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0. Introduction. Let G be a compact abelian group and let I be its (discrete) dual
group. Denote by M(G) the space of complex regular Borel measures on G.
Let E be a subset of I'. Then:

(i) E is called a Rajchman set if, for all ue M(G), linelrs\lép fi(y) =0 implies
lim sup fi(y) =0 [15]; Y
Y
(ii) E is called a set of continuity if given €>0 there exists § >0 such that if
pu e M(G), |lull =1 and lim sup |2(y)| < &, then lim sup |(y)| < € [6]; and
vel\E veE

(ili) E is called a parallelepiped of dimension N if |E| = 2" and there are two-element

N
sets {x;, y:} T, i=1,..., N so that E=[I {x;, v} [5]. (The multiplication indicated
here is the group operation.) =l
The classical result of Rajchman [16] to the effect that Z* and Z~ are Rajchman sets
inspired the first definition. Subsequently, de Leeuw and Katznelson [2] proved that Z*
and Z~ are sets of continuity. Clearly any set of continuity is a Rajchman set, but the
converse is not true [5]. As Z* UZ™ is neither a Rajchman set nor a set of continuity it is
natural to ask under what conditions the union of two Rajchman sets (sets of continuity)
is another Rajchman set (set of continuity). In Section 1 we establish the following
results.

THEOREM A. The union of a Rajchman set with a set which does not contain
parallelepipeds of arbitrarily large dimension is again a Rajchman set.

THEOREM B. The union of a proportional set of continuity or a strong set of continuity

with a set not containing parallelepipeds of arbitrarily large dimension is a set of continuity.
(See Section 1 for definitions.)

As examples of thin sets