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DISTAL EXPANSIONS OF PRESBURGER ARITHMETIC BY
A SPARSE PREDICATE

MERVYN TONG

Abstract. We prove that the structure (Z, <, +, R) is distal for all congruence-periodic sparse predicates
R C N. We do so by constructing a strong honest definition for every formula ¢(x:y) with |x| =1,
providing a rare example of concrete distal decompositions.

§1. Introduction. One of the most important threads of model-theoretic research
is identifying and studying dividing lines in the universe of structures: properties P
such that structures with P are ‘tame’ and ‘well-behaved’ in some sense.

Two dividing lines that have attracted much interest, not just in model theory but
also in fields such as combinatorics and machine learning, are stability and NIP
(‘not the independence property’). In [16], Simon introduced the dividing line of
‘distality’, intended to characterise NIP structures that are ‘purely unstable’. Indeed,
stability and distality can be viewed as two opposite ends of the NIP spectrum: no
infinite structure satisfies both simultaneously. However, a stable structure can admit
a distal expansion, and this is (a special case of) the subject of curiosity among many
model theorists, phrased in [3] as the following question.

QUESTION 1.1. Which NIP structures admit distal expansions?

The reason (or one such reason), this is a question of interest, is precisely the fact
that distal structures have nice structural properties. Most notably, in [§], Chernikov
and Simon prove that a structure M is distal if and only if every formula ¢(x; y)
in its theory has a strong honest definition, or (as termed in [7]) a distal (cell)
decomposition. Informally, this means that given a finite set B C M7, there is a
decomposition of M*, uniformly definable from B, into finitely many cells, such
that the truth value of ¢(x; b) is constant on each cell for all b € B.

Cell decompositions in general have proved useful for deriving various results,
particularly of a combinatorial nature, and distal decompositions are no exception.
Many results that hold in the real field, where we have semialgebraic cell
decomposition, that were found to generalise to o-minimal structures, where we
have o-minimal cell decomposition, turn out to also generalise to distal structures,
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2 MERVYN TONG

where we have distal decomposition (note that o-minimal structures are distal, and
in fact, o-minimal cell decomposition is a special case of distal decomposition).
A notable example concerns the strong Erdos—Hajnal property. It was shown in
[1] that every definable relation over the real field has the strong Erdos—-Hajnal
property. This was later generalised in [4] to every definable, topologically closed
relation in any o-minimal expansion of a real-closed field. Finally, it was shown in
[9] that a structure is distal if and only if every relation in its theory satisfies the
definable strong Erd6s—Hajnal property.

Such results support the view that distality is an excellent context for certain
flavours of combinatorics. Indeed, in [7] it is postulated that ‘distal structures
provide the most general natural setting for investigating questions in “[generalised]
incidence combinatorics™’.

The main result of this article thus fits nicely into the context described above.

MAIN THEOREM (Theorem 4.8). Let R C N be a congruence-periodic sparse
predicate. Then the structure (Z, <, +, R) is distal.

Note that, by [11, Corollary 2.20], such structures (Z, <, +. R) have dp-rank > w,
so our main theorem completely classifies these structures on the model-theoretic
map of the universe.

Here, congruence-periodic means that, for all m € N*, the increasing sequence by
which R is enumerated is eventually periodic modulo m. Sparsity will be defined in
Definition 2.10, but for now we content ourselves by noting that sparse predicates
include such examples as d" := {d" : n € N} for any d € N>, the set of Fibonacci
numbers, and {n!: n € N}.

We now give an overview of how this result extends and builds on results in the
extant literature. In [13], Lambotte and Point prove that (Z,+, <, R) is NIP for
all congruence-periodic sparse predicates R C N, so our result is a strengthening
of theirs. They also define the notion of a regular predicate, show that regular
predicates are sparse, allowing them to apply their result to congruence-periodic
regular predicates. It turns out that the converse holds: sparse predicates are regular,
which we prove in Theorem 2.27 as a result of independent interest, providing an
equivalent, more intuitive definition of sparsity.

In the same paper, they also prove that (Z, +, R) is superstable for all regular
predicates R C N. So. if additionally R is congruence-periodic, then our result shows
that (Z, +, R) admits a distal expansion, namely, (Z, +, <, R). This provides a large
class of examples of stable structures with distal expansions, which should provide
intuition towards an answer to Question 1.1. We note that examples of NIP structures
without distal expansions are far more meagre, and so far the only known method
of proving that a structure does not have a distal expansion is to exhibit a formula
without the strong Erdés—Hajnal property (see [9]). It is our hope that our more
direct proof of distality may provide new methods and insights to that end.

To our knowledge, no examples of R C N are known such that (Z, <, 4, R) is
NIP but not distal. As discussed above, distality is a desirable strengthening of NIP,
so it would be pleasant if NIP sufficed for distality for such structures. We therefore
ask the following question.

QUESTION 1.2. Is there R C N such that (Z, <, 4+, R) is NIP but not distal?
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In fact, even the existence of a non-distal NIP expansion of (N, <) appears to be
unknown(see [17, Question 11.16]. More broadly, we would like to understand the
following problem.

PrROBLEM 1.3. Characterise the class of predicates R C N such that (Z, <, +, R) is
distal.

A natural first step to understanding this problem is to ask the following question.

QUESTION 1.4. Let R C N be sparse but not necessarily congruence-periodic. Must
the structure (Z, <, -+, R) be distal?

Congruence-periodicity is used in an essential way in our proof, so we expect that
a substantial change in approach would be required to provide a positive answer
to this question. Note that there are sparse predicates which are not congruence-
periodic—see Corollary 2.28.

We had previously wondered if every non-distal structure of the form (Z, <, +, R)
interprets arithmetic, but R = 2N U 3" serves as a counterexample'. Indeed, the
resulting structure does not interpret arithmetic [14] and is IP (hence non-distal).
A proof of the latter is given in [12] (where, in fact, 2-IP is claimed), but in personal
communication with the authors an error was found; they have nonetheless supplied
an alternative argument that the structure is (1-)IP.

Our original motivation for proving the main theorem was to answer a question
of Michael Benedikt (personal communication), who asked whether the structure
(Z.<.4.2Y) was distal. His motivation was to know whether the structure has
so-called Restricted Quantifier Collapse (RQC), a property satisfied by all distal
structures [6]. In personal communication, he informed us that he is also interested
in obtaining better VC bounds for formulas in this structure (coauthoring [5] to that
end), and that a constructive proof of distality could help in this endeavour. Our
proof is nothing but constructive.

Strategy of our proof and structure of the article. The proof of our main theorem,
Theorem 4.8, comprises most of the article. In Section 2, we define and motivate the
terminology used in our main theorem, and state and prove basic facts about sparse
predicates that are either useful for our proof or of independent interest. Our proof
begins in earnest in Section 3.

Let us describe the strategy of the proof. Perhaps its most noteworthy feature,
and what distinguishes it from most other proofs of distality, is that we prove that
the structure is distal by giving explicit strong honest definitions (hence, distal
decompositions) for ‘representative’ formulas of the theory. Most proofs of distality
in the literature go via the original definition of distality (given in [16]) using
indiscernible sequences, which offers no information on the structure or complexity
(such as ‘distal density’) of the distal decomposition, which is itself a subject of
interest, such as in [2]. As phrased in [3], ‘occasionally [the characterisation of
distality via strong honest definitions] is more useful since it ultimately gives more
information about definable sets, and obtaining bounds on the complexity of strong
honest definitions is important for combinatorial applications’.

I'We thank Gabriel Conant for bringing this to our attention.
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The first stage of the proof is thus to characterise ‘representative’ formulas of the
theory, which is the goal of Section 3. The main result in that section is Theorem 3.6,
where we show that to prove the distality of our structure, it suffices to construct
strong honest definitions for suitable so-called (F,) formulas (where n € NT), to be
defined in Definition 3.5. We prove this by first showing that every formula ¢ (x; )
with |x| = 1 is (essentially) equivalent to a Boolean combination of so-called (E,,)
formulas (Proposition 3.7), and then showing that every (E,, ) formula is (essentially)
equivalent to a Boolean combination of suitable (F,) formulas and (E,_;) formulas
(Corollary 3.11). By induction on n € N¥, this gives an explicit recipe for writing
every formula ¢ (x; y) with | x| = 1 as (essentially) a Boolean combination of suitable
(F,) formulas. This is summarised precisely at the end of Section 3.

Constructing strong honest definitions for (F,) formulas is the goal of Section 4
of the article. The broad strategy is to induct on n € N*. Theorem 4.3, which
produces new strong honest definitions from existing ones, is a stronger version of
the base case n = 1 (Corollary 4.4), and is also a key ingredient in the inductive step
(Theorem 4.6). Morally, the base caseis n = 0 (see Corollary 4.4), where the formula
is a formula of Presburger arithmetic, hence admitting a strong honest definition
since Presburger arithmetic is distal; Corollary 4.4 bootstraps this strong honest
definition to construct ones for (F;) formulas using Theorem 4.3. Thus, the proof
strategy can be described as ‘generating strong honest definitions in (Z, <, +. R)
from ones in the distal structure (Z, <, +)’, which may prove a useful viewpoint for
similar applications in the future.

We thus give a recipe to construct explicit strong honest definitions, and thus
distal decompositions, for all formulas ¢ (x; y) with |x| = 1. However, we make no
comment on the structure of these distal decompositions, as the complexity of our
construction renders such analysis a separate project. In particular, we make no
claim on the ‘optimality’ of our decomposition, to which little credence is lent by
the length of our construction anyway. The objective of this article is to provide a
rare example of concrete distal decompositions, which the reader may analyse for
aspects of distal decompositions in which they are interested.

§2. Preliminaries and basic facts. This section lays out the two key definitions in
our main theorem—distality of a structure and sparsity of a predicate—and provides
some commentary on these notions.

2.1. Distality. Let us begin by defining distality. As mentioned in the Introduc-
tion, distality was originally defined by Simon in [16] using indiscernible sequences,
but we shall take the following—proven to be equivalent by Chernikov and Simon
in [8, Theorem 21]—as our definition of distality. Recall that if ¢(x: y) is a formula
in a structure M, a € M*, and B C M”, the ¢-type of a over B is tp¢(a/B) =
{p(x:b):b € BME¢(a:b)} U{~¢(x:b):b € BME—¢(a:b)}.

DErINITION 2.1. Say that an L-structure M is distal if for every partitioned L-
formula ¢(x: ), there is a formula w(x: y(V, ..., y%)) such that for all « € M~ and
finite B C M” with |B| > 2, there is ¢ € B* such that a = w(x:c) and w(x:c) F
tpy(a/B). thatis, forall &’ |= y(x:c) and b € B, M |= ¢p(a:b) < ¢(a':b).
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In Definition 2.1, w is known as a strong honest definition (in M) for ¢. By
[3. Proposition 1.9]. when showing that M is distal, it suffices to verify that every
partitioned formula ¢ (x; y) with |x| = 1 has a strong honest definition.

The following lemma is straightforward to prove.

LeEMMA 2.2. Let ¢1(x:y) and ¢>(x: y) be formulas, respectively, with strong honest
definitions w1 (x: y V. ...y 8 and yo (x: yD .. y").

(i) The formula —¢:(x: y) has strong honest definition y(x; yV, ..., y®)).

