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Abstract

Four properties of congruences on a regular semigroup S are studied and compared. Let #, %, and 2
denote Green’s relations and let V = {(a, b) € § X S|a and b are mutually inverse}. A congruence p
on S is (1) rectangular provided p N 2 = (p N L) o(p N R), (2) V-commuting provided po ¥V = Vop,
(3) (&£, R)-commuting provided L cp = po Fand X o p = p o X, and (4) idempotent-regular provided
each idempotent p-class is a regular subsemigroup of S.

A rectangular congruence is (&, #)-commuting and a ¥-commuting congruence is idempotent-reg-
ular. If p is idempotent-regular and (%, #)-commuting then p is V-commuting. Examples and
conditions are given to show what other implications among the four properties hold. In addition to
characterizations of the properties, these are studied in the presence of other conditions on S. For
example, if S is a stable regular semigroup, then each congruence under 2 is rectangular.

1980 Marhematics subject classification (Amer. Math. Soc.): primary 20 M 15; secondary 20 M 20.

We introduce several properties of congruences on regular semigroups and study
their inter-relationships. Let p be a congruence on a regular semigroup S.

(1) p is rectangular if whenever apb and aZb, there exists x, y € § with
aRxLbRyFa and apxpypb.

(2) p is V-commuting if peV = Vop where V= {(a,b) € S X S: a and b are
mutually inverse}.

3 pis (&, R)-commutingif po F=FLopandpo R =Rep.

(4) p is idempotent-regular if I*> = I € S/p implies that the p-class 7 is a regular
subsemigroup of S.
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Properties (2) and (3) were introduced by the authors [6]. Property (4) was
introduced by Nambooripad [9]. These notions have been applied by one of the
authors in [7].

Among the results that we establish is the fact that if S is a stable regular
semigroup, then each congruence under 2 is rectangular. We give various char-
acterizations of properties (1), (2), and (3), some of which involve the “fullness”
of multiplication of certain equivalence classes. We characterize the property
peV = Vopin terms of properties of the decomposition induced by p on the set
of idempotents. We discuss the class (V'C) of semigroups on which each con-
gruence is V-commuting and show that (V'C) contains the full transformation
semigroups. Also, we present several examples to delineate the results. We are
indebted to K. Byleen for an observation about the four-spiral semigroup
(Example 5.3) and to J. D. Lawson for the initial part of Example 5.2.

1. Notation and conventions

We assume throughout the paper that S is a regular semigroup. Let p be a
congruence on S. We denote the natural map S — S/p by p or ¢ and for
C € S/p we denote ¢~'(C) by C to indicate it as a subset of S rather than as an
element of S/p. Elements of S/p will be represented by upper case letters with E,
F, I, and K being idempotents. Elements of S will be lower case letters with e, f, i,
Jj, k, and h being idempotents.

The notation p 1 g indicates that p and g are mutually inverse elements, and
V={(p,q): p L q}. For a relation X on S, we will use the notation (a, b) € X
and aX'b interchangeably and )¢, will represent the X‘class of x. Terminology
from Clifford and Preston [3] will be used, and we make free use of Green’s
translational lemmas and the results of Miller and Clifford on the algebra of
Z-classes.

2. Rectangular congruences

As above, a congruence p on a regular semigroup S is said to be rectangular
provided pNZ = (p NF)o(p N R). We note that p N 2D (p N FL)e(p NRA)
always.

PROPOSITION 2.1. Any congruence p on a semigroup S satisfies the following:
@ (pNR)e L=Lo(pNR),

®)Y(pNL)e R=R°(p NZD),
©(pND)e(pNE)Y=(pNR)e(pNZL).
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PrROOF. We show (p N R)o LT ¥ o(p N R). The other containments follow
similarly. Let (a, b) € (p N #)° ZL. Then there is x so that a(p N #)xLb. Since
b¥#x there is a ¢t so that b = rx. Hence ta(p N X)tx = b and aPta. Thus
(a, by E L o(p N R).

PROPOSITION 2.2. Let p be a congruence on a regular semigroup S and p C 9. If
p is rectangular, then po =L op and po R = R p, that is, p is (£, R)-com-
muting.

