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Abstract

We consider the following model that describes the spread of n types of epidemics wiich
are interdependent on each other:

u; (1) =/ gi(t,8) fi(s, uy(s), ua(s), ..., u,(s))ds, teR, 1<i<n.

Our aim is to establish criteria such that the above system has one or multiple constant-sign
periodic solutions (u|, uy, ..., u,), thatis, foreach 1 <i < n, u; is periodic and 6;u; > 0

where 6; € {1, —1} is fixed. Examples are also included to illustrate the results obtained.
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1. Introduction

In this paper we shall consider the following system of integral equations that describes
the spread of n types of epidemics which are interdependent on each other:

u;(t) =/ gilt,s)fi(s, ui(s), ux(s), ..., u,(s))ds, teR, 1 <i<n (M)

Here, for 1 < i < n, we let u;(¢) represent the proportion of the population infected
with type i disease at time 7, f; (¢, u;(t), u(t), ..., u,(t)) denotes the proportion of
the population newly infected with type i disease per unit time, g; (¢, s) is a certain per
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unit time environmental factor associated with type i disease at time ¢, and 7 € R* is
the length of time an individual remains infectious with type i disease.

Throughout we shall denote u = (uy,u,,...,u,). We say that u is a solution
of constant sign of (M1) if for each 1 < i < n, we have Q;u;(t) > O forr € R,
where 6, € (1,—1}is fixed. Let 0 < @ < 00. A solution u of (M1) is said to
be w-periodic if u; is w-periodic for each 1 < i < n. More precisely, we mean
u€ (AL(R)" = AL(R) x A,(R) x --- x A,(R) (n times) where

A,(R)y={y € BC(R) | y{t) = y(t + w) forall 1 € R}

and BC(R) is the space of bounded and continuous functions on R with values in R.
A simplified model of (M1) when n = [ and g;(¢, s) = 1, namely

y(t) =/ f(s,y(s))ds, te€[r,00) (M2)

was first introduced in 1976 by Cooke and Kaplan [9] and Smith [19]. Using Kras-
nosel’skii’s fixed point theorem, it is shown in [9] that (M2) has a nontrivial periodic
solution provided the effective contact rate a(t) = lim,_,o f (¢, y)/y exceeds a certain
threshold level. On the other hand, Nussbaum [17] and Smith [19] have verified the
existence of a nontrivial periodic solution when t exceeds some threshold value. In
the eighties, Leggett and Williams [15, 20] employed their own fixed point theorems
to obtain existence criteria for (M2). Their criteria complement the threshold-type
results in [9, 17, 19].

In the present work, we have generalised the well-known (M2) to the system (M1)
which not only models the spread of interdependent epidemics but also incorporates
environmental factors in the modelling, and therefore is more robust for real-world
applications. Further, by employing a variety of fixed point theorems we shall establish
new existence results for constant-sign periodic solutions, which, when reduced to
a special case, improve and generalise those in [9, 12,15]. As a side remark, much
work has been carried out on the related system of the form

|
u; (1) =/ gi(t,8) fi(s,u1(8), ux(s), ..., u,(sds, tel0, 1], 1 <i<n.
0

The reader may refer to [2-7] which are motivated by the vast amount of literature on
the existence of positive solutions [1,8,10,11, 16, 18].

The paper is organised as follows. In Section 2, we state some well-known results
in the literature which will be used to obtain the main theorems. Existence results for
(M1) are developed in Section 3. We also include examples to illustrate the importance
of the results obtained.
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2. Preliminaries

We require the definition of a Carathéodory function.

DEFINITION 2.1. A function f : I x R" — R is a Carathéodory function if the
following conditions hold:
(a) themapt — f(t, u) is measurable for all u € R”;
(b) the map u — f(¢, u) is continuous for almost all ¢ € /.

The next three theorems are fixed point theorems; they are the main tools used in
later sections. Theorem 2.2 is usually called Krasnosel’skii’s fixed point theorem in a
cone, Theorem 2.3 is known as the Leray-Schauder alternative, and Theorem 2.4 is
from Leggett and Williams [14].

THEOREM 2.2 ([13]). Let B = (B, || - |l) be a Banach space, and let C C B be a
cone in B. Assume 2, 2, are open bounded subsets of B with 0 € Q,, Q, C Q,, and
let S : C N (L\Q) — C be a continuous and -completely continuous operator such
that either

@ ISull < llull, u € C NI, and || Sull > [lull, u € CN3Qy, or
(b) [ISull = flull, u € CN 3Ky, and ||Sul| < fjull, u € CN 3Ry,

Then S has a fixed point in C N (52\91).

THEOREM 2.3 ([18]). Let B be a Banach space with E C B closed and convex.
Assume U is a relatively open subset of E withQ € U and S : U — E is a continuous
and compact map. Then either

(@) S has a fixed point in U, or
(b) there exists u € OU and ) € (0, 1) such that u = ASu.

THEOREM 2.4 ([14]). Let B = (B, | - |I) be a Banach space, C C B a cone
inB,ryp>0,r, >0, r, #r,with R =max{r,,r;} and r = min{r,, r;}. Define
C,={ueC|lul <n}and

C(ug) = {u € C | there exists A > O such that u > luy)
= {u € C | there exists X > O such that u — Au, € C}.

Let S : Cx — C be a continuous and compact map such that

(a) there exists ug € C\{0} with Su % u (equivalently u — Su & C) for u €
aC,, N C(uyp), and _
(®) lSull < lull foru € 3C,,.

Then S has at least one fixed point u € C withr < |Ju|l < R.
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3. Existence Results for (M1)

Criteria for the existence of one or more constant-sign periodic solutions of model
(M1) are presented in this section. These results will be developed via various fixed
point theorems.

To begin, let 0 < w < oo and let the Banach space B = (A, (R))" be equipped
with the norm |u|,, = max, <<, SUp,¢(g ) [4i (1)| = max,c;<n [4ilo, where we let |u;], =
SUP;c(0.w) ;i ()], 1 <i <n.