(ii) The formula ¢1 A ¢5(x;y) has strong honest definition

w1 (x;pM Y Ay (s y®HD Ly

When constructing a strong honest definition for ¢(x: y), it is often convenient
to partition M* into finitely many pieces and use a different formula for each piece.
This is the content of the following proposition.

) (k‘H)).

PROPOSITION 2.3.  Fix an L-structure M and a partitioned L-formula ¢(x: y). Then
¢ has a strong honest definition in M if and only if there is a finite set of formulas
W(x; yW, ...y ") such that for all a € M* and finite sets B C M” with |B| > 2,
there is ¢ € B* and w € ¥ such that a |= y(x:¢) and w(x:c) F tp,(a/B).

PrOOF. The forward direction is immediate. Let ¥(x: y, ..., y®)) witness the

antecedent of the backward direction; enumerate its elements as 1, ..., ¥,. Let

O(x: y @ Ly 4D 01 < <)
n
— \/(um — oD A gz y D, “_’y<zzk>)> ,
i=1

where 1) vl are tuples of variables of length |y|. We claim that this is a
strong honest definition for ¢. Fix ¢ € M* and finite B C M7 with |B| > 2.
There is ¢ € B and 1 < j < n such that a |= wi(x:c) and y;(x:c) b tp¢(a/B).
Choose V), v, ... . u™ o™ € B such that u') = o) if and only if i = j; this is
possible since |B| > 2. Then a |= 0(x;c,u”, v : 1 <i <n) since a |= w;(x:c).
and 0(x:c,u, 0" 1 <i <n)kw;(x:c) since u? # v for all i # j. But now
wj(x:c) Ftpyla/B). .
Call such a ¥ a system of strong honest definitions (in M) for ¢.

DEFINITION 2.4. Let ¢(x;y) be an L-formula with m := |x| and n := |y|. Say
that an £-formula 0(u;v) is a descendant of ¢ if

O(u:v) = ¢(f1(u). ... f(u): g1(v), ... ga(v)).
for some L-definable functions f, ..., f}, of arity |u| and g1, ..., g, of arity |v].
Note that the descendant relation is reflexive and transitive.

LEMMA 2.5. Fix an L-structure M with at least two ()-definable elements. If an
L-formula ¢(x: y) has a strong honest definition, so does any descendant of ¢.

PrOOF. Let a.f € M be distinct (-definable elements. Let ¢(x:y) be an
L-formula with m := |x| and n := |y|, and suppose it has a strong honest definition
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w(x: W, yp®) Let
O(u:v) = ¢(f1(u), ... fm(u): g1(v). ... gn(v))

be a descendant of ¢, for some L£-definable functions f1, ..., f,, and g1, .... g,.
Write [k] := {1.....k}. For I UJ C [k] (thatis, I,J C [k] disjoint), let

Lo i e RN (TUT)) = w (1), oo )iy DD ),
where
a ifi el
(i) _ n
hi”=1p8 ' ifi € J,
g;(v")  otherwise.

We claim that {{;; : 1 UJ C [k]} is a system of strong honest definitions for 6.
Indeed, let @ € M* and B C M with 2 < |B| < oo. Let B := {(g1(v)..... g,(v)) :
v € B}, and let

B:=BuU {la,....a), (B.....B)} C M™".

Since y is a strong honest definition for ¢ and 2 < |B| < occ. there is
c=(cW,....¢®)e B* such that (f(a)..... fm(a)) Ew(x:c) and w(x:c)F
tpg (f1(a). ... f(a)/B) D tpy(f1(a)..... fn(a)/B).

Let/ :={ie[k]:c"¥) = (a.....a)}and J :={i € [k] : ¢) = (B..... p)}. Then,
there is a tuple (w') : i € [k]\ ( UJ)) from B such that

w(f1(). . f(u)ie) = Cy(uzw i e K]\ (TU)).

whence a = (y(uw' 1ie[k]\(TUJ)) and y(usw® :iek]\ (T UJT))F
tpy(a/B). 4

REMARK 2.6. In the proof above, if the function v+ (g1(v),....g,(v)) were
injective, then

C(uzo 2 i e k)
=y (1), fu@):gi (). ga (WD), g1 (0®). g (00))
would have sufficed as a strong honest definition for 6.

ExampLE 2.7. It is well-known that Presburger arithmetic is distal (see, for
example, [9, Example 2.9]). but, as an example, let us prove this by constructing
strong honest definitions. Another well-known fact (see, for example, [10]) is that
Presburger arithmetic admits quantifier elimination in the language Lprs := (<,
+,-0,1,(- =5, 0),,en+ ). where - =, 0 is a unary relation symbol interpreted as
divisibility by m. We will often write x =, y tomean x — y =,, 0.

It thus suffices to construct a strong honest definition for every atomic Lpyes-
formula ¢(x;y) with |x| = 1. These have the form f(x,y) =0, f(x,y) <0, or
f(x,y) =, 0, where f is a Z-affine function (that is, a Z-linear combination of its
arguments plus an integer constant). We can ignore formulas of the form f (x,y) =
0, since f(x,y) =0+« f(x,y) <IA- f(x,y) <1. By Lemma 2.5, it suffices to
construct strong honest definitions for ¢(x; y) := x < y and w,,(x: ) := x =, y.
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The formula ¢(x; y) admits a system of strong honest definitions given by {x <
y,x=p,y<x,y<x<y'}, where |y’| = |y|; in what follows, we will understand
—oco<x<ytomean x < y and y < x < +00 to mean y < x. Indeed, let a € Z
and B C Z with 2 < |B| < oco. Enumerate B as {by,....b,}, where b < --- < b,,.
If there is 1 <i < n such that a = b;, then a =x =b; and x =b; b tp¢(a/B).
Otherwise, there is 0 < i < n such that b; < a < b;.1 (where by :=— oo and b, :=
+00), whence a |= b; < x < b;y1 and b; < x < biyy Ftpy(a/B).

The formula y,,(x:y) admits a system of strong honest definitions given by
{x =, i:0<i<m}. Indeed, let B C Z with 2 < |B| < oo. Given a € Z, there is
0 <i<msuchthata =, i, whencea = x =, iandx =, i - tpy,m(a/Z).

REmARK 2.8. Recall that, in the introduction, we discussed that every formula
¢(x:y) in the theory of a distal structure M has a distal (cell) decomposition. In
spirit, thisis the same as a strong honest definition, but its characterisation in terms of
a partition of M~ provides more concrete structural and combinatorial information.
For this reason, compared to strong honest definitions, distal decompositions
arguably give a more attractive characterisation of distal structures. However, in
this article we will continue to talk about constructing strong honest definitions, as
this is the cleaner definition to work with; the reader should nonetheless keep in
mind the implications regarding distal decompositions, and is referred to [7] for a
more detailed account of distal decompositions.

2.2. Sparsity. Let us now define sparse predicates; these were introduced by
Semenov in [15]. For an infinite predicate R C N enumerated by the increasing
sequence (r, : n € N), let ¢ : R — R denote the successor function, thatis, o(r,) =
ras1 for all m € N. By an operator on R we mean a function R — Z of the form
a,c" + -+ apc®, where a,. ... ay € Z and ¢ is the identity function. For operators
A and B, write

A=r B ifAz =Bz forallz € R,
A >r B if Az > Bz for cofinitely many z € R,
A <gp B if Az < Bz for cofinitely many z € R.

The subscript R is dropped where obvious from context. We also use ¢! to denote
the predecessor function, where by convention we define ¢! (min R) := min R.

ExamPLE 2.9. Consider the predicate d" := {d" : n € N} for some fixed d €
N>,, and let 4 be an operator on d", say of the form a,c" + -+ + aya”, where
Qy. ....a0 € Z. Then, for all z € dV, we have Az = (a,d” + - + apd®)z. so the
action of 4 on d" is multiplication by the constant a,d” + --- + ayd®.

DEerFmNITION 2.10 [15, Section 3]. Say that an infinite predicate R C N is sparse if
every operator 4 on R satisfies the following:

(Sl) A=p0,4A>0 0rA4d<r0; and

(S2) If A > 0, then there exists A € N such that Aotz >z forall z € R.

ExaMPLE 2.11. Consider again the predicate d¥ = {d" : n € N} for some fixed
d € N>,. By Example 2.9, every operator A4 on d acts as multiplication by a
constant A4 € Z. Thus, (S1) is clearly satisfied. Furthermore, 4 > 0 if and only if
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A4 > 0, in which case Aoz = Audz > z for all z € d¥, so (S2) is also satisfied and
d" is sparse.

Other examples of sparse predicates, given by Semenov in [15, Section 3], include
the set of Fibonacci numbers, {n!: n € N}, and {|e¢"]| : n € N}.

On the other hand, for all / € N[x], the predicate /' (N) = {f(n) : n € N} is not
sparse. Indeed, let / € N[x]; assume without loss of generality that deg / > 1. Let
A be the operator a' —a°, so 4 >y 0 since f is strictly increasing. There is g €
N[x] with degg < deg f suchthat Af(n) = f(n +1) — f(n) = g(n) foralln € N.
Hence, for all A€ N, Ad®f(n) = Af(n+A) =gn+A) < f(n) for sufficiently
large n € N.

REmaRk 2.12. It may be tempting to conjecture from these examples and
nonexamples that R = (r, : n € N) C Nissparseifand onlyifr,;/r, — 6 for some
0 € R U{oo}. This is sadly false; in fact, the class of sparse predicates is not very
rigid at all. As an example, fixing d € N>, recall that @V = {d" : n € N} is sparse.
However, T := {d" + 1 : n € N} is not sparse, even though ("' +1)/(d" + 1) —
d. Indeed, the operator A given by — ! + do” is the constant function with image
{d —1},50 A >7 0, but for all A € N, Acz < z for cofinitely many z € T.

Thus, the condition r,,;/r, — 6 > 1 emphatically fails to be sufficient for the
sparsity of R. However, it transpires to be necessary, and more can be said—see
Section 2.4.

For A = (41, ..., A4,) an n-tuple of operators and z = (z1, ..., z,) € R", we will
write A - z for the dot product of A and z: thatis, A-z = 4yz; + - + A, z,.

We now state and prove some basic results about sparse predicates. Among others,
our main goal is to show that if A is an n-tuple of non-zero operators, thenz — A - z
defines an injective function on a natural subset of R” (Lemma 2.17).

For the rest of this section, fix a sparse predicate R C N.

LeMMA 2.13 [15, Lemma 2]. Let A, B be operators with A #g 0. Then, for A € N
sufficiently large. |Ac®z| > Bz for all z € R.

DEFINITION 2.14. Let R C R.Forn.A € N, write
ﬁg ={(z1,....2,) € R" : z; > aAz,-H forall 1 <i <n},
where z,,| ;= min R.

