Proceedings of the Edinburgh Mathematical Society (1995) 38, 431447 ©

EXISTENCE THEORY FOR NONRESONANT SINGULAR
BOUNDARY VALUE PROBLEMS

by DONAL O’'REGAN
(Received 22nd December 1993)

We present some existence results for the “nonresonant” singular boundary value problem 2(py') +uy=f(t,y)
ae. on [0,1] with lim,_q.p(t)y'(t)=p(1)=0. Here p is such that 5(pu')+puu=0 ae on [0,1] with
lim, o+ p()u’(t)=u(1) =0 has only the trivial solution.

1991 Mathematics subject classification: 34B15.

1. Introduction

This paper establishes existence results for the “nonresonant” singular boundary value
problem

soan(POY (B) +uy()=f(t,y(1)) ae. on[0,1]

lim, o+ p(8)y'(£) =0 (1.1)
¥(1)=0

where p is such that

(pyY +uy()=0 ae. on [0,1]

lim, o. p(1)y'(t)=0 (1.2)
W1)=0

has only the trivial solution. Throughout the paper pe C[0,1] ~ C!(0,1) together with
p>0 on (0,1); also g is measurable with ¢>0 a.e. on [0, 1] and [§ p(x)g(x) dx < co.

Remarks. (i). Throughout the condition y(1)=0 could be replaced by the more
general condition ay(1) +blim,_, - p(t)y'(t)=0,a>0,b=0.
(ii). We do not assume [§ 4% < 0.

In addition f:[0,1] x R—R will be a Carathéodory function. By this we mean:

(i). t—f(t,y) is measurable for all yeR

(ii). y—f(t,y) is a continuous for a.e. te[0,1].

For notional purposes let w be a weight function. By L},[0,1],r=1 we mean the space
of functions u such that [} w(e)|u(s)|'dt <co. In particular L2[0,1] denotes the space of
functions u such that [§w(t)|u(t)|?dt<oco; also for u,veLZ[0,1] define (u,vd=
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{8 w(t)u(t)v(t) dt. Let AC[O0, 1] be the space of functions which are absolutely continuous
on [0,1].

This paper will be divided into three main sections. Section 2 discusses the linear
problem i.e. (1.1) with f=0. In Section 3 fixed point methods (in particular a nonlinear
alternative of Leray-Schauder type) is used to obtain an existence principle. The final
section establishes some existence results for (1.1); these results extend and complement
the theory in [4, 6, 21].

Finally we remark here that problems of type (1.1) occur in many applications in the
physical sciences, for example in radially symmetric nonlinear diffusion [20, 22] in the
n-dimensional sphere we have p(t)=t""'; these problems involve a homogeneous
Neumann condition at zero i.e. lim,_q+t""'y'(f)=0. Another important example is the
Poisson—Boltzmann equation

V' +5y=f(@ty,0<t<1 (13)
y(0*)=y(1)=0,a21 '

which occurs in the theory of thermal explosions [3] and in the theory of electrohydro-
dynamics [11]. The results related to (1.3) in the literature [4] usually consider the
situation when inf %f, sup% are bounded and satisfy a “nonresonant” condition; here the
infimum and supremum are taken over {(t,y):0<t<1, —o0<y<oco}. In this paper we
improve the above existence result; in fact in our theory the existence of & is not
assumed.

2. Linear problem

Theorem 2.1. Suppose

peC[0,1]1 n C*(0,1) with p>0 on (0,1) 2.1)
ge L;[0,1] with g>0 a.e. on [0,1] (2.2
and
1 1 s 1/a
[— (j p(x)gq(x) dx) ds< oo for some constant a> 1 (2.3)
o P()\o
are satisfied.
(i) Then
L(pyY +nqy=0 ae. on[0,1]
lim, o+ p(8)y'()=0 (2.4)
y(0)=a,#0

has a solution y,e C[0,1] n C*(0, 1) with py, e AC[0,1]. (By a solution to (2.4) we mean a
function ye C[0,1] n C*(0,1), py’e AC[0, 1] which satisfies the differential equation a.e. on
[0, 1] and the stated conditions.)
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(i1) Then
L(py)Y +ugy=0 ae.on[0,1]

y(1)=0 (2.5)
lim,_-p(t)y'()=1

has a solution y, e L2,[0,1] with y, e C(0,1]1n C'(0,1) and py, e AC[O0, 1].