PROOF. Since p is rectangular and p € 2, we have p C (£ p)o (£ N p) = (R
N p)o (LN p). Therefore po LC (LN p)e(X N p)o L= (LN p)eLo(XNp)
CFo(Z N p) CZLop. The other parts are similar.

ExaMPLE 2.3. It follows from [3, Theorem 10.58] that if X is a finite set and if p
is a congruence on the transformation semigroup 7, on X, then p is rectangular.
If, however, X is infinite, then p might not be rectangular. For instance, let
X=N-={(1,2,3,4,...}, and take p = {(a, b)|dr(a, b) < wo} where D(a, b) =
{x € Nla(x) # b(x)} and dr(a, b) = max{|a(D(a, b))|, |b(D(a, b))|}. For some
(a, b) € p N @ we will show that there is no ¢ € J, so that a(%£ N p)c(LN p)b,
that is, there is no ¢ € J so that ker(a) = ker(c), c(N) = b(N), dr(a,c) < =,
and dr(c, b) < 0. Choose b: N » N to be the identity and a: N - N by
a(l) = a2) =1 and a(n) = n for n > 3. Suppose there is ¢ € 7, satisfying the
above. Since b is one-to-one and dr(b, ¢) < oo, then D(b, ¢) will be finite. Hence
there is M so that for n > M, c(n) = n. Hence ¢ maps {1,2,...,M} onto
{1,2,...,M}, but ¢(1) = ¢(2). This is a contradiction. Hence p is not rectangular.

A congruence p on a regular semigroup S is said to be s#covering provided for
eacha € S, ¢(H,) = Hy(,)-

THEOREM 2.4. If a congruence p on a regular semigroup S is #covering, then p is
rectangular. If p C 2, the converse holds.

PROOF. Suppose p is #covering. We show (p N 2) € (ZLN p)e(Z£ N p). Let
(a,b)epnNP and t € R, N L,. Since tFLapb#t we have ¢(t)s#¢(a), and
therefore ¢(H,) = Hy(,) = Hy(,) = ¢(H,). So, there exists x € H, with ¢(x) =
¢(a). Now (a,x) e PN pand(x,b) € XN p,so(a, b) € (LN p)e (AN p).

Suppose p is rectangular and p € 2. We show that for a € S, Hy,y © o(H,);
the other containment is clear. Let X € H,, and ¢(a) = 4. By Theorem 2.2, p is
(%, #)-commuting. Since X.ZA4, there exists (by [4])x € X and p € A with x%p.
Then appPx implies there is g so that a%gpx. Similarly, since X#A, there is
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y € X and r € A with y®r. Then apr®y implies there is s so that a%#spy. Hence
gZLaRs with ¢, s € X. Since p is rectangular, there is w € X with ¢.#w%s. Thus
w € H,and X = ¢(w) € ¢(H,).

COROLLARY 2.5. (1) If S is combinatorial (that is, if is trivialy and p C D is
rectangular, then S /p is combinatorial.

(2) If S/p is combinatorial, then p is rectangular.

(3) If p and ¢ are rectangular and o C p C 2, then p /o is rectangular.

D Ifo C p CPDandoandp/o are rectangular, then p is rectangular.

We omit the straightforward arguments.

PROPOSITION 2.6. If p is a congruence on a regular semigroup S and p C %, then
p is rectangular.

PROOF, From the definition, if (a, ) € p then a.%b and a(p N L)b(p N R)b.

We recall that a semigroup S is stable if and only if Sa C Sab implies Sa = Sab
and dS C cdS implies dS = c¢dS. It is known {1] that S is stable if and only if S
does not contain a bicycle semigroup. Stable semigroups include finite (or
compact) semigroups.

THEOREM 2.7. Let p C 2 be a congruence on the stable regular semigroup S. Then
(1) p is rectangular,

Q) ifI* =1 € S/p, then I is a completely simple subsemigroup of S,

(3) §/p is stable.