LEMMA 2.15. Let n € Nt, A be an n-tuple of operators such that A, #g 0, and
€ > 0. Then. for all A € N sufficiently large and z € R}. we have

(I —e)ldizi| < |A-z[ < (1 +¢)[4iz1].
Proor. By Lemma 2.13, there is A € N such that for all z,, ..., z, € R,

|(A2, ,An) . (Zz, ,Zn)| < |A222|+"' + ‘An2n| < O'A22 + - +aAzn,

whence forallA € Nand z € R, [(4a..... 4,) - (z2. ... 2,)| < no 2"2(z;). Thus, by
Lemma 2.13, if A € N is sufficiently large then (A4, ..., 4,) - (z2..... 2,)| < e|41z1]
forall z € Rj. =
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LEMMA 2.16. Let A be an operator. If A >y 0 (respectively, A <g 0) then there is
r € Qs such that Aoz > rAz (respectively, Aoz < rAz) for cofinitely many z € R. In
particular, the function R — R, z — Az is eventually strictly increasing (respectively,
decreasing).

PrOOF. We prove the lemma assuming 4 >y 0; the case where 4 <z 0 is similar.
By Lemma 2.13, there is A € N such that 462z > 24z for all z € R. Fix r € Q5
such that r® < 2; write r = p/q for p,q € N*. Let B be the operator defined by
Bz = qAoz — pAz. If B < 0 then Aoz < rAz for cofinitely many z € R, whence
Aoz < r®Az < 24z for cofinitely many z € R. a contradiction. By (S1). we must

thus have that B > 0, whence Aoz > rAz for cofinitely many z € R. —
Here and henceforth, given an n-tuple v = (v1,...,v,) and 1 <i < n, we let vs;
denote (vi41. ..., vy), v>; denote (v;. ..., v,). and so on.

LEMMA 2.17. Let n € N*, A be an n-tuple of operators, and A € N be sufficiently
large.

Let z.w € R} be such thati := min{l < e < n:z, # w,.. Ao # 0} is well-defined.
and suppose z; > w;. Then A -z > A-wifA; > 0,and A -z < A-wif A; <O0.

In particular, if A is a tuple of nonzero operators, then z — A - z defines an injective
function on RY.

PrOOF. We prove this assuming A4; > 0; the case where 4; < 0 is similar. By
Lemma 2.16, there is r € Qs such that 4,0x > rA;x for sufficiently large x € R,
say for x > ¢®(min R), taking A € N to be sufficiently large. Let kX € N* be such
that r > 1 + 1/k. By Lemma 2.15, taking A € N to be sufficiently large, we have

1
AZi CZ>i > (1 — E) A;z;

1 1 1
> (1 4k> <1 + k>A,w, > <1 + 2k)A,w, > Asi - wy,

where the second inequality is due to the fact that 4;6x > r4;x for x > ¢®(min R),
and w; > ¢"*(min R) since w € R}. But now

A'Z:A<i’Z<i+AZi'ZZi
=Ag wa + A I > A we FAS - ws = A w.
4|

REMARK 2.18. In this article, we frequently consider tuples z € R} for some
sufficiently large A € N rather than z € R”. The reason for this is that, as shown
in the preceding lemmas, R} is much better-behaved than R". We illustrate this by
considering Lemma 2.17 for the sparse predicate R = 2V,

As shown in Example 2.9, in this context an operator is simply multiplication by
a constant, so let us consider the 3-tuple of operators A = (1, 2,4), where 4 denotes
multiplication by 4, and so on. Lemma 2.17 says, if A € N is sufficiently large, then
the function z — A - z isinjective on (2N)2. In other words, if x = z; + 2z, + 4z3 for
some z € (2V)3, then we can read off z;. z», and z3 uniquely from x. The following
is an example to illustrate the necessity of A being sufficiently large:

96 = 1(32) +2(16) 4+ 4(8) = 1(64) + 2(8) + 4(4).
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On the other hand., the sufficiency of A being sufficiently large (A > 2) is clear from
the uniqueness of binary expansions, and indeed this is a special case of Lemma 2.17.

2.3. The P5(-:A. R) and Oa(A, R) functions. In this section, we introduce two
functions that are crucial for the rest of the article. Throughout this section, fix a
sparse predicate R C N, enumerated by the increasing sequence (r, : n € N).

_ DeFINITION 2.19. Let d € N*, and let R C R be definable in (Z, <, +, R). Write
R C9 R ifthereis N C N such that

R:={ry a :t €N}
This definition is motivated by the following lemma.

Lemma 2.20. Let m.d € N*, and suppose R is eventually periodic mod m with
minimum period d. Then. for all N € N, the set R := {ry 4 : t € N} C R is definable
in(Z.<,+.R), and thus R C¢ R.

Proor. Up to excluding finitely many elements from R (which does not affect
the definability of R), we may assume that (r, : n > N) is periodic mod m. Then,

for z € R,
d-1
zER& z> rN/\/\o”z =, alry.
=0
and so R is definable in (Z, <. +. R). 4

DErFINITION 2.21. Let n € NT, A be an n-tuple of nonzero operators, and A € N
be sufficiently large such that the function z — A - z is injective on R}}. For § C R}.
write A- S :={A-z:z € S}. For ) # S C R} such that A - S is bounded below,
let

mAinS := the unique z € S such that A- z = minA - S.
Similarly, for ) # S C R} such that A - S is bounded above, let

m:le := the unique z € S such that A - z = max A - S.

DEFINITION 2.22. Letd,n € NT, R C? R, A bean n-tuple of nonzero operators,
and A € dN be sufficiently large such that the function z ~— A - z is injective on R}.

For x € Z, let
Pa(x:ALR) o |maxa{Z € RIA-2<x} x> infA- Ry,
ming R} otherwise,
Oa(x:A.R) := minA{{ ERI:A-z>x} ifx< s.upA R
maxy Ry otherwise.

For 1 < i < n, write PZ(x; A. R) for Pa(x: A, R); and 0} (x:A, R) for Oa(x: A, R);.
The parameter R is dropped where obvious from context.
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REMARK 2.23.

(i) In other words, if x > infA - RZ, then Pa(x:A. R) is the element z € ﬁg
maximising A -z subject to A -z < x. Similarly, if x <supA - RZ, then
Oa(x: A, R) is the element z € R’A’ minimising A - z subject to A - z > x.

(ii) If x < inf A - ﬁg, then 4; >z 0 (as otherwise inf A - RZ =— 00). In this case,
by Lemma 2.17, P5(x:A.R) = mina R} is the lexicographically minimal
element of ﬁz, namely,

(c" A (minR) : 0 < i< n).
Similarly, if x > sup A - R, then 4; < 0 and

Oa(x:A.R) = max R} = (c" M minR) : 0 < i < n).

EXAMPLE 2.24. As in Remark 2.18. consider the example R =2N and A =
(1,2,4). Let A = 2; it is easy to verify that z — A - z is injective on Rg. The first four
elements of A - R3 are

1(16) + 2(4) +4(1) = 28, 1(32) + 2(4) + 4(1) = 44, 1(32) + 2(8) + 4(1) = 52,
1(32) + 2(8) + 4(2) = 56.

Since 44 < 47 < 52, we have P,(47: A, R) = (32.4.1) and 0,(47; A,

R
Furthermore, for all x < 28 =inf A - R%, we have P>(x: A, R) = (16,

) =
4.1).
The following lemma establishes basic properties of Pa(-: A, R) and Oa(; A, R).

The proofs are rather straightforward but we include them to provide more intuition
on these functions.

LEMMA 2.25. Let R C? R forsomed € N*. Letn € N*, A be an n-tuple of nonzero
operators, and A € dN be sufficiently large. Then the following hold.:
(i) Forall x € Z, x > A - Pa(x: A, R) if and only if x > inf A - ﬁg, and x < A -
Oa(x:A. R) if and only if x < supA - RY.
(i) Forall x € Z. Q\(x:A. R) = 6% P\ (x: A. R) for somee € {~1,0,1}.

ProOF. We first prove (i). If x <infA- RZ, then x < A- Pa(x;A) since
Pa(x:A) € RZ. If x> infA- RZ> then by definition Px(x:A) € {z € RZ Az <
x}, 80 x > A - Py(x;A). The corresponding statement for Qx(-; A) can be proven
similarly.

We now prove (ii). If x < inf A - R, then

Oa(x;A) = rrkin{z € RZ Az >x)= mAiang = Pa(x;A).
Similarly, if x > supA - f?g, then Oa(x:A) = Pao(x;A), so consider the case
where inf A - 1~{2 < x <supA- RZ. Then by definition and part (i) we have that

A Pp(x:A) < x < A-Qa(x:A). and there is no z € R such that A - Py(x:A) <
A -z < A-Qx(x;A). The statement now follows from Lemma 2.17. +
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2.4. Sparsity as regularity. We conclude this section by proving that the notion
of a sparse predicate coincides with that of a regular predicate, defined by Lambotte
and Point in [13] and recalled below.

DEFINITION 2.26 [13]. Let R C N be enumerated by the increasing sequence (r,, :
n € N). Say that R is regular if r,11/r, — 0 € Ry U {oco} and, if 0 is algebraic
over Q with minimal polynomial f (x), then the operator f(c) =z 0. that is, if
f(x) =Y, a;x then for all n € N we have

k
Z ailryi = 0.
i=0

Call 0 the limit ratio of R.

Lambotte and Point prove that regular predicates are sparse [13, Lemma 2.26]. It
turns out that these notions coincide.

THEOREM 2.27. Let R C N. Then R is sparse if and only if R is regular.

Proor. It suffices to prove the forward direction. Let R be a sparse predicate,
enumerated by the increasing sequence (r, :n € N). If Iiminf, o rpi1/rn #
limsup,,_, ., Fat1/rn. then there is p € Q- such that {n € N:r,y;/r, > p} and
{n € N:ry41/r, < p} are both infinite. But now, writing p = a/b fora,b € N*, the
operator A given by z — boz — az satisfies that 4z > 0 for infinitely many z € R
and Az < 0 for infinitely many z € R, a contradiction to (S1).

Thus, ry41/r, — 0 for some 0 € R>; U {oo}. By Lemma 2.16 applied to the
identity operator, thereis ¢ € Q- suchthatr, /r, > ¢ for all sufficiently large n, so
0 # 1. Suppose 0 is algebraic over Q with minimum polynomial f(x) = Zf‘{:o a;x".
Towards a contradiction, suppose f (o) #g 0. Letg := fif f(¢) >g 0,and g := f
if £ (o) <z 0. Then, g(g) >z 0. so by (S2), there is A € N such that g(a)r,,a > #»
forall n € N. But

k k
(0’)}" Tpyi i
grnn::l:g a; ;—:l —>i20a,~0 =0,
=l

i—0
and 7, p/r, — 0%, so

LI _ Z(O)rniA Tnia 0.

I'n T'n+A n

contradicting the fact that g(o)r,,a > r, foralln € N. .

We find that the notion of regularity gives better intuition for what a sparse
(equivalently, regular) predicate looks like. In particular, we have the following
corollary.

COROLLARY 2.28. Let 8 € Ry U {oo} be such that 0 is not algebraic over Q. Then
there is a sparse (equivalently, regular) predicate R C N with limit ratio 0 that is not
congruence-periodic.

Proor. For all functions ¢ : N — {0, 1}, the predicate R, C N enumerated by
(10" +e(n) : n € N) is sparse with limit ratio 6, where for § = co we define
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0" := n!. It is straightforward to observe that there ise : N — {0, 1} such that R, is
not eventually periodic mod 2. -

§3. Reduction to representative formulas. The goal of this section is to find
formulas for which constructing strong honest definitions is sufficient for the distality
of the structure; this is achieved in Theorem 3.6.

