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On varieties that are uniruled by lines

Andreas L. Knutsen, Carla Novelli and Alessandra Sarti

ABSTRACT

Using the f-minimal model program of uniruled varieties we show that, for any pair (X, H)
consisting of a reduced and irreducible variety X of dimension £ > 3 and a globally
generated big line bundle H on X with d := H* and n := h%(X,H) — 1 such that
d < 2(n — k) — 4, then X is uniruled of H-degree one, except if (k,d,n) = (3,27,19) and
a #-minimal model of (X, H) is (P3, Ops(3)). We also show that the bound is optimal for
threefolds.

Introduction

It is well known that an irreducible nondegenerate complex variety X C P" of degree d satisfies
d > n—dim X + 1. Varieties for which equality is obtained are the well-known wvarieties of minimal
degree, which have been completely classified.

Varieties with d ‘small’ compared to n have been the objects of intensive study over the years;
see e.g. [Har74, Ba75, Fuj77, Fuj75, Fuj80, Isk77, Ion85, Hor83, Rei86, Mel02]. One of the common
features is that such varieties are covered by rational curves.

More generally one can study pairs (X,H) where X is an irreducible k-dimensional variety
(possibly with some additional assumptions on its singularities) and H a line bundle on X that
is sufficiently ‘positive’ (e.g. ample or (birationally) very ample or big and nef). Naturally we
set d := H¥ and n := dim|H|. The difference between d and n is measured by the A-genus:
A(X,H) := d+ k —n— 1, introduced by Fujita (cf. [Fuj77] and [Fuj75]), who in fact shows that
A(X,H) > 0 for X smooth and H ample and that H is very ample if equality holds, so that the
cases with A(X,H) = 0 are the varieties of minimal degree. The cases with A(X,H) = 1 have been
classified by Fujita [Fuj80, Fuj81, Fuj84] and Iskovskih [Isk77].

If H is globally generated we can consider the morphism ¢y : X — X’ C P" defined by |H]|.
One has d = (deg ¢y )(deg X') and deg X’ > n —k+ 1. If d < 2(n — k) + 2 the morphism ¢y is
forced to be birational and deg X’ = d. Hence in the range d < 2(n — k) + 2 studying nondegenerate
degree d varieties in P", or pairs (X, H) with H globally generated and big, is equivalent. Moreover,
as the property of being globally generated and big is preserved from H to f*H under a resolution
of singularities f, this approach is suitable also to study singular varieties.

The notion of being covered by rational curves is incorporated in the concept of a variety
being uniruled: a variety is uniruled if through any point there passes a rational curve. With the
notation above, d < k(n — k) + 2 is an optimal bound for uniruledness by [Mel02, Theorem A.3 and
Example A.4].

In many ways uniruled varieties are the natural generalization to higher dimensions of ruled
surfaces. In the Mori program they play an important role, because — as in the case of ruled surfaces —
these are the varieties for which the program does not yield a minimal model, but a Mori fiber space.
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Uniruled varieties can also be considered to be the natural generalizations to higher dimensions of
surfaces of negative Kodaira dimension: in fact it is conjectured that a (smooth) variety is uniruled
if and only if its Kodaira dimension is negative. The conjecture has been established for threefolds
by Miyaoka [Miy88].

With the evolution of a structure theory for higher dimensional varieties in the past decades,
namely the Mori program, the geometry of rational curves on varieties has gained new importance.

The main idea is to obtain information about varieties by studying the rational curves on them
(cf. e.g. [Kol96]).

To measure the ‘degree’ of the rational curves that cover X we say in addition that X is uniruled
of H-degree at most m if the covering curves all satisfy I' - H < m. Returning to the case where H
is globally generated and the morphism 3 : X — X’ C P" is birational as above, we see that X is
uniruled of H-degree at most m if and only if X’ is covered by rational curves of degrees at most m.

For surfaces Xiao [Xia86] and Reid [Rei86] independently found bounds on the uniruledness
degree of (X,H) depending on d and n. For instance they showed that an irreducible, nondegen-
erate surface X C P" is uniruled by lines if d < 3(n — 2), except when n = 9 and (X, 0x(1)) =
(P2, 0p2(3)). The same result was obtained by Horowitz [Hor83] using a different approach.
In particular, it immediately follows (by taking surface sections and using that (P2, Op2(3)) cannot
be a hyperplane section of any threefold other than a cone) that an irreducible, nondegenerate
k-dimensional variety X C P" is uniruled by lines for &k > 3 if d < %(n — k). (Note that if one
assumes X smooth, one gets the better bound d < %(n — k — 1), since X is ruled by planes or
quadrics in this range by [Hor83, Corollary p. 668].) However it is to be expected that this ‘naive’

inductive procedure does not yield an optimal bound.

The purpose of this paper is to obtain a bound for uniruledness degree one which is optimal for
threefolds and independent of singularities. In fact we show the following result.

THEOREM 0.1. Let (X, H) be a pair consisting of a reduced and irreducible three-dimensional variety
X and a globally generated big line bundle H on X. Set d := H? and n := h°(X, H) — 1.

Ifd < 2n—10 then X is uniruled of H-degree one, except when (d,n) = (27,19) and a §-minimal
model of (X, H) is (P3, Ops(3)).

(For the definition of a f§-minimal model we refer to Definition 1.4 below.)

The bound in Theorem 0.1 is sharp, since there are pairs satisfying d = 2n — 10 for infinitely
many d and n, namely (P2 x P!, Op2(2) X Op1(a)) for a > 2 (cf. Example 2.5 below), which are not
uniruled of H-degree one.

Observe that in Remark 2.3 below we obtain a better bound than in Theorem 0.1 for 8 < n < 12.

As a consequence of Theorem 0.1 we get the following result for higher dimensional varieties,
which is probably far from being sharp.

COROLLARY 0.2. Let (X,H) be a pair consisting of a reduced and irreducible k-dimensional variety
X, k >4, and a globally generated big line bundle H on X. Set d := H* and n := h°(X,H) — 1. If
d < 2(n —k) —4 then X is uniruled of H-degree one.

For those preferring the notion of A-genus, the condition d < 2(n — k) — 4 is equivalent to
AX,H)<n—k—5=h"X,H) —dim X — 6.

The above results have the following corollary for embedded varieties.