Define the operator S : B — (C(R))" by

Su(t) = (Su(t), S,u@),...,Su@)), tek, 3.1

where

Siu(t) = / gi(t,s) fi(s,u(s)) ds, telR, 1 <i<n. (3.2)

Clearly, a fixed point of the operator S is a solution of the system (M1).
With §; € {1, —1}, 1 <i < n fixed, define

[0, OO),‘ — I[Ov w)v 9i = la

(=00,0], 6, =-1,
K={ueB|6u()>0teR, 1 <i<n)
and
K={ueKk | 6u;(t) > O forsome j € {1,...,n}and some ¢ € R}
= K\{0).

Our first result uses Krasnosel’skii’s fixed point theorem (Theorem 2.2).

THEOREM 3.1. Let | < p <00, g be suchthat 1/p+1/g =10 < w < o0 and
let 6; € {1, —1}, 1 <i < n be fixed. Assume the following hold for each 1 <i < n:

gi(s) =gi(t,s) € L0, w] for each t € [0, w]; 3.3)
the map t — g, is continuous from [0, w] to L[0, w]; (3.4)
gi(t,s)=>0forallt € [0,w])anda.e. s € [0, w]; (3.5)
git,s+w)y=gi(¢t,s)forallt € Randa.e.s € R; (3.6)
giit +w,s)=git,s) forallt € Randa.e.s € R; 3.7
fi 1 [0, w] x R" — R is a Carathéodory function; 3.8)
6 f:(t,u) > Oforae.t € [0,w)andall u € K; (3.9)
fit +w,u)= fi(t,u) foraet € Randall u € K: (3.10)
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for eachr > 0, there exists p!, € L?[0, w) such that |u;| <r,
1 < j < n, implies | fi(t,uy, uy, ..., u,)| < ui(t) for ae. 3.1
t € [0, w};

there exists a function ; : n'}=l[0, 00); — [0, 00) continuous and
‘nondecreasing’ in the sense that for each 1 < j < n, if [u;| < |v;l,

then Yi(uy, ... ujy, uj Ujpry oo ) S Wil ooy Uiy, U, Uy,

.., Uy), aconstant p;, 0 < p; < 1, and a function b; : R — [0, 00), (.12)
b; € LP[0, w)], b;(t + w) = b;(t) for a.e. t € R, with gib,-(t)ll/,-(u) <
 0; fi(t,u) < b; ()Y (u) forae t € [0,w]andallu € K;
there exists a continuous function ¢; : (0, 1) — (0, 00) such that for (.13)
any0 <m < 1 and u € [0, 00)", we have ¥;(mu) > ¢;(m)y¥,; (u); ’
t
K;; = inf / g, s)bi(s)ds > 0; (3.14)
tel0w] f,_,
there exists 0 < M; < 1 with M; < pi(K,,;/K,;)$:(My), where 315
K1 =S, [, 8i(t, $)bi(s) ds and Mo = minyc;<o M; € 0, 1), 1)
Moreover, suppose
there exists a > 0 with lmax Yilo,a,..., 00K, <o (3.16)
<jsn
and
there exists B > 0, B # «, so that for each z € {1,2,...,n)}, there
exists j, € {1,2,...,n} such that for any u € [0, 00)", we have G.17)

Y. (u) > a;(uy) for each 1| < k < n, where a; : [0, 00) — [0, 00)
is continuous, a;(x) > 0ifx > 0,and B < pj.a;,(MB)K, ;.

Then (M1) has at least one constant-sign solution u € (A,(R))" satisfying

(@A) O<a<|ul, < BandBu;(t) > Mia forallt € R and some i € {1,...,n}, if
a < p;
(b) 0< B < |ul, <aandBu;(t) > M;B forallt € R and some i € {1,...,n}, if
B <a.

PROOF. We shall employ Theorem 2.2. Define a cone C in B as

C={ueB|0u{t)>0and Ou;(t) > M;lu;|l,for 1 <i <n, 1t €0, w]}
={u€ B|Gu;(t) >0and 6;u;(t) > M;|u;l,forl <i<n, teR}, (3.18)

where M; is defined in (3.15). Note that C C K.
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First, we shall show that § maps C into (A, (R))", that is, that
S;:C—> A,(R), 1<i<n. (3.19)

Letu € C. Then, using (3.6), (3.7) and (3.10), we getforr e Rand 1 <i <n,

14w

Siu(t + w) = / gt +w,s) fi(s,u(s))ds

+w—1

=/ gittw x+wfikx+ow,ulx+w))dx
=/ gt +tw x+wfilx+w,ulx))dx
= / g, x) fil(x,u(x))dx = S;u(t). (3.20)

We shall next show that S;u € C[0,w], 1 <i < n. Sinceu € B C (BC(R))", there
exists r > O with |u|, < r. Therefore (3.11) guarantees, for each 1 < i < n, the
existence of u! € L”[0, w], such that | f;(s, u(s))| < pi(s), ae. s € [0, w]. This,
together with (3.10), implies that there exists n' € L?[—1,w], | <i < n, with

[ fi(s, u(s)) < nﬁ(s), ae.s € [—1,w)]. (3.21)

(Alternatively we could assume without loss of generality that u’ (r + ) = p (¢) for
a.e.t € R and take n’ = u’.) Now, for#;,5, € [0, w] witht > 1y and t, — T < 1;, we
have foreach | </ <n,

S,-u(t,) — S,‘u(tz)

=/ gi(t, s) fi(s, u(S))ds—/ gilty, 5) fi(s, u(s))ds

=T =t

=/’ 2, $) fi(s, () ds + | Lgi(tr, ) — gilts, )1fi s, u(s)) ds

-1 H—

—/.g,(tz.s)ﬁ(s,u(s))ds

and so
[Siu(ty) — Siu(tz)]

h-t t/g -1 1/p
< (/ lgi' ()1 dS> (/ | fi (s, u(S))I”dS>
' 0 I 1q n /p
+ (/ lg;' (s) — g ()] d5> (/ [ fis, u(S))I”dS)
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n 1/q 0 I/p
+(/ lg.-lz(s)lqd5> (/ lf,-(s,u(s)){”ds) .