We begin by establishing a ‘normal form’ for formulas in (Z, <. +. R). where
R C N is sparse and congruence-periodic. (Recall that R is congruence-periodic
if, for all m € N™, R is eventually periodic mod m.) The following fact is due to
Semenov.

Fact 3.1 [15, Theorem 3]. Let R C N be sparse. Modulo (Z, <.+, R). every
Sformula ¢(x) is equivalent to a disjunction of formulas of the form

!
Jz e R" /\f,(x) >A .z A /\gp(x) =m, BY . zAw(z)]|.
p=1

where m, € N*, f(x).g,(x) are Z-affine functions, A7), B are n-tuples of
operators, and y (z) is a formula in (R, <, 0, (- =p ¢)emen+)-

We now prove thatif R C Nis congruence-periodic, then (R, <. 0. (- = ¢)nen+)
has quantifier elimination after expanding by a constant for min R.

Lemma 3.2. Let R C N be congruence-periodic. Then T := Th(R.<.o.(- =,
€)emen+- 10) has quantifier elimination, where rq is a constant interpreted as min R.

Before proving this lemma, we first conclude our desired normal form.

THEOREM 3.3. Let R C N be sparse and congruence-periodic. Modulo (7., <.+, R),
every formula ¢(x) is equivalent to a disjunction of formulas of the form

k !
Jz e R” /\fj(x) >AV .z A /\gp(x) =m, B .z
j=1 p=1

where m, € N*, f;(x).g,(x) are Z-affine functions. and AU), B are n-tuples of
operators.

Proor. Combine Fact 3.1 and Lemma 3.2. -

ProOOF OF LEMMA 3.2. It suffices to prove that if ¢(x, ) is a conjunction of atomic
and negated atomic formulas involving x, where x is a singleton variable. then the
following holds. Let R;. R, |= T and B C Ry. B C R». and let b be a tuple from B
of length |p| such that R |= 3x ¢(x,b). Then, Ry = Ix ¢(x.b).

Atomic and negated atomic formulas involving x have one of the following forms,
fori,jeN,Oe{=#<.<,> >} andc,m € Nt:

(i) o'x O ¢/ x, which is equivalent to T or L;
(ii) o'y O ¢/ x, where y is a variable or ry, which is equivalent to ¢’ ¥y [ g/+* x
fork e N;
(iii) 6'x =, ¢;
(iv) a'x #pn c. which is equivalent to \/;_, , , 0’ x =, b.
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By the Chinese Remainder Theorem, we may assume that all congruences in ¢(x, y)
have the same modulus. Moreover, observe that ¢’y = ¢/ x is equivalent to o'y <
o/T'x <62y and ¢’y # ¢/ x is equivalent to 6’y < 6/x V a/x < ¢'y. Thus, we
may assume that ¢(x, ) = ¢ (x. (yi0. yi1)o<i<:) is of the form
/ K

/\J’i.o <o*x <y A /\ij =mCj

i=0 j=0
where k. k', € N and m, ¢y. ....c» € NT. We may assume k = k': if k < k', then

yio < a*x < y;1 is equivalent to o¥ ¥y, g < o*' x < 6¥'* ;1. and if k’ < k. then ¢
is equivalent to

! k
V N\rio<ox <y n \olx=n¢

lgck,H ..... cp<m \i=0 j=0

Let R1. Ry =T and B C R1.B C R,. and let b be a tuple from B of length
| 7| such that Ry = 3x ¢(x.b). We wish to show that R, |= Ix ¢(x.b). Since B is
linearly ordered, without loss of generality, ¢(x, b) is equivalent to

k
by <ofx < by A /\ajx =, Cj.
Jj=0

Fori € {1,2} andn € N, letr/, := (6"r¢)®i. Let N € N be such that (r} : n
is periodic mod m, with minimum period d. Then the fact that R = 3x ¢(x
witnessed by some

>N)
,b) is

xe{rl:0<n<N+d}u{c"b :1<n<d}.

Indeed. for all x € Ry, if x > r}, then thereis 1 < n < d such that o/x =,, 671},
for all 0 < j < k. Thus, if {r,l :0<n < N +d} does not contain a witness, then
by > ry. But now {¢"b; : 1 < n < d} contains a witness, since for all x € Ry, if
x > by then thereis 1 < n < d such that 6/x =,, /¢”b; forall0 < j < k.

Thus, we have that R, = 3x ¢(x.b). witnessed by some
xe{r2:0<n<N+d}U{c"b :1<n<d}. ¥

For the rest of the article, fix a congruence-periodic sparse predicate R C N.

Our goal is to write the formulas in Theorem 3.3 as Boolean combinations of
formulas for which we can construct strong honest definitions; this is achieved in
Theorem 3.6.

Let £°:= (<. +) and £ := (<. +. R).

DEFINITION 3.4. Let ¢(x;y) be an L-formula with |x| = 1. Say that ¢(x:y) is
a basic formula if it is a Boolean combination of formulas not involving x and
descendants of £-formulas.

Note that basic formulas have strong honest definitions by Example 2.7,
Lemma 2.5, and the fact that formulas not involving x have T as a strong honest
definition.
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Forn € Nt and 1 <i < n, let F' be the ‘i standard n-tuple of operators’ (where
n is assumed to be obvious from context): for 1 < j < n,

Fo_ the identity function if j =i,
o ifj £
DEFINITION 3.5. Let d.n € N*, R C? R, and ¢(x:...) be an L-formula with
|x] = 1. }
Let y be a tuple of variables. Say that ¢ = ¢(x; y) is of the form (E,: R), or just
(E,), if

k
¢(x:y) =3z € Ry N\ fi(x.p)>AV) .z
j=1

where f1(x,y), ..., fx(x.y) are Z-affine functions, and AL , A are n-tuples of
operators.

Let A € dN, y1. y, be singleton variables, and A, B be n-tuples of operators.

Say that ¢ = ¢(x: y1. y») is of the form (F,; A.B. R, A), or just (F,), if A is a tuple
of nonzero operators and

¢(x:p1.00) =tx — y3 <B- Pp(x — y1:A. R).

where ¢ € {0, 1} with 7 = 1 unless B = F' forsomel <i < n.
Let u, v be n-tuples of variables, and let Ty (u.v) be the formula uy, v, ..., u,, v, €

R.Saythat ¢ = ¢(x: y1. y2.u. v) is of the form (G,: A. B. R. A), or just (G,). if either
¢ (x:y1.y2.u.0)

n
= Tﬁ(u,v)/\EIz eRZ<y1+A~z<x<y2+B-z/\/\ui <z gv,),
i=1
or ¢ is obtained from the formula above by deleting some of the u; (equivalently,
setting u; =— o) and/or deleting some of the v; (equivalently, setting v; = +00).

It will be convenient to extend the definition of (E,) formulas to n = 0; that is,
¢(x;y) with |x| = 1 is of the form (Ey) if

k
¢(x:y) = N\ fi(x.y) >0
j=1

where f1(x.y)..... fx(x,y) are Z-affine functions. Note that such formulas are
basic.
Our goal is to prove the following theorem.

THEOREM 3.6. The following criterion is sufficient for the distality of (Z, <.+, R).

Letd.n € N*, R C? R, A be an n-tuple of nonzero operators, and B be an n-tuple
of operators. Then. for all sufficiently large A € dN, every (F,:A.B.R.A) formula
has a strong honest definition.

We prove this in three steps. We first show that every L-formula ¢(x;y) with
|x| = lisequivalent to a Boolean combination of basic formulas and descendants of
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(E,) formulas (Proposition 3.7). We then show that every (E,,) formula is equivalent
to a Boolean combination of basic formulas and descendants of (E, 1) or (G,)
formulas (Proposition 3.8). Finally, we show that every (G, ) formula is equivalent
to a Boolean combination of basic formulas, (E, ;) formulas, and descendants of
(F,) formulas (Proposition 3.10).

Our first checkpoint is the following proposition.

PROPOSITION 3.7. Modulo (Z,<.+.R), every formula ¢(x:y) with |x| =1 is
equivalent to a Boolean combination of basic formulas and descendants of (E,)
formulas.

PrOOF. By Theorem 3.3, every partitioned £-formula ¢(x;y) with |x| =1 is
equivalent to a disjunction of formulas of the form

!
Jz € R" fj(x.,y)>A(j)-z/\/\g,,(x,y) =m, B . :
Jj=1 p=1

where m, € N*, f;(x. ), g,(x, y) are Z-affine functions, and A"/, B"”) are n-tuples
of operators. By the Chinese Remainder Theorem, it suffices to assume that there is
m € N* such that m = m,, forall 1 < p <.

It suffices to show that every such formula is equivalent to a Boolean combination
of basic formulas and descendants of (E;) formulas for some s € N. We do so by
induction on #n € N. When n = 0, the formula is a basic formula. Now let n > 1,
and let

k I
¢(x.y): =3z € R" /\f'j(x.,y) >AU) .z A /\gp(x,y) =,B" .|,
j=1 p=1

where m € N*, f;(x,»).g,(x.y) are Z-affine functions, and AV B®) are n-tuples
of operators.

Let (r, : n € N) be an increasing enumeration of R. Since R is congruence-
periodic, there are d, N € Nsuch that (r, : n > N) is periodic mod m with minimum
period d. Observe that ¢(x: ) is equivalent to ¢o(x;y) V ¢1(x: y), where

n N-1
do(x:y) = \/ \/ Jzc R"
i=1 a=0
k !
X | zi=rq N fj(xay)>A(j>'Z/\/\gp(xay)EmB(p)'Z
j=1 p=1

¢1(x:y):=3z € R"

n k /
< | Nzi=mvn \Si(x.9) > A 2 N\ gp(x.p) = BY - 2

i=1 j=1 p=1
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Consider ¢y(x: y). Replacing z; with r,, in the (i, o)™ disjunct, ¢o(x; y) is equivalent
to a disjunction of formulas of the form

k I
Jw € R™! /\f}(x,y) > AW A /\g;,(x,y) =, B .
j=1 p=1
where f(x.y). g, (x, y) are Z-affine functions and A'D) B are (n — 1)-tuples of
operators. By the induction hypothesis, such formulas are equivalent to a Boolean
combination of basic formulas and descendants of (E,) formulas for some s € N.
Consider ¢;(x:y). Let R := {ry.q : t € N}. By Lemma 2.20. R C¢ R. For 1 <

p<land0< hy, ...h, <d. let0< b/if.,)...,h,, < m be such that

(p) _
B : (rN+/1|-,---,rN+/1n) =m bhl,..“,hy,'

Now ¢1(x; y) is equivalent to

! k
X /\gp(x,y) =m bl(zf,)“_,hn A3dz € R" /\fj(x,y) >AY . (gMzy, ... o z,)
p=1 j=1

But now, forall0 < Ay, .... h, < d,

Jj=1
n—1

k
& \/ 3z € R" /\zf(i) > Zy(is1) A /\fj(x,y) >AY . (6Mzy, .. oMz,)
7€Sym(n) i=1 Jj=1

k
& \/ 3z € RY /\fj(x,y) > AV (™M z 1y 0" 20 ).
7€Sym(n) Jj=1

so ¢ (x: p) is equivalent to a Boolean combination of basic formulas and (E,: R)
formulas. n

Our next checkpoint is the following proposition.