PROOF. We first show that p is rectangular. Let (x, y) € p and choose e = e&x.
Let I = ¢(e). Then there exists ¢ € S so that xt = e. Since p C 2,we know there
is a Z-class D so that / U {x, y} € D. We can assume ¢ € D by replacing 7 by txt
if necessary. In fact, xt = (xt)(xt) € Stxt and txt € Sxt yield xt.Z£txt. Hence we
can assume xtZ%. Since xtpyt and S is stable yre € R, N L, N I [1, Corollary
1.1(5)). Hence since e=e*€ R, NL,, R,=R,,, and yt€R NL, [1,
Corollary 1.1(5)], we have ytex = ytx € R, N L, N ¢~ '¢(x). Thus p is rectangu-
lar. Since a € [implies a, a> € I ¢ D,, we havea® € R, N L, = H,[1, Corollary
1.1(5)] is a group. It follows directly that the idempotent class [ intersects H, in a
group. Hence I is a rectangular union of groups and is completely simple.

Suppose S/p is not stable; then S/p contains a bicyclic semigroup C(P, Q)
with QP = I, the identity. Since P L Q in S/p there exists p € P and g € Q with
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pLgin S. If gp = e, then ¢(ge) = QI = Q = ¢(q). Thus, gepq. Since p C 2,
ge € D, and by stability, ge € R, N L, = R, N L, = H(e)[1]. Thus Q = ¢(qge)
belongs to a group, a contradiction.

3. V-commuting congruences

Let p be a congruence on a regular semigroup S and V' = {(a,b) € S X Sla 1
b}. Recall that p is V-commuting provided po} = Vo p and that p is idempo-
tent-regular provided each idempotent p-class is a regular subsemigroup of S. We
note that either containment, po ¥V C Veopor Vep C peV, implies the other. We
will use this without comment. If 4, B € §/p with AZB, we say ht(A) < ht(B) if
for each #-class R of S with RN A # @, we have R N B # @. Similarly if 4.£C
in S/p, we say w(A) < w(C) if for each Zclass L of S with L N A # & we have
L N B # &. The following results give several characterizations of V-commuting
congruences and point out relationships between V-commuting and idempotent-
regular congruences.

In the following, py, = p NEX E, Rz =N E X E,and % =¥NE X E.

THEOREM 3.1. Let p be a congruence on a regular semigroup S. The following
(1)-(8) are equivalent.

Wpe¥=Vep. _ _

(Q)IfA LBinS/pand a € A, then there is b € B so that a L b.

BGeV,) = V;,(x)for each x € §S. B )

@) @) If ARI = I? in S/p and a € A then there is e* = e € I so that aRe in S.
(b)IfALF =F*inS/panda € A then there is f> = f € F so that a¥f in S,
(c) p is idempotent-regular.

(5Xa) If FPARI, I* =1, F*=FinS/pthenIA = AF = A.

(b) p is idempotent-regular.
6Ya)IfI? = IRJ =J?in S/p then ht(I) = ht(J), and if I* = I.LJ = J? in

S/p then w(I) = w(J).

(b) p is idempotent-regular.

MN@pe RANEXE=RRepNEXE andpe INEXE=%°pNEXE,
(b) p is idempotent-regular.

B)ppo Ry =Rpepgand ppo Ly = Lo pg.

PROOF. (1) = (2). Let A L B in S/p and choose a € A. By Hall [4], there are
a, € A and b, € B so that a, 1 b,. Since apa, L by, by (1) there is b so that
a 1 bpb,. Hence b € Band a L b.

(2) — (3). That p(¥,) C V,,, is clear. To show the reverse, let p(x) = 4 and
A L1 B. Then x € A and by (2), there is b € B with x L b. Hence B = p(b) and
beV,.
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(3) = (4). Let FLARI and a € A. If 4’ is an inverse of A relative to I and F,
then A’ € V, ,, = p(V,). So A" = p(x) for some x 1L a. Thenax%a and ax € I.
Let e = ax; then (4)(a) holds. Similarly (4)(b) holds. To see that p is idempotent-
regular, note that I 1 I. By (3), each element of [ has an inverse in I, so I is a
regular subsemigroup.