Using (3.21), it then follows that

|Siu(t) — Siu(t)|

w—T t/q h-1 1/p
< sup ( / (51 ds) ( / [ni(S)]”dS>
1€[0,w) -t n-t
w 1/q w o 1/p
+( / ng,f'(s)—gf(snws) (/ [nL(S)]"dS>
’ w \/q n ' 1/p
+ sup ( f |g:(s)|qu) ( f [u’,(S)]”dS) . 3.22)
tef0.w} 0 "

We also note that (3.3) and (3.6) guarantee that
g € Li-t,w] fortel0,w] (3.23)

In view of (3.4) and (3.23), it is clear from (3.22) that |S;u(z,) — S;u(t;)] — O as
t; > 1. Hence

SueCl0,w], 1<i<n. (3.24)

Further, noting (3.23) and (3.21), we have for ¢ € [0, w]and | <i < n,

! w 1/q w 1/p
IS.-u(t)IS/ |gi(t,s)|n;'(s)dss(/ |g;<s>r'ds) (/ [ni(sn"ds) < 0.

Thus
S;u isbounded, 1 <i <n. (3.25)

Having established (3.20), (3.24) and (3.25), we have completed the proof of (3.19).
Next, we shall verify that

S:C — (A,(R))" is continuous. (3.26)

Let {u™}, u € C ({u™} is a sequence) with 4™ — u. Since u”,u € B C (BC(R))",
there exists r > 0 with |u"],, |ul, < r. Therefore, as in a previous argument, (3.10)

and (3.11) lead to the existence of n/ € L?[—7,w], 1 <i < n, such that (3.21) and
(3.21)|y=.~ hold. Hence

| fi(s, u™(s)) — fi(s,u(sN| < 2n'(s), ae. se€[-1,0) 327
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and also from (3.8) and (3.10) we have
| fi(s, u™(s)) — fi(s,u(s))| = O pointwise for a.e. s € [T, w]. (3.28)
Now, fort € [0, w}and 1 <i < n, we find
|Siu™ (1) — Siu(1)]

< / 181, $)Lfi (5. u™(5)) — £i(s, u(s)))l ds

' 1/q ' t/p
< (/ lg; ()| ds) (/ [ fi(s, u™(s)) = fi(s, u(S))I"dS)

@ 1/q w 1/p
< sup (f lg;‘(S)I"dS> (/ Ifi(s,u'"(S))—f.-(s,u(S))I”dS)

xel0,w) T

m— o0

01
where we have used (3.23), (3.27) and (3.28). It follows that

|Su™ — Sul, = max |Siu™ — Sul, = max sup |S;u" () — Siu(t)| =2
sisn SiSn e(0,w)
Hence we have proved (3.26).
Next, we shall show that

S:C — (A,(R))" is completely continuous. (3.29)

Let 2 be a bounded set in C, that is, there exists r > 0 such that |u}, < r for all
u € 2. We shall prove that 5,2, 1 < i < n, is relatively compact in A, (R). Let
{u™} be a sequence in Q. Then, for each 1 < i < n, {S;u™} is a sequence in ;<.
Now, using once again a previous argument, (3.10) and (3.11) lead to the existence of
ni € LP[—1,w], 1 <i < n,such that (3.21)|,-,~ holds. Hence, we get for 7 € [0, @]
and 1 <i <n,

' l/q I3 1/p
ISiu™ ()] < (/ FAGIK dS> ([ Ifi(s,u’"(S))I”dS>
w l/qr w I/p
< sup ( / |g;-‘<s>|"ds) ( f [ni(S)]"ds) < 0,
vellw| -1 -1

where we have also used (3.23). Thus {S;u™} is a uniformly bounded sequence in
C[0, w]. Anargument similar to that in (3.22) guarantees that {S;u" } is equicontinuous
on [0, w]. The Arzela-Ascoli theorem guarantees an S;u € C[0, w] and a subsequence
{Si1e™} of {S;u™} which converges uniformly on [0, w] to S;u. Since S;u™ (t + w) =
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S;u™ (t), by letting k — oo we have S;u(t + w) = S;u(t). Thus S;u € A,(R) and
Siu™ — Suin A,(R). So S; : C - A,(R) is completely continuous, 1 < i < n.
This completes the proof of (3.29).

We also need to show that

S:C—=C. (3.30)

Let u € C. We note that for a fixed ¢ € [0, ), any s € [t — t,t] can be written as
s + zw = s, where z is some integer and s, € [0, w]. Therefore, in view of (3.5),
(3.6), (3.9), (3.10) and (3.12), we get fort € [0, w],a.e.5s € [t — 1,t]and | < i <n,

gi(tss)':gi(tvsw)zO’ (33])
0: fi(s, u(s)) = 6; fi(s,, u(s)) = 0, (332)
0; fi(s, u(s)) = 6; fi(s, u(s)) < bi(s,)¥iu(s)) = bi(s)yi(u(s)) (3.33)

and

6i fi (s, u(8)) = 6, fi(s0w, u($)) = pibi(s,)¥i(u(s)) = pibi(s)¥i(u(s)),  (3.34)

where we have also used the fact that b;(x + w) = b;(x) for a.e. x € R. Then, noting
(3.31) and (3.32), it is clear that

0;S;u() =f gi(t,8)0; fi(s,u(s))ds =0, tel0,w], 1 <i<n. (3.35)
Now, using (3.12), (3.31), (3.33) and (3.35), we find forz € [0, w]and | <i < n,

ISu()] = 6:Siu(t) < f gi(t, $)bi ($)¥: (u(s)) ds

< (o sl le) [ 10,900 ) ds
=< 1//i(|u||w» [tales - - Iunlw) Kii.
This yields
ISiule < Kiithi (o, lUzle, oo lualo) . 1 =i <n. (3.36)
On the other hand, since u € C, we have

lu; ()] = Biu;i (1) = Milu;l, = Moluil,, t€R, 1 <i=<n, (3.37)

where My = min, <., M;. Therefore (3.13)—-(3.15), (3.31) and (3.34)—~(3.37) give for
te0,wland 1 <i <n,