COROLLARY 0.3. Let X C IP" be a nondegenerate reduced and irreducible variety of dimension k > 3
and degree d. If d < 2(n — k) — 4 then X is uniruled by lines, except when (k,d,n) = (3,27,19) and
a §-minimal model of (X, Ox (1)) is (P3, Ops(3)).

890

https://doi.org/10.1112/50010437X06002089 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X06002089

ON VARIETIES THAT ARE UNIRULED BY LINES

Note that the condition d < 2(n — k) — 4 implicitly requires n > k+ 6 in the three results above.

To prove these results we use the f-minimal model program of uniruled varieties introduced for
surfaces by Reid in [Rei86] and developed for threefolds by Mella in [Mel02]. The main advantage of
the f-minimal model program is that one does not only work with birational modifications along the
minimal model program but also uses a polarizing divisor. Under certain assumptions one manages
to follow every step of the program on an effective divisor, i.e. a (smooth) surface in the case of
threefolds.

Our method of proof uses the classification results in [Mel02] and borrows ideas from [Rei86].
The crucial point is a careful investigation of pairs (X, H) such that the output of the f-minimal
model program is a particular type of Mori fiber space, which we call a terminal Veronese fibration
(see Definition 3.1 below). This is roughly speaking a terminal threefold marked by a line bundle
with at most base points fibered over a smooth curve with general fibers being smooth Veronese
surfaces (with respect to the marking line bundle) and having at most finitely many fibers being
cones over a smooth quartic curve. We find a lower bound on the degree of such a threefold (in fact
on every marked terminal threefold having a terminal Veronese fibration as a f-minimal model) and
on the number of degenerate fibers of the members of the marking linear system.

The precise statement, which we hope might be of independent interest, is the following one.

PROPOSITION 0.4. Let (X, H) be a three-dimensional terminal Veronese fibration (see Definition 3.1)
over a smooth curve B and set n := h%(H) — 1 and d := H3. Then d > 2n — 10 and the general
member of [H| is a smooth surface fibered over B with at least (n — 5) fibers that are unions of
two conics (with respect to H) intersecting in one point (the other fibers are smooth quartics).

Observe that both equalities are obtained by (P? x P!, Op2 (2) X Op1(a)); cf. Examples 2.5 and 3.4
below.

In §1 we set notation and give all central definitions. Moreover we introduce, after [Mel02], the
f-minimal models of pairs (X, H) where X is a terminal, Q-factorial threefold and H € Pic X such
that the general element in |H| is a smooth surface of negative Kodaira dimension (Theorem 1.2)
and obtain results that are essential for the rest of the paper in Lemmas 1.1 and 1.5.

In §2 we first obtain an ‘easy bound’ on d such that a threefold is uniruled in degree one
(Proposition 2.1) and then we show how to reduce the proofs of our main results (Theorem 0.1 and
its two corollaries) to a result about uniruled threefolds having a terminal Veronese fibration as a
f-minimal model, namely Proposition 2.4.

The proofs of Proposition 2.4 and of Proposition 0.4 are then settled in § 3.

Finally, in §4 we give some final remarks, including a slight improvement of a result in [Mel02]
and of Theorem 0.1 and Corollary 0.2.

1. #f~-minimal models of uniruled threefolds

We work over the field of complex numbers.
A reduced and irreducible three-dimensional variety will be called a threefold, for short.

A k-dimensional projective variety X is called uniruled if there is a variety Y of dimension k — 1
and a generically finite dominant rational map p:Y x P! — — = X . In particular, such a variety is
covered by rational curves (cf. [Kol96, ch. IV, Corollary 1.4.4]).

If 'H is a nef line bundle on X and m € Q we say that X is uniruled of H-degree at most m
if deg(p*H)“puX {y3 < m for every y € Y, or equivalently if there is a dense open subset U C X
such that every point in U is contained in a rational curve C' with C' - H < m (cf. [Kol96, ch. IV,
Proposition-Definition 1.4.]). A consequence is that in fact every point in X is contained in a rational
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curve C' with C' - H < m (cf. [Kol96, ch. IV, Corollary 1.4.4]). In particular, if X C P" we say that
X is uniruled by lines if m = 1 with respect to H := Ox(1).

For a pair (X, H) where X is terminal Q-factorial and H is a line bundle on X with |[H| # 0,
the threshold of the pair is defined as

p(X,H) :=sup{m € Q: rmKx is Cartier and
|r(H+mKx)| # 0 for some r € Z~g} >0

(cf. [Rei86, equation (2.1)] and [Mel02, Definition 3.1]).

Moreover we set

d(X,H) :=HIX and n(X,H) := h%(X,H) — 1 = dim [H]|. (1)
In these terms the A-genus, introduced by Fujita (cf. [Fuj77] and [Fuj75]), is
A(X,H) = d(X,H) + dim X — n(X,H) — 1, 2)

and all the results in this paper can be equivalently formulated with the A-genus.

Recall that a surjective morphism f : X — Y with connected fibers between normal varieties is
called a Mori fiber space if —Kx is f-ample, rkPic(X/Y) =1 and dim X > dimY.

The following easy consequence of Clifford’s theorem will be useful for our purposes.
LEMMA 1.1. Let (X, H) be a pair with X a terminal Q-factorial threefold and H a globally generated

and big line bundle on X. Set d := d(X,H) and n := n(X,H). If d < 2n — 4, then the following
hold:

(i) The general surface S € |H| is smooth with negative Kodaira dimension. In particular X is
uniruled and p(X, H) < 1.

(ii) For any smooth irreducible S € |H| and for any irreducible curve D € |Hg| we have
D Kg<d—2n+2. (3)

Proof. The general element S € [H| is a smooth irreducible surface by Bertini’s theorem, as X has
isolated singularities (cf. [Mel02, §2.3]).

Pick any irreducible curve D € |Og(H)|. Then deg Op(H) = H? = d and from

0—O0x —H—0g5(H) —0 (4)
and
0 — Os — Os(H) — Op(H) — 0 (5)
we get
h’(Op(H)) = h°(Os(H)) =12 h'(H) =2 =n—1. (6)
Hence
deg Op(H) — 2(h°(Op(H)) — 1) < d —2(n—2) <0, (7)

whence by Clifford’s theorem on irreducible singular curves (see the appendix of [EKS88]) we must
have h'(Op(H)) = 0, so that x(Op(H)) = h°(Op(H)) = n — 1. From (5) we get

X(0s(D)) = x(0s) = x(Op(H)) = h°(Op(H)) = n — 1.
Combining with Riemann—Roch we get

D-Kg = D?—2(x(0g(D)) — x(Os))
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proving part (ii) and showing that x(S) < 0. (The latter fact also follows from [Mel02, Theo-
rem A.3].) Now the fact that X is uniruled with p(X,H) < 1 follows from [Mel02, Definition 5.1
and Lemma 5.2]. O

In the following theorem we collect all the results of Mella [Mel02] that will be useful to us.