(@) > (5). Let F#ARI and I*> = I, F* = Fin S/p. Clearly 14 c A. To show
A C IA4, let a € A. By (4)(a) there exists x € I with a%x. Since p is idempotent-
regular there exists e = e € I N R,; then a%e, 50 a = ea. Hence a € [ A. The
other arguments go similarly.

(5) = (6). Let I* = I®RJ = J*. We show that if t € I, then R, N J # @. This
will give ht(I) < ht(J) and a symmetric argument will complete showing at(1) =
ht(J). Let t € I and using (5)X(b) choose e? = e#t with ec.By(SYa),JI=1
and there are x € J, y € I so that e = xy. Then e = e® = e(xy)e = (ex)(ye), so
exRe with ex € J since IJ =J. Now eZRex implies ¢ = teRtex € J. Hence
R,NJ+ .

6) = (7). Weshow po ZN E X EC #ep N E X E. The other containments
follow similarly. If (e, f)€ po#ZN E X E, there is x so that epxZ%f. Then
p(e)Zp(f) and by (6)(a), htp(e) = htp( f). Thus there is ¢ so that e#Zxpf. Thus
(e, fYEZopNEXE.

(7) = (8). Let (e, g) € pg ° . Then there exists f = f2 with epfZg. By (7)(a)
there exists x with e#Zxpg. By (7)(b) there exists » = h’pg with x#h. Then
eRhpg, so (e, g) € R ° pp. The remaining arguments are similar.

(8) = (1). Let (a, b) € p o V; then there exists x with apx L b. Let e* = eZa,
and let K = ¢(e), I = ¢(bx), and J = ¢(xb). Then JZK, so there exist idempo-
tents j € J and h € K with jRk [4). Now epk 2 j, so by (8) there exists i = i* with
eZipj. Similarly there exists f2 = f% with f € I. Let a’ be the inverse of a
relative to f and i. Since ¢(b) and ¢(a’) are both inverse to ¢(a) relative to I and
J, we have a’pb. Hence a L a’pb and (1) follows.

REMARK 1. The equivalences of (1), (2), and (3) hold in a more general setting,
using essentially similar arguments. We may replace V' by any relation ¢ that
enjoys the lifting property, that is, if A" B in S/p, then there are a € A and
b € B so that AX'b in S. From [4] we know that %, &, and 2 satisfy this lifting

property.

REMARK 2. Although we will not make use of it, ¥ can be described as follows.
These are equivalent: 1) a L b (2Q)abe R,N L, NE 3)(a,b) EFLolAp XN
m~Y(E), where Ap = {(e,e): e € E}and m: § X S — § is the multiplication on
S. We omit the straightforward arguments. Thus, ¥ =m (R, N L, N E) =
FLolro RN mY(E).

https://doi.org/10.1017/51446788700022424 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700022424

152 R.J. Koch and B. L. Madison 7]

REMARK 3. We see from (8) of Theorem 3.1 that a congruence p commutes with
V if and only if p induces a decomposition of E in which the classes are height
and width compatible. Recall [12] that two congruences a and 8 are 8-equivalent
(afB) if & and B induce the same decomposition of E. We see then that If
acV =Veaand afff,then foV =Vop.

REMARK 4. A regular semigroup S is said to be V-regular, [10] or [11], if for all
a, b€ S we have V,, C V,V,, and weakly V-regular, [8], if for all a,b € S we
have V, ¢ V,SV,. Theorem 1 of [8] and Proposition 2.4 of [9] show that if S is
weakly F-regular and p is a congruence on S then (2) of Theorem 3.1 holds.
HencepeV = Vop.

REMARK 5. If p C Z, thenpeoV = Vop|6].

COROLLARY 3.2. If p is rectangular, idempotent-regular, and under 2, then
peV="Vop.

Proor. This follows from (7) — (1) and Proposition 2.2.
The property poV = Vop holds for a rather large class of congruences on

regular semigroups. For example, every congruence p on an inverse semigroup
satisfies p o V' = V o p, The following more general result holds.

THEOREM 3.3. If p is a congruence on a regular semigroup S and S/p is an
inverse semigroup, thenpoV = Vop.