0;Siu(t) > Pi[ 8i(t,s)b(s)Yi(u(s))ds
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2 piwi(M()Iullan MOluZIan ey MOluan)/ gi(t7 S)b,‘(s) ds
t

> pidi (M) ¥ (o 12l - - -, Iunlw)/ &i(t, s)bi(s)ds

I—-r

> pii (M)W (1t lws [U2lor - - -, |1nl) K2

K.
> pi¢i(M())|Siu|wK_2; > M;|Siul,.

Li

Together with (3.35), we have shown that Su € C and hence (3.30) is proved.
Let

Q, ={ueB||ul,<a) and Qp={ue B]|lul, < B} (3.38)
We shall now show that

[Sul, < |ul, for ue CNaIQ, (3.39)
and
[Sul, > lul, for ue CNay. (3.40)

To verify (3.39), let u € C N 3d2,. Then |u|, = a. Fort € [0, w], using (3.12),
(3.31), (3.33) and (3.35) we find, for 1 <i < n,

|S,u(1)| 5 ¢i(|u|w~ |u‘(uv ) \u|w)/ gi(t7 S)b,‘(S) ds S ‘lfi(a’,a, e a)Kl.iy

which, together with (3.16), leads to

|Sul, = max |S;ul, < max ¥;(a,a, ..., a)K,; < a = |ul,. (3.41)
I<i<n I<isn

Thus (3.39) is proved.

Next, let ©« € C N3, Then |u|, = B = |u.l, for some z € {1,2,...,n}.
For t € [0, w], using (3.17), (3.31), (3.34), (3.35) and (3.37), we get for some
Jj-€{1,2,...,n},

[Sju()| = P,-_./ 8. (1. )b; ()Y, (u(s))ds

> pi Vi (Molii]w, Moluzl,, .. ., Molu,.l,,,)/ g;.(t,8)bj (s)ds
> pja; . (Mlu l,)Ksy ;. = pja;.(MyB)Ky ;. > B = |ul,.
Thus

ISt > |Sj.ul, > luly, (3.42)
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and (3.40) is true.

Now Theorem 2.2 guarantees that § has a fixed point 4 withu € C N (5(,\52,3)
if B < a, whereasu € C N (55\52(,) if @ < B. Hence, equivalently (M1) has a
constant-sign solution u € (A,(R))" with min{a, 8} < |u|, < max{a, B}. Note that

|ul, # « and |ul, # B. To see this, suppose |ul, = a or |u|, = B. Then, since
u = Su we have, noting (3.41) and (3.42),

@ = |ul, = 1Sul, < max ¢i(a, @, ..., @)K\ <o =lul,
or f = |ul, = |Sul, = 1S,,ul, > |ul, = B, which are contradictions. Hence
min{a, B} < lul, < max{a, B}.

Finally, |u|, = |u:l. for some i € {1,2,...,n}. Since u € C, we have, fort € R,
Oiui(t) > M;|u;|, = M;ju|, > M; min{a, B}. a

REMARK 3.2. In Theorem 3.1, it is possible to replace (3.3), (3.4), (3.6)-(3.8) and
(3.11) with the following:

g (s) =gi(t,s) € L'[0, w] foreach ¢ € [0, w]; (343)

the map 1 +— g; is continuous from [0, w] to L'[0, w]; (3.44)
gi(t,s) =0 forall 1 € [0,w]andae.s € [t — 1, ¢}, (3.45)
git+w,s+w)=g(t,s) forall t e Randae.s € R;

fi : 10, w] x R" — R is continuous. (3.46)

As in [7, Section 3], we need only notice that (3.43)—~(3.46) imply that S : C — C is
continuous and completely continuous.

Our next result gives the existence of multiple constant-sign periodic solutions.

THEOREM 3.3. Let1 < p < 00,q besuchthat1/p+1/qg =1,0 < w < 0o and let
6; € (1,—1}, | <i < n, be fixed. Assume that (3.3)~(3.15) hold for each 1 < i < n.
Let (3.16) be satisfied fora = oy, £ = 1, ..., k, and (3.17) be satisfied for = B,

LE=1,...,m.
@ Ifm=k+1and0 < B <a; < --- < B < oy < Bis1, then (M1) has (at
least) 2k constant-sign solutions u', ..., u* € (A,(R))" such that

0<pB<lu'ly <a; < [, < B2 < -+ < < |u¥|w < Bisr-

®) Ifm=kand0 < B, < a; < -+ < By < oy, then (M) has (at least) 2k — 1
constant-sign solutions u', ..., u*~" € (A,(R))" such that

N, < o

O<pBi<lu'lo<ay<lull,<Br<---<PBi<lu
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) Ifk=m+1and0 <a) < By < - <Ay < Bn < Uny1, then (M1) has (at
least) 2m constant-sign solutions u', ..., u*" € (A,(R))" such that

2m
leo

O<a <u'l,<B) <|tl, <oz <+ <Bn < |u < Oy

d) Ifk=mand0 < a; < B) < --- <a; < Bk, then (M1) has (at least) 2k — 1
constant-sign solutions u', ..., u*="' € (A,(R))" such that

