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Abstract The characterization of a surface by means of the circles contained in it has been studied by
S. Izuyima, A. Takiyama, K. Ogiu, R. Takagi and N. Takeuchi, among others. The aim of this paper is to
show some characterizations of a pseudosphere in Lorentz 3-space, assuming the existence of Lorentzian
and Euclidean circles.
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1. Introduction

We aim to show some characterizations of the pseudosphere in Lorentzian 3-space, bear-
ing in mind the causality condition of curves.

Some authors (see, for example, [6, 9, 10]) have studied the analogous problem in
Euclidean 3-space; Izumiya and Takiyama [4,5] also generalized some results of [6,9] to
Minkowski 3-space.

In [6], Ogiue and Takagi showed the following result, with several generalizations: let
M be a surface in the Euclidean 3-space E3, and suppose that, through each p ∈ M ,
there exist two circles of E3 such that p is the unique point in common between them
and such that they are contained in M near p; then M is locally a plane or a sphere.

Geometric characterizations of a sphere in E3 are found in other papers. For example,
in [9] Takeuchi showed the following: let M be a compact simply connected smooth
surface in E3, and suppose that, through each p ∈ M , there exist three circles of E3

contained in M ; then M is a sphere. In [10], Takeuchi studied a similar problem by
replacing the condition ‘three circles’ by ‘a circle contained in a normal plane’.

Many of the results obtained by Takeuchi [9] and Ogiue and Takagi [6] were generalized
from E3 to the Lorentz–Minkowski 3-space L3 by Izuyima and Takiyama [4,5].

In [5], it is shown that if S is a time-like surface in L3 and, for each point p ∈ S, the
intersection of S and TpS is two light-like lines, then S is a pseudosphere.
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In [4], the following theorem is proved.

Theorem A. Let S be a time-like surface in L3. Suppose that, through each p ∈ S,
there exist two pseudocircles γ1, γ2 of L3 such that

(i) γ1, γ2 are contained in S in a neighbourhood of p,

(ii) γ1 ∪ γ2 = p (tangent to each other).

Then S is locally a pseudosphere or a time-like plane.

In [10], Takeuchi stated that a sphere in E3 is characterized as a compact smooth
surface M which contains a circle through each point p ∈ M contained in a normal plane
of M at p.

One of the problems that arise when we want to generalize this result from the
Euclidean 3-space to the Lorentzian 3-space is the fact that the pseudosphere is a non-
compact surface. Thus, in our case, we characterize the pseudosphere via its normal
sections using the shape operator [7].

The aim of this paper is to prove the following theorems.

Theorem 1.1. Let M be a complete, simply connected, time-like surface in L3. For
each p ∈ M , suppose that there exist a Lorentzian circle and a Euclidean circle through
p on M which have the same curvature; also suppose that they are the normal sections
of the surface at p in the direction of a future-pointing time-like vector and a space-like
vector, respectively. Then, M is a pseudosphere.

The next two theorems are dual to each other.

Theorem 1.2. Let M be a connected time-like surface in L3. For each future-pointing
time-like vector u, suppose that u⊥ ∩ M is a Euclidean circle on a normal section of the
surface in the direction of u. Then, M is locally a pseudosphere.

Theorem 1.3. Let M be a connected time-like surface in L3. For each space-like
vector u, suppose that u⊥ ∩ M is a Lorentzian circle on a normal section of the surface
in the direction of u. Then, M is locally a pseudosphere.

2. Preliminaries

Let x = (x1, x2, x3) and y = (y1, y2, y3) be two vectors in the three-dimensional vector
space R

3. The Lorentzian inner product of x and y is defined by

〈x,y〉 = −x1y1 + x2y2 + x3y3.

Thus, the square ds2 of an element of arc length is given by

ds2 = −dx2
1 + dx2

2 + dx2
3.

The space R
3 furnished with this metric is called a Lorentz 3-space or Lorentz–

Minkowski 3-space. We write L3 or R
3
1 instead of (R3, ds).
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We say that a vector x in L3 is time-like if 〈x,x〉 < 0, space-like if 〈x,x〉 > 0 and
light-like if 〈x,x〉 = 0.

