integral operators that are imaginary powers of the
Laplace operator in R". But first let us review some basic properties of singular integral
operators in general.

It is well-known that every singular integral operator T defined on S(R™) by

Tf=Kxf,

where K is a tempered distribution on R" with K € L®(R"), extends to a bounded
operator on L?(R™). Provided that the kernel K is locally integrable away from 0 and
satisfies the Hormander condition

/ |K(x—y)—K(x)|dz<CK,
lz{>2y|

such an operator will also extend to a bounded operator on L?(R") for 1 < p < oo. For
p =1 and p = oo, weaker results are available.

Moreover, for p = 1, one may also show that T extends to a bounded operator from
HY(R") to L'(R™). In fact, with some extra conditions on K, the operator T can be
extended to a bounded operator from H?(R") to LP(R™) for 0 < p < 1. Here, for each

0 < p < 1, HP(R") denotes the Hardy space, whose members can be written as 3~ \ja;
J
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130 H. Gunawan 2]

where the a;’s are p-atoms and );’s are real numbers such that Y [A;[? < C||f|7. (A
J

p-atom in R™ is a function a supported in a finite cube @ C R™ such that ||al| < |Q[71/7
and a(z)z®dz = 0 for every multi-index & = (a1,...,0,) with |a] =a; +--- + a,

Rﬂ
n(1/p - 1).) See {3, Chapters II and III].
Now let w be a nonnegative measurable function or a weight on R® and L2 (R") be
1/p
the space of all functions f : R® — C for which ||f||.z = [/ |f(z)|pw(x)dz] < o0.
RYI

Then one may show that T extends to a bounded operator on L2 (R") for 1 < p < oo
provided that w € A,, that is, w satisfies the A, condition

o ] g o] <

for all cubes @ in R™. (For example, |- [* € A;, 1 < p < o0, if and only if —n < a <
n(p — 1).) As in the unweighted case, there is also a weaker result for p = 1 and w € A;,
satisfying the A, condition

|é_|/ w(z)dr < Cw(y), almost everywhere y € Q,
Q

for all cubes @ in R™, which can be viewed as the limit of A, conditions for p — 1*. (For
example, |- |® € A; if and only if —n < a <0.) See [3, Chapter IV].

In this note, we shall study the boundedness of singular integral operators that are
imaginary powers of the Laplace operator in R”, especially from H?(R") to LZ(R")
where 0 < p € 1. Here HE(R") denotes the weighted Hardy space, defined just as
HP(R™) but with measure w(z)dz replacing the usual Lebesgue measure dzx. These
operators were studied by Muckenhoupt [6] and used by Cowling and Mauceri [1] to
prove the boundedness of Stein’s spherical maximal operator [9]. What we are interested
in here is how their norms, especially from HZ(R") to L2 (R") where 0 < p £ 1, actually
depends on the imaginary power.

Recent works indicate that the study of imaginary powers of operators in general
have some applications in the theory of spectral multipliers. See, for example, [2] and
[7].

2. MaIN REsuULTS

For each u € R\ {0} let K, be the tempered distribution on R™ such that
I/(\( &) = |g7®. Here K, is defined via (Ku,f) = (K, f) Vf € S(R"), with
fle)= Jrn f(z)e*™=4dz being the usual Fourier transform in R". Explicitly, K, may be
given by

K(z) = Clu)|z|™™**
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where C(u) = 7~ "/?*®(n — ju/2)/T(iu/2) (see [8, p.117]). Then define the singular
integral operator I, on S(R"®) by

Lf=K,* [
By Plancherel’s theorem, we see that I, extends to an isometry on LZ(R™), and that

(LF)~(€) = |7 F(€) = (2m)™(A™™/2£)™(¢),

n
that is, I, is an imaginary power of the Laplace operator A = — 3 6?.
=1
To be able to say more about I, let us examine its kernel K,,. Clearly K, is locally

integrable away from 0 and, since C(u) = O((l + |u|)"/2), we see that K, satisfies

(a) |Ku(z)] < C+[ul)™?z|™™, z+#0,and
n/2+1 —_n—
(b) |Ku(z —v) — Ku(@)] < C(L+ [ul)*yllzl=1,  |z] > 2]yl > 0,
whence (by interpolation)
nf2+4 —n—
(C) 'Ku(x - y) - Ku(l‘)| < C(l + |u|) /2 ]yPIZ' 5’ |SE| > 2|y| > 0,
for any 0 € § € 1. From (c), one may check that K, satisfies the Hormander condition