PROPOSITION 3.8. Let d.n € N*, R C? R, and ¢(x:y) be an (E,: R) formula.
Then there is a finite collection Gy of pairs (A, B). where A, B are n-tuples of operators,
satisfying the following.

For all A € dN sufficiently large, ¢ is equivalent to a Boolean combination of basic
formulas and descendants of (E, 1: R) or (G,: A, B, R, A) formulas for (A. B) € Gg.

Towards this checkpoint, we prove the following technical lemma.

LEMMA 3.9. Let d.n e Nt, R C? R, AW, ..., A% be n-tuples of operators, and
A € dN be sufficiently large. Then there are 1 < iy, ....i, < n. an L-formula 0. and
L-definable functions {1, .... fr. U1, .... Uy, V1. ..., v, such that eachu; (respectively, v;)
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either takes values in R or is the constant — oo (respectively, +00) function, satisfying
that for all y € 7ZF and z € R}.

/k\yj > AW
j=1
(/\y]>A Z/\\/Z,s £y > </\ <z,-<vi(y)>

PrOOF. Let Hy:={1<j<k: A,(.j> =g0foralll <i<n} andforl <i<n,
let

Fi={1<j<k:AY >0 4Y =g 0foralle < i},
C={1<j<k:AY <z0.4Y) =g 0foralle < i},

and write H; :== H- UH,". Then Hy,(H;", H; : 1 <i < n) is a partition of [k] =

{1,....k}. N
Let 1 <i <n.Forall j € H, define the function f; : Z — R by

max{w € R:3z € RI(AY) .z <y Az; =w)}  if well-defined,
min R otherwise.

fily) =

By Lemma 2.17. for all j € H,", y; € Z¥, and z € R}, if z; < f;(y;) then y; >
AV -z andif z; > f;(p;) then y; < AV . z: thus,

yi>AY e (y;>AY Az = £00) Vi <ol f ().
Similarly, for all j € H;, defining the function f; : Z — R by

fj(y):=min{fw € R: 3z eRIAY . z<ynz =w)}.

we have that, for all y; € Z¥ and z € RZ,

yi>AY 2o (y; > AY 2 az = £00)) Vi = el f ().

For all 1<i<n, define u(y):= sup{odf/( ):j€H} and v(y):=
inf{o~f;(y):j € H}. Now, if y; > AV .z for all j € [k]\ Ho. then either
z; = f;(y;)forsomel <i<mandj € H; oru;(y) <z < v,(y)foralll <i<n.
Conversely, if u;(y) <z; <wv;(y) for all 1 <i<wn, then y; > AY) .z for all
Jj € [k]\ Ho. We conclude that, for all y; € Z¥ and z € R,

k
Ny >AV -z Ny,
j=1

JE€H)

>0A<</\y]>A VAV y,)v

i=1jeH; i=1

ui(y) <z < vi(y)>

as required.
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PROOF OF PROPOSITION 3.8. Let

k
¢(xiy) =3z € Ry N\ f(x.y) > AV .z,
Jj=1

where |x| = 1. f1(x.y)..... fx(x.y) are Z-affine functions, and A, ..., A% are
n-tuples of operators. We claim that G4 := {(A(/)’, A(”) o1 < j,l <k} witnesses
the proposition.

For all A € dN, ¢(x: y) is equivalent to the disjunction of

k

pn(x:y) =3z € RL /\fj(x,y) > AW . 2
j=1
and
noA-l k
VV3e R3<Zi =%z A [\ fi(xiy) > AY) ~Z),
i=1a=0 j=1
where z,1 := min R. Replacing z; with ¢®z; | in the (i, &)™ disjunct, it is clear that

each disjunct is equivalent to

k
Jw € R} /\fj(x,y) > BY) . w,
j=1

for some (n — 1)-tuples B, ... .B% of operators, which is an (E,_;: R) formula.

Consider ¢, (x: y). By multiplying both sides of the inequalities in ¢} (x: ). we
may assume without loss of generality that there are K e NT and 0 < p<¢g <k
such that, for 1 < j <k,

K ifj<p.
the coeflicientof xin f; = (- K ifp<j<gq.
0 ifg<j.

For 1< j <k, letg;(y):=f;(0.y). Then /\_1;:1 fi(x.») > AU) . 2 is (equivalent
to)

(/p\ —gi(»)+AYV .z < Kx) A ( /q\ Kx < g;j(y)—AY) .z>

j=1 Jj=p+1
k

A < N g()>AY -Z)-

J=q+1

If 0 = p = ¢. then ¢} (x: p) is a basic formula. If 0 = p < ¢. then for all A € dN,

k
palx:y) & Kx < Sup{p+lir<lt;<qgj(y) ~AV . z:z € Rj}. /\ gi(y) >AD. z},
== j=q+1
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which is a basic formula. The case where 0 < p = ¢ is similar, so let us assume
0< p<gqg.Now /\j’:1 ~g;(») +AY) . z < Kx is equivalent to

\/(_gj(y)+A(‘ Z<Kx/\/\ gj —|—A( Z>—g,-(y)+A(")-z>,
Jj=1 i=1
i#]

and \7_,, Kx < g;(y) - AY) . z is equivalent to

q
\/ (Kx<g](y ZA /\ gy <gi()’)—A(1)'Z)-
j=p+1 i=p+1
i#]

Thus, for all A € dN, ¢} (x: y) is equivalent to

P
\/ \/ Hz6RZ(—gj(y)—l—A(j)~Z<Kx<gl(y)—A<l>~Z/\hj1(y,z)>,

j=11=p+1

where hj;(y.z) is

P q
Neiy)—gi(y) =AY -AD).zn A gily) -
i=1 i=p+1

i#]j i#l

> AV Ay 2 N gily) > AV
i=q+1

Apply Lemma 3.9 to each /j;(y.z). assuming A € dN is sufficiently large.
For all 1 <j<p</<yq, there are 1 < i’l.,..., 'r(lj N <n, an L%formula 01,
and L-definable functions f{l, s f{&;): u]’l u,ﬁl,vl’l,. v,,’l such that each ufl

(respectively, v/ ') either takes values in R or is the constant — oo (respectively, +o0c)
function, satisfying that for all y € Z¥ and z € Rj.

hj(y.z) < 0;(y)

A (ﬂy, \/z,z— 3 >V(/\u{’(y)<zi<vf/(y)>

i=1
Then, ¢} (x: y) is equivalent to the disjunction of
p a1

Jid)
\/ <j1 /\HZERA< gy J+AY < Kx < g(y)-AD . 2
j=1l=p+1 s=1

Nhj(y.2) Nz = fl(y)))
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which is equivalent to a Boolean combination of basic formulas and descendants of
(E,_1; R) formulas (since Zt = 71 (») in the (.. s)™ disjunct). and

P g
\/ \/ (11 /\HzeRA< g,(y)—i—A<> < Kx<g(y)-A" .z
j=11=p+1

/\/\uljl(y) <z < v,ﬂ(y)>>
i-1

which 1is a Boolean combination of basic formulas and descendants of
(Gy: A, B, R, A) formulas for (A, B) € Gy. =

Our final checkpoint is the following proposition.

ProposITION 3.10. Let n € N* and A, B be n-tuples of operators. Then there is a
finite collection Fa g of tuples (I, J), where I is an n-tuple of nonzero operators and J
is an n-tuple of operators, satisfying the following.

Let RC? R for some d e NT. If AedN is sufficiently large. then every
(Gp: A, B. R.A) formula is equivalent to a Boolean combination of basic formulas,
(E,1: R) formulas, and descendants of (F,: I J, R. A) formulas for (I J) € Fa p.

Before proving this, we record a corollary.

COROLLARY 3.11. Let d.n € N*, R C? R, and ¢(x:y) be an (E,:R) formula.
Then there is a finite collection Fy of tuples (I.J). where I is an n-tuple of nonzero
operators and J is an n-tuple of operators, satisfying the following.

If A € dN is sufficiently large. then ¢(x: y)Nis equivalent to a Boolean combination
of basic formulas and descendants of (E,_1: R) formulas or (F,:1.J. R.A) formulas
Jor (LJ) € Fy.

ProoF. For G, from Proposition 3.8, let Fy := U( AB)EG, Fag for Fapg from
Proposition 3.10. -

Towards proving Proposition 3.10, we prove the following lemma.

LEMMA 3.12. Letd.n € N*, R C? R, A, B be n-tuples of operators, and A € dN
be sufficiently large. Then for all x, y1, y» € Z,u; € RU {— oo}, andv; € RU {+0o0},
if

n
E|ZEﬁg(y1+A'Z<X<y2+B~Z/\/\u,‘SZ,‘S’U,’), (T)
i=1

tflen either vi = +00 A (A1 =g 0 <g B1 V A1 <g 0 =g By) or there is a witness z €
R}, satisfying one of the following:
(i) zi = 6%z 41 for some 1 < i < n, where z,,| := min R;

(il) z; € {uj, v;} for some 1 <i < n;

(i) A;, B; #r Oforall1 <i <n.andz = PA(x — y1:A) or z = Po(y, — x;— B).

This lemma has a rather intuitive interpretation: if (7) holds then, barring some
edge cases, z can be chosen to satisfy (iii). that is, to maximise y; + A - z subject
to y1 + Az < x—namely, z = Po(x — y;; A)—or minimise y, + B - z subject to
X < y2+ B z—namely, z = Py(y» — x;:— B).

https://doi.org/10.1017/js1.2025.10125 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.10125

22 MERVYN TONG

PRrOOF OF LEMMA 3.12. Supposev; # +ooV —(4; =0< By V A} <0 = By). We
first show thatif 4; = 0 or B; = 0 forsome 1 < i < n, then thereis a witness z € fQZ
satisfying (i) or (ii).

Suppose 4; = 0 for some 1 < i < n; fix the minimal such i. Suppose there is no
witness to (1) satisfying (i) or (ii). Pick a witness z € ﬁg that minimises

min{zi,l., Ui}/Zi ifB; >0
Zl-/max{z,url, Mi} if Bi < 0 |

where zy := 400 and z,.; := min R. Let w be the n-tuple obtained from z by
replacing z; with ¢¢z; (respectively, ¢~?z;) if B; > 0 (respectively, B; < 0). Since z
does not satisfy (i) or (ii), we have that w € f(g andu; <w; <v;.ButB-z<B-w
by Lemma 2.16, so

N+A w=y1+A-z<x<m+B-z<y»y+B-w,

whence w is a witness to (1), contradicting our choice of z.

The case where B; =0 for some 1 <i < n is similar, so henceforth suppose
A;, B; # 0forall1 < i < n,and suppose there is no witness to () satisfying (i), (ii).
or (iii). By Lemma 2.17, we may assume that the function z — A - z is injective on
R Now any witness z € R’ to (+) satisfies A - z < x — pj andso A -z < A~ Pp(x —
y1: A), and the inequality is strict since z does not satisfy (iii). Fix a witness z € RZ
to (¥) that maximises A - z.

Let w be the n-tuple obtained from z by replacing z, with ¢z, (respectively,
oz,)if 4, > 0 (respectively, 4, < 0). Since z does not satisfy (i) or (ii), we have
that w € ﬁg and u, < w, <wv,. By Lemma 2.17, there isno r € ﬁz such that A - r
lies strictly between A - z and A - w. Recalling that A - z < A - PA(x — y1: A), this
shows that A - w < A - Pa(x — y1; A).