Let x ∈ L3. Then ‖x‖ =
√

|〈x,x〉| is called the norm of vector x.
A time-like vector x is called future-pointing if 〈x, e1〉 < 0 and past-pointing if

〈x, e1〉 > 0, where e1 = (1, 0, 0).
For any x,y ∈ L3, the Lorentzian vector product of x and y is defined [2] by x ∧ y =

(x3y2 − x2y3, x3y1 − x1y3, x1y2 − x2y1).
We say that x is orthogonal to y if 〈x,y〉 = 0 and x �= y �= 0. Clearly, x ∧ y is

orthogonal to both x and y.
We shall give a surface M in L3 by expressing its coordinates xi as functions of two

parameters in a certain interval. We consider the functions xi to be real functions of real
variables.

The surface M is non-degenerate if, for each p ∈ M and non-zero x ∈ TpM , there
exists some y ∈ TpM with 〈x,y〉 �= 0. If, in addition, for each p ∈ M , the restriction
〈· , ·〉|TpM×TpM is positive definite, then we say that M is a space-like surface; if for each
p ∈ M the restriction 〈· , ·〉|TpM×TpM is a Lorentzian metric, then we say that M is a
time-like surface [1]. If M is a space-like or time-like surface, then M is said to be a
non-light-like surface.

The pseudosphere with radius r > 0 is the surface

S2
1(r) = {(x1, x2, x3) ∈ L3 : −x2

1 + x2
2 + x2

3 = r2},

and the pseudohyperbolic space of radius r > 0 is the surface

H2
0 (r) = {(x1, x2, x3) ∈ L3 : −x2

1 + x2
2 + x2

3 = −r2}.

The pseudosphere S2
1(r) is a time-like surface.

A parametrized curve is called time-like, space-like or null if at every point, its tangent
vector is time-like, space-like or null, respectively.

We say that the plane curve C(O, r) = {X ∈ ΠL : 〈−−→OX,
−−→
OX〉 = r2} is a Lorentzian

circle with centre O and radius r, where O is a point in a time-like plane ΠL ⊂ L3 and
r is a positive real number. The Lorentzian circle C(O, r) is a time-like curve.

We say that the plane curve E(O, r) = {X ∈ ΠE : 〈−−→OX,
−−→
OX〉 = r2} is a Euclidean circle

with centre O and radius r, where O is a point in a space-like plane ΠE ⊂ L3 and r is a
positive real number. The Euclidean circle E(O, r) is a space-like curve.

Let (x1, x2, x3) be a coordinate system in L3. In what follows, we consider the set{
∂1 =

∂

∂x1
, ∂2 =

∂

∂x2
, ∂3 =

∂

∂x3

}
to be an orthonormal basis or frame for L3, that is, ∂1, ∂2 and ∂3 are three mutually
orthogonal vector fields such that 〈∂1, ∂1〉 = −1 and 〈∂2, ∂2〉 = 〈∂3, ∂3〉 = 1.

The Levi-Cività connection ∇̄ of L3 gives rise in a natural way to a function ∇ :
Ξ(M) × Ξ̄(M) → Ξ̄(M), called the induced connection on M ⊂ L3. (See [7] for a
definition of induced connection.)
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Let V ∈ Ξ(M) and X ∈ Ξ̄(M), and, for each p ∈ M , let V̄ and X̄ be smooth local
extensions of V and X over a coordinate neighbourhood U of p in L3. Then the induced
connection ∇V X is defined on each U ∩ M to be a restriction of ∇̄V̄ X̄ to U ∩ M .

In [7], O’Neill defines the shape operator for hypersurfaces of semi-Riemannian mani-
folds. In particular, if N is the unit normal vector field on M ⊂ L3, then the (1, 1) tensor
field S on M is called the shape operator of M ⊂ L3 derived from N such that, for all
V, W ∈ Ξ(M), 〈S(V ), W 〉 = 〈Π(V, W ), N〉.

At each point p ∈ M , S determines a linear operator S : TpM → TpM defined by

S(∂ti) = −∇̄∂ti
N, i = 1, 2,

where (t1, t2) is a coordinate system in M .

3. Main results

In [8] a definition of the normal section is given; we now generalize it from the Euclidean
3-space to the Lorentzian 3-space.

Definition 3.1. Let M be a non-light-like surface in L3. A normal section at p ∈ M

is a curve which is the intersection of M with the plane at p through a tangent vector
up and the normal vector Np at p.