Proof. (i). Let C[0,1] denote the Banach space of continuous functions on {0,1]
endowed with the norm

|ul¢= sup |e *R®u(r)] where R()= jp(x)q(x)dx

te0, 1]
1/a B
(Iul! (I p(x)a(x) dx) ds) .

Remark. Here f=;%y ie. f and a are conjugate exponents.

and

Solving (2.4) is equivalent to finding ye C[0, 1] which satisfies
yt)=ao— I I p(x)q(x)y(x) dx ds.

Define the operator N:C[0,1]—C[O0, 1] by
Ny(t)=ao— I I p(x)q(x) y(x) dx ds.

Now N is a contraction since

| Nu—No|g < |u|lu—v|x sup e"““”j j'p(x)q(x)e"R"" dxds

te{0, 1]
s tia /s 1/8
<|u|lu—v|x sup e "R"’f (_\'pqu) (que’""“’"dx) ds
1€{0, 1] o P(s) \o )
lullu—sle sup e750] ([ patodx) (G - 5 ) 4
<lul|lu—v|x sup e — x)q(x) dx - s
=l K.s[oPu o p(s) (op 1 ) BK ﬂK)

<Ly ofy sup e R0 (BKR@) 1) (? p(x)q(x)dx)”“ds
(BK) te[0,1] o\o

< __e—ﬂKR(l))llﬂ |u—v|x
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using Holder’s integral inequality. The Banach contraction principle now establishes the
result.

(i)). Let L7,[0,1] denote the Banach space of functions u, with L‘, pq|u|" dt < o0,
endowed with the norm

1/a

1 1
[|ullx = ((j; p(t)q(t)e %20 |u(r)|" dt) where Q() = | p(x)q(x) dx

and

a
(|u|j p(r)q()( ()) ) where = %

Remarks. (i). Notice for example that [}, 2 < oo since

bds b _(hp(¥ax)datt 1 - < )1/ad
20, 9 P09 0 S (T p e a0 ), pisy PN dx | s

(i1). Notice (2.3) implies

(s)

ds
g(i)= ( p(s)>

and fix ¢0<e<1. Interchange the order of integration and use Holder’s inequality to

1 1 a
g p(1)q(2) (j —) dt < 0. (2.6)

To see this let

obtain
ip(t)q(r)g(t)f 2 =§ =5 10900t
é(} (0408°0) dr)””: (1)(1 P00 dz) "as
Consequently

1 1 dS a < 1 1 dS a l s d 1/a
! p(t)q(t)({ ;(;)> dt=<£ p(t)q(z)({ ;@) dt) I ({p(t)q(t) t) ds.

We will show that
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U ds 1 1
)= R ! { p(x)q(x)y(x) dx ds (2.7

has a solution y, e L2, [0,1]. Also we will show y,eC(0,11n C'(0,1) and py, € AC[0, 1]
and consequently y, will be a solution of (2.5).
Define the operator: L; [0,1]- L5 [0,1] by

My(t)=— I — —#I I p(x)q(x)y(x) dx ds.

p(s)

Remark. M is well defined because of (2.6) and
1 1 1 1 a 1 al 1 s
fpa(i 7 §alolaxas) aespall e foaf § 25 o
0 tDs 0 o t P(s)

1 . 1 af 1 ds
é(gpqul dx)(g;»w) 51)(1( p(s)) dt

for any ye L7 [0,1].