THEOREM 1.2. Let (X,H) be a pair with X a terminal Q-factorial threefold and H a globally
generated and big line bundle on X, such that the general element in |H| is a smooth surface of
negative Kodaira dimension.

Then there exist a pair (X% H*) and a birational map ¢ : X — — > X! such that the following
hold.

(i) X* is terminal and Q-factorial, H* € Pic X*, |H*| has at most base points, and p(X* H*) =
p(X, H) =:p.
1 ap ¢ 1s a linite composition of Moril extremal contractions and flips, and p t+ 18 (D-nef.
i) M is a fini ition of Mori 1 ' d fli d pK y: +H* is Q-nef.
iii) For any smooth irreducible S € L f = is a birational morphism, an = is a
iii) It h irreducible S € [H s is a birational hi d S* S) i
smooth surface in |HF|.
iv) If X! is uniruled of H¥-degree at most m, then X is uniruled of H-degree at most m.
(iv) g ; g
(v) (X, H*) belongs to the following list:

(I) a Q-Fano threefold with Kp: ~ —(1/p)H*, belonging to Table 1;

(IT) a bundle over a smooth curve with generic fiber (F, H?F) >~ (P2, Op2(2)) and with at most
finitely many fibers (G,H?G) >~ (S4,0s,(1)), where S4C P° is the cone over the normal
quartic curve (p =2/3);

(III) a quadric bundle with at most cA; singularities and H?F ~ Op(1) for every fiber F
(p=1/2);

(IV) (P(£),0(1)) where € is a rank 3 vector bundle over a smooth curve (p =1/3);

(V) (P(€),0(1)) where £ is a rank 2 vector bundle over a surface of negative Kodaira dimen-

sion (p=1/2).

Proof. By [Mel02, Definition 5.1 and Lemma 5.2] we have p(X,H) < 1. Now the existence of
a pair (X*, H*) and a map satisfying conditions (i)—(iii) follows combining [Mel02, Theorem 3.2,
Proposition 3.6 and Corollary 3.10] observing that it is implicitly shown in the proof of [Mel02,
Theorem 3.2] that p(X* H*) = p(X,H).

Property (v) follows from [Mel02, Theorem 5.3 and Definition 5.1], noting that the values of p
are explicitly given in each of the cases in the course of the proof of [Mel02, Theorem 5.3].

We have left to prove (iv). By assumption X* is covered by a family of rational curves {T'} such
that T' - H? < m. The strict transform [ on X of each such T then satisfies T - S < m by [Mel02,
Lemma 3.15]. O

In the cases (I) the general S* € |H*| is a smooth del Pezzo surface and Og: (H*) ~ [p/(p—1)] Kg:.
A list of such threefolds (with corresponding values for p) is given in [CF93]. Moreover one can easily
calculate d(X*, H*) and n(X*, H*). Indeed

2
p
A(XPHY) = (Y3 = (0g:(HY)? = WKEW (8)
and by Riemann—Roch

n(X* HY) = hO(HP) — 1 = W04 (HY) = SKZ + 1. (9)

__r
2(p—1)
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TABLE 1. Q-Fano threefolds.

Type Xt General S* € |H| p —% K2, d(X*,HE) n(XEHY)
(a) P(1,1,2,3) Hgs C P(1,1,2,3) 6/7 6 1 36 22
(b) Ts CP(1,1,2,3,3) To N {xy = 0} 3/4 3 1 9 7
(c) TsCP(1,1,2,3,4) ToN{xs =0} 4/5 4 1 16 11
(d) Ts CP(1,1,2,3,5) ToN{xs =0} 5/6 5 1 25 16
(e) TsCP(1,1,2,2,3) ToN{xs =0} 2/3 2 1 4 4
(f) TsCP(1,1,1,2,3) Ts N {zo = 0} 1/2 1 1 1 2
() P(1,1,1,2) Hy C P(1,1,1,2) 4/5 4 2 32 21
(h) Ty cCP(1,1,1,2,2) Tyn{zy =0} 2/3 2 2 8 7
(i) TyicCP(1,1,1,2,3) Tyn{zy =0} 3/4 3 2 18 13
G) TucP(1,1,1,1,2) TiN{ze =0} 1/2 1 2 2 3
(k) P3 Hs C P? 3/4 3 3 27 19
1) T3cCP(1,1,1,1,2) T3N{zy = 0} 2/3 2 3 12 10
(m) T3 C P* T3N{zo = 0} 1/2 1 3 3 4
(n) T, C P4 H272 C Ty 2/3 2 4 16 13
(O) T272 c P° T272 N {{EO = 0} 1/2 1 4 4 5
(p) PS N G(1,4) PSNG(1,4) N {zo =0} 1/2 1 5 5 6
(q) Ty C P4 Ton{zg=0}~P' xP! 1/3 1/2 8 2 4
(r) P3 P! x P! ~ Hy C P3 1/2 1 8 8 9
(s) P3 {xg =0} ~ P2 C P? 1/4 1/3 9 1 3
(t) P(1,1,1,2) {z3 =0} ~P2 CP(1,1,1,2) 2/5 2/3 9 4 6

In Table 1 we list all the cases (see [CF93, p. 81]). In the table P(ws,...,w,) denotes the
weighted projective space with weight w; at the coordinate x;. The hyperplane given by x; is
denoted {z; = 0}. Moreover T, (respectively T, ;) denotes a hypersurface of degree a (respectively
a complete intersection of two hypersurfaces of degrees a and b) and similarly for H, and Hgp.
The variety G(1,4) is the Grassmannian parameterizing lines in P*, embedded in P by the Pliicker
embedding.

DEFINITION 1.3. Following [Mel02, Definition 3.3] we will call (X¥ H*) a #-minimal model of the
pair (X, H). In particular, by Lemma 1.1, it exists when d(X,H) < 2n(X,H) — 4.