O<a <u'ly <Bi <|u¥lo <y <+ <ay < w7, < B:.
EXAMPLE 1. Consider the nonlinear system of integral equations

ui(t) = / & (1, )0:h; () [l ()" + |ua ()Y + - -+ + [ua(s)” ] ds, (3.47)

teR, 1 <i<n,where0<y <landg € {—1,1},1 <i < n, are fixed. For each
1 <i < n,assume (3.3)-(3.7) hold,

there exists w > 0 with h;(t + w) = h;(¢) fora.e.rt € R, (3.48)
h; is nonnegative and h; € L*[0, w] .
and
, .
inf / gi(t,)hi(s)ds > 0. (3.49)
1€[0.w] ‘-1
Then (3.47) has at least one constant-sign solution u € (A,(R))" such that
0 < min{a, B} < |ul, < max{a, B} and (3.50)
Geup(t) > My min{a, B} forall r € R andsome k € {1, ..., n}, '
where
K;; . Ky vty .
M =— — 0,1, 1<icx< 3.51
Ky, ('21/]2" Kl.j) «@D == ( )
with
1 !
K, = inf / gi(t.s)h;(s)ds, K;; = sup / gi(t,s)hi(s)ds (3.52)
1€f0.0) -1 te[0w] Jr—1

and «, B are positive numbers satisfying

1/t1-y) 1/(1-y)
a > (n max K..j) and B <M/ <min Kz_,-) , (3.53)

1<js<n 1<j<n
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where My = min,<;<. M; € (0, 1).
To see that the above is true, we shall apply Theorem 3.1 with

fit,u) = 6 @[l | + lual” + -+ lual],
pi=1, bi=h;,, i) =]+ |ul” + -+ |ul”, (3.54)
¢pim)=m?¥ and aj, (x)=x¥, 1<, j,k<n.

Note that (3.8)—(3.14) are clearly satisfied. Next, the inequality in condition (3.15) is
reduced to M; < (K,;/K,,))M{, 1 <i < n, which will be satisfied if we set

Mi=2AM 1<i<n. (3.55)

It follows immediately that My = min,<;c, M; = min,sl-s,,(Kz,,-/K,'j)Mg or

Kz N\ =y
My = (min —’) ) (3.56)

1<j<n K] j

Substituting (3.56) in (3.55) yields (3.51).
Further, (3.16) holds since noting (3.54) we find

max ¥; (@, q,...,a) K, ; = na’ lmax K,; < a’a" = a,

I<j<n <j<n

where we have also used (3.53).
Finally, (3.17) is fulfilled since in view of (3.53) and (3.54) we have

p.a; (MoB)Ks ;. = (MyB) K, ;. > (MoB) 1Tji2n K,
> (MoB) B " M;" = B.

We now conclude from Theorem 3.1 that the system (3.47) has at least one constant-
sign solution u € (A, (R))" satisfying (3.50)—(3.53).

The next result uses the nonlinear alternative (Theorem 2.3) to show the existence
of a periodic solution (which need not be of constant sign).

THEOREM 3.4. Let | < p <00, q be suchthat 1/p+ 1/g =1 and 0 < w < 00.
Foreach | <i < n, assume that (3.3), (3.4), (3.6)—(3.8) and (3.11) hold and

fit+ow,u)y= fi(t,u) foraeteR and u € R". 3.57)
Suppose there exists a constant c, independent of A, such that

Iulw ;‘é 4 (358)
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for any solution u € (A,(R))" of the system

u;(t) = A/ gi(t,s) fi(s,u(s))ds, telR,1<i<n, (3.59),
where X € (0, 1). Then, (M1) has at least one solution u € (A, (R))" with |u|, < c.

PROOF. We shall apply Theorem 2.3. Let E = B = ((A,(R))", |- |.,) and
U = ({u € B | |ul, < c}. Clearly, a solution of (3.59), is a fixed point of the
equation u = ASu. As seen in the proof of Theorem 3.1, (3.3), (3.4), (3.6)3.8),
(3.11) and (3.57) guarantee that § : B — B is continuous and completely continuous.
In view of (3.58), we cannot have conclusion (b) of Theorem 2.3, hence conclusion (a)
of Theorem 2.3 must hold, that is, S has a fixed point in U, or equivalently the system
(M1) has a solution « € U with |ul, < c. O

Using Theorem 3.4, we shall obtain the existence of a constant-sign periodic
solution in the next result.

THEOREM 3.5. Letr | < p <00, g besuchthat1/p+1/g =1,0 < w < 00 and
let 6; € {1, -1}, 1 <i < n, be fixed. Foreach1 < i < n, assume that (3.3)-(3.9),
(3.11) and (3.57) hold and

there exists a function ; : ]_[;=,[0, o0); — [0, 00) continu-

ous and ‘nondecreasing’ in the sense that for each 1 < j <

n, if lu;l < vl then Yi(uy, ..., uj_y,uj,Ujpy, ..., Uy) < (3.60)
Yi(uy, ... Uy, Vi, Uy, ..., Uy,), and a function b; : R — )
[0,00), b € L?[0,w], b;(t + w) = bi(t) for ae. t € R, with

6, fi(t,u) < bi(tYY;(u) forae. t € [0, w] and all u € K.

Moreover, suppose

{there exists a > 0 with max,<j<, ¥j(o, a, ..., 0)K, ; < a, where 3.61)

K\ = Sup,co. fi, 8i(t, $)bj(s)ds.

Then, (M1) has at least one constant-sign solution u € (A, (R))" with |u|, < c.

PROOF. We shall employ Theorem 3.4. To begin, we consider the system
w;(t) = / g,(t,s)ﬁ(s, u(sH)ds, rteR,1<i=<n, (3.62)

where f; : R x R* — R is defined by

A

filtt g ua, oo w,) = fie, Biuy], Balual, .., Galunl), 1 <i <. (3.63)
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We shall prove that (3.62) has a solution. For this, we consider the system

u;(t) = A/ gi(t,s)f,-(s, u(s))ds, telR,1<i<n, (3.64),

where A € (0, 1). Let u € (A,(R))" be any solution of (3.64),. If we can show that
lul, # o, (3.65)

then by Theorem 3.4 it follows that (3.62) has a solution.
Now, using (3.5), (3.9), the fact that (8;|u, |, 6;|uzl, ..., 6:|u,|) € K, (3.31), (3.32)
and (3.63) we getfort € [0,w]and 1 <i < n,

Biu;(t) =>~/ gi(t, $)6: fi(s, uy(s), uz(s), . .., un(s)) ds

= K/ 8i(t, $)0; fi (s, 6ilur(5)], O2|ua(s)l, . .., balua(s)) ds > O,

which means that
lu; (@) = Oiu;(t), t €[0,w], 1 <i <n. (3.66)
An application of (3.33),(3.60) and (3.66) yields fort € [0, w]and 1 <i <n,

lui ()] = Giui (2) S/ 8i(t,5)6; fi(s, O1lus ()], - ..., Onlun(s)) ds

sf 8i(t, )bi($)Yi(Bilui(s)I, ..., Bulun(s)|) ds

-1
!