Now M is a contraction since

1 _ 1 1 1 a
||Mu—Mv||;§|u|“_£ pge~Xew (j ) § p(x)q(x)|u(x) — v(x)| dx ds) dt
' s
1 1 d
é |#|aI pqe-KQ(t) (I pqe—KQ(x)/u eKQ(x)/a |u(x) —v(x)ldxf _)
0o t

e p(s)

1 t a/p ldS a
< ufellu—olfi f pqe-«om(;pqeﬂ«mx»«dx) ( _> i

0 t lp(s)

! alp /1 a
<|ul?llu— ol -k % _gKRQWa __ 0‘) ( ds) dt
ol pae (ﬁKe (i

- BKOWYa Lods \
(,,K) il uu—vnxqu(l-e ) ( m) dt

g(l —e-ﬁxe(ova)am || —vl|-

https://doi.org/10.1017/50013091500019246 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500019246

436 DONAL O'REGAN

The Banach contraction principle now establishes that (2.7) has a solution y, € L [0, 1].
Also

p(1)y2(t) =1+ p § p(x)q(x)y,(x) dx

so py, € AC[0,1] since y, € L% [0, 1] implies pqy, € L'[0,1]. Thus y, is a solution of (2.5).

ad
Consider now
l AV
p—q(py) +uy=h(t) ae.on[0,1] (2.8)
where (2.1), (2.2), (2.3) and
he L2, [0, 13; here ﬂ=ﬁ (2.9)

hold.

Theorem 2.2. Suppose (2.1), (2.2), (2.3) and (2.9) are satisfied. In addition p is such that
(1.2) has only the trivial solution. Then

L(pyY +uy=h(t) ae.on[0,1]

lim,_ o+ p(t)y'(t)=0 (2.10)
y(1)=0
has exactly one solution y (note ye L3 [0,1] with ye C(0,1]1n C*(0,1) and py € AC[O, 1])
given by
1
y(£) =§ G(t, s)q(s)h(s) ds (2.11)
4]

where G(t,s) is the Green’s function i.e.

S t
120 copiom (90,0 <sse
G(t,s)=

[4 S
%V%z)(—)=cop(8)yz(ﬂyl(t), 0ss<lL
Here y, and y, are as described in Theorem 2.1 and W(s) is the Wronksian of y, and y,
at s and notice p(s)W(s)=(1/co) #0 for se[0,1].
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Proof. This follows the standard construction of the Green’s function; see [22, 24]
for example. We will just justify that p(s) W(s)#0 for se[0,1]. To see this all one needs
to show is that y,(1)#0. If y,(1)=0 then y, satisfies (1.2) and consequently y, =0. This
contradicts the fact that y(0)=a,#0. O

Remark. Notice y in (2.11) is in L3, [0, 1] since

a/p
d

1 1 a 1 1 1
g p(t)q(t) <I p(s)alya(s)y, (Dh(s)| dS> dtégpqull“ (I pquzl“dS) <I pq|h|® d8> s
and so

£ p(1)q(?) <(I) P(5)a(s)|y1(5) y2(2) ()| dS)a dt < co.

3. Existence principle

We use a nonlinear alternative of Leray—Schauder type [9] to establish our existence
principle. By a map being compact we mean it is continuous with relatively compact
range. A map is completely continuous if it is continuous and the image of every
bounded set in the domain is contained in a compact set in the range.

Theorem 3.1. Assume U is a relatively open subset of a convex set K in a Banach
space E. Let N:U—K be a compact map with 0 U. Then either

(i) N has a fixed point in U; or

(i1) there is a uedU and a 2€(0,1) such that u=ANu.

Next we gather some well known results [12] from the theory of nonlinear integral
equations.

Theorem 3.2. Let a>1 be a constant and f:[0,1]xR—R be a Carathéodory
Sfunction. Define the operator

Fy(t)= f(¢, y(t))

and suppose F: L3 [0,1]—L% [0,1]; here p=z2t. Then F is continuous and bounded.