By a similar argument, B-w > B - Po(y2 — x;— B). Thus,

P+Aw <A PA(x—y:A)<x<1m+B-Pr\(h—x;:-B) <y +B-w,

so w is a witness to (f). By Lemma 2.17, A-z < A-w, contradicting our
choice of z. -

PROOF OF PROPOSITION 3.10. Let
Fas:={(A.B).(-B.-A)}U{(A.F),(-B.F):1<i<n}

if A, B are tuples of nonzero operators, and let Fy g := () otherwise (recall that F'
was defined as the i™ standard tuple of operators). We claim that this witnesses the
proposition.

Let R C? R for some d € N*, and let A € dN be sufficiently large as in
Lemma 3.12. Let ¢(x: y.u, v) be a (G,: A.B. R, A) formula, say

P(x:y.u.v)

n
:Tﬁ(u,v)/\ﬂzERZ(y1+A~z<x<yz+B-z/\/\u,-<Z,~<1),<),
i=1
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where some of the u; (respectively, v;) may be — oo (respectively, +o0). Write T (u, v)
for T (u., v).
If v; = 400 and 4] =g 0 <z Bj. then ¢(x; y, u,v) is equivalent to

((x:y,uv) i=T(u.v) A3z Eﬁ2<y1+A-z<x/\/\ul- <z gvi).
i=1

Indeed, clearly ¢ implies {, and if z € RZ witnesses (, then for all/some sufficiently
large a € R, we have w = (a,z51) € I?Z and

n
y1+A~w:y1+A~z<x<y2+B-w/\/\ui§zi§wi<vi.

i=1

But { is equivalent to
n
T(u,v)/\X>y1+inf{A-z:z ERZ,/\u,- <z Sv,-},
i=1

which is a basic formula. Thus, if v; = +ooand 4} =g 0 <z By, then ¢ is equivalent
to a basic formula. A similar situation arises if v; = +o0o and 4, <g 0 =g By. so
henceforth suppose neither case holds. Let ¢(x: y, u, v, z) be the formula

n
y1+A~z<x<y2+B-z/\/\u,-Szigvi.

i=1

Forl <i <n,let

a;(x:y.u.v) = T(u,v) A3z € R} (z,- =olzi AN p(x:y.u, v,z)) .

Bi(x:y.u.v):

T (u,
T(uv) A3z € RY (zi = i N p(x: y.u,v.2))
yi(x:y.uv) = T(u,

(u,v) A3z EI%Z (zi :v[/\qg(x;y,u,v,z)),

where z,.1 := min R. Furthermore, if A and B are tuples of nonzero operators then
let

O(x:y.u.v) = T(u.v) Ax -y >ian~RZ/\x<y2

+B- Palx = yiiA) A [\ ui < Py(x — yi:A) i,
i=l
E(xiy.uv) =T, v) Ays—x>inf —B- REAx > y
n
—I—A-PA(yz—x;—B)/\/\ui SPA(YZ—XQ—B) < ;.
i=1

By Lemma 3.12 (and Lemma 2.25), ¢(x: y. u, v) is equivalent to

OvEVNT_ (a; VB Vy:) if A Bare tuples of nonzero operators,
Visi(ew vV i Vi) otherwise.
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Observg that 0 is a Boolean combinations of basic formulas and descendants of
(F,:1LJ, R, A) formulas for (I,J) € Fap. since, forall 1 <i < n,

ui < Py(x — yi:A)
<wvieu— 1 <F - Py(x—yi:A) A=(v; <F - Palx — y1:A)).

But this is also true for &, since, for example, x > y; + A - PA()» —x;—B) is a
descendant of — x >— y» + A - PA(— y1 + x;— B), which is equivalent to x — y» <—
A-Py(x - yi:- B).

For all 1 <i <n, o;. ;. and y; are equivalent to the conjunction of T (u,v).
which is a basic formula, and an (E,_;. f{) formula, by substituting z; with ¢%z; 1.
u;, or v; as appropriate.

Thus, ¢ is equivalent to a Boolean combination of basic formulas, (E, i: R)
formulas, and descendants of (F,;:I.J. R, A) formulas for (I, J) € Fag. 4

We are now ready to prove Theorem 3.6.

PrOOF OF THEOREM 3.6. Assume the criterion holds. By Proposition 3.7, it suffices
to prove that every (E,) formula has a strong honest definition. We do so by
induction on n € N. An (E) formula is a basic formula, so suppose n > 1.

Let ¢ be an (E,: R) formula, where R C¢ R for some d € N*. Let Fy be as in
Corollary 3.11. Then, for all A € dN sufficiently large, ¢ is equivalent to a Boolean
combination of basic formulas and descendants of (En,l;fe) or (F,:1, J,R,A)
formulas for (I, J) € F4. By the induction hypothesis, every (E, i: R) formula has
a strong honest definition. By assumption, for all A € dN sufficiently large, every
(F,:LJ, R, A) formula for (I,J) € F, has a strong honest definition, noting that
Fy is finite. Thus, ¢ is a Boolean combination of formulas with strong honest
definitions. =

The rest of the article is thus dedicated to establishing the sufficiency criterion in
Theorem 3.6, by constructing strong honest definitions for (F,;; A, B, R, A) formulas
with A sufficiently large. Note that this then gives a strong honest definition for
every L-formula ¢(x;y) with |x| = 1, since we have exhibited a way to write
every such formula as a Boolean combination of basic formulas and descendants
of (F,;A.B, R,A) formulas with A sufficiently large. Indeed, by Proposition 3.7,
every L-formula ¢(x;y) with |x| = 1 is equivalent to a Boolean combination of
basic formulas and descendants of (E,) formulas. Example 2.7 gives strong honest
definitions for basic formulas, and the proof of Corollary 3.11 describes an algorithm
for writing every (E,:R) formula as a Boolean combination of descendants of
(E,_1: R) formulas and descendants of (F,: A, B, R. A) formulas with A sufficiently
large.

§4. Main construction. Recall that R C Nis our fixed congruence-periodic sparse
predicate. In this section, we show that every (F,;A.B, R, A) formula with A
sufficiently large has a strong honest definition.

The broad strategy is to induct on n. Theorem 4.3 can be seen as a stronger version
of the n = 1 case, and Theorem 4.6 handles the inductive step.

The following lemma transpires to be surprisingly useful.

https://doi.org/10.1017/js1.2025.10125 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.10125

DISTAL EXPANSIONS OF PRESBURGER ARITHMETIC BYA SPARSE PREDICATE 25

LEMMA 4.1. Letd.n € N*, R C? R, and A be an n-tuple of nonzero operators with
Ay >g 0 (respectively, Ay < 0). Then there is A € N such that the following holds.

Let A € dN be sufficiently large, and let s.t, x € Z be such that s < t < x (respec-
tively, s >t > x). Then there is 0 < o < A such that P\(x — s:A) = a®P\(x — 1:A)
or P\(x —s:A) = c®P\(t — 5:A).

Let us give an intuitive interpretation of this lemma. Assuming 4; > 0 for the
purpose of this discussion, the lemma simply says that if s <¢ < x, then x — s is
‘close” (with respect to the function P,(-:A)) to either x — ¢ or t — s.

PROOF OF LEMMA 4.1. By Lemma 2.13, we can fix A € N such that |40"r| >
|8415¢r| for all r € R. Let A € dN be sufficiently large. and let s. ¢, x € Z be such
that s <t <xif A; >r0and s >t > x if 4] <z 0. Let w := PA(x —¢;A) and
z 1= Pp(t — 5:A).

First suppose A; >x 0. Then

t—5 <A Qnlt—s:A) <24,0)(t — 5:A) <2410%z,

where the first and last inequalities are by Lemma 2.25 and the second inequality is
by Lemma 2.15. Similarly, x — ¢ < 24;6%w;. But now

1
x—s=(x-1)+(t—s) <4416 max{z. w} < EAlaA max{zy, w },

so, by Lemma 2.15, x <s+ A-u for all u GRZ with u; > ¢® max{z;, w}.
Thus, P)(x —s:A) <o’max{zj,wi}. But x>1>s. so A-Py(x—s:A)>
max{A -z, A - w}, and thus P}(x — s:A) > max{z;.w; } by Lemma 2.17.

Now suppose A; <z 0. Then ¢t —s > A1z and x — ¢ > Ajw; by Lemma 2.25,
whence

1
x—-s=(x—-1)+(t—s)>24 max{z;, w1} > ZAlaAmax{zl,wl},

so, by Lemma 2.15, x > 5 + A - u for all/some u € RZ with u; = o™ max{z;, w;}.

Thus, Pl(x —s:A) <o’max{zj,wi}. But x <t1<s, so A-Pr(x—-s:A)<
min{A - z, A - w}, and thus P} (x — 5:A) > max{z;, w; } by Lemma 2.17. o

LEMMA 4.2. Let d.n € NT, R CY R, A be an n-tuple of nonzero operators, and
A € dN be sufficiently large. Then the formula ¢(x:y) = Pi(x —~y1:A) =y, hasa
strong honest definition, given by the conjunction of strong honest definitions for the
basic formulas

1 (x:y) = X*,VlSmin{A'ZZZGR",Zl:UdN} if A1 > 0.
He Y= x-y>minfA-z:z€RLz1 =N} if 4 <g0,

where N := ¢"®(min R). and

$2(x:y)

::min{A~z:zeﬁZ,zl =m;}<x—y gmin{A-z:zekg,zl :aadyz},

wheree == 1if Ay >r 0ande :=—1if A} <g 0.
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Proor. Observe that

p(x:y) & (1 =NAgi(x:3)) V(2 € RAyr > N Aa(x:1)).
Now apply Lemma 2.2. —

In the following theorem. we construct strong honest definitions for a class of
formulas that includes all (Fi; A,B, R, A) formulas with A sufficiently large (this
inclusion is spelt out in Corollary 4.4).

THEOREM 4.3. Let 0(x:y) be a formula with |x| = 1, and suppose the formulas
O(x:y) and 0'(x:w.y) := 0(x —w:y) both have strong honest definitions, where
lw| = 1. Let y(x:yW. ... y0) be a strong honest definition for 0.