< Villulo, .- - lulo) ’ tgi(t,S)b;(S)ds
< Vi(lulo, - - lulo) K.
This immediately leads to
ilo < ¥i(lutly, - - -5 lulo)Ki, 1<i<n. 3.67)
Now [u|, = |u,|, for some z € {1, 2, ..., n}. Then it follows from (3.67) that

|u|w =< %(lulw, R lulw)Kl.z- (368)

Noting (3.61) and (3.68), we conclude that |u|, # a. Hence (3.65) is proved.
It now follows from Theorem 3.4 that the system (3.62) has a solution u* =
(uj,u3,...,u;) € (A,(R))" with |lu*]| < a, and

u,f(x):/ gi(t,s) fits,u’(s))ds, teR, 1<i<n.
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Using a similar argument as above, together with u* € (A,(R))", it can be easily seen
that

lu; ()] = BGiui(t), teR, 1<i<n, (3.69)
and
u*|, # a. (3.70)

Therefore u* is of constant sign and |u*|, < «. Further, using (3.63) and (3.69), we
havefort e Rand1 <i <n,

ui(t) =fg.-(t,s)f,-(s, u*(s))ds =_/g,~(t,S)fi(s,91|u’.‘(S)l,.--,Onlu:(S)I)ds

-1 -7

=/ g,-(t,s)f,-(s,@,zuf(s),...,H,fu:(s))ds
=/ g,(t,vs)fi(s,u]‘(s),...,u;(s))a's.

Hence u* is in fact a solution of (M1). The proof is now complete. a

In Theorem 3.5, it is possible for |u|, to be zero. However, we can combine
Theorem 3.5 with Theorem 3.1 to obtain the existence of multiple nontrivial constant-
sign periodic solutions, stated as the next result.

THEOREM 3.6. Let | < p <00, q be such that 1/p+1/g =1,0 < w < o0 and
let 6, € {1, -1}, 1 <i < n, be fixed. Assume that (3.3)~(3.15) and (3.57) hold for
each 1 < i < n. Let (3.16) be satisfied fora = o, £ = 1,2,...,k, and (3.17) be
satisfied for B = B, £ =1,2,...,m.

@ Ifm=k+1land0 < B, <o), < - < By < ap < Biy1, then (M1) has (at
least) 2k constant-sign solutions u', . .., u* € (A,(R))" such that

0<B<lu'ly<ay<|u?ly <y < < < [u¥], < Brs.

d) Ifm=kand0 < B, <o) <--- < B; < ay, then (M1) has (at least) 2k — 1
constant-sign solutions u', . .., u*~' € (A,(R))" such that

2k~
g

O<;3.<|u'|w<a|<|u2|w<ﬂ2<--~<ﬂk<|u < 0.

© Ifk=m+land0 <a) < B <- <y < By < Apy, then (M1) has (at
least) 2m + 1 constant-sign solutions u°, ..., u* € (A, (R)" such that

2m

0 2
0<|ully <o <lu'ly <Bi<|ully<ar<-- < Bp <]y <.
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d Ifk=mand0 < o < B, < -+ < a4 < By, then (M1) has (at least) 2k
constant-sign solutions u®, ..., u*~' € (A,(R))" such that

0<uly <oy <u'ly < i <]y <2 < <oy < W], < By

PROOF. In (a) and (b), we just apply Theorem 3.1 repeatedly. In (c) and (d),
Theorem 3.5 is used to obtain the existence of u® € (A,(R))" with 0 < ||lu°] < ay;
the results then follow by repeated use of Theorem 3.1. a

Our next result makes use of Leggett and Williams’ fixed point theorem (Theo-
rem 2.4).

THEOREM 3.7. Let 1 < p < 00, g be suchthat 1/p+1/qg = 1,0 < w < 00 and

let 8; € {1,—1}, 1 <i < n, be fixed. Assume that (3.3)~(3.11) and (3.60) hold for
each 1 <i < n. Moreover, suppose

I3
djefl,....,n}suchthat K,; = i[r(x)f]'/ git,s)bj(s)ds > 0 (3.71)
rel0.w] f, .

for the same j as in (3.71), there exists r > 0 with r <
oi(r,..., 1)Ky, where ¢; : n:'zl[O, o0); — [0,00) is continu-
ous, ¢;(uy, ..., u,)/lu;| is ‘nonincreasing’ in the sense that for each 37
L<k<nifO<jud < vl <r, then ¢;Gur, ..., u)/lu;] = 72
oy, ..., )/l and bj(t)p;(u) < 0; fi(t,u) for ae. t € [0, w]
andallu € K
and
there exists R (# r) with R > max;<i<. Vi(R, ..., R)K,;, where (3.73)
Kii=sup,o. [, 8, $)bi(s)ds. :
Then (M1) has at least one constant-sign solution u € (A,(R))" with
min{r, R} < |ul|, < max{r, R} and u|, # R. (3.74)

PROOF. Let B = ((A,(R))", | - |.,) and

C={ueB|foreachl <i <n, Gu;(t) >0 for t € [0, w]}
={ue Blforeachl <i <n, Gu;(t) >0 for t € R}.
Also, letug = (6,..... 6,). Then