/ |Ku(a: —y) - Ku(m)| dz < C,;(l + IU|)n/2+6
|zI>2ly|

whenever 0 < 6 < 1. Hence, our operator I, extends to a bounded operator on LP(R")
for 1 < p < o0, and also from H?(R") to L?(R") for n/(n+1) < p < 1. Indeed, one may
verify that

Iufllee < Coa(t+ lul) ™ I flls,  f € (R,

for 1 < p < o0, and
- 5
IEufllze < Coa(L+ )" fllus, f € HP(R™),

forn/(n+1) <p < 1and 0<d < 1. By observing that, for every k € N = {1,2,3,...},
K, is of class C* away from the origin, and satisfies

(d) |DPK.(z)| < C(1+[u))"***|z|--18, z 20,
for every multi-index § with |3] < k, one can show that I, extends to a bounded operator
from H?(R") to LP(R"™) for n/(n+ k) < p < 1, and hence for every 0 < p < 1 (see [3,
pp.320-322)).

2.1. UNWEIGHTED H? — L? ESTIMATES. As recently shown in 5], we can actually get
rid of 6 in the H' — L! estimate for I, (and hence, by interpolation with the L? result
and duality arguments, we can also get rid of § in the L? — LP estimate for 1 < p < c0).
This is the best we can achieve in the sense that we cannot have the exponent of (1 + |uf)
less than |n/p — n/2|. See also (7] for similar results.

The following theorem states that the same is also true for 0 < p < 1.

https://doi.org/10.1017/50004972700020141 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700020141

132 H. Gunawan [4]

THEOREM 1. The HP — L? inequality
ILfllze < Co(1 + lul)™ || fllw, | € HPR™),

holds for 0 < p £ 1.

PROOF: Suppose first that n/(n + 1) < p < 1. By the atomic decomposition, it
suffices to show that
I Luallze < C(1+ Jul)™"™/*

for any p-atom a. So, let a be a p-atom, supported in a cube @, such that [|a|le < |Q|*/?
and / a(y) dy = 0, and assume that |u| > 2 (so that (b) holds for |z| > |u|ly| > 0). By

translation-invariance, we may assume that @ is centred at the origin, say @ = [—R, R]™.
Now, to estimate [[I,al|z», write

/ IIua(z)]p dz = / |La(z)[ dz +/ |La(z)[ds =T+ 1L
R» Jz|<|u|R lz|>u|R

(Note the difference from the usual trick: instead of splitting the integral at 2R, we split
it at |u|R, just as in [5].) For the first integral, we use the fact that I, is an isometry on
L?(R™) and apply the Cauchy-Schwarz inequality to get

1-p/2 ) p/2 nenp/2 oy
Is da [La(@)dz| < (lR)" ™™ llall2 < Ju™~""/2.
lzl<{u|R |z|<|ulR

For the second integral, we first observe that by using (b) we have

Ilua(z)l =

Ku(z - y)a(y) dy]
lyi<R

[ e =) - KuGollats) o
lyl<R

< /I Kl =) - K@) )]

<cl+ |u|)"’2“|x|-"-l/

lyl
< C(1+ Ju)/* prti=nip|g|—n=1,

vl|a(y)|dy
<R

whenever |z| > |u|R. Hence, since p > n/(n + 1), we get

11 S Cp(l 4+ Iul)np/2+pRnp+P—n/ lxl—np-pdz s Cp(l + |u|)n-—np/2.
Iz]>ulR

Combining with the previous estimate and then taking the p-th root, we obtain

I Lualle < C(1+ [u))™P™2,
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as desired.
Suppose now that n/(n+ k) <p < n/(n+k — 1) for some k € N. Take a p-atom a
which is supported in @ = [—R, R|*. We wish to show that

| uallze < C(1 + |u|)n/p—n/2.