Letd,n e NT, R C? R, Abean n-tuple of nonzero operators, andlet A € N be as in
Lemma 4.1. Let A € dN be sufficiently large, t € Z, and f be an L-definable function
of arity 1. Then the formula

p(xiw, y) =0 (tx - f(Py(x —w:A)): y)
has a system of strong honest definitions {(jys,...1,s\x : o UJo C [k] forall 0 <
a <A K CH{0,....,A}}, where C]OJOA..[A]AK(X; ...) is given by the conjunction of the
following:
(i) astrong honest definition {1(x: ...) for the basic formula ¢;(x;:w, y) := x < w

(ii) a strong honest definition {>(x;...) for the formula ¢>(x;w.y) = 0(tx —
£ (6™ (min R)): y). which exists since the formula is a descendant of 0

(iii) for each 0 < o < A, a strong honest definition (§(x:...) for the formula
o5 (x:w, y.w'.y') == 0'(tx; f(e*Py(w' —w:A))., y). which exists since the
Jformula is a descendant of 0’

(iv) for each 0 <o <A, a strong honest definition ({(x:...) for the for-
mula ¢ (x:w. y.w’. y’) == Pi(x —w;A) = JO‘Pi(w’ —w; A), which exists by
Lemma 4.2 (and Lemma 2.5);

(v) foreach0 < a < A, the formula

{5 g (ew, yW i€ [k (1a U W)
= y(tx — [ (o PA(x —w: A): 3, .. p1W)),
where, for 1 <i <k,
0,....0) ifi € l,.
PO =11 1) ifi€Ja.
Vi otherwise;

and
(vi) the formula

/\ Pi(x —wa:A) = PA(x —wl:A) = 6 PL(x —w/: A).
ack

Let us first describe the idea of the proof, assuming 4; >z 0 for the purpose
of this discussion. We wish to replace Pj(x —w:A) in ¢(x:w,y) with a more
tractable expression; we can do so by Lemma 4.1, which gives us A € N satisfying
the following.
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Let xo €Z and S C Z"P with 2 < |S| < co. Here and henceforth, when
it is written that (b,a) € S, it is understood that |6| =1 and |a|=|y|. Let
u:=max({b: (b.a) € S.xo > b} U{min, ,csb}). Forall(b.a) € S.ifb > u then
Pl(x —b:A) = ¢"*(min R), and if b < u then either

(i) Pi(x —b:A) = 0Py (x —u: A) for some 0 < a < A; or

(i) PA(x —b:A) =a®P)(u—b:A) for some 0 < a < A.

In each of these cases, replacing P\ (x — b: A) with the respective expression gives a
formula for which we have strong honest definitions.

ProoF oF THEOREM 4.3. By Lemma 2.15, we may assume A € dN is sufficiently
large that min A - R’Z > 0if 4; >r 0 and max A - ﬁg <0if 4, <z 0.

Fix xo € Z and S C Z'"*I’l with 2 <|S| < co. Write 7,(S) := {b : (b.a) € S}
and 7,(S) := {a : (b.a) € S}. Let (by. ap) € S be such that

b — minm(S) if 47 > 0,
"7 Imaxz () if 4 <z 0.

Define

L max({b € 7Z1(S) I Xo > b} @] {bo}) if A >z 0,
| min({p € 1 (S) : xo < b} U{bo}) if 4 <z O.

Fori € {1,2}.letc; € S<” besuch that xg |= (i(x:¢;) and {;(x: ¢;) - tpy, (x0/S).
For i € {3.4} and 0 < a < A, let ¢® € (S?)<? be such that xo |= (*(x:c®) and
{F(xief) F tpga (xo/S?).

Let T :=n(S)U{(0,....0),(1,...,1)} CZ”. Then |T| > 2, so for 0 < a <A,
there is e® € T* such that txo— f (6P} (xo —u:A)) | p(x:e®) and p(x:e®)
tpy (txo — f(6*Px(xo — u: A))/T). There are disjoint I,. Jo C [k]and ¢® € m5(S)<*
such that

plx - (o7 Ph(x ~ u: A)):e®) = L2 (i, c®).

whence xo |= (7 ;. (x:u, c®).

For 0 <a <A, let Sq:={bem(S): Py(xo—b:A) =c*Pi(xo—u:A)} C Z,
and if Sy # 0. let /*) := min S, and r® := max S,.

Then we have that

>4>
1S

A
Gty A N G (xiue®)
a=0

2
X0 = /\Ci(x;ci) A
i1 '

I
w

Pl(x —1'®;A) = PA(x - Fe)A) = c®Pr(x —u:A),

>
P>
> —

%)
Q
SO

and we claim that this formula, which is an instance of {y,,...1,s,x for K := {0 <
a < A:S, # 0}, entails tp¢(x0/S).
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Indeed. suppose x; € Z satisfies this formula, and let (', a’) € S. We wish to
show that ¢(x¢:b’, a’) if and only if ¢(x1:b’,a’). Since xo. x1 |= {1(x; 1), we have
that for i € {0, 1},

max({b € m(S) : x; > b}U{bo}) ifA; >r 0.
mln({b € 71'1(5) x < b} U {bo}) ifAl <r 0.

_ Suppose b’ >uand A; > 0. Then, fori € {0,1}, we have x; — b’ <0 < min A -
R and so P)(x; —b":A) = ¢"*(min R) by Remark 2.23. Thus, for i € {0.1},
we have ¢(x;:b',a’) < ¢r(x;:b',a’). But now, since xg, x; = {>(x:¢2), we have
dr(x0:0",a’) < ¢a(x1:b',a’), whence ¢(xo: 0. a’) < ¢(x1:b'.a’).

The case where b’ < uand A, <p 0issimilar, so henceforth suppose either (b’ < u
and 4; >z 0) or (b’ >u and Ay <z 0). By Lemma 4.1, we have either of the
following:

(i) that P)(xo—b":A) = a*P\(xo — u: A) for some 0 < o < A: or

(ii) that P,(xo—b":A) = 0®P,(u—b":A) for some 0 < o < A,

If 0 < o < Ais such that Py(xo — b’:A) = ¢®P}(u — b": A). then since xo. x; =
(& (x:cf). wehave Py(xo — b":A) = Pr(x) —b':A) = 0®P,(u—b'":A). Thus, fori €
{0, 1}, we have

p(xib'.a’) < 0 (ix; — f(o*Py(u—b":A)):d’).
and so
¢(x;:b'.a’) < 0" (tx;: f(0*Pa(u—b':A)). d').
But now, since xy, x; C?(x; c?) we have
o' (txo;f(aaPi(u ~-b";A)).a") = 0 (txl;f(aaPi(u ~b";A)).a’).
whence ¢(xg:b’.a’') < ¢(x1:b'.a’).

Suppose instead that we have P} (xo — b’: A) = 6® P} (xo — u: A) forsome 0 < o <

A, and so /@ < p’ < rl@) But now

X0, X1 = Pi(x @A) = Pi(x - r(“);A) = aaPi(x —u;A),

so by Lemma 2.17 we must have xo. x| = Py(x —b":A) = 6P (x —u: A). Thus,
fori € {0,1},

p(xi:b'.a’) < 0 (tx; — (o Pa(x; —uzA)):a’).

But now, since xo.x1 | (F (x;u,c®), we have xg.x; = 7y(1x —f(a“Pi(x—
u;A)):e®) and so
0 (txo — f(6Pr(xo —us A)):a’) & 0 (tx1 — f(0®Py(x1 —u: A)):d’).
whence ¢(xo: b, a’) < ¢(x1;:b’, a’), which finishes the proof. -
COROLLARY 4.4. Let R C¢ R for somed € N*. Let t € Z, A be a tuple of nonzero
operators, f be an L-definable function of arity 1, and O € {<,>}. Let A € dN
be sufficiently large. Then the formula ¢(x:y) = tx —y, O f(PA(x — y1:A)) has

a strong honest definition. In particular, given operators A.B with A #r 0, every
(Fi; A. B. A, R) formula with A € dN sufficiently large has a strong honest definition.
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ProoF. This follows directly from Theorem 4.3 since, for 0(x: y,) := x O y,.

p(x:y) =0 (tx - f(Py(x — y1:A)): 32).

and the formulas 0(x:y,) and 60'(x:w, y,) := 0(x — w: y,) have strong honest
definitions by Example 2.7. -

Recall that, given an n-tuple v = (v1, ..., v,), we let vo denote (v, ....v,).

LemMA 4.5. Let d,n € NV with n > 2, R CY R, A be an n-tuple of nonzero
operators, and A € dN be sufficiently large. Let a € 7 be such that

a>infA-RiNa <max{A-z:z€ Ri z = Pxr(a:A)}.
Then Py (a — A1 P)(a:A): Asy) = PY'(a: A).
ProOOF. Let u = Pp(a;A). Then
Ao usy + A P)(a:A) = A - Prla:A) < a,
and so A - us1 < a — A1 Pj(a: A). Thus, to show that us; = Pa(a — A1 P}\(a: A):
A1), it suffices to show that there is no w € IQZ" such that Ao - us) < Ao -w <
a—AP)(a:A).

Towards a contradiction, suppose such a w € IQZ*I existed, so A-u<A-
(PA(a:A), w) < a.Bydefinition of u = P (a: A). we must have that (P} (a: A), w) ¢
RZ, and so w; > o 2PL(a: A).

Recalling the relevant notation from Definition 2.21, letv := maxa{z € RZ 1z =

Pi(a:A)}. so by assumption, A - u < A - (Pi(a;A),w) < a < A -v. But now, since
up = vy = PL(a:A). we have

Asp - us) < Asp-w < Asy - v,

so by Lemma 2.17, wy < max{uz.v2} < o *max{u;,v1} = 6 2P}(a:A). a contra-
diction. —

The following theorem describes how a strong honest definition for a (F,,) formula
can be obtained from one for a (F,_;) formula.

THEOREM 4.6. Let d,n € N* with n > 2, R C? R, A be an n-tuple of nonzero
operators, and B be an n-tuple of operators. Let t € {0,1} with t = 1 unless B=F'
for some 1 < i < n. Suppose that, for all A € dN sufficiently large, the formula

0(x:y1.y2) = tx — y2 < By - Pa(x — y1: A5 R)
has a strong honest definition. Then, for all A € dN sufficiently large, the formula
¢(x:p1.12) == tx — 3o < B- Pa(x — y1:A.R)

has a strong honest definition, given by a conjunction of copies of strong honest

definitions for
%o ifB=F',
D192 b3 Pa. 5. (92,65 :0<a <A) ifB#F.A #g By. andt = 1,
1. D2, D3, Pa. g otherwise,
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where

Go(X:y1.y2) = 1x — »2 <Pi(xfy1;A),
¢i1(x:y1.y2) :=infA - R < x - y1.

( )

( E
$r(x:y1.12) == tx — y» < B- (6" (minR) : 0 < i < n).
$3(x:y1.p2) = x -y >maxfA.z:z € R}z = Py(x - yi:A)},
( )

Ga(X: y1. y2) = 1x — y2 < B-max{z € R} : 21 = Py(x - yi: A)},

Pi(x = p1:A) > 0®Pa(y1 —y2: Bi— 41)  if Bi— A1 > 0.
Pl(x —y1:A) <0 2Pa(y1 — y2: Bi — A1) if Bi — A1 <g 0.
@& (x: 1. y2) i= Py(x = y1:A) = 0 Pa(y1 — y2: By — 4y).

9 (x:y1.y2) '=1tx — y2 — Bia“Pa(y1 — y2: B1 — A1)
< Boi - PA(x —y1 — A16%PaA(y1 — y2: Bi — A1): Asy).

ds(x:y1.12) i= 0(x — A1 Py(x — y1:A): y1. 12).

Ps(x:y1.y2) =

From this we immediately obtain the sufficiency criterion in Theorem 3.6 as a
corollary.

COROLLARY 4.7. Let d.n € N*, R C? R, A be an n-tuple of nonzero operators,
and B be an n-tuple of operators. Then, for all sufficiently large A € dN, every
(F,: A, B, R, A) formula has a strong honest definition.

ProOF. Induct on n € N*, with Corollary 4.4 as the base case n =1 and
Theorem 4.6 as the inductive step. o

Before proving Theorem 4.6, let us first justify that the formulas ¢y, ... . ¢g indeed
have strong honest definitions, assuming A € dN is sufficiently large.