PROOF. If (a, b) € p oV, then there is x € S so that apx L b. Choose y € S so
that a L y. Hence p(a) L p(y) and p(a) = p(x) L p(b). Since §/p is inverse,
then p(b) = p(y) and a L ypb. Hence (a, b) € Vop.

EXAMPLE 3.4. Let S be the band {e, f, g} with binary operation as follows:

ff
f f f
gle f 8

Note that D, = {g}, D,=D,=R,=R,={e,f}, L,={e}, and L, = {f}.
The relation p = {(f, g).(8, f)} U A is a congruence on S. We observe that p is
rectangular and idempotent-regular, but p ¢ £ and p commutes with none of %,
¥ ,and 2.
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The examples given in 5.2 are regular completely semisimple semigroups which
have congruences that do not commute with V. The example given in Example 5.3
has a congruence p C @ but peV # Vop; in fact, p is not idempotent-regular.

As was stated in Remark 4 above, if S is V-regular, then each congruence p on
S commutes with V. For X any set, it is known, [10] or [11], that the full
transformation semigroup .7, is V-regular. We present the following straightfor-
ward argument that any congreunce p on J, commutes with V. We give five
lemmas, omitting the routine proofs of the first four.

LeMMA 3.5. If a € Ty then a’ L a if and only if (1) a’ is a section for a on aX,
that is, aa’(x) = x for each x € aX and (2) a’X C a’aX.

LEMMA 3.6. If p and T are V-commuting congruences on a regular semigroup S
then (p U T)eV = Vo(pUT).

LeMMA 3.7. If I is an ideal of a regular semigroup S and p, is the associated Rees
congruence, then py oV = Vo p,.

LEMMA 3.8. If p, is a Rees congruence and p is a V-commuting congruence on a
regular semigroup S, then (p N p;)eV = Veo(p N p;).

LeMMA 3.9. If p is a difference rank congruence on 7, then p oV = Vo p.

PROOF. Let | X| =p > g = ¥jand p = {(a, b)|dr(a, b) < q}, where D(a, b) =
{x € X]a(x) # b(x)} and dr(a, b) = max{]a(D(a, b))|, |b(D(a, b))|}. Let
(a, b) € Vep and choose a’ so that a L a’pb and set D = D(a’, b). Define
b’ € J, as follows. For y € bX\ (bD U a’D), set b'(y) = a(y). Since a 1 a’,
using Lemma 3.5, we have y = a’a(y) and since y & a’D it follows that a(y) & D.
Hence y = a’a(y) = ba(y) = bb’(y). Thus b’ is a section for b on bX\ (bD U
a’D). Hence y = a’a(y) = ba(y) = bb’(y). Thus b’ is a section for b on bX \ (bD
U a’'D). For y € bD U (bX N a’D), choose b’(y) so that bb'(y)=y. For y €
a’D\ bX, choose x € D with y = a’(x) and set b'(y) = b’b(x). Now, b’ satisfies
the conditions of Lemma 3.5 on bX U a’D = q’X U bD. Since dr(a’, b) < q, the
symmetric difference of a’X and bX has cardinality less than ¢; notationally we
use a’X = qbX . It follows that aa’ X = qabX . From the above defining of b’ on bX,
we have b'bX = abX. Thus aa’X = b'bX. Define b’ on X\ (bX U a’X) by
b'(x) = a(x) if a(x) € b’'bX and b'(x) = z, for some z, € b’bX otherwise. Now
b’ L b since b’ is a section for b on bX and b’ X C b’bX. Further, since |a’D| < g
and aX C aa’X = b'bX we know dr(b’, a) < q. Thusapa’ L b,andpeV = Vep
follows.
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THEOREM 3.10. If p is any congruence on Ty, thenpoV = Vo p.

PrROOF. If the primary cardinal number of p is infinite, then by a result of
Malcev [3, Theorem 10.72] there are ideals I,,...,I, and difference rank con-
gruences 8,,...,8,,;sothatp = p, U (p, N&)U - U(p, N§)HUSJ, ...

The result follows from this case from the previous lemmas.