C(up) = {u € C | there exists A > O with u(¢) — Auy € C for ¢t € [0, w]}
={ueC|foreachl <i <n, Giu;(t) >0 for t €0, w]}.
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As seen in the proof of Theorem 3.1, conditions (3.3)—(3.11) guarantee that S : C — C
is continuous and completely continuous. To apply Theorem 2.4, we shall first show
that

|Sul, < |u, for u € dCx. (3.75)
Letu € 3ER. Then u|, = R. Using (3.33) and (3.60), we find for ¢ € [0, @] and

1<i<n,

IS = 6,Su(r) < / gi(t, )by (5) ¥ w(s)) ds

-1

< vi(luily, - - - |un|w)/ &i(t, $)bi(s)ds < Yi(R, ..., R)K .

t—1

This yields, together with (3.73),

|Sul, = max [Siul, < max Vi(R,...,R)K,; < R =ul, (3.76)

and hence (3.75) is proved.
Next, we shall verify that

Su#u, thatis, wu—SugC, for uedC,NClup). (3.77)
Letu € 3C, N C(up). Then
julo=r and r=>6u;(t)>0, te{0,w], 1 <i<n. (3.78)

By a similar argument as in getting (3.31)-(3.34) from (3.72) we have the following
forueC,t €[0,w],ae.s €[t —r,t]andsome j € {1,2,..., n} (the same j as in
(3.71)):

8 fi(s,u(s)) =6, fi(su, u(s)) = b;(s.)@;(u(s)) = b;(s)p;(u(s)). (3.79)

Thus, for ¢t € [0, w] and the same j as in (3.71), using (3.78) and (3.79) we get

GjS,-u(l)z/ gi(t, )b (s)p;(u(s)), ds

’ @;(u(s))

= _/:_r g, s)bj(S)W Oju;(s)ds

> @i(r,...,r) / gi(t,s)b;(s)8;u(s)ds. (3.80)
r -t
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Let 1 ; € [0, ] be such that inf,¢(0,) 81 ;(t) = O;u;(to ;) > 0. Then it follows from
(3.72) and (3.80) that for ¢ € [0, w],

6;S;ju(t) > Me,-u,-(to_,-)f 8i(t, s)bj(s)ds

> [d)j(r,...,r)

r

Kz_j] 0juj(to'j) > 9juj(to.j).

Thus in particular we have 6;S;u(f ;) > 6;u;(t ), and so (3.77) is proved.

It now follows from Theorem 2.4 that system (M1) has a constant-sign solution
u € (A,(R))" with min{r, R} < |u|, < max{r, R}. Note that |u|, # R. In fact, if
|ul, = R,then from (3.76) we have |u|, = |Su|, < R = |u|, which is a contradiction.
This completes the proof. U

REMARK 3.8. If the inequality in (3.73) is changed to

R > lmax I/J‘,'(R, ey R)Kl.iv
then (3.74) is correspondingly changed to min{r, R} < lu|, < max{r, R}.

REMARK 3.9. Theorem 3.7 improves the results obtained in [9].

A repeated application of Theorem 3.7 yields the existence of multiple solutions as
follows.

THEOREM 3.10. Let 1 < p <00, g be suchthat 1/p+1/g=1,0 < w < 00 and
let ; € {1, =1}, 1 <i < n, be fixed. Assume that (3.3)-(3.11) and (3.60) hold for
each 1 <i <n, and (3.71) holds. Let (3.72) be satisfied forr =r,, £ = 1,2, ...k,
and (3.73) be satisfied for R = Ry, £ = 1,2, ..., m.

@ Ifm=k+1and0 < Ry <r < - < Ry <ry < Ryyy, then (M1) has (at
least) 2k constant-sign solutions u', ..., u* € (A,(R))" such that

O<R <u'l,<rn<lul,<Ry<--<n =< |u*],, < Resr-

b) Ifm=kand0Q < R, <r; < .-+ < Ry < ry, then (M1) has (at least) 2k — 1
constant-sign solutions u', ..., u*~' € (A,(R))" such that

0< Rl < |u||w <nc< luzlw < RZ < e < Rk < ,u2k—l|w

< I

© Ifk=m+1and0 <ry < R, <+ <r, < Ry, < rpy then (MI) has (at
least) 2m constant-sign solutions u', .. ., u*™ € (A,(R))" such that

0 <r =< Iullw < Rl < |u2lw =En<--< Rm < |u2m'w frnn+l~
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d) Ifk=mand0O <ry < R, < --- < ry < Ry, then (M) has (at least) 2k — 1
constant-sign solutions u', ..., u*~' € (A,(R))" such that

O<n =< |ul|w <Ry < |u2|w fn=s---=r =< lu2k_1|w < R,.

EXAMPLE 2. Consider the nonlinear system of integral equations

ui(t) = / 80, Y6, [l )7 + -+ O + Iy 9)]ds, (381

teR, 1 <i<n,wherey>00<8<1,je{l,2,...,n}and ; € {—1,1]},
1 <i < n, are fixed. Foreach 1 < i < n, assume (3.3)—(3.7) and (3.48) hold, and
also

inf/ gi(t,s)h;(s)ds > Q. (3.82)

1€[0,w] '
Then (3.81) has at least one constant-sign solution 4 € (A, (R))" such that
min{r, R} < |u|, < max{r, R} and |u|, # R, (3.83)

where r and R are positive numbers satisfying

1/(1-8)

r< [’Eilr(}fv] /:: gj(t,s)h,-(s)ds] (3.84)
and
nR" ™'+ R*! < (Imax K._,-)—l (3.85)
with N
K, = slt(l)p]-/’ gi(t,s)hi(s)ds, 1<i<n. (3.86)
rel0.w) Jr—r

To see that the above is true, we shall apply Theorem 3.7 with

filt,w) = 0:hi(0) [lun|” + - + |ual” + |u,°],

bi=hi, Yiw)=|u) +---+ul" +u;P}, 1<i<n (3.87)

¢5 () = lu;P.
Note that (3.8)—(3.11) and (3.60) are clearly satisfied. Next, in view of (3.82) and
(3.87), condition (3.71) is satisfied with the fixed j in (3.81). For this fixed j, it
is obvious that ¢;(u)/|u;| = 1/}u;|'~% is nonincreasing. Moreover, the inequality
r < ¢;(r, ..., r)K,; in (3.72) reduces to

— s . ! ‘ '
i(r,r,....r) r <k, —'ellgfvl[_, gi(t,s)h;(s)ds
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which is equivalent to (3.84). Hence condition (3.72) is fulfilled. Finally, the inequality
in (3.73) is reduced to R > (nR” + R®)( max, i<, K,,;) which leads to (3.85).