From now on we will assume that the curves are parametrized by the proper time
parameter t, which is the Lorentzian counterpart of the arc-length parameter.

Some properties of the shape operator are stated in the following two lemmas, which
will be used in the proof of Theorem 1.1.

Lemma 3.2. Let σ be a non-light-like curve which is the intersection of a non-light-like
surface M and a non-light-like plane Π. For each p on σ, Np and Vp denote the normal
vectors of M and Π, respectively. If 〈Np,Vp〉 is constant along σ, then S(σ′) = λσ′,
where λ ∈ R.

Proof. Without loss of generality, we consider Np and Vp to be two unit vectors.
We have that

0 = ∇̄σ′〈Np,Vp〉 ⇒ 〈S(σ′),Vp〉 = 0,

0 = ∇̄σ′〈Np,Np〉 ⇒ 〈S(σ′),Np〉 = 0

and
〈σ′,Vp〉 = 〈σ′,Np〉 = 0.

Hence, σ′ is a normal vector at p of the plane through Np and Vp.
Then

S(σ′) = 〈σ′,σ′〉−1〈S(σ′),σ′〉σ′.

�

Lemma 3.3. Let σ be the normal section at p in the direction of up. Then kn(up) =
±κσ(0), where kn(up) denotes the normal curvature.
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Proof. We have that

kn(up) = κσ(0)〈n(0),Np〉 = ±κσ(0)

because n(0)|Np
, where σ(o) = p, σ′(0) = up and σ̈(0) = κσ(0)n(0). �

In [4] the causality condition of the curves is not mentioned in the definition of pseu-
docircles.

We say that a time-like (space-like) curve in L3 is a Lorentzian (Euclidean) circle if
there exists a time-like (space-like) plane π in L3 such that this curve is a Lorentzian
(Euclidean) circle of π in the classical way.

We now prove Theorem 1.1.

Proof of Theorem 1.1. Let α and β be a Lorentzian circle and a Euclidean circle
through p on M that are the normal sections of the surface at p in the direction of a
future-pointing vector and a space-like vector, respectively. Hence (cf. [3,7]),

[S] =

[
−〈S(α′), α′〉 〈S(β′), α′〉
〈S(α′), β′〉 −〈S(β′), β′〉

]
.

Since 〈S(α′), β′〉 = 〈λα′, N ∧ α′〉 = 0, we have

[S] =

[
kn(α′) 0

0 kn(β′)

]
.

By Lemma 3.2, we have that

[S]p =

[
κα(0) 0

0 κβ(0)

]
⇒ Kp = det[S]p ≡ 1/r2 > 0 for all p ∈ M.

On [7, p. 228] the Lorentz analogue of Hopf’s Theorem states the following.

A complete, simply connected, n-dimensional Lorentz manifold of constant
curvature K is isometric to

the psuedosphere Sn
1 (r) if K = 1/r2 and n � 3,

covering S̃2
1(r) if K = 1/r2 and n = 2,

Lorentz–Minkowski space R
n
1 if K = 0,

covering H̃n
1 (r) if K = −1/r2.

Hence, M is isometric to the covering S̃2
1(r) of S2

1(r).
Since α is the normal section of M at p in the direction of a future-pointing vector,

M = S2
1(r). �

Remark 3.4. If α is the normal section of M at p in the direction of a past-pointing
vector, then M = S2

1(r)|−1. If the time-orientation is not considered, that is, if α is the
normal section of M at p in the direction of a time-like vector, then M = S2

1(r)|±1.
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We now prove the Theorem 1.2.

Proof of Theorem 1.2. Let M be a connected time-like surface in L3. For each
future-pointing time-like vector u, suppose that u⊥ ∩ M is a Euclidean circle.

In particular, for each p ∈ M there exist two future-pointing time-like vectors u and
v such that

(i) u and v are two vectors with different directions,

(ii) u⊥ ∩ M and v⊥ ∩ M are two Euclidean circles such that p is the unique point in
common between them.

By (ii) and Theorem A, M is locally a pseudosphere or a time-like plane. Thus, by (i)
and Lemma 3.3, M is locally a pseudosphere. �

The proof of Theorem 1.3 is analogous to that of Theorem 1.2.
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