Theorem 3.3. Consider the linear integral operator

Ay(t)= g P(s)q(s)k(t, s) y(s) ds

with
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1 1
{ p(®a(2) § p(s)a(s)|k(t,s)|* dsdt < oo for some a> 1. (3.1
0 0

Then A: Lf,q[O, 11-L5,(0, 11, B=25 is completely continuous.
We next prove an existence principle for (1.1).

Theorem 3.4. Let f:[0,1] x R->R be a Carethéodory function and suppose (2.1), (2.2)
and (2.3) are satisfied. Also suppose

SL0)eLE[0,1] whenever yeL%[0,1]; here ﬁ:zﬁ—l. (3.2)

In addition u is such that (1.2) has only the trivial solution. Now suppose there is a
constant M, independent of 2, with

1yl =<(I) p(t)q(t)ly(t)l“dt)”a§ M,

for any solution y (here ye L3,[0,1] with ye C(0,1] n C'(0,1) and py'e AC[0,1]) to
22(pY) +uy=Af(t,y) ae. on[0,1]
lim, .. p(t)y'(1)=0 (3.3),
y(1)=0

for each 2€(0,1). Then (1.1) has at least one solution.

Proof. Solving (3.3), is equivalent to finding ye L} [0, 1] which satisfies
1
y(8)=2] p(s)q(s)k(z, ) f (s, y(s)) ds (3:4)
[\]

where

Coy1(8)y2(1), 0<s<t
k —Jtoh1
(-3) {Co}’z(s)h(l), t<s<l,

and y,,y,,co are described in Theorem 2.2. Define the operator N:L7,[0,1]- L3, [0,1]

by

Ny(t)= g p(s)q(s)k(t,s) f (s, y(s) ds.
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Remark. N is well defined since

1 1 a 1 1 1 a/f
g Pq (I paly (D)y(s) £ (s, y)|d3> dtég pq|y[* <I pqly2|* dS> (I pa|f (s, y)I”dS) dt

and so
§p(0)a() (g p(s)q(s)lyl(s)yz(z)ﬂs,y(s»lds)“ dt < oo,

Next define F: L2 [0,1]— L% [0,1] by
Fy(t)=f(t, y(1))
and A:L% [0,1]-L2.[0,1] by

Ay(t)= g p(s)q(s)k(t, s)y(s) ds.

Notice (3.2) and Theorem 3.2 implies F is bounded and continuous. A is completely
continuous by Theorem 3.3.

Remark. Notice [5p(1)q(t) |5 p(s)q(s)|k(t, s)|* ds dt < oo since
gp(t)q(t) (g P()q(s)|y1(s)y2(0)]* ds dt < (I) p()a(®)|y2(0)]* (I) p(s)q(s)]y,(s)|* dsde < o0
and so
1 1
g p(t)q(t) (I P(5)9(5)|y2(s)y1(9)]* ds dt < co.

Consequently N=AF: L3 [0,1]- L5, [0, 1] is completely continuous. Set
U={uel2,[0,1]:||u]|<Mo+1},K=E=L%[0,1].
Then Theorem 3.1 implies that N has a fixed point i.e. (1.1) has a solution ye L} [0, 1].

The fact that ye C(0,1] ~ C'(0, 1) with py’ € AC[0, 1] follows from (3.4) with A=1. (M|

4. Existence theory

Theorem 4.1. Let f:[0,1] x R—R be a Carathéodory function and suppose (2.1), (2.2)
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and (2.3) are satisfied. In addition p is such that (1.2) has only the trivial solution. Let

{If(t, )| 1)+ P20 (|u)) ace. on [0,1] where ¢4, ¢, € L}, [0,1] 1)

and Y : [0, 00)—[0, o0) is a continuous function

there exists Q=0 and a continuous function 6:[0, c0)—[0, c0) with
,‘-(1) P(s)q(3)¢g(5)¢ﬂ(|y(s)|)ds§Q00(||y”) for any ye L;q[O, 1], (42)
here ||y||=(f8 p(t)q(t)| y(¢)|*dr)*

and

((63)ig (X))

Ao=2%°c3Q%* ||y, |]*l|y1 [ lim sup ~—==— < 1 where y,, y,,co

X =00

(4.3)

22— B2 —at+ap
af

are as described in Theorem 2.2 and q,=

are satisfied. Then (1.1) has at least one solution.