Note that a f-minimal model exists for any (X,H) with X a terminal Q-factorial uniruled
threefold and H nef with h°(nH) > 1 for some n > 0 by [Mel02, Theorem 3.2], but it will in general
not have all the nice properties (i)—(v) in Theorem 1.2 above. We will not need the f-minimal model
in complete generality, but only in the version stated in Theorem 1.2 above.

The following explains the terminology used in Theorem 0.1 and Corollary 0.3.

DEFINITION 1.4. For any pair (X, H) consisting of a threefold X and a big and globally generated
line bundle H on X, with d(X,H) < 2n(X,H) — 4, we will by a §-minimal model of (X, H) mean a
#-minimal model of (X, f*H), where f : X — X is a minimal resolution of singularities. (Observe
that d(X, f*H) = d(X,H) and n(X, f*H) > n(X,H), so a f-minimal model exists and satisfies the
properties (i)—(v) of Theorem 1.2.)

LEMMA 1.5. With the same notation and assumptions as in Theorem 1.2, let S, S* and f be as in
part (iii) there and set D := Og(H).

(a) We have n(X* H*) > n(X,H) and d(X* H*) > d(X,H). In particular H* is big and nef.
894
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(b) Let [ be the total number of irreducible curves contracted by f. If p > 1/3, then

<D + %st > —l(ﬁ)? (10)

(c) If (X*,H) is of type (I) in Theorem 1.2(v), then

p(2p —1)
2(p—1)

Proof. We first observe that n(X* H*) > n(X,H) as S* = ¢,.S.

We have the commutative diagram

d(X,H) —n(X,H)+ 1= K2, (11)

X7?>Xﬁ

where f := ¢|g is well defined and birational by Theorem 1.2(iii). As observed in [Mel02, Proposi-
tion 3.6] one can describe each step in the f-minimal model program in a neighborhood of S. More
precisely, set Xg:= X, Sp:= 95, X,,, := X% and S, = St := ¢4S. Denote by ¢; : X;_1 — —> X; for

i = 1,...,m each birational modification in the f-minimal model program relative to (X, H) and
define inductively S; := ¢,.5;—1. Then each \5; is smooth, and setting f; := ¢;|5, we can factorize f
as

g f1 S o fm—1 S . i)sm _ Sﬁ,

where each f; contracts [; disjoint (—1)-curves Et, ... ,Eli_ with [; > 0 by [Mel02, Proposition 3.6].
The total number of contracted curves is [ = 31", ;. We set D; := Og,(S;) and D* := Og(S*).

If ¢; is a flip then S; is disjoint from the flipping curves by [Mel02, Claim 3.7], so that f; is an
isomorphism.

If ¢; contracts a divisor onto a curve then it is shown in [Mel02, Case 3.8] that the fiber F; of
¢; satisfies S; - F; = 0, whence D; - F; = 0, which means that all E; satisfy E; -D; = 0.

If ¢; contracts a divisor onto a point then it is shown in [Mel02, Case 3.9] that f; is a contraction
of a single (—1)-curve E; = Ej that satisfies E; - D; = 1.

In other words, for every ¢ we have three possibilities:

l;=0; or
li>0andE;--DZ-:0forallj€{1,...,[2-}; or (12)
li=1and E}-D; = 1.
Now denote by L; the total transform of E]Z on S. Then (L;'-)2 = —1 and Lj- . Lj-l/ = 0 for
(i,5) # (i, j'). We have
Ks¢=f"Kg+)» L (13)
and, by (12),
D=f*D' =Y piL} with uj € {0,1}. (14)
In particular
d(X,H) = D* = (D)? = 3 ()" = d(X*, HE) = 3y < d(XF, M), (15)
finishing the proof of part (a).
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From (13) and (14) we get

p «( 14 P i\ri
D+ —Kg= Dfr+ —K — — k| LY
+1_p S f( +1_p Sﬁ>+z<1_ M]) R

and since there are [ terms in the sum we get

2 2 2
P p [ 2p ;
D —K = (Df 4+ 2 -l — l— =t ). 16
< Ty S) ( T Su) <1—p> +ZM’<1—0 M”) 16)
By definition and invariance of p (cf. Theorem 1.2(i)) we have that pKp: 4+ H* is Q-effective.

From Theorem 1.2(ii) we have that it is also Q-nef, whence its restriction to S* is also
Q-effective and Q-nef. Since S? is Cartier we get by adjunction that

(pKr: + H)ge = (1= p) (ﬁf(su + Dﬁ);

whence by Q-nefness

2
(Dﬁ + LKSQ > 0. (17)
—p
Moreover the assumption p > % is equivalent to p/(1 — p) > 5, whence
S (2 - ) 2 i) 20, (18)

Now (10) in part (b) follows combining (16)—(18).

We have left to prove part (c). Since S* is a smooth del Pezzo surface, we have h'(Og) =
ht(Ogs) = 0. Tt is then easily seen by the proof of Lemma 1.1 that equality holds in (3) (note that
we have h!(Ox) < W1 (Ox(—H)) + h1(Og) = 0 by Kawamata—Viehweg vanishing). Using (13), (14)
and (15) we therefore get, for D € |Og(H)],

d(X,H) — 2n(X,H) +2=D - Kg
= (10 =) (5K + 30 8)
= Dt. Kg: + Zuz
= LK+ M
= ﬁf(gﬁ +d(X*, HY) — d(X, H).

Now using (8) we obtain

p2p—1) 5
(p—1)2 75

proving part (c). O

2d(X,H) — 2n(X,H) + 2 =

2. Bounds for uniruledness degree one

As a ‘warming up’ before proceeding with the proofs of the main results we give the proof of the
following bound.

PROPOSITION 2.1. Let (X,H) be a pair consisting of a terminal Q-factorial threefold X and a
globally generated and big line bundle H on X. Set d := d(X,H) and n := n(X,H).

Ifn>4,d< % 3n—— and d #n —1 for n <9, then X is uniruled of H-degree one.
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Proof. Since n > 4 we have 2n — 4 > %n — %, whence d < 2n — 4, so by Lemma 1.1(i) the general

S € |H| is smooth of negative Kodaira dimension.

Moreover for any irreducible D € [Hg| we have, by Lemma 1.1(ii),

D - 3H+Kx)=D-(H+Kx)+3D-H=D Kg+3d
<d—2n+2+3d=3d—2n+2
<3@n-3H-2n+2=0,

whence p(X,H) < 2/3.