If the primary cardinal number of p is finite, namely #, then {3, Theorem 10.68]
we can write p =i U [e N (D, X D)V [], X I,] where D, is the @-class of all
elements of .7 with rank n, I, is the principal ideal of 7 consisting of elements
of rank less than n, ¢ is a congruence on 7, ; /I, and i is the identity congruence.
Again, due to a result of Malcev [3, Theorem 10.58], we know that 0 C J# and the
Hclasses in I, , /1, coincide with the s#classes of . Let (a, b) € poV. There
exists ¢ € I so that apc L b. Now apc implies one of a = ¢,(a,c)€ I, X I, or
(a,c)eocc . Incasea=cor(a,c)€l, X1, weeasily see (a, b) € Vop. If
(a,c)eon (D, X D,) then in I,,,/I, since ¢ C ¥, we know there is d €
I,.,\ 1, so that a 1 dpb [6, Corollary 2.3]. Hence (a,b) € Vop and poV =
Vep.

Let V'C denote the class of regular semigroups with the property that if S is in
VC and p is a congruence on § then p oV = Vo p. From the above, it follows that
VC contains inverse semigroups and full transformation semigroups. More gener-
ally, using Theorem 1 of [8] and Theorem 3.1 we see that any weakly V-regular
semigroup is in VC. Example 3.4 shows that V'C does not contain all bands and
hence not all orthodox semigroups. The examples in 5.2 are completely semisim-
ple semigroups (= stable semigroups) that are not in V'C. Example 5.3 shows that
a bisimple regular semigroup may not be in V'C.

THEOREM 3.11. The class VC is closed under quotients.

ProOOF. Let ¢ be a congruence on a semigroup S in VC, and let p be a
congruence on S/0. Then p = {(a, b) € S X S|(o(a), (b)) € p} is a congruence
on S with ¢ C p. Further p = p/o = {(0(a), 6(b))|(a, b) € p}. Let (o(a), o(b))
€ Vop. Then a(a) L o(x)po(b) for some o(x) € S/0. Using 3.1, we have that
ooV = Voo and o(a) L o(x) imply there exists x’ € § with xox’ and a L x".
Now a(x) = o(x")po(b) implies x'pb, and a L x’pb implies there is y € S so that
apy L b. Thus o(a)po(y) L o(b) and (o(a)o(b)) € peV. Hence poV = Vep.

THEOREM 3.12. Let 6 and p be congruences on a regular semigroup S with o C p.

(DIfVoo=0oVandVep/o=p/o°VithenpoV =Vep,
Q IfVoos=0cVand Vop=poVithenp/ooV = Vep/o.
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PROOF. To prove (1), let (a, b) € poV. There is x € S so that apx L b. Thus
o(a)p/o)o(x) L o(b). Since p/o commutes with V, there is o(y) so that
a(a) L o(y)p/o)o(b). By Theorem 3.1 there is z with zoy such that a L z. Since
o(y)p/e)o(b) and bpyoz, we have bpz and a L z. Hence (a, b) € Vo p.

To prove (2) let (a(a), 0(b)) € p/o oV and choose x so that o(a)(p/0)o(x) L
o(b). Thus apx and there is z with xoz and z L b. Hence apz L b and there is w
so that a L wpb. Thus o(a) L o(w)(p/0)a(b) and (o(a), o(b)) € Vop/o.

We finish this section by giving a result that is related to Theorem 2.7. It gives a
class of congruences that commute with V" and are more restrictive than idempo-
tent-regular congruences.

THEOREM 3.13. Let p be a congruence on a regular semigroup S so that if
I*> =1 € S/p then I is a completely simple subsemigroup of S. Then p C D and p is
rectangular.

PROOF. We first show that p oV = Vo p by verifying that part (6) of Theorem
3.1 holds. It is clear that p is idempotent-regular, and we show that if 12 = I%J
= J?in S/p then ht(I) = ht(J). The dual condition follows in a similar manner.
Let e? = e € I. From [4] we know that thereis f€ Tand g=g?> € Jwithf<e
(that is, fe = ef = f) and f®g. Since I is completely simple, e = f and e%g. By
this and the symmetric argument, ht(I) = ht(J).