Remarks. (i). Notice (3.2) is automatically satisfied since (4.2) holds and also since
$ieL, [0,1].

@i). If Y(|ul)=|u)’, 0Sy<min{},1} and @57 #eL! [0,1] then (4.2) and (4.3) are
satisfied since

1 1 (a= By
[ p()a(s)5(s)|¥(s)|*” ds < ||y||*” (I pqesle =i ds) for any ye L7,[0,1]
(4] (1]

and so with 6(x)=x*" we have

alp
limsu p(e( x) =limsup x*" " V=0,

X~ 00 XxX—+ a0

Proof. Let y be a solution to (3.3); for 0<A< 1. Then
V1) =12coy,(t) g p(5)4(5)y1(5) S (5, y(s)) ds + Acoy; (1) | p(s)q(s) £ (s, y(s)) ds

where y,,y,,c, are as described in Theorem 2.2. Recall (ay+bo)° <2~ 1(af + bP),a0 =
0,by=0,rs21 s0

[Iyfl<22- 1Cofp(t)q(t)lyz(tl (IP(S)q(S)Iyl(S )|I.f (s, ¥(s) IdS) de

+2°7 ¢y I IZGL GG (I p(s)q(s)|y2(s)]| f (s, y(S))IdS> dr.
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This together with Holder’s inequality implies

1 alp
||y||agzac:,nyzu«uyl||ﬂ(gp<s>q<s>|f<s,y(s»vds) . (44)
In addition
1 1 1
(f) p()g(s)| (s, (s))|f ds <261 (f) p(s)q(s)¢h(s) ds+2° ! (}; p(s)q(s)PA(s)YP(|y(s)]) ds
<261 £P(5)4(8)¢’1’(S) ds+28-1Q06(||y|))-

This inequality together with (ag+ bg)! /"o 2o~ Vire(gliro 4 plirey g0 >0,by=0,ro=1 or
(ag+bo)° 2% HaP +b),so21 and (4.4) implies

1 afB
||y||"§2"02‘>||yz||"‘||yx||’2‘“"’”“(2““‘"”"’(Ipqtbﬁ’ ds) +2““"“"‘stﬂ(e(||y||»““’>. 5)
[¢]

Consequently

spadh d9™® | QF*(O(|y |
I T e s T o

Thus there exists a constant M,, independent of A, with || y||§M0 for any solution y
satisfying (3.3); i.e. y=ANy where N is as described in Theorem 3.4. If this was not true
then there exists u,=2A,Nu, with |u,||>c0 as n—oo and since limsup(s,+t,)<
limsups,+limsupt, for any sequences s,20,t,=20 we have from (4.6) that 1< A,, a
contradiction (see (4.3)). Thus there exists a constant M,, independent of A, with
||l¥|| <M, and the result now follows from Theorem 3.4. O

The next two existence results extend in a “particular direction” Theorem 4.1 if
certain criteria are fulfilled. To discuss the first result we begin by gathering together
some facts on the singular eigenvalue problem

Lu=Ju ae. on [0,1]
lim,_q+ p()u'(t)=0 4.7
u(1)=0

where Lu= —L(pu’). Assume (2.1), (2.2) and

1

s 1/2
{ (s (I p(x)q(x)dx> ds< o0 (4.8)
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hold.