It follows that the f-minimal model (X* H*) is in the list of Theorem 1.2(v) and moreover
it cannot be as in (II) since p(X,H) = 2/3 in this case. In the cases (III)-(V) one immediately
sees that (X%, H*) is uniruled of H*-degree one, whence (X,H) is also uniruled of H-degree one by
Theorem 1.2(iv).

We have n(T*% H*) > n > 4 by Lemma 1.5(a), and by using Table 1 we see that the cases in (I)
where n(X*, H*) > 4 and p < 2/3 are the cases (m), (0), (p), (q), (r) and (t). Among these all but
(r) are clearly uniruled of Hf-degree one.

By (11) and Table 1 we have d — n+ 1 = 0 in case (r) and by Lemma 1.5(a) we have n <
n(X% HY) = 9. O
COROLLARY 2.2. Let (X, H) be a pair consisting of a threefold X and a globally generated and big
line bundle H on X. Set d := d(X,H) and n := n(X, H).

Ifd < %n — %, d#mn whenb <n<8andd#n—1forn <9, then X is uniruled of H-degree
one.

Proof. Let m: X — X be a resolution of the singularities of X. Then 7*H is globally generated
and big with d(X,7*H) = H® = d and n(X,7*H) = dim|7*H| > n and we can apply Proposi-
tion 2.1. The additional cases d = n for 5 < n < 8 occur since equality does not need to occur in
n(X,m™H) > n. O

Remark 2.3. We note that the last corollary improves Theorem 0.1 for n < 12. Moreover, the cases
n = 3,4 are trivial, as are the cases n = 5,6,7, since then ¢3(X) C P™ has minimal degree. Hence
the relevant statement, combining Theorem 0.1 and Corollary 2.2 is: X is uniruled of H-degree one
in the following cases:

(i) n=8and d=6or9;

(i) n=9and d =7, 9 or 10;

(iii) »n =10 and d < 11;

(iv) n=11or 12 and d < n+2;

(v) m>13 and d < 2n — 11, (d,n) # (27,19).

Now we give the main ideas and the strategy of the proof of Theorem 0.1. The main result we
will need to prove is the following.

PROPOSITION 2.4. Let (X,H) be a pair consisting of a terminal Q-factorial threefold X and a
globally generated, big line bundle H on X. Set d := d(X,H) and n := n(X,H).

If a §-minimal model of (X, H) is of type (II) in Theorem 1.2(v), then d > 2n — 10.

The proof of this result will be given in § 3 below, after a careful study of the threefolds of type
(IT) in Theorem 1.2(v). We will now give the proofs of Theorem 0.1 and Corollaries 0.2 and 0.3
assuming Proposition 2.4.
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Proof of Theorem 0.1. Let X be a reduced and irreducible three-dimensional variety and H a glob-
ally generated big line bundle on X. Set d := H? and n := h%(X,H) — 1 and assume d < 2n — 10.
Let 7 : X — X be a resolution of the singularities of X. Then 7#*H is globally generated and
big with d(X,7*H) = H? = d and n(X,7*H) = dim |7*H| > n. Since (d,n) = (27,19) satisfies
d = 2n — 11 we can reduce to the case where X is smooth. Therefore we assume X is smooth.
By Lemma 1.1(i), any f-minimal model (X* H*) of (X,H) is in the list of Theorem 1.2(v).
Moreover, by Proposition 2.4, it cannot be of type (II).
We easily see that the cases (ITT)~(V) are uniruled of Hf-degree one. In the cases (I) we have,
by Lemma 1.5,
p(2p —1)
2(p—1)?
By checking Table 1 one finds that we can only be in case (k), with equalities all the way in (19).
Hence n = n(X*, H*) = 19 and d = 2n — 11 = 27. Now the result follows from Theorem 1.2(iv). [

K =d—n+1<n—10< n(X* H) - 10. (19)

Proof of Corollary 0.2. Let X be a reduced and irreducible variety of dimension £ > 4 and H a
globally generated big line bundle on X with d := H* and n := h°(X,H) — 1.

As just mentioned in the proof of Theorem 0.1 we can assume that X is smooth.

Setting X := X and Hji := H, we recursively choose general smooth ‘hyperplane sections’
X1 € |H;| and define H;—1 := H; ® Ox,_,, for 2 < i < k. (Note that dim X; = ¢ and H; is a line
bundle on X;.)

Let ng := hY(H3) — 1. Then from the exact sequence
O—>0Xi —>HZ —>Hi_1 — 0 (20)
we have
ny=2n—(k—3)=n—k+3. (21)
Together with the condition d < 2(n—k)—4 this implies d < 2n3—10 and it follows from Theorem 0.1
that either (X3,Hs) is uniruled of degree one or (d,n3) = (27,19) and (Xg,Hg) is (P2, 0(3)).
In the second case we have equality in (21), i.e.

19=n3=h"(H3) —1=h"H) - (k—3)—1=n—k+3. (22)

Denote by ¢ : X3 — — > Xg = P3 the birational map of the f-minimal model program. By Theo-
rem 1.2(iii) its restriction f to S := X is a birational morphism onto a smooth surface S* € |Ops(3)].

We have

19 = h%(04:(3)) = hO(Ha) > hO(H3) — 1 =19

by Lemma 1.5(a) and (22), whence |Og:(3)] = f«|Hz2| and this can only be base point free if
every curve E contracted by f satisfies E - Hy = 0. Denoting by ¢z, and PO 4 (3) the morphisms
defined by |Hz| and |Og:(3)| respectively, this implies that P04 (3) © f = ¢Hy; in other words
S = op,(S) = PO, (3)(Sﬁ) ~ S* C P, Moreover, by (22), the natural map H(H) — H°(Hs) is
surjective, so S = ¢ (S), where @3 : X — P" is the morphism defined by |H|. Note that ¢y
is birational for reasons of degree. Setting X' := oy (X) C P™ we therefore have that S’ C X' is a
smooth, linear, transversal surface section (recall that S C X is a complete intersection of (k — 2)
general elements of |H]).