To see that p C 9, let A € S/p and choose I? = IRA. Then from part 4(a) of
Theorem 3.1, there is e? = e € I so that a%e. Since I is completely simple, there
is a Z-class D so that I c D. It follows that 4 < D.

To see that p is rectangular, let a, b € A where A%I = I* in S/p. There are
e, f € I with e? = eRa and f* = f&b. Since I is completely simple there exists
g?=geINR,NL, Thussincee€ L,N R,and g € L, N R, we have ga €
R,NL, and be € R,N L,. Now apb and gpe imply gapbe and thus p is
rectangular.

4. (&, R )-commuting congruences

A congruence p on a semigroup S is said to be (&, #)-commuting provided
pef=Fopand po X=X ep. From Proposition 2.2, if p € & and p is rectan-
gular, then p is (&, #)-commuting, and Example 3.4 shows that without p C 2
this is not true. An example below (4.2) shows that (&, #)-commutativity does
not imply rectangularity. The following theorem gives four characterizations of
(%, #)-commutativity among idempotent-regular congruences, that is, those
where idempotent classes are regular subsemigroups.
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THEOREM 4.1. Let p be an idempotent-regular congruence on a regular semigroup
S. These are equivalent.

(1) If A L B, I = AB, F = BA, and ARI¥BRF¥A in S/p, then A B = I and
BA=F.

Q) IfK = K?>and ARABLBRKSLA in S/p, then AB = AB.

BR)IfI?=1, F>=F, and FLARI in S/p, then ht(I) = ht(A) and w(F) =
w(A).

BDpeR=Recpandpo L=Lep.

(5) ¢(R,) = Ry, yand ¢(L,) = Ly, for each x € S.

PRrROOF. (1) — (3). We first show that h?(I) < ht(A). Choose B € S/p so that
A L B, AB =1, and BA = F. Let x € I. Since p is idempotent-regular there is e
so that e#x and e? = e € I = A B. Then e = ab = (ea)(be) for some a € 4 and
b € B. Since ARI we have I4 = A and ea € I A C A. Further, e = (ea)(be)
implies that ea%®e. Thus eaReRx and ea € A yields ht(1) < ht(A). Similarly,
one sees that w(F) < w(A4). In particular, if I? = IRJ = J?, then ht(1) = ht(J)
and it follows from Theorem 3.1 that po V' = Vo p and ht(A) < ht(I). Similarly,
one shows that w(F) = w(A).

(3) = (4). Note first that if AZBRI = 1% in S/p, then ht(A) = ht(B) = ht(I).
Let (a, b) € p° &. Then there is x so that apx%b. If A = ¢(a) and B = ¢(b),
then ht(A) = ht(B) and there is y € B with ypb and aZ®y. Therefore (a, b) €
X » p. The other containments follow similarly.

(4) = (1). We show 7 € 4 B. Let x € I and choose e = e? € I so that e%x.
Using the Remark 1 following Theorem 3.1 with (4), we see that there area € 4
and b € B with a®e#b. Thus ba € F and there is h2 = h € F so that ba.%h.
Sincea € L, N R, let a’ be the inverse of a with respect to 4 and e. If ¢(a’) = A’
then A"l and A’RZF#B. Hence AA’ = I = AB implies A’ = B. Hence x = ex =
(aa’)x = a(a’x) € A Bsincea’x € BI C B.

(1) = (2). Let I? = IR A and let A’ be an inverse of A relative to K and I. Note
that A'(AB) = B implies A’ AB C B. As in the proof that (1) = (3) we argue that
ht(AB) < ht(1) and if a € AB there exists e’ =e e Iwithe®a. Thusa = ea €
TAB.Hence AB=1AB=AA' AB=AA ABC A B C AB. Hence (2) is estab-
lished.

(2) — (1). This is clear.

(4) < (5). This follows as (1) « (3) in Theorem 3.1 using Remark 1 after 3.1.