Remarks. (i). In this case a=2 in (2.3).
(i1). Here t=0 is a singular point in the limit circle case [18, 19, 24].

Let

D(L)= {w eC[0,1]:w,pw' e AC[0, 1] with L (pw') € Lf,q[O, 1]
pq

and lim p()w'(t)=w(1) =0}.

t—+0+

In [18,19] it was shown that L™': L2 [0,1]-D(L) and L™' is completely continuous
with (L™ 'u,v>=(u,L™'v) for u,ve L, [0,1]. Consequently the spectral theorem for
compact self adjoint operators [24] implies that L has a countably infinite number of
real eigenvalues A; with corresponding eigenfunctions ;eD(L). The eigenfunctions ;
may be chosen so that they form an orthonormal set and we may arrange the
eigenvalues so that

lo<A <A, <....
The following Rayleigh-Ritz minimization theorem [18, 197 also holds.

Theorem 4.2. Suppose (2.1), (2.2) and (4.8) hold. Then
Ao (I) p()q(1)y*(t)de < g POy (1))? dt

for all functions y € D(L).

We can improve the result in Theorem 4.1 if (4.8) holds and if p<41,; here 4, is the
first eigenvalue of (4.7). In particular consider

7a(py) =f(t,y) ae. on [0,1]
lim,_ ¢+ p(t)y'(t)=0 (4.9
w1)=0.

Theorem 4.3. Let f:[0,1] x R>R be a Carathéodory function and suppose (2.1), (2.2)
and (4.8) are satisfied. Also assume
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S, y(1) e L[0, 1] whenever ye L2 [0,1]. (4.10)
In addition suppose f(t,u)=g(t,u)+ h(t,u) with g,h:[0,1] x R—>R Carathéodory functions
and
|uh(t, u)| §¢,(t)|u| + ¢2(t)p(|u|) a.e. on [0, 1] where p:[0, c0)—[0, ) @.11)
is a nondecreasing continuous function ’
ug(t,u) = — pou? for a.e. te[0,1] and ueR; here py< A, 4.12)
750 ()¢()(1 ) a 4 [p(0a(0)) (( "s)m)d (413
t)qit t — t <00 an t)qit t —_— <0 .
Op 1 ! :P(S) Op 1 2A0P :P(S)
{there exist constants Q, (independent of a, and by) and Q, such that for any (4.14)
a9 20, by 20 we have p(agbo) < Q, p(ao) p(bo) + Q2 p(bo) .
and

1 1 1/2
4120, (§0a09:00((§ 25)" ) imsup 2 <,
: x (4.15)

with no=1 if uy <0 whereas n0=1—? if0Zpug<iy
0

are satisfied. Then (4.9) has at least one solution.

Remark. If p(|ul)=|u["*',0<y<1 and [§p(t)q(t)p,(t) (J! &)+ V2 dt< o then (4.13),

t p(s)

(4.14) and (4.15) are satisfied since if Q,=1,0,=0 we have p(aob0)=|a0b0|7“=
lao|?**|bo|"** and also

lim sup &;‘) =limsupx’~'=0.

X X X0
Proof. Let y be a solution to

7(py') =Af(t,y) ae. on [0,1]
lim,_ ¢+ p(8)y'(2)=0 (4.16);
y(1)=0

for 0<A<1. Multiply the differential equation by —y and integrate from 0 to 1 to
obtain
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ly|I§= —lgpqyg(t, ) dt+£pq|yh(t,y)| dt
1
< Auo||¥|1? +£pq[¢1(t)|y(t)|+¢1(t)p(|y(t)|)] dt

where for notational purposes ||u||*={§pg|u|*dt and |[u|3=3p|u|*dt. Apply Theorem
42 if 0< puy <4y to obtain