We now apply the theorem of Zak (unpublished, cf. [Zak91]) and L’vovsky (cf. [Lvo92a] and
[Lvo92b]), which says the following (cf. [Lvo92b, Theorem 0.1]). If V € PV is a smooth, non-
degenerate variety that is not a quadric and satisfies h" (Mypn(=1)) <2N +1,if Y C PN+™ s a
nondegenerate, irreducible (m + dim V')-dimensional variety with m > h° (Nypv(=1)) =N —1, and
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if L = PN C PVN*™ ig a linear subspace such that V = L NY (scheme-theoretically), then Y is a
cone.

Since a cone is uniruled by lines, the corollary will follow if we show that h%(Ngs /pis(—1)) < 20,
with S’ being the 3-ple embedding of a smooth cubic surface Sy in P3.

We argue as in [GLMO04, pp. 160-161] to compute hO(NSI/PIS(—l)). We give the argument for
the sake of the reader.

From the Euler sequence and tangent bundle sequence
0 — Og/(—1) — CP @ Og — Tpis(—1) ® Ogr — 0,
0 — Tg/(—1) — Tpis(—1) ® Oy — Ngrypis(—1) — 0,
we find
R (N jpis(=1)) < h(Tpis(=1) © Ogr) + b (Tsr(=1)) = 19 + b (Ts, (=3)). (23)
From the tangent bundle sequence of Sy C P3,
0 — T (—3) — Tps(—3) ® Og, — Ng,/ps(—3) — 0, (24)
and the fact that Ng,/ps(—3) =~ Os,, we find
W (Tsy(=3)) < 1+ h! (Tps(—3) © Osy).

In view of (23) it will suffice to show that h'(Zps(—3) ® Og,) = 0.
Now observe that Tps(—3) 2 (Qps)¥ ® Kps ® Ops (1) ~ Q2,(1) so using Bott vanishing on P? and
Serre duality one gets h!(Zps(—3)) = 0 and

h?(Tps(—6)) = h*((Qps)” @ Kps @ Ops(=2)) = h' (Q5(2)) = 0.
This yields h!(Tps(—3) ® Og,) = 0.
This concludes the proof of Corollary 0.2. ]
It is immediate that Corollary 0.3 follows from Theorem 0.1 and Corollary 0.2.

As we already noted in the Introduction, Theorem 0.1 is sharp by the following example.

Example 2.5. The bound of Theorem 0.1 is sharp. In fact consider X = P? x P! with projections p
and ¢ respectively and let H := p*Op2(2) @ ¢*Op1 (a) for an integer a > 0. We have

n:=ho(H) —1=h%0p2(2)) - h°(Op1(a)) =1 =6(a+1) — 1
and

d:=H" = (p"0(2) ® ¢"O(a))’ = 3(p*O(2))* - ¢"O(a) = 12a,
whence d = 2n — 10.

If a > 2, then clearly any curve C' on X satisfies
C-H=C -p"Op2(2) +C - q"Opi(a) > 2,

with equality obtained for the lines in the P?-fibers, so that X is uniruled of H-degree two and not
uniruled of H-degree one.

If a = 1, then X is clearly uniruled of H-degree one, and since d = 12 and n = 11, this also
follows from Remark 2.3.

3. Terminal Veronese fibrations

In this section we will prove Propositions 0.4 and 2.4.
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Since we will have to study the threefolds as in item (II) of Theorem 1.2(v) we find it convenient
to make the following definition.

DEFINITION 3.1. Let (T, £) be a pair satisfying the following.

(i) T is a terminal Q-factorial threefold with a Mori fiber space structure p : T' — B, where B is
a smooth curve.

(ii) £ is a line bundle on T such that the system |£| contains a smooth surface and has at most
base points and £2 > 0.

(iii) The general fiber of p is (V, L}y) =~ (P2, Op2(2)) and the rest are at most finitely many fibers
(G, Lie) = (S4,0s,(1)), where Sy C IP° is the cone over a normal quartic curve.

Such a Mori fiber space will be called a (three-dimensional) terminal Veronese fibration.

The threefolds of type (II) in Theorem 1.2(v) are terminal Veronese fibrations.

The easiest examples of terminal Veronese fibrations are the smooth ones in Example 2.5. How-
ever, there are also singular such varieties and these were erroneously left out in both [Mel97,
Proposition 3.7] and [CF93, Proposition 3.4], as remarked by Mella in [Mel02, Remark 5.4]: Take
P? x P! and blow up a conic C' in a fiber and contract the strict transform of C, thus producing a
Veronese cone singularity.

Although our main aim is to prove Proposition 2.4 we believe that terminal Veronese fibrations
are interesting in their own right. In order to prove Proposition 2.4 we will study ‘hyperplane
sections’ of T, i.e. surfaces in |£|, and show that the desired bound on the degree follows since
the general such surface has to have a certain number of degenerate fibers, i.e. unions of two conics
(with respect to £). What we first prove in this section is the following, which is part of the statement
in Proposition 0.4.

PROPOSITION 3.2. Let (T,L) be a three-dimensional terminal Veronese fibration and set n :=
h%(L) — 1 and d := L3.

Then any smooth member of |L| is a surface fibered over B with k > §(n — 5) fibers that are
unions of two smooth rational curves intersecting in one point (the other fibers are smooth rational
curves).

Proof. Denote by V the numerical equivalence class of a fiber. Let S € |£| be a smooth surface.
Then, since T is terminal, we have S N SingT = () (cf. [Mel02, (2.3)]).

By property (iii) of Definition 3.1 any fiber of S over B is either a smooth quartic, a union of two
conics intersecting in one point, or a double conic, all with respect to £. Denote by F' the numerical
equivalence class in S of a fiber over B. Then F? = 0.

If a fiber were a double conic, we could write F' = 2Fj in Num .S. However, in this case we would
get the contradiction Fy - (Fy + Kg) = —1, so this case does not occur.

In the case of a fiber that is a union of two conics intersecting in one point, we have F' = F} + Fy
in Num S, whence by adjunction both F; are (—1)-curves. Since S is smooth its general fiber over B
is a smooth quartic (with F'- Kg = —2 by adjunction), whence S has a finite number k of degenerate
fibers that are unions of two conics, and since these are all (—1)-curves we can blow down one of
these curves in every fiber and reach a minimal model R for S which is a ruled surface over B.
Let g be the genus of B. Then

k=Kj -K:=8(1-g)—-K:=8(1—-g)— (Kr+L)? L,

which only depends on the numerical equivalence class of S. Therefore, any smooth surface in |L£|
has the same number of degenerate fibers.
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Now note that the fibers of S over the finitely many points of B over which T has singular fibers
are all smooth quartics, since S N SingT = ().