It now follows from Theorem 3.7 that system (3.81) has at least one constant-sign
solution u € (A, (R))" satisfying (3.83)—(3.86).

Our next result also employs Leggett and Williams® fixed point theorem (Theo-
rem 2.4).

THEOREM 3.11. Let 1 < p <00, q be suchthat 1/p+1/g=1,0 < w < o0 and
let 0; € {1, -1}, 1 <i < n, be fixed. Assume that (3.3)~(3.11) and (3.60) hold for
each 1 <i < n. Moreover, suppose

there exists some j € {1,2,...,n} such that g;(t,s) > a;(s) for all
t €[0,wlanda.e s € [0, w), where a; € L0, w], a; is nonnegative,  (3.88)
and a;(t + ) = a;(t) for a.e.t € R,

for the same j as in (3.88), there exists r > 0 and a continuous
function ¢; : [];_,[0,00); — [0,00), where ¢j(uy, ..., u,)/lu;l

is ‘nonincreasing’ in the sense that for each 1 < k < n, if (3.89)
O < Jul < lnl <r, then ¢;(uy, ..., u,)/\ujl = ¢;(vy, ..., v)/|v;l
withb;j(t)p;(u) < 6; f;(t,u) fora.e.t € [0,w]andallu € K,

for the same j and r as in (3.89), we have

| (L ) (]‘[ [ a;(s)b; (s)dS> > 1, (3.90)

where N is the smallest positive integer such that /N < t/2 and
I =[(i —Nw/N, io/N],i=0,1,...,N,

and also (3.73) holds. Then(M1) has at least one constant-sign solutionu € (A, (R))"
with min{r, R} < |u|, < max{r, R} and |u|, # R.

PROOF. Let B, C and uq be defined as in the proof of Theorem 3.7. Then the same
arguments give (3.75).

Next, we shall show that (3.77) is true. Letu € aC, N C(up). Then (3.78) follows.
Further, from (3.89) we obtain (3.79) foru € C,t € [0,w], ae. s € [t — r,t] and
some j € {1, ..., n} (the same j as in (3.88)). Thus for ¢ € [0, w] and the same j as
in (3.88), using (3.78), (3.79), (3.88) and (3.89) we find

0,,u(t) > / 212, $)b;(); (u(5)) ds

&;(u(s))
Bju;i(s)

2/ a;(s)b;(s) Oiui(s)ds
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M f a;(s)b;(5)8;u;(s) ds. (3.91)

We claim that there exists a tp ; € [0, w] with

¢i(r,....r)

r

" a;(s)b;()8;u,(s) ds > 8,ulto,). (3.92)

lo_j—f

If our claim is true, then it follows from (3.91) that

@i(r,...,r)

r

" a;(s)b;(s)0u;(s) ds > 8,ulty,)

fo.j—7

0;S;ulty,;) =

and therefore (3.77) holds. Using a similar argument as in the proof of Theorem 3.7,
we then apply Theorem 2.4 to obtain the result.
It remains to prove our claim. Suppose (3.92) is false. Then

Ou,(t) > ?ﬁ(’—’———'—)/ a,(s)b;(s)0,u;(s)ds  forallz € [0,w]. (3.93)

Note that if t € I; forsome i € {1,..., N},then [;,_; C [t — 7,t] since w/N < t/2.
This together with (3.93) gives fori € {1,..., N},

fa,-(t)b,(t)eju,-(t)dt
1
__4’/(’ ) / a;(D)b; (1) f a;($)b;(s)6;u;(s) ds dt

M/aj(,)b () | a;(s)b;(s)6;u,(s)ds dt

licy

= ¢—J(nr—"‘) (/ aj(t)bj(t)dt) (/ aj(s)bj(s)Ojuj(s) dS) .
I; US|

Applying the above repeatedly yields

/ aj(t)bj(t)ejuj(l)dt
In

(50 (ffoomr) i
lo
(¢;(’ ) <]—[/a,(1)b (I)dt> (/ aj(s)bj(s)ejuj(S)dS)- (3.94)
i IN
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If f, a;(1)b;(1)6u;(t)dr > O, then (3.94) leads to

(¢,(r ) (nfa,(t)b (r)dt) <1,

which contradicts (3.90). On the other hand, if f,N aj(t)b;(t)0;u;(t)dt = 0, then
since 6;u;(t) > O for ¢t € [0, w], we must have a;(¢)b;(t) = O for a.e. t € Iy. This
again contradicts (3.90). Hence we have shown that our claim (3.92) is true. The
proof is now complete. 0

REMARK 3.12. Remark 3.8 also holds for Theorem 3.11.

REMARK 3.13. Theorem 3.11 extends the results obtained in [15].

Our final result generalises Theorem 3.11 to give the existence of multiple constant-
sign periodic solutions.

THEOREM 3.14. Let 1 < p < 00, g be suchthat 1/p+1/g = 1,0 < w < ©
and let 6; € {1,—1}, 1 < i < n, be fixed. Assume that (3.3)~(3.11) and (3.60)
hold for each 1 < i < n, and (3.88) holds. Let (3.89) and (3.90) be satisfied for
r=re, €=1,2,...,k and (3.73) be satisfied for R = Ry, £ = 1,2,...,m. Then
conclusions (a)—(d) of Theorem 3.10 hold.

REMARK 3.15. Similar to Remark 3.2, in Theorems 3.3-3.14 we can replace con-
ditions (3.3), (3.4), (3.6)—(3.8) and (3.11) with (3.43)—(3.46).
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