1 1
nolly'll5 é(j)pqmlyl dt+ [ pag,p(|y(0))) dt (4.17)
0
where 7, is as described in (4.15). Also for te(0,1) we have from Holder’s inequality
that
L ods \'?
NIz — 4.18
ol § =) @19

and this together with (4.17) and the fact that p is nondecreasing yields

1 1 1/2
nouy'nsgzv,uy'no+;p(r)q<z>¢2<t>p(||y'||o( —"s) )dz
1] t p(s)

where N, = [§ pgo, (]! A5)"/? dr. Using (4.14) we obtain

t p(s)
WOHJ/II(Z) éNl”y’||0+Q1N2p(||yl||O) +Q,N,

where N, = [§ pgd,p(([! 72%)'/?) dt. Consequently

Mo < N, ”y'”o +Q,N, 4 QINZP(”,V’”O)'
I (1717 [1y°113

Thus (as in Theorem 4.1) exists a constant M,, independent of 4, with [|y|l,<M, for
any solution y to (4.16),. This together with Theorem 4.2 yields

1

1
Ipqulzdtér
0 0

Mi

so the result follows from Theorem 3.4 (with u=0 and a=2). O
Finally we examine the boundary value problem (4.9) where in the case pqf: [0, 1] x

R—R is an L'-Carathéodory function. By this we mean:
() pqf:[0,1]x R—R is a Carathéodory function, and
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(ii) for any r>0 there exists h,e L'[0,1] with |p(1)q(t) f(t,u)| Sh(1) for ae. te[0,1]
and for all |u|<r.
For the remainder of the paper assume (2.1), (2.2) and

1 _s[p(x)q(x) dxds< oo (4.19)
0

p(s)

Oty

and

ﬁ _[p(x)q(x)h,(x) dx ds < oo for any r>0; here h, is as described above  (4.20)
(4]

O ey =

hold. In [8, 18] we proved the following existence principle.

Theorem 44. Let pqf:[0,1]x R—R be a L'-Carathéodory function with (2.1), (2.2),
(4.19) and (4.20) holding. In addition suppose there is a constant M, independent of A,
with

I,Vlo= sup |Y(t)| M,
(0.1]

Jor any solution y (here ye C[0,1] ~ C*(0,1) with py'e AC[0,1]) to

7a(pYY=2f(t,y) ae. on [0,1]
lim, o+ p(t)y()=0 (4.21),
y1)=0

Jor each 0< A< 1. Then (4.9) has at least one solution.

Theorem 4.5. Let pqf:[0,1]x R—>R be a L'-Carathéodory function with (2.1), (2.2)
and (4.19) holding. In addition suppose

|£(t, )| £ 61(6) + 62())Q|u]) ae. on [0, 1] where Q: [0, 00)—[0, 00) 422
is a nondecreasing continuous function ’
j L I p(x)q(x)¢(x)dxds<o0,i=1,2 (4.23)
o p(s)o
and
(i L [ px)a(x)2 () dx ds) tim sup 29 < 1 (4.24)
o p(s) o x—=o0 X
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are satisfied. Then (4.9) has at least one solution.

Proof. Let y be a solution to (4.21); for 0< A< 1. Then for te[0, 1] we have

1

1
==

ip X)4(x) £ (x, y(x) dx ds
and so

[y < f } p(x)q(x)$,(x) dx ds+ (I) P(x)q(x) ()| y(x)|) dx ds.

“I
.

Now |y(x)| £supyo.1;|¥(s)|=|y|o and this together with the fact that Q is nondecreasing
yields

i

|y(0)] < I I p(x)q(x)$(x) dde+Q(|y|o)I I p(x)q(x)$2(x) dx ds.

Let K; =470 {5 P(xX)g(x)@{x) dx ds,i=1,2 so
|YI0§K1 +K29(IY|0)

and consequently

1<ﬁ+K29(}’0)‘

=yl |¥]o

Thus (as in Theorem 4.1) there exists a constant M, independent of 4, with |y|, <M
for any solution y to (4.21); The result follows from Theorem 4.4. d
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