The formulas ¢, @3, ¢4, and ¢s have strong honest definitions by Corollary 4.4
and Lemma 2.5, applied with A € dN sufficiently large. As an example, to show that
¢3 has a strong honest definition (assuming A € dN is sufficiently large). one applies
Corollary 4.4 with t = 1, 0 as >, and f mapping u — max{A -z :z € RZ, Z1=u}
if u € R and u — 0 otherwise.

The formulas ¢; and ¢, are basic formulas, so have strong honest definitions.

For 0 < o <A, the formula ¢¢ has a strong honest definition by Lemmas 4.2
and 2.5, since it is a descendant of the formula Pi(x - yi:A) =y

For 0 < o <A, the formula ¢$ has a strong honest definition by Lemma 2.5,
since it is a descendant of the formula 0(x: y;,y»), which is assumed to have a
strong honest definition.

Finally, consider the formula ¢g. It is a descendant of the formula

pg(x:w. p1.y2) = 0(x — A PA(x —w:A): y1. 12),

so by Lemma 2.5 it suffices to show that ¢¢ has a strong honest definition. Now
the formula 0’ (x;w, y1. y2) := 0(x — w: y1. y») is easily seen to be a descendant of
0, which is assumed to have a strong honest definition, and hence so does 6’ by
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Lemma 2.5. Thus, the formula ¢¢ has a strong honest definition by Theorem 4.3,
applied with = 1 and f mapping u — A u if u € R and u — 0 otherwise.
Thus, Theorem 4.6 is well-formulated; let us prove it.

ProoF oF THEOREM 4.6. Let A € dN be sufficiently large such that the function
z+— Az is injective on R”?, 6(x:y1.)2) has a strong honest definition, and all
the strong honest definitions exist that are claimed to exist in the statement of the
theorem. We will show that ¢(x; y1. ») is a Boolean combination of copies of

o ifB=F',
D1, P2, b3 Pa. 5. (92,2 10 < <A) ifB#F'. A #x B, and 1 = I,
1. 9. 93, P4, g otherwise,

which suffices by Lemma 2.2.

If B=F' then ¢(x:y) <> ¢o(x; ). so henceforth suppose B # F.

If =¢; (x: y) holds then x — y; < inf A - R%. so by Remark 2.23 we have ¢(x: y)
¢2(x: ). Henceforth condition on ¢ (x: y), whence by Lemma 2.25,

A-Palx —yiiA) <x -y ()

If ¢3(x:y) holds, then Po(x — y1; A) = maxa{z € EZ iz =P)(x - yi:A)} and
so ¢(x:y) <> ¢4(x:y). Henceforth condition on —¢;(x;y). Note then that,
assuming A € dN is sufficiently large, Lemma 4.5 implies

PN(x = yiiA) = Pa (x — y1 — A1 Py(x — y1: A): Asy). ()
We now split into two cases: A] #g BiAt=1, and (4 =g BiAt=1)V(B=

F' At =0).
Case 1. A; #x By ANt = 1. We will show that

A

$(x:p) < ¢s(x: )V \/ (68 (x19) A 65 (x: ).

a=-A
Lete:=1if Bj—A; >r0.ande := 1if By — 4] < 0.
Firstly, suppose ¢ (x: y) holds, where

Py(x —y1:A) <o 2Pp(y1 — y2: Bi— A1) if By — 4 > 0.

¢1(x:y) = .
Pi(xfylgA)>aAPA(y1fyZ;BlfAl) lfBlfAl <R 0.

In particular, inf(B, —Al)Ri < y1 —y2 by Remark 2.23, whence, for A € dN
sufficiently large,
yi—)2> (Bl — AI)PA(yl — )2 B — Al) by Lemma 2.25
> (B1 - 41)a**Py(x — yi:A) by ¢ (x:y)
> 2°(B; — A1)PA\(x — y1:A) by Lemma 2.13
> (B—A) - Pa(x —y1:A) by Lemma 2.15.
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Thus,

X=Y2=X—-Y1+)V1—)
>A-Palx —yi:A)+y1—y2 by ()
>A-Palx—y1:A) + (B—A) - Pa(x — y1:A)
=B Pa(x - y11A).
and so ¢(x:y) « L.

Next, suppose ¢s(x:p) holds. In particular, sup(B; —4;)R} >y -y, by
Remark 2.23, whence, for A € dN sufficiently large,

y1—y2 < (By —A1)Oa(y1 — y2: B — A;) by Lemma 2.25
< (By — A1)o® Pa(y1 — y2: B — A1) by Lemma 2.25
< (Bi~ 4)a" "N Pi(x — yizA) by ¢s(x1y).
Using ~¢3(x; y), we have
x-y<max{A-z:z€RLz1=Pi(x - y:A)} < (4 + o 2N Pl (x —y1:A)
by Lemma 2.13 (for A € dN sufficiently large). Thus,
X=Nn=X-y1+y-»n
< (A + o B2HPL(x - y1:A) + (B *Al)Us(M)Pi(X - i:A)
< (B - *2)Pl(x —y;:A) by Lemma 2.13
<B-Pr(x—y;;A) byLemma 2.13,

andso ¢(x:y) < T.
Finally, suppose neither ¢, (x; y) nor ¢s(x: ) holds. Then thereis — A < a < A
such that ¢¢(x: y) holds. Conditioning on such ¢¢ (x: ). we have

¢(x:y) <+ x = y2 — BiPy(x — p1:A) < By - P (x - y1:A)
< X =y~ BIPA(x = y1:A) < By - Pa(x — y1 — A1PA(x — p1:A): Asy)
by (+). But this is equivalent to ¢ (x: y),' since ¢¢ (x: y) holds.
Case 2. (41 =g BiAt=1)or (B=F At=0). Recall that we have assumed
B # F': note then in particular that B; =g t4;. We have
¢(x1p) ¢ tx — BiPA(x — y1:A) — y2 <Bsy - PY' (x — y1: A)
& tx = BiP)(x — y1:A) —y2 <Bsy - Py (x=» — A P)(x —yi:A):As)

by (+x). But this is equivalent to ¢s(x:y). since tx — BiPy(x — yi:A) = 1(x —
A1 PL(x — y1:A)) by the fact that B, = t4,. .

THEOREM 4.8. The structure (Z, <, +, R) is distal.

Proor. Combine Theorem 3.6 and Corollary 4.7. 4

Acknowledgments. We thank Pantelis Eleftheriou for providing numerous helpful
suggestions on the content and structure of this article, as well as Pablo Andujar

https://doi.org/10.1017/js1.2025.10125 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2025.10125

DISTAL EXPANSIONS OF PRESBURGER ARITHMETIC BYA SPARSE PREDICATE 33

Guerrero and Aris Papadopoulos for fruitful discussions on distality. We would also
like to thank the referee for their helpful comments and corrections. Soli Deo gloria.

Funding statement. This research was conducted as part of the author’s PhD,
supported by a scholarship funded by the School of Mathematics at the University
of Leeds.

REFERENCES

[1] N. ALon, J. PacH, R. PINcHASL R. RaDOICI¢, and M. SHARIR, Crossing patterns of semi-algebraic
sets. Journal of Combinatorial Theory, Series A, vol. 111 (2005), pp. 310-326.

[2] A. ANDERSON, Combinatorial bounds in distal structures. The Journal of Symbolic Logic. (2023).
pp. 1-29.

[3] M. ASCHENBRENNER, A. CHERNIKOV, A. GEHRET, and M. ZIEGLER, Distality in valued fields
and related structures. Transactions of the American Mathematical Society, vol. 375 (2022), no. 7.
pp. 4641-4710.

[4] S.Basu, Combinatorial complexity in o-minimal geometry. Proceedings of the London Mathematical
Society, vol. 100 (2009), no. 2, pp. 405-428.

[5] M. BeNEDIKT, D. CHisTIKOV, and A. MANSUTTL, The complexity of Presburger arithmetic with
power or powers, 50th International Colloquium on Automata, Languages, and Programming (ICALP
2023) (K. Etessami, U. Feige. and G. Puppis, editors), volume 261 of Leibniz International Proceedings
in Informatics (LIPIcs). Schloss Dagstuhl—Leibniz-Zentrum fiir Informatik, Dagstuhl, 2023, pp. 112:1—
112:18.

[6] M. BeNEDIKT and E. HRUSHOVSKI, Embedded finite models beyond restricted quantifier collapse,
2023 38th Annual ACM /IEEE Symposium on Logic in Computer Science (LICS), IEEE, Boston, MA,
2023, pp. 1-13.

[7] A. CHERNIKOV, D. GALVIN, and S. STARCHENKO, Cutting lemma and Zarankiewicz’s problem in
distal structures. Selecta Mathematica. vol. 26 (2020), no. 25. pp. 471-508.

[8] A. CHERNIKOV and P. SIMON, Externally definable sets and dependent pairs 11. Transactions of the
American Mathematical Society, vo. 367 (2015), no. 7, pp. 5217-5235.

[9] A. CHERNIKOV and S. STARCHENKO, Regularity lemma for distal structures. Journal of the European
Mathematical Society. vol. 20 (2018). no. 10, pp. 2437-2466.

[10] D. C. CooPER, Theorem proving in arithmetic without multiplication. Machine Intelligence, vol. 7
(1972). pp. 91-99.

[11] A. DoLicH and J. GOODRICK, Strong theories of ordered abelian groups. Fundamenta Mathemat-
icae, vol. 236 (2017). pp. 269-296.

[12] P. HiEroNyMI and C. SCHULZ, 4 strong version of Cobham’s theorem. SIAM Journal on Computing,
(2024), pp. STOC22-1-STOC22-21.

[13] Q. LamBoTTE and F. POINT, On expansions of (Z,+.0). Annals of Pure and Applied Logic,
vol. 171 (2020). no. 8, p. 102809.

[14] C. ScuuLz, Undefinability of multiplication in Presburger arithmetic with sets of powers. The
Journal of Symbolic Logic, vol. 90 (2025). no. 2, pp. 1-24.

[15] A.L.SEMENOV, On certain extensions of the arithmetic of addition of natural numbers. Mathematics
of the USSR-Izvestiya, vol. 15 (1980), no. 2, p. 401.

[16] P. SiMoON, Distal and non-distal NIP theories. Annals of Pure and Applied Logic. vol. 164 (2013),
no. 3, pp. 294-318.

[17] E. WALSBERG, Externally definable quotients and NIP expansions of the real ordered additive group,
Transactions of the American Mathematical Society, vol. 375 (2022), no. 3, pp. 1551-1578.

SCHOOL OF MATHEMATICS
UNIVERSITY OF LEEDS
LEEDS LS29JT. UK

E-mail: mmhwmt@]leeds.ac.uk

https://doi.org/10.1017/js1.2025.10125 Published online by Cambridge University Press


mailto:mmhwmt@leeds.ac.uk
https://doi.org/10.1017/jsl.2025.10125

	1 Introduction
	2 Preliminaries and basic facts
	2.1 Distality
	2.2 Sparsity
	2.3 The PΔ(·;A,˜R) and QΔ(·;A,˜R) functions
	2.4 Sparsity as regularity

	3 Reduction to representative formulas
	4 Main construction