We now consider the birational map of 7" to a smooth projective bundle T , as described in
[Mel02, p. 699].

Around one singular fiber Sy of T over a point p € B this map is given by a succession of
blow-ups v; and contractions p;:

/ \{ / Xl / \ (25)
Tl Ts—l Ts = T

T ="1Ty

where the procedure ends as soon as some Ty has a fiber over p € B that is a smooth Veronese
surface.

For every v; the exceptional divisor FE; is either a smooth Veronese surface or a cone over a
rational normal quartic curve, and the strict transform of the singular fiber S4 of T;_1 over p is
G; ~ Fy4, the desingularization of S4. These two intersect along a smooth quartic C;. Then pu;
contracts G; onto a smooth quartic curve C! = 11,(C;) and T; is smooth along the exceptional locus
of the contraction.

Following S throughout the procedure, we see that S stays out of the exceptional locus of every
v; and in the contraction it is mapped to a surface having C/ as fiber over p.

In other words the procedure of desingularizing one singular fiber of 7" maps every smooth
surface in |£| to a smooth surface passing through a unique smooth quartic over p.

Doing the same procedure for all the other singular fibers of T we therefore reach a smooth
projective bundle P(£) over B and under this process |£| is ‘mapped’ to a (not necessarily complete)
linear system on P(€) having smooth quartics over the corresponding points of B as base curves.
Denote the corresponding line bundle on P(£) by L. Since we have not changed the number of
degenerate fibers of any smooth surface in |£| over B, we see that every smooth surface in |£'| still
has k degenerate fibers over B. Since clearly dim|£’| > dim |£] it is now sufficient to show that any
smooth surface in |£'| has k > 5(h%(L’) —6) fibers that are unions of two conics (with respect to £’)
intersecting in one point. This is the content of the following proposition. U

PROPOSITION 3.3. Let f : T ~P(£) — B be a three-dimensional projective bundle over a smooth
curve of genus g. Assume L is a line bundle on T satisfying:
(i) Ly =~ Op2(2) for every fiber V =~ P?;
(ii) |L£| is nonempty with general element a smooth irreducible surface;
(iii) the only curves in the base locus of |L|, if any, are smooth quartics (with respect to L) in the
fibers.

Then any smooth surface in |L| is fibered over B with k fibers that are unions of two conics (with
respect to L) intersecting in one point, where

k=31c%>3(h(L)-6). (26)
Proof. We only have to prove (26).

Denote by V the numerical equivalence class of a fiber. Since every fiber of T over B is a P? we
have (Kr)jp2 =~ Kp2 =~ Op2(—3) so we can choose a very ample line bundle G € PicT such that

Num7 ~ZG®ZY, G*-v=1, G- V?=V3=0, (27)
Kr=bV-3G, bel (28)
L=aV+2G, acl. (29)
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The general element G € |G| is a smooth ruled surface over B; in particular
8(1—g) = K& = (Kr +6)* - ¢ = (bV —20)* - G = 4G° — 4b,
that is
G3=2(1—-g)+b. (30)

Let now S € |£]| be any smooth surface. Clearly (as discussed in the proof of the previous proposition)
K% =28(1- g) — k. We compute, using (27) and (30),

Ki=(Kp+L)?-L=(a+bV—-G)? (aV+2G)
=2G3 — 30 —4b=2(2(1 — g) + b) — 3a — 4b
=4(1 —g) — 3a — 2b,
so that
k=4(1—-g)+ 3a+ 2b. (31)
At the same time we have
L3 = (aV +26)% = 12a + 8G>
=12a + 8b+ 16(1 — g) = 4k, (32)
proving the equality in (26).

The inequality in (26) we have left to prove is £3 > 2h°(L£) — 12. We therefore assume, to get a
contradiction, that

£3 < 2n°(L) — 13. (33)

Since the one-dimensional part of the base locus of |£] can only consist of smooth quartics (with
respect to £) in the fibers of f, we can write, on S,

,C|5 ~ Hy+ (f‘g)*tl = Hy + cF,

for some nonnegative integer ¢, where v is an effective divisor of degree ¢ on B; F' denotes the
numerical equivalence class of a fiber of fig : S — B; and |Hp| is the moving part of |£|g|. If the
general element C( € |Hy| were not reduced and irreducible, then by Bertini’s theorem |Hy| would
be composed with a pencil, whence Hy = mH)), for some H|, € Pic S with H62 =0and m > 2. Now
4=F.-L=F-Hy=mF-Hjimplies m < 4. By (33) and the short exact sequence

0— Opr — Op(L) — Og(L) — 0 (34)
(using the fact that £2 > 0 by (32)) we get the contradiction
5>m+1>h(Hy) = h°(0s(L)) = h°(L) — 1 > 6.

Therefore Cj is a reduced and irreducible curve (possibly singular).

From
0 — Og(f*v) — Og(L) — O¢, (L) — 0 (35)
and (34) we get, using (33),
h?(Ocy (L)) = h(Os(L)) = h(Os(f*v))
> hY(Or(L)) — h°(B,v) — 1

>+ 13)—c—2=1L—c+ 3. (36)
Moreover deg O, (L) = L2 (L —cV) = L3 —cL?-V = L3 — 4c, so that
deg Oc, (L) — 2(h°(Ocy (L)) — 1) < L3 —4de — (L3 —2¢+T7) = —2¢ — 7 < 0.
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By Clifford’s theorem on singular curves (see the appendix of [EKS88]) we must therefore have
h'(Oc, (L)) = 0. (37)
Also note that since T is a projective bundle over a smooth curve of genus g, we have
O(Or) =1, hYOr) =g, h*(Or)=hrOr)=0. (38)
From Riemann-Roch on S and the fact that h%(Og(f*v)) = h°(Kg — f|*sn) = 0 (since F' is nef
with F.(Kg — f*v) = F.(Kg — ¢F) = —2) we find
h'(Os(f*0)) = —x(Os(f*v)) + 1 (Os(f*v)) + h*(Os(f*v))
= —3cF - (cF — Kg) + g — 1+ h°(Os(f*v))
<—c+g—14+c+1=g (39)
Combining all of (34)—(39) we find
h'(L) < hH(Or) + 11 (Os(L))
< hHOr) + 1 (Os(f*0)) + 1 (Oc, (L))
<g+g+0=2g, (40)

together with
R3(L) = h3(L) = 0. (41)
From (28)-(30), (34), (38) and Riemann-Roch on S, we get
X(£) = x(Os(£)) + x(Or) = 305(£L) - (Os(L) — Ks) + x(Os) + x(Or)
=3(L° = L% (Kr + L)) + x(Os) + x(Or) = —3L* - Kp +2(1 — g)
= —3(aV +26)%- (bV —3G) + 2(1 — g) = 14(1 — g) + 6a + 4b.
Comparing with (32) we see that
L2 =2x(L) - 12(1 - g),
whence, using (40) and (41),
= 2(h°(L) = K'(L) + h*(L) — (L)) — 12(1 — g)
> 2(h%(L) —2¢g) — 12(1 — g) = 2h°(L) — 12 4 8¢ = 2h°(L) — 12,
contradicting (33).
This shows that (33) cannot hold, proving (26). O