For this, we split again the integral at |u|R, with Ju] > 2. The estimate for the first
integral will be exactly the same as before. For the second integral, we use the fact that
K, is of class C* away from the origin and satisfies (d). We subtract from K,(z — y) the
Taylor polynomial of K, at z of degree [n(1/p — 1)] =k — 1, to obtain

|La(z)| < C(1 + Jul)** Rr+*=rlo|g| "k |z > |u|R.
The estimate for the second integral will then follow immediately from this. 0

2.2. WEIGHTED HP — LP ESTIMATES. As for the unweighted case, one may easily verify
that the weighted inequality

11ufllee, € Cpuwa(L + )l flle, f € LE(R™),

holds whenever w € A,, 1 < p < o0, and § > 0 sufficiently small. The proof reduces to
establishing the pointwise estimate :

(L1#() < o1 + 1) [(119)] (@)

for some ¢ > 1 such that w € A/, (Here f — f# denotes the sharp maximal operator
(see [10, p.146]), while M is the standard Hardy-Littlewood maximal operator.) See
(3, p.411], for why, and [10, pp.157-158], for how. See also [4] for an alternative proof.
Further, as in the unweighted case, we can also get rid of § here to obtain the sharp
estimate (see [5]).

We shall now show that our operator I, can also be extended to a bounded operator
from HE(R™) to L (R™) where 0 < p < 1 and w € A,, for some ¢ > 1. More precisely,
we have the following result.

THEOREM 2. Let0 < p < 1. Suppose that n/(n+k) <p < n/(n+k — 1) for
some k € N and let 0 < € < n+ k — n/p. Then, the inequality

n/p-n/2+¢
1Zuflli, < Cpae (X + )™ ™|\ fllyz,  f € HE(R™),

holds whenever w € A1ycpfn-

PROOF: We shall only prove the case where k = 1. As usual, we shall use the atomic
decomposition, which will reduce our task to showing that

”Iua"L& S Cp,w,s(l + lul)ﬂ/p—fl/2+£
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for any p-atom a with respect to w € Ay, where ¢ = 1 +ep/n. Let a be a p-atom
with respect to w, supported in a finite cube @, such that ||afle < w(Q)~? and

/ a(y)w(y)dy = 0, and assume that |u| > 2. We may also assume that @ is centred at
Rﬂ
the origin, say @ = [—R, R]*. Now write

/ |Tua(z)|Pw(z)dz =/ Ilua(x)lpw(z)dz+/ |Tua(z)|Pw(z)dz = T+ 11
R~ lzlglulR lzl>[u|R

To estimate I, we use Holder’s inequality and the fact that I, is bounded on LZ(R"),
with norm < C,, (1 + |u|)™?2. Precisely, we have

[/:zlslum w(x)dx] . [ /'I Kiumllua(x)r'w(x) dzJ pla

- np/2
< C2,w(@™)=P(1 + [u])™[lalf?,,
< CP:Q»W(]‘ + lul)nq—"p/z”a”p’ww(Q)l—p/q,

by (3, Lemma 2.2, p.396] (applied to Q¥, the |u|-dilate of Q). But

I

N

lal?., / la(2)|*w(z)dz < / w(Q)~"Pw(z)dz = w(Q)-",
Q
and so |lali?,, < w(Q)?*"}, whence
1< Cp,q,w(1+ Iu,)nq—nph.
To estimate II, we first observe that
n/241 pn4y ~1/pt,j—n—-1
|La(z)] < C(1+[ul)™" R w(Q)~"/? |z,

so that

I < C(1+ ,ul)np/2+pRnp+pw(Q)-1/ w(z) da

lz|>|ulR 'zlnp+p

But, since ¢ < p(n + 1)/n, we have

/ w(:c Z/ w(z) dz
il [2]7PP pir -1jul Rzl iR 2]

£C Z(leulR) Py (Q”'“')

=1

C(l + |u|)"q‘"P’PR-np—pw(Q) Z 9i(ng—np-p)
j=1

< Gy(1+ [ul) TR (Q),
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and hence
11 < Cy(1 + [u)™ ™2

Combining the two estimates, we get
./ |I“a(m)lpw($)d$ < Cp,q,w(l + Iul)nq_np/2.
R”

Finally. substituting ¢ = 1 + ep/n and then taking the p-th root, we obtain

—n/2
uallze, < Cpame (1 + Jul) 2724,

This completes the proof. a

REMARK. Notice that as ¢ tends to 0, the exponent of (1 + |u|) tends to n/p — n/2 and
the set of weights w for which the inequality holds tends to the Muckenhoupt’s class A,.
However, we do not know whether the estimate

-n/2
1uflizz, < Cou(1+ )™ ™| flluz, f € HLR™),

holds for 0 < p <1 and w € A;.
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