ExAMPLE 4.2. Let C( p, q) be the bicyclic semigroup and let p( p"q¢") = n — m.
Then p: C(p, q) = Z is a homomorphism. Note that p is not rectangular since
p(p) = p(p’q) but p(p) # p( pq). Further, p is not (&, #)-commuting, since
1p pg%q but 1.Lxpq does not hold for any x € C( p, ¢q). However, the congruence
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of the homomorphism ap where a: Z — Z (modulo n) does commute with % and
# and is not rectangular. Both these congruences on C( p, ¢) are contained in &
and commute with V.

5. Idempotent-regular congruences

Nambooripad [9] has posed the problems of characterizing idempotent-regular
congruences, and of characterizing regular semigroups which have only idempo-
tent-regular congruences. Results from previous sections touch on these problems,
and we present some further information.

THEOREM 5.1. Let o and p be congruences on a regular semigroup S with o C p.
(1) If p is idempotent-regular, then so is p /o.
(2)Ifo oV = Veopandp/o is idempotent-regular, then p is idempoteni-regular.

PROOF. Let I = I® be in (S/0)/(p/0) and a(a) be in I, the pre-image of I in
S /0. Then a is in I*, the pre-image of I in S. Now I* is an idempotent p-class and
is hence a regular subsemigroup. Thus there is b € I* so that a L b; then
o(a) L o(b) and I is regular. This proves (1). To prove (2) let I> = I € S/p with
x € I* the p-class mapping to I. Then o(x) has an inverse o( y) in o(I*). Since
goV = Veg, using Theorem 3.1, we see that there is z with zoy and z 1 x.
Hence z € I'* and it follows that p is idempotent-regular.

ExaMpLE 5.2. This is a class of examples of regular semigroups with con-
gruences which are not idempotent-regular but which are rectangular and
(%, Z)-commuting. These contructions extend an example suggested to the
authors by J. D. Lawson. We give a special case and illustrate how it generalizes.

Let S be the rectangular band f, 2f, Zf; Zf,%¢f; and T the partial semigroup
e, AxLe, RyLe, with e} = e, e] = e, xy = e5, yx = e;, xe; = x, and e;y = y.
The mapping e, = f;, x = f,, e; = f3, and y — f, is a partial homomorphism,
and the semigroup T* formed by extending [3, p. 138] S by T U {0} is a regular
semigroup. The congruence with idempotent classes {e, 1}, {x, f,}. {es, [},
and { y, f,} is not idempotent-regular since { x, f, } and { y,, f,} are not regular
subsemigroups of T*.

A generalization of the above is obtained as follows. Let S, S;,...,S, be (for
simplicity, s#trivial) rectangular stable regular Z-classes (partial semigroups) so
that S, is a sub-rectangle of S, _; and if the xy-entry of S is an idempotent, then so
is the xy-entry of S;_,. Assume that S, is a band. Then the inclusion mappings

in infl iZ fl
$:2 82 252855
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are partial homomorphisms. Let S; = §; U {0} with undefined products set equal
to 0,7 =1,...,n. Let T} be the ideal extension of S, by S;, and fori = 2,3,...,n,
let T; be the ideal extension of S/ by T,_, using the partial homomorphism
induced by the one from S; to S;_;. Then 7, is a regular stable (completely
semisimple) semigroup. If p, is a congruence on S;, then define p on 7, so that C
is a p-class if and only if there is a py-class C, in S so that C = (i}i, - -+ i,)"H(C)-
It is easy to see that p is a congruence on 7}, that might not be idempotent-regular.

ExampLE 5.3. In {2] the four-spiral semigroup Sp, is presented as the free
semigroup #, on X = {a, b, ¢, d } modulo the congruence generated by {(a, a?),
(b, b2), (¢, c*), (d, d?), (a, ba), (b, ab), (b, bc), (c, cb), (¢, dc), (d, cd), (d, da)).
The semigroup Sp, is a bisimple, fundamental (in fact, combinatorial) regular
idempotent-generated semigroup which is isomorphic to a rectangular band of
four subsemigroups, one of which is not regular [2, Theorems 2.4 and 2.7). Hence
S has a congruence p (of course p C 2) that is not idempotent-regular.
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