Ezample 3.4. As in Example 2.5 take X = P2 x P! and H := p*Op2(2) ® ¢*Op1(a). Then we have
an embedding given by |H|:
]P>2 % ]P>1 N ]Pyﬁ(a-i-l)—l

a+1)~1 has equation

k. a—k
E lijkrizjyoyy ~ =0,
i,j=0,1,2, 0<k<a

A hyperplane section of X in Po(

where (zg : 21 : 22) are the coordinates on P2 and (yo : y1) are the coordinates on P! and liji are
coefficients. The section is degenerate on some Veronese surface (P2, Op2(2)) if the determinant of
the matrix of the coefficients of the z;z; is zero. This determinant is a polynomial of degree 3a
in yo,y1, hence in general we find 3a distinct zeros. This means that a general hyperplane section
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has 3a = $(6(a + 1) — 1 — 5) degenerate fibers, which is the smallest possible number of degenerate
fibers for a terminal Veronese fibration as stated in Proposition 3.2.

Proofs of Propositions 0.4 and 2.4. We note that by Proposition 3.2 the only statement left to prove
in Proposition 0.4 is a special case of Proposition 2.4.

As in Proposition 2.4 let (X, H) be a pair consisting of a terminal Q-factorial threefold X and
a globally generated, big line bundle H on X, with d := d(X,H) and n := n(X,H).

Assume that a f-minimal model (X, H*) is of type (II) in Theorem 1.2(v), i.e. a terminal
Veronese fibration over a smooth curve B of genus g.

Let f : S — S* be as in Theorem 1.2(iii). We have nf := dim|Hf| > dim|H| = n by
Lemma 1.5(a). By Proposition 3.2, St is fibered over B with general fiber a smooth quartic and
k> %(nti —5) fibers being the union of two rational curves, intersecting in one point, that are both
(—1)-curves. Therefore

K =8(1-9) =k <8(1-g) = 3(n* =5) <8(1—g) — 5(n —5). (42)
We want to show that d > 2n — 10. Assume, to get a contradiction, that
d<2n—11. (43)

Note that p := p(X,H) = 2, so we can apply Lemma 1.5(b). Let I be the total number of
irreducible curves contracted by f. Then K2 = Kgu — [. Pick any smooth irreducible curve D €
|Os(H)|. Then by (3), (10) and (42) we have

0<4l+ (D+2Kg)*> =4l +4K% + 4Kg - D + D?
4+48(1—g)—3(n—5)—1)+4(d—2n+2)+d
=32(1-g)—2(n—>5)+4d—-8n+8+d
=32(1 —g) +5d — 10n + 18 < 5d — 10n + 50 = 5(d — 2n + 10),

<
<

contradicting (43).
We have therefore proved that d > 2n — 10 and this finishes the proofs of Propositions 0.4
and 2.4. H

4. Final remarks

To conclude, we remark that a closer look at the proofs of Propositions 0.4 and 2.4 shows that, if
we assume only d < 2n — 4 instead of (43), we get g = 0 as the only possibility. This shows that the
following holds:

a three-dimensional terminal Veronese fibration over a smooth curve of genus g > 0 must
satisfy d > 2n — 4.

Consequently we also have the following:

if a pair (X, H) consisting of a terminal Q-factorial threefold X and a globally generated,
big line bundle H on X has a f-minimal model being of type (II) in Theorem 1.2(v) over
a smooth curve of genus g > 0, then d > 2n — 4.

If now (X*, H*) is a f-minimal model of a pair (X, ) consisting of a terminal Q-factorial threefold
X and a globally generated big line bundle H, then H! is still big and nef by Lemma 1.5(a), so
that h'(Ox) = h'(Og) = h'(Og:) = h'(Ox:). We have seen that this is zero if X* is of type (I) in
Theorem 1.2(v) and equal to g, the genus of B, if X* is of type (II) in Theorem 1.2(v).

We have therefore obtained an improvement of [Mel02, Theorem 5.8] (cf. Theorem 1.2(v)).
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PROPOSITION 4.1. Let (X,H) be a pair consisting of a terminal Q-factorial threefold X and a
globally generated big line bundle H on X. Set d := H? and n := h%(X,H) — 1.
If d < 2n — 10 (respectively d < 2n — 4 and h'(Ox) > 0), then (X*, H*) is of one of the types
(i)—(iv) (respectively (ii)—(iv)) below:
(i) (P, O0ps(3)) (with (d,n) = (27,19));
(ii) a quadric bundle with at most cA, singularities of type f = x? 4+ y* + 22 + t*, for k > 2, and
H?F ~ Op(1) for every fiber F;
(iii) (P(E),O(1)) where E is a rank 3 vector bundle over a smooth curve;

(iv) (P(E),O(1)) where E is a rank 2 vector bundle over a surface of negative Kodaira dimension.

Consequently we have the following slight improvement of Theorem 0.1 and Corollary 0.2.

COROLLARY 4.2. Let (X, H) be a pair consisting of a reduced and irreducible k-dimensional variety
X, k > 3, and a globally generated line bundle H on X. Set d := H* and n = h°(X, H) — 1.

If k' (Og) > 0 for a resolution of singularities X of X and d < 2(n — k) + 2, then X is uniruled
of 'H-degree one.

Proof. In the proof of Theorem 0.1, use Proposition 4.1 in place of Theorem 1.2(v). Then, in the
proof of Corollary 0.2, note that h*(Ox,) = h'(Ox,_,) as H; is big and nef. O
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