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UNCOLOURING OF LIE COLOUR ALGEBRAS

D.S. MCANALLY AND A.J. BRAKCEN

The link between a Lie colour algebra and a corresponding Lie superalgebra is
clarified in the case of the general linear algebras. The Lie superalgebra inherits
from the colour cocommutative coproduct of the corresponding Lie colour algebra,
a super coproduct which differs from the usual one, and is not supercocommutative.
It is associated with a new R-matrix satisfying the super Yang-Baxter equation.

1. INTRODUCTION

The recent high level of interest in quantised universal enveloping algebras (quan-
tum groups and supergroups) has placed Lie algebras and superalgebras themselves
in a new perspective. They can now be viewed as being associated with a particular
limit (¢ — 1) of quantum groups and quantum supergroups, which are more general
structures, being quasitriangular Hopf algebras.

One of the principal features of interest of such a Hopf algebra is the existence
of a universal element ( R—matrix) which intertwines two associated coproducts of the
algebra, and provides a solution of the quantum Yang-Baxter equation, and thus may
be of interest in the construction of exactly solvable models, for example, in statistical
mechanics [1].

The introduction of Lie colour algebras by Rittenberg and Wyler [12] was a promis-
ing generalisation of the super case, with the idea that there might be possible applica-
tions in particle physics [2, 3, 4], but, although there are to date no important physical
applications, colour algebras and Lie colour algebras are interesting and potentially
important mathematical structures.

The works of Scheunert {13, 14, 15] and Kleeman (7, 8, 9] have established a
surprising link between Lie colour algebras and Lie superalgebras, with a well-defined
correspondence mapping any Lie colour algebra to a Lie superalgebra, involving how-
ever the introduction of new generators from outside the Lie colour algebra. This
correspondence between a Lie colour algebra and a Lie superalgebra can be extended
to their graded modules [7, 8, 9, 13, 14, 15]: for each colour-graded module of the
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Lie colour algebra, there is a corresponding Z;—graded module of the corresponding Lie
superalgebra.

Work on quantum supergroups leads naturally to the question of quantisation of
colour algebras, in the hope of obtaining new solutions, both of the colour Yang—Baxter
equation, and of the non—-graded Yang-Baxter equation, leading perhaps to new solvable
models. This is the primary motivation for our investigation of Lie colour algebras and
their quantisation.

The first step, taken here, will be a re—examination in some detail of the case of
the classical Lie colour algebra, to clarify similarities and differences between the colour
and super cases.

The results obtained demonstrate a correspondence between each Lie colour algebra
of the general linear type and a corresponding Lie superalgebra, in terms of the gener-
ators of the Lie colour algebra, without the necessity to introduce generators external
to the Lie colour algebra, as in earlier work {7, 8, 9, 13, 14, 15]. Furthermore, a Hopf
superalgebra structure can be imposed on the “completed” universal enveloping algebra
of the Lie colour algebra, and this Hopf superalgebra structure relates to the natural
colour coproduct on the Lie colour algebra. Bringing these two results together affords
a method for determining a new (and non-supercocommutative) coproduct structure
on the universal enveloping algebra of the Lie superalgebra gl(m|n), thus endowing this
universal enveloping algebra with a new non-supercocommutative Hopf superalgebra
structure and a new, nontrivial, R—matrix. This procedure opens the door to the con-
struction of new and interesting solutions of the graded Yang—Baxter equation, when
extended to the quantised case, as we shall show in a subsequent article.

2. PHASE FUNCTIONS

Here we review the basic definitions of phase groups and phase functions, and their
properties.

Colour structures over a field F are a generalisation of superstructures in that the
grading is generalised; whereas superstructures are graded with respect to Z,, colour
structures are graded with respect to an arbitrary Abelian (additive) group I'. The
grading is determined by I' and a phase function w : ' x I' = F satisfying

(2.1) w(a, lw(B,a) =1, w(e,f+7)=w(e,Bw(e,7).
ExXAMPLES. (1) I's = Z2 and wg(a, ) = (—1)“’3 . This is the now—familiar superstruc-

ture case.
(2) T = Z3 x Zy and wg(a,f) = (-1)h2%e2Pl ghere o = (ay,02),8 =
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(81, B2) € Zz x Zo, so that

_1aa¢ﬂ¢(070)¢a7
(2.2) wq(a, B) = .
1, otherwise,
that is, wg(a, B) =1 if and only if either a or B equals (0,0) or they are equal.
(3) T'sq =T's xT'g =Z3 x Z x Zy and

(2.3) wsq(a, B) = ws(a1, Br)wo((az, as), (B2, fs)) = (—1)*1Pr+azPstashz

Note that (I‘SQ,wsq) 2 (T's,ws) X T's,ws) X (I's,ws).
4 Forn>1,Tgn=2Z5"=2Zy % -+-x Lz and

P
(2.4) wc,n((al,-.~,an),(ﬂ1,~~,ﬁn)) = (_l)i;éj
_ Ly TG

Note that (Fc’z,wc,z) = (Pq,wq). )

(5) I'n =%, xZ, and wn((al,ag), (ﬂl,ﬂg)) = (gqﬂz-—azﬁl for ay,as,£1,82 € Ly,
where (, = exp (27i/n). Note that (I'z,ws) = (Fg,wq).

(6) For t € F nonzero, I'f* = Z x Z and w¥*((a,b), (c,d)) = (£1)**(£1)?tad-be
for a,b,c,d € Z, where the first signs on each side agree, and the second signs agree.
This is the most general phase function on Z x Z.

(7) For z€ C, T, =R x R and w;((a,b), (c,d)) = exp (iz(ad — bc)) for a,b,c,d €
R. This is the most general continuous complex phase function on R x R.

(8) For z,w € C, I';,, = C x C and w;{(a,b),(c,d)) = exp(zR(ad — bc)
+wS(ad — bc)) for a,b,c,d € C. The phase function w, ., = w;;, is the most general
complex analytic phase function on C x C, and w;, = w; _;; is the most general
complex antianalytic phase function on C x C.

Some general properties of phase functions, consequent to (2.1), are as follows:

e w(o, ) is nonzero for all ¢, B €T,

o w(a+p,7)=wle,Mw(B7),

o w(a,a)==1forall a€T,

e wla+pB,a+f)=uw(eawsp),

o w(0,&) =w(a,0)=1,

o for given «, the maps 8 — w(a, 8) and B — w(B, a) are one-dimensional
representations of " in F.
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Let an element o € T be called even (respectively odd) if w(a,a) = 1 (respec-
tively —1). The sum of 2 even elements or 2 odd elements of I" is even. The sum of
an even element and an odd element of I' is odd. Note that either all elements of T"
are even, or the distinction partitions I' into two cosets (the set of odd elements form
a coset of the group of even elements).

The phase functions on a group I' form an Abelian group: if w and & are phase
functions, then their product is defined by

(2:5) (w@)(a, B) = w(a, B)ui(a, B).

The identity of this group is the trivial phase function:

(2.6) wela, B =1,

and the multiplicative inverse is given by

(2.7) (W™ (a, B) = (W(e, B)) .
Given (I',w), define ¢ : T — Z, by

28) b(e) = { O el =1,

. 1, w(o,a)=-1,

then 9 is a group morphism by the Property 3 above, and ¥(a) = 0 if a is even,
Y(a) =1 if a is odd. Define wp : ' x I' & F* (where F* is the multiplicative group
of nonzero elements in F) by

(2.9) wo(e, B) = (~1)VE),

then wg is a phase function and

(2.10) wole, @) =w(a,a), a €T.
Also,
1, o even,or 8 even,
(2.11) wo(a, B) =
-1, o, 8 both odd.
For (T,w), let n = wow™!, then 7 is a phase function, n(a,a) =1 for all « € T,
and
1
m, a even, or 3 even,
(212) ne ) =14 U
m, «, ﬂ both odd.
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ExampLES. (1) For (T',w) = (I's,ws), then wg = wg, and 7 is trivial, that is, 7 = we.
(2) For (T',w) = (Tq,wq), then wy is trivial, that is, wp = we, and 7 =wg.
(3) For (I',w) = (I'sg,wsq), then

wo(a, B) = (-1)*7,

2.13
e (e B) = (1)t sz,

(4) For (T',w) = (T'cn,we,n), then wy is trivial, that is, wp = we, and 7 = wea.

(5) For (T',w) = (T'n,wn), then wp is trivial, that is, wy = we, and (e, B) =
ngﬁl-mﬂz .

(6) For (T,w) = (T¥*,wit), then wp is trivial, that is, wy = we, and n((a, b), (c,d))
= tbe=e¢_ For (T,w) = (Tf ~,w;t ™), then wo((a, b), (¢, d)) = (-1)*¢, and 5((a, b), (¢, d))
= tbe~ed_ For (T',w) = (Ty+,w; 1), then wo((a,b), (c,d)) = (—1)*°, and n((a,d), (c,d))
= the=ed. For (I,w) = (7 ",w; "), then wo((a,bd),(c,d)) = (=1)(e¥0)etd) - 5hg
n((a,b), (e, d)) = (=)™

(7) For (I',w) = (T';,w,), then wy is trivial, that is, we = we, and n({a, b), (¢,d)) =
exp (iz(bc — ad)).

(8) For (I',w) = ([';,w,wz,w), then wy is trivial, that is, wo = we, and n((a,b), (c,d))
= exp (zR(bc — ad) + wS(bc — ad)).

(9) As a final example, if (I'w) = (Is,ws)™™, so that T = ZX*(=T¢,) and

Zaiﬂi
w(a,B) =(-1) ¢ , then
(T ) (T85)

(2.14) wo(e, B) = (-1) * i,
e, B) = Weon (a, B).

3. CoLOUR STRUCTURES
We now review the definitions and properties of important colour structures, specif-
ically, colour algebras, colour coalgebras, colour bialgebras, Hopf colour algebras, and
Lie colour algebras.

(1) COLOUR ALGEBRAS.
A graded (or colour) space M over the field F is a vector space over F such that

(3.1) M=PM,.

per

If M and N are colour spaces over F, then there is a natural graded twist T': MQN —
N ® M defined by

(3.2) T(m@n) = w(p,)n@m, m € M,, ne N,
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which is distinct from the nongraded twist T given by
(3.3) T(m®n)=n®m.

A colour algebra is a graded unital associative algebra (an algebra with consistent
grading), so that

(3.4) FC Ay, AaAp C Anyp.

The colour tensor product of two colour algebras has product determined by
(3.5) AB®A®B'* ' Ao A B BM2Y A® B,

so that if z € A, z € B¢, 2’ € Ay, 2/ € B, then

(3.6) (z®2)(z' ® 2')=w((, &)z’ ® 22'.

This contrasts with the nongraded tensor product A® B in which the product is given
by

(3.7) (z®2)(z' ®2') =z’ ® 22,

The colour tensor product and the nongraded tensor product are generally not isomor-
phic as algebras.

If A is a colour unital algebra then an A-module M is called a graded A-module
if M is a graded space over F (graded with respect to the same grading group I' as
A), and

(3.8) AM, C Myy,, oa,pel.

If A, B are unital colour algebras, M is a graded A-module, and N is a graded
B-module, then M ® N is a graded A® B~module, and the action of AQ B on MQN
is determined by

(3.9) A®BM®N ' A M®B®N — M®N,

where AQ M - M and B® N — N are given by the actions of A on M, and B on
N, respectively. In particular, if z € A, z€ B;, m € M,, n € N, then

(3.10) (z®2)(m®n)=w((,p)zm zn.
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(11) CoLOUR COALGEBRAS.

A colour coalgebra is a graded counital coassociative coalgebra (a coalgebra with
consistent grading), so that, if € and A denote the counit and coproduct respectively,
then

e(Aa) =0, a#0,

(3.11) Alda) C(ABA), = D 4504,
Bty=a

The colour tensor product of two colour coalgebras has coproduct determined by

(3.12) A®B2%8 A A9BB ' $' A B® A® B,
so that
(3.13) A®z) = ) wl(ée){w)(zn ®2m) @ (Te) ® 22)

(=):(2)

where in a specific term in the sum, z(z) € Ag(z), zq) € B,;(l), some £(3), (1) €
I' (Sweedler’s notation [16] is being used here). Note that this contrasts with the
nongraded tensor product A® B in which the coproduct is given by

(3.14) Alz®2) = ) (20)®21) 8 (22) @ 72),
=)

and that the colour tensor product and the nongraded tensor product are generally not
isomorphic as coalgebras.

(111) COLOUR BIALGEBRAS.

A colour bialgebra is a colour algebra and colour coalgebra with consistent gradings
inwhich A: 4A— A®A, €: A — F are colour algebra morphismsand M : AQA — A,
u : F — A are colour coalgebra morphisms, where M denotes the product on A, and u
denotes the unit embedding FF into A (so that u(1) is the multiplicative identity). Note
that since the colour tensor product A ® A and the nongraded tensor product A® A
are generally not isomorphic either as algebras or coalgebras, then a colour bialgebra
generally does not have the structure of a bialgebra.

(1v) Horr COLOUR ALGEBRAS.
A Hopf colour algebra A is a colour bialgebra with a linear map (antipode) Sj4 :
A — A of grading zero such that

(3.15) ma(Sa®1)As=ma(1®Sa)A4 = usea.
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The antipode S4 reverses both the product and the coproduct, in other words,
(3.16) Sama = masT(S4® Sa) = my(Sa ® Sa),
’ AaSA = (Sa®SATAL = (S54®@S4)A,,

or, in particular,

(3.17) Sa(zz’) = w(€,£)Sa(z')Sa(z),
for z € A¢ and z’' € Ag, and
(3.18) A4(Sa(z)) = Zw(§(1),€(z))5,4 (z(2)) ® Sa(z()),

(=)
where £(;) and {(2) are as before.
(v) LiIE COLOUR ALGEBRAS.
A Lie colour algebra £ over F is a graded vector space endowed with a colour
commutator of grading zero satisfying colour anticommutativity and the colour Jacobi
identity, so that

L= @ Ea: [['a) ['H] c £a+ﬂ)
a€l

[a,b] = —w(a, B)[b,a], a € Lo, b € Lg,
w(y, a)la, [b, c]] + w(e, B)[b, [c, a]] + w(B, 7)[c, [a, b]) = 0,
(3.19) a€ Ly be Ly, ceL,.

A homomorphism from a Lie colour algebra £ to a Lie colour algebra M, with
the same grading group and phase function, is a linear map f of degree zero (so that
f(La) € M) such that
(3.20) f([a,b]) = [f(a), f(B)], a,b€ L.

The universal enveloping algebra U(L) of a Lie colour algebra is the unital asso-
ciative algebra generated by L subject to
(3.21) ab — w(a, B)ba = [a,d], a € L4, b€ Lg.

The universal enveloping algebra U(L) is a Hopf colour algebra with coproduct, counit
and antipode determined by
A(a)=a®1+1®a, a€ L,
(3.22) e(a) =0, a€ L,
S(a) = -a, a €L,
so that if V and W are graded L-modules, then V @ W is an L-module, with the
action of L given by
(3.23) am@n)=am@n+w(o,p)m®an, a € Lo, meV,, neW.
Also, the adjoint action of a € £ is determined by (ad a).z = [a, z].
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4. KNowN RESuULTS FOR LIE COLOUR ALGEBRAS

Here, we review relevant work of Kleeman [7, 8, 9], specifically his results establish-
ing a general correspondence between Lie colour algebras and Lie superalgebras, along
with embedding of a Lie superalgebra in the extended universal enveloping algebra of
the Lie colour algebra (after the introduction of generators external to the Lie colour
algebra).

For this Section, the notation for the colour commutator will be (a, ) in line with
Kleeman’s notation, so that in the universal enveloping algebra,

(4.1) (a,b) = ab— w(a, B)ba.

If 0 : T xT' — F* is a multiplier [11] on T, so that o(a, 8) is a nonzero scalar and

then define
(4.3) w'(a, B) = o(a, f)o~ (B, @)w(a, B)-

Then w' is a phase function on ', and £ can be regarded as a Lie colour algebra
L? with grading group and phase function (I',w’) with new colour commutator (a, b,
defined by

(4'4) (a,, b)a = a(a, ﬁ)(aa b>’ a€ Ly, be ‘Cﬁ-
If o satisfies the stronger conditions

o(a+B,7) = (e, 7)o (B, 7),

(4.5)
U(aaﬁ + 7) = U(a’ ,B)a(a, 7)7

then let U”(L) be the unital associative algebra generated by the universal enveloping
algebra U(L) and further generators K?(a) (a € T') of grading zero (K°(a) are called
Klein operators by Kleeman [9]), subject to

K?(a)K°(f) = K°(a + B), K°(0) =1,

(46) K?(a)b=o(B,a)bK°(a), b€ (U(L))s-

A graded L-module M can be endowed with the structure of an U?(L)-module by
defining

4.7) K?(a)m = o(p,a)m, m € M,.
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For a € L, define
(4.8) a’ = K°(—a)a, a€ L,,
and extend by linearity, then
(4.9) (a°,6%)5 = o(a, B)(a, b)°,

so that L7 can be embedded into U?(L), and U?(L°) is isomorphic to U°(L). In
other words, the Lie colour algebra L is embedded in the algebra U°(L) generated
by the universal enveloping algebra U(L) and the Klein operators K°{a), and the
Lie colour algebra £ is embedded in the algebra U?(L°) generated by the universal
enveloping algebra U(L?) and the Klein operators K?{a) : they can be embedded in
the extended universal enveloping algebra of each other.

A finitely generated Abelian group I' possesses a unique (up to isomorphism)
decomposition given by

(4.10) F'=Tp xTp, x..Tp, XZX--- XL
~Ty ®7,0..T, 028 ---0Z,
where I',, is an Abelian p;—subgroup of I' (where p; are prime). Each I'p, can be
further decomposed into cyclic subgroups:
(411) Fp'. = Z(p'.)"l X X Z(pt.)"m
FLpyn @ @ Lpyyrm-
In the case of a finite group, the copies of Z are omitted in (4.10).
Let {g;} be the set of cyclic generators of ', so that g; is the generator of either
one of the copies of Z(pj)'k or of one of the copies of Z. Define w;; (here, Kleeman’s

notation Ej; is not used since there is the possibility of confusion with the generators
of gl(u1,. .., 1s) below) by

(4.12) wij = w(gi, g5) # 0.

Then

(4.13) w(e, B) = H (wss) ™™ H (wy) ™™™
i i<k

where

a=) ng,
i

B=) mig.
i

(4.14)
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If g; generates a copy of Z,,)» and g; generates a copy of Z, yra (% # j), then

(1) If a =c, then w;; is a v;;—th root of unity, where

(4.15) vij = min ((pa)", (pa)"¢) = (pa)™" "*"9);

(2) If a#c,then wjj =1.
If g; generates a copy of Z,,)r» and g; generates a copy of Z, then w;; is a (p,)™*-th
root of unity.
If g; generates a copy of Z and g; generates a copy of Z,,)m , then w;; is a (pa)™-th
root of unity.
If g; generates a copy of Z and g; generates a copy of Z (i # j), then w;; is an
arbitrary nonzero element of F.
If g; generates a copy of Z,, ) , then

(1) If po =2, then w;; = £1;
(2) If ps # 2, then wi; =1.

If g; generates a copy of Z, then wy; = *1.

THEOREM. If T' is finitely-generated and w is a phase function in T" such that
w(a,a) =1 for all @ € T, then there exists a function o : T' xT' = F such that

o(a, B)o~ (B, a) = w(a, B),
(4.16) o(a+pB,7) = o(a,7)a(B,7),
o(a, f+7) = o(a, B)o(a,)-

ProorF: By (4.13),

(4.17) w(a, B) = H (wig) ™™ H (wj)"3 ™™

i<k
for

a = Zni%a
i

B = Zmi%'a
i

where w;; = w(qi,q;). Since w(a,a) =1 for all a € T', then, taking a = ¢;, wy; =1
for all 7, so

(4.18)

(419) w(e ) = [ (wje)™imemems,

i<k
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The function

(4.20) o(eB) = [T (i)™,

i<k
satisfies the conditions (4.16). 0
By defining wp and 7 as in Section 2, then 7 is a phase function such that n(a, ) =

1 for all « €T, and so if I is finitely—generated, there exists a function ¢ : ' xI' > F
such that

0’(0, ﬂ)a_l(ﬂ7 a) = ’7(0‘, ,B),
(4.21) o(a+B,7) =o(a,1)o(B,7),
ola, B+ '7) = O'(Ol, ,3)0’(0, 7):

so that wo(a, B) = o(a, B)o (B, a)w(a, B).
If w is a phase function and o : I' x I' = FF satisfies

o(a, B)o (B, a)w(a, B) = wo(a, B),
(4.22) o(a+B,7) = o(a, 7)o (B,7),
o(a,B+v) = o(a, Blo{a,v),

then £ becomes a Lie superalgebra under (-,-),, and the Lie superalgebra can be
embedded into U?(L). It follows that if T" is a finitely—generated Abelian group,
then for an appropriate choice of o, a Lie superalgebra £ can be embedded into
the extended universal enveloping algebra U?(().

On the other hand, suppose that T’ is not finitely-generated. Since there is no
guarantee that a function o satisfying (4.22) exists, then there may not exist a function
o such that a Lie superalgebra can be embedded into U?(L). Suppose L is a finitely—
generated colour Lie algebra (with homogeneous generators). Let {z;:i=1,...,n} be

n
such a set of generators, and suppose z; € L¢, fori =1,...,n. By defining I'r = ) Z¢;

i=1
and wg to be the restriction of w on I'y x I'z, then £ is a Lie colour algebra with

respect to (Cz,wc). Since ' is finitely-generated, then a suitable function o can be
defined on 'z x Tz, so that, introducing K?(a) for a € I'; satisfying

K?(a)K°(B) = K°(a+8), K°(0) =1,

(4.23) K°(a)b=o(B,a)bK°(a), b€ (U(ﬁ))ﬂ, BeTly,,

then there is a Lie superalgebra embedded in U?(L) where U°(L) is the unital associa-
tive algebra generated by U(L) and K?. Thus it follows that such a Lie superalgebra
is guaranteed to exist if £ is finitely—generated by homogeneous elements.

https://doi.org/10.1017/50004972700034080 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700034080

(13] Uncolouring of Lie colour algebras 437

The essential feature of these embeddings of a Lie superalgebra into an algebra
containing a given Lie colour algebra is that the introduction of new generators from
outside the universal enveloping algebra was required. We shall show in Section 8 that
a Lie superalgebra can be defined within the context of the universal enveloping algebra
of colour gi(n) purely in terms of the generators of gl(n), so that there is no need to
introduce anything eztemnal to the algebra to obtain the Lie superalgebra.

The following results, also related to those of Kleeman [7, 8, 9], may be noted.

Define

(4.24) To={aeTl wlaf)=1VBeTl},

and call I’ reduced if T'g = 0 [9]. In [10], the term “nondegenerate” is equivalent to
“reduced” here. Set I'" = I'/Ig, then I'" inherits a phase function w” from I, so that

(4.25) w"(a + Lo, B+ o) = w(a, B).

Note that (I'"), = 0.
The following theorem is inspired by a theorem of Kleeman on canonical groups
and phase functions.

THEOREM. If (I',w) is a finite reduced Abelian group and phase function, then
(T',w) can be decomposed as

(4.26) (Tyw) = (Tpy,wpy) X -+ X Ty, p,),

where each p; is prime and each (Tp,,wp,) can be decomposed as

¥ x.’iimi
(427)  (Tpow) = (Dl wiaran) ™ x -+ x (Dorimippwigyrimg)

for p; odd, where 1y, ..., i, are distinct positive integers, and jii, ..., jim; are pos-
itive integers, where for n € N,

F[,,] =Ly X Zn,

4.28
(4.28) win)((a,8), (c,d)) = ad=bc g b,c,d € Zy.

Here &, is a primitive n—th root of unity, so (I'[n],wn)) is meaningful only if F has
primitive n—th roots of unity. Specifically, if F is a finite field (GF(q), for q a prime
power), it is meaningful only if ¢ — 1 is divisible by n, and if F has characteristic p,
then (I"[,,],w[,,]) is meaningless if n is divisible by p. In the case of p; = 2,

(4.29)

(Cay) = (P et otaay) X (g pra) 7 -

am; xjim‘*_l
cee X (F[2rimi],€[r‘,milw[2riml ]) X (F[z"m-’]’wlz"mi]) X (1"(2),w(2)),
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where 1,7i1,...,Tim; are distinct positive integers, ji1,...,Jim; are positive integers,
@i,...,0m; € L3y, €m) is the phase function on Zym X Zzm defined by

(4.30) em)((a, b), (¢,d)) = (=1)*¢, a,b,¢,d € Zym,

and either '

(4.31) T2),w(2) = (Cpzprwz)” s

where m is a non—-negative integer, or

(4.32) (T(2),w(2) = (Ts,ws)*™,

where m is a positive integer. In the case of (4.31), at most one of ay,...,am,; is

nonzero, and in the case of (4.32), all of a1, ...,an, are zero.

5. AN EXAMPLE: COLOUR gl(n)

In this Section, we give a general definition for colour gl(n), and introduce its
vector representation and its contragredient representation.

Let py, ... un € T' be given. The Lie colour algebra gl(pl,...,‘uﬂ) has basis
{E%; :i,j =1,...,n}, where E*; € (gl(p1,.. "”"))m-uj’ with colour commutator

(5.1) (B, B%] = 65B*) — 8}w(pi, prs)w (s, pe)w (ptir 1) (1t i) E¥ .
The Lie colour algebra gl(ui,...,u,) is isomorphic to the Lie colour algebra of
matrices over a graded n—dimensional vector space, V', with a basis {e*}, where e* €

Vu, for k=1,...,n. The action of E*; on this basis is determined by
(5.2) Eiek = 6;‘6",
so that the matrix elements of E*; are given by
L s
(5.3) (B%),' = sisl.

Call the representation on V' the vector representation. The contragredient represen-
tation is defined on V*, where the dual basis {e}} (for which (ef,e!) = %) satisfies
ex € V2, , with the action given by

(5-4) E'je = —8pw(pms, pi)w(j, pi)e;.

The Lie colour algebras gl{u1,...,u,) and gl(uy +v,. .., 4y + v) have a natural
isomorphism for all v € T' (E*; <+ E*;), and for ¢ € S, there is an isomorphism of

s . -1,
gl(p1, ..., un) and gl(ua(l),...,ua(n)) determined by E*; & E° (‘)6—1(]-).

In the case where u; and uz have the same parity (so that u; — u2 is even), the
generators of gl(u;, p2) satisfy the same relations as the corresponding generators for
gl(2). Similarly, in the case where p; and g, have opposite parity (so that u; — 2
is odd), the generators of gl(u1,u2) satisfy the same relations as the corresponding
generators for gl(1]1).
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6. CoLOUR BOSONS AND FERMIONS

Here, we introduce a realisation of colour gi{(n} in terms of colour boson and fermion
generators. '

Just as there is a realisation of gl(n) in terms of ordinary boson operators, and of
gl(m|n) in terms of ordinary boson and fermion operators, so there is a realisation of
colour gl(n) in terms of colour boson and fermion operators. Take the unital associative
colour algebra generated by {a*:i=1,...,n} (the creation operators) and {a; : ¢ =
1,...,n} (the annihilation operators), where a' has grading u; and a; has grading
—u; , subject to

[ai’aj] = a’ia'j - w(ﬂi, ”‘j)ajai =0,
(6.1) [a,-, aj] =aia; — w(/l.,;, uj)aja.- =0,

[ag,aj] = a;a’ — w(uj,pi)ajai = 6{
Note that if u; is even, then
(6.2) a;a —ata; =1,
so that a; and a' are ordinary boson operators, and if y; is odd, then

(@)’ =0,
(6.3) (a;)* =0,
a,-ai + aia; =1,

so that a; and a' are ordinary fermion operators. The generators of gl(x1,. .., n) can
be realised in terms of colour boson and fermion operators by

(6.4) E'; = d'a;.

The colour commutation relations between the realisations of E"j and the creation
operators {a*} (the annihilation operators {ax}) are then given by

(6 5) [Eij: ak] = Eijak - w(ﬂiv ”k)w(#ka ﬂ])akElJ = 5;?0".7
(E'}, ax) = E*jar — wlpk, p)w(pj, peaxE'j = —6iw (s, p)w(pj, pi)aj,

so that {a*} form a vector operator, and {ax} form a contragredient operator.
Note that the colour bosons and fermions differ from the modular statistics oper-
ators of Green [3], which are also associated with Lie colour algebras.
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7. UNCOLOURING OF BOSONS AND FERMIONS

Here, we uncolour the colour boson and fermion operators in the realisation, using
only operators within the “complete” universal enveloping algebra (so that the un-
coloured bosons and fermions are defined completely in terms of the generators of the
Lie colour algebra).

Take the colour Fock space for the colour boson and fermion operators. Define

k-1
(7.1) Ukl = T [t 1) ™ wro(stm, i)™

m=1

where wp is defined as in Section 2 (so U[1] = 1), then

? ? l’ l < k,

(7.2) U[k]_la‘U[k] _ { wl(llk w)wo(kk, pi)a

a', 1>k,
and

w ’ * ’ l < k,
(7.3) Uk aUlk) = { (taa, e Ywo (pax, pia) oy

a, l 2 k,
and
4 UKU[) = U[U[R).
Define

bl‘ — U o "’
(7.5) fila

b = 0T,
then

bibi - wO(”’i’ ,U,J)b’b‘ = 0’
(7.6) bibj — wo(ui, p)bjbi = 0,
bibi - “-’O(Ih‘, I‘J)bjbi = 53,
in particular, if u; is even or p; is even, then
b = pIbt,
(7.7) bibj = bjb;,
bb? — bb; = 67,
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and if y; and p; are both odd, then

b'b = b,
(7.8) bibj = —bjb;,
b,'bj + bjbg = 5;7,

so that {b'} and {b;} are standard boson and fermion operators. Let F*; = b'b;, then

F'; = U[E;U) ™,

7.9 ; )
( ) F‘i = E‘l‘a

so the Cartan elements remain unchanged, and

(7.10)  F*5F*; — wops, p)wo (pr, pi)wo(pir, 5 )wo s, ) F* F* 5
= 85 F*y — 6fwo(pi, pi)wo(pis i Jwo(pir i )wo (5, 1) F 5,

in particular, if y; and p; have the same parity, or if ux and p; have the same parity,
then

(7.11) F';jF* — F*\F'; = §5F* — 6{F*;,
and if p; and p; have opposite parity and px and p; have opposite parity, then
(7.12) Fiijl +Fk1Fij = 5;-°Fi1 +61iij,

so that {F*;} span a Lie superalgebra isomorphic to gl(p|g), where p is the number of
even ;, and ¢ is the number of odd u; (p+q=n).

8. UNCOLOURING OF COLOUR gl(n)

Here, the method developed in Section 7 is generalised to arbitrary modules of
colour gl(n) within certain very wide-ranging categories (any weight module is a direct
sum of modules from within these categories).

In a cyclic module generated by a homogeneous (with respect to the grading group
') nonzero vector w with weight A = (A;,...,,), so that EY;w = \w for all i,
every weight & = (ki,...,Ky) satisfies k; — \; € Z for all 4, that is, k — A is integral.
Furthermore, for all elements A € H*, where H is the Cartan subalgebra (the span of
E%;), let Oy be the category of graded modules with a homogeneous weight basis (a
basis in which every vector v is homogeneous with respect to the grading group I' and
has a weight «) in which every weight differs from A by an integral element of H* (so

https://doi.org/10.1017/50004972700034080 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700034080

442 D.S. McAnally and A.J. Bracken [18]

that Oy and O, are identical if A — & is integral). Every module with a homogeneous
weight basis is decomposable into a direct sum of modules from individual categories.

Take a nontrivial module W in the category O), so every weight differs from A
by an integral element of H*. Note that if z is nonzero, then 2F%~X is well-defined
on W. Since E%; has grading zero, then zE'i— has grading zero. Let ¢i; be nonzero
elements of F for ¢, =1,...,n. Define

(8'1) WA[k] = H Ck:m_'\m,
m=1

then W,[i] has grading zero, and

(8.2) Wili] " B9k Wali] = ;' G B,

and

(8.3) WiliWalj]) = Walf]Wali).
Define

(8.4) Fi5 = Wi E* s Wi[5] 1,

so that, in particular, F*; = E*;, so the Cartan elements remain unchanged, then F*;
has grading p; — p;, and

(8:5) F*iF* — GGt w iy ) Guaig wpmey 1) G tans 115)Gi G5 w pag i) F¥1FY
= 85 F*y — Sjw(piy i) Gin g (ttis i) G Gt w (s 1) GG w (s i) F* 5.
If there exists a phase function 7 such that
(8.6) nwi, m3) = Gty 4i=1,...,n,
so that n(u, 1;) =1 for all ¢, then

(8.7)  F';F*, — (nw) (s, px) (nw) (e, ) () (s ) () (15, 1) F¥1 F* 5
= 6K F* — 8 (nw) (s, s) (w) (1t ) (0w) (e, 185) () (i, 1) F% 5,

and F*; generate a colour algebra under grading group I' and phase function nw. Note

that (nw)(u, pi) = w(p;, p;) for all 7.
Given a phase function 7 satisfying 5(u;, ;) =1 for all ¢, put

(©.5) ’ { 1, i < J,
’ N n(ll’ial‘l’j)’ 2>],
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so that

(8.9) Walk = T n(twr ) =",
m=1

and W,[1] = 1. Then

(8.10) GiiCii' = nkir 15),

and so, with this choice for (;;,
(811)  F¥;F%, — (o) (1 1) (o) oy 104 (00 (s 113) () (g, o) PR
= 8 F* | — 8} (nw) (i, 160) (10) (ps, 1) (70) (i 85) () (1, ) F 5.

If &(pi,ps) = w(ps, ;) for all i, then by putting n = Gw™?, so (i, p:) = 1 for
all 7, it follows that with an appropriate choice of (;;,
(8.12) F*;F*, — &(pi, puie) @ (pat, i) (pikcy 11 )@ (phs, ) F¥1
= 6§Fil - 6;6(“11 ""’i)‘;(“i’ ’J'k)a(p‘k) p‘.‘))a(p’_‘h ”i)ija
so that F*; generate a Lie colour algebra with grading group I' and phase function &.

Since wp(a, @) = w(o, a) for all a € T', then for an appropriate choice of (;;,

k-1
©13)  Walkl = TT [0l ) w0 )7
m=1
and
(8.14)  F*iF*, — wo(ps, pi)wo(put, pi)wo (ks 5 )wo sy ) F¥ 1
= ¥ F* ) — 8jwo(mi, pra)wo (s, s )wo(tar, s )wo (g, pi) F* 5,

in particular, if 4; and p; have the same parity, or if 4 and p; have the same parity,
then

(8-15) F'jF*, — F* F; = 65F* - 6{F*;,

and if p; and p; have opposite parity and px and gy have opposite parity, then
Jj y

(8.16) FF* + F* F'; = 65F* + 6{F%;,

so that {F*;} span a Lie superalgebra isomorphic to gl(plg), where p is the number of
even i, and g is the number of odd p; (p+ g =n). Note that {F*;} do not close on
a Lie colour algebra.
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The tensor product of modules maps Oy x O, to Oxyx. Since A(E%;) = E*; ®
1+ 1Q®E;, then

A (in‘._()‘i-f-n,-)) _ ZE"‘._,\,- ®in"'"",
(8.17) A(Wasxli]) = Wali] ® Wi[d],
A(F';) = Fj @ WeliW[j] ' + WAiWA[] " ® F7,

on ordered pairs of modules in Oy x O, where F‘j is defined using Wy on modules
in O and W, on modules in O.

Restricting to Qp, then each nontrivial module has an integral weight basis, so
that if (A1,...,An) is a weight, that is, there exists a nonzero vector w € W such that
Ei;w = A\w for all 4, then A; € Z for all i, then E*; possesses only integer eigenvalues,
so for arbitrary nonzero z € F, 2E% is well defined. Note that the tensor product of
modules defines a binary operation on Op. Note that (8.13) becomes

k-1
(8.18) wolkl = ] [w(l‘m»ﬂ'k)EmmWO(ll'myﬂk)Emm] ,

and
A (zE‘.-) = FigE
(8.19) A(Woli]) = Woli] ® Woli),
A(F*;) = F'; ® WolilWo[4]™* + Woli]Wo[j] ' ® F;,

Since W, [i] are defined in terms of the Lie colour algebra (and the representation),
then F* j are defined in terms of the Lie colour algebra, as opposed to the work of Klee-
man, which necessitated the introduction of operators from outside the algebra. Also,
whereas Kleeman modified each homogeneous (with respect to the grading) subspace,
the above modifies the generators of the Lie colour algebra.

9. QUASITRIANGULARITY

Here, colour quasitriangularity and its relation to non-graded quasitriangularity
are reviewed.
A Hopf colour algebra A is quasitriangular if there exists R € (A ® A), such that
e RA(z)=A'(z)R,
. (A ® 1)('R,) = R13Ra2s,
° (1 ® A)('R) = R13R12,
e R is invertible.
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Some consequences are as follows:

(AI ® 1)(R) = R23R13,

(1® A')(R) = Ri2R13,

R12R13R23 = Ra3R13R12 (colour Yang-Baxter equation),

(e®1)(R) = (1®¢€)(R) =u(1),

R'=(S®1)(R)= (1®57!)(R),

(S®SH(R)=R.

Here, u(1) is as in Subsection 3 (iii), the Subsection on Colour Bialgebras: «(1) is the
multiplicative identity of A.

Since the universal enveloping algebra of a Lie colour algebra is colour cocommu-
tative, then it is quasitriangular with R =1®1.

The results given in [10] (in which reduced grading groups were referred to as
nondegenerate) are generalisable to the case where the grading group need only be
finite. Specifically, if (I',w) is the grading group and phase function (and T is finite),
then a colour algebra A can be augmented to a unital associative algebra A using
further generators U, (a € T'), subject to

R UaUﬂ = Ua+ﬂ)
(9.1) Uy =1, a€ly,
Uaz = w(e,§)z Uy, z € Ag,

and denoting the algebra monomorphism embedding A into A by 4. As in the case
of [10], a graded A-module M can be endowed with the structure of an A-module by
defining

(92) Uam = w(a’ ﬂ')m) me€ MI“

Call this the natural A-module structure on M , and call the corresponding represen-
tation of A the natural extension of the representation of A.

The algebra morphisms ¥4, 5, ¥ g, @4, and @/ 5 are defined as in [10], and
have the same properties as far as commutativity of diagrams is concerned. In the
case where A is a colour Hopf algebra, then Aisa nongraded Hopf algebra and the
nongraded coproduct and nongraded antipode are defined as in [10].

Define P by

(9.3) P=T" o™ Y w(B,a)UaBUp,
a,fer

then P satisfies similar relations to those in (10}, that is,
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THEOREM. The following conditions are satisfied by P.

(1) IfT is finite, A and B are colour algebras graded with respect to T,
M is a graded A—-module, and N is a graded B-module, then under the
natural extension,

(9.4) P(m@n) =w(u,vym®@n, m € My, n € N,.
(2) IfT is finite, and A and B are colour algebras, then
(9.5) PP(z@2) =P (z®2)P, z®2€ A® B,

so that P intertwines ® and &'.
(3) IfT is finite, then

(9.6a) (A®1)(P) = P13Pas
(9.6b) (18 A)(P) = P13Pr2

m m
B D)
|®

(4) IfT is finite, then P is invertible with inverse

(9.7) Pt =07 0ol ™ D wla, A\Ua®Up..
a,Bel

The proofs are similar to those given in [10].

If A is quasitriangular, then A is quasitriangular, with R-matrix R given as in
[10].

Similarly, if T" is finite, then given a solution R(z) of the colour parameter—
dependent Yang-Baxter equation,

(9.8) R(z) = P&(R(z)) = ¥ (R(z))P

is a solution of the nongraded parameter-dependent Yang—Baxter equation.
Note that the boundary condition

(9.9) R(0) =1,
automatically gives us that
(9.10) R(0) =P,

so that if the colour parameter-dependent R-matrix satisfies the boundary condition
(9.9) and the phase function is not trivial, then the nongraded parameter-dependent
R-matrix does not satisfy that boundary condition.
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10. gl(plg) : A NEw CoprobpuUCT, HOPF STRUCTURE AND R-MATRIX

Here, a set of operators corresponding to a general phase function on the grading
group is considered, and this set of operators is used to relate Hopf colour algebras with
isomorphic grading groups, but with different phase functions. This relation is shown
to preserve colour quasitriangularity, where for each Hopf colour algebra, the phase
function is the phase function appropriate to that Hopf colour algebra. The results
are applied to colour gl(n): the correspondence with gl(p|q) is identified, the gl(plq)
generators and their coproducts for the Hopf colour algebra are identified, and the new
coproducts for the Hopf superalgebra are found. This identifies a new coproduct, Hopf
superalgebra structure, and R-matrix for theé “complete” universal enveloping algebra
for gl(plq).

Although {F*;} span a Lie superalgebra, the coproducts (8.17) and (8.19) are still
coproducts corresponding to the phase group I' and phase function w.

The results in Section 9 can be generalised. Let @ be a phase function on I', and
let

(10.1) Fo={ael: &(apB) =1, V3eT}.

A colour algebra A with respect to (I',w) can be augmented to a unital associative
algebra A using further generators U, (a € T') of grading zero subject to

ﬁaﬁp = ﬁa.,.ﬁ,
(102) ﬁa = 1’ Q€ fo’ .
Uyz = o(a, &)z Uy, z € Ag.

Here, A is graded with respect to (I,w@~!). Denote the algebra monomorphism
embedding A into A by 74. A graded A-module M can be endowed with the structure
of an A-module by defining

(10.3) Uaym = o(a,p)m, m € M,.

Cali this the natural A-module structure on M , and call the corresponding represen-
tation of A the natural extension of the representation of A to a representation of
A.

The algebra morphisms ¥ 4 g, @Q'B, &5 and 5j4,3 are defined similarly to
(10], in particular, \AI'IA,B,\’IVIQ,B : 1573 — A®B and 54,3,5’,,,3 :A® B — A®B are
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given by
E’A,B ((.T X Z)ija) = (7<+aéz ﬁa, z € BC’
(10.4) V.5 (ﬁa(z ® Z)) = Uaz®Ugraz, € Ag,

<f>A,B(:z:®z) = xﬁcéz, z € B,

514,3(1' & Z) = .’L'é(j{l, T € A{,
and have the same properties as those in [10] as far as commutativity of diagrams is
concerned. In the case where A is a colour Hopf algebra with respect to (I',w), then

Aisa Hopf colour algebra with respect to (I‘,w&';‘l) , with new coproduct, counit and
antipode, given by

Z(x ﬁa) = ®(A(z)) ((70@(70,) = Z‘”(l) ﬁs(2)+aéz(z) Us,
(=)

(10.5) &(20a) =e(@),
g(z fja) = (7_5_0,5(:1:), z € Ag.
The reverse coproduct is given by
(10.6) A (:1: 170) = 6’(A'(z))(”,,é~,,).
If T is finite, define P by

~ ~ -1 ~ e~
(10.7) P =0t lr.,[ 3" @(8,0) 080,
a,BeT
then P satisfies similar relations to those in [10], that is:
THEOREM. The following conditions are satisfied by P.

(1) IfT is finite, A and B are colour algebras graded with respect to (I',w),
M is a graded A-module, and N is a graded B-module, then under the
natural extension,

(10.8) ﬁ(mén) = &(p, v)m®n, m € My, n € N,.
(2) IfT is finite, and A and B are colour algebras graded with respect to
(T,w), then
(10.9) Po(z®z2)=d(x®2)P, z0@z€ A® B,
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so that P intertwines ® and ' .
(3) IfT is finite, then

(10.10a) (5@1) (73) = PraPas € ADABB,
(10.10b) (182) (P) = PraPio € ABBBE.
(4) IfT is finite, then P is invertible with inverse

~ - -1 —
(10.11) -1 =t ’I‘ol S (a, )UaUp.
a,Ber

The proofs are similar to those given in [10].
If A is quasitriangular, then A is quasitriangular (as a Hopf colour algebra with
grading group and function (T',ww~!)), with R-matrix,

(10.12) R = PO(R) = &' (R)P.

Similarly, if T is finite, and R(z) is a solution of the colour parameter-dependent
Yang-Baxter equation, then

(10.13) R(z) = P®(R(z)) = & (R(z))P

is a solution of the colour parameter—dependent Yang-Baxter equation with respect to
(F, w&?‘l) .
The boundary condition

(10.14) R(0) =1,
becomes in the new algebra
(10.15) R(0) = P,

so that if the colour parameter-dependent R-matrix for A satisfies the boundary con-
dition (10.14) and the phase function @ is not trivial, then the colour parameter—
dependent R-matrix for A does not satisfy that boundary condition.

Let & = wwg = 7!, where wy and 7 are defined as in Section 2, specifically, (2.9)
and (2.12), then w&~! = wy, so that

(10.16) (W) (e, B) = wo(a, B) = (_1)¢(a)¢(ﬁ)_
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It follows that A is a Hopf superalgebra, and that all even elements of A are even
elements of A, and all odd elements of A are odd elements of A.
By (8.17), the coproduct on ordered pairs of modules in Oy x O, is

A (ini-('\i+"i)) = in"-A" ®ZE"'.—N'.,
(10.17) A(Wi4[i]) = Wili] ® Wili,
A(F';) = F5 @ WaliWli)™ + WAl @ F'5,

e

so that in [U(gl(u1,. .., n))],
A (ini—('\i‘l"‘i)) = ini—)\iéini-"'i’
(10.18) A(Wyixl5)) = Wali|@W.[i],
A(F') = FH@We[ilWeli) ™ + WalIIWA ] ™ U OF,
and on an ordered pair of modules in Oy x Oy, the coproduct is
A (ini—('\.'+'€i)) = ini-'\iéini_"i,
(10.19) A(Woli]) = Wolil®Wolil,
A(F';) = F*5@Woli]Wols] ™ + Woli]Woli] Uy -, OF ;.
Note that this coproduct for the Hopf superalgebra is distinct from the standard co-
product for the Hopf superalgebra U(gl(p|q)), which is given by
(10.20) A% (F*;) = F';®1 + 1QF*;.

Not only are (10.18) and (10.19) distinct coproducts from (10.20), but there is no algebra
homomorphism of U(gl(p|g)) which will transform (10.20) into (10.18) or (10.19). This
means that (10.18) and (10.19) are entirely new coproducts.

Since the coproduct (10.20) is supercocommutative, then the Hopf superalgebra
is quasitriangular with R-matrix R = 1®1. Since the coproduct (10.18) and (10.19)
is not supercocommutative, then the identity 1®1 is not an R-matrix for this Hopf
superalgebra. The R-matrix corresponding to the coproduct is

~ -~ =1 ~ o~
(10.21) R=P=|0" |r0| 3" 5(8, ) U805
alﬁer‘

Note that since operators U, were introduced to define the Hopf superalgebra

[U(gl(u/l_,.\./. ,4n))], then (10.18) and (10.19) are not coproducts on U(gl(p1,- - -, tn))
as a Hopf superalgebra.
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On the other hand, for a phase function @ on I' and « € I', define 17&[/\] on a
module in Oy by

(10.22) AN f[a(a, ) BimM,

i=1
Then
ValAVa[A] = VasslA],
(10.23) ValA]=1, aeTy,
ValNz = B(a, )z ValN], =€ Ugl(p,-- -, 1m)g
so that U, = V,[A], which are defined in terms of gl(s, ..., i), satisfy (10.2).
By (10.18), the coproduct on ordered pairs of modules in Oy x O, is
Z(Eij) = Eijél + Vii—n; [AléEiJ"
A SB = (itri)) = ini—Aiéini"‘i,
(10.24) ( ~ )
A(Waixli]) = Walil@Wil[i],
Z(Fij) = FijéWN[i]WN[j]_l + Wa\[i]Wz\[j]—lf}m—uj[’\]éFij’
and on ordered pairs of modules in Oy x Op, the coproduct is
5(Ei]') = Eijél + Vii-u; [O]§Ei:i’
B () = @,
A(Woli]) = Wolil@Wold),
A(F';) = F*;@Wo[i)Woli] ™" + WolilWoli] ™V, [0]8 F;.

(10.25)

Note that this is genuinely a coproduct for the Hopf superalgebra U(gl(u1,.. ., itn))
(and equivalently U(gl(p|q))), and is distinct from the standard coproduct (10.20).

11. CONCLUDING REMARKS

It is interesting that there exist different Hopf structures for the Lie superalgebra
gl(m|n), which can be obtained as a consequence of their relationship with Lie colour
algebras of general linear type. Preliminary investigations suggest this phenomenon
extends to other Lie superalgebras (those of types A — G in Kac’s notation [5, 6]).
More importantly, the phenomenon does extend to quantised Lie superalgebras, opening
the way for the construction of more interesting solutions of the graded and ungraded
Yang-Baxter equation, which may be of importance in applications. These extensions
will be pursued in subsequent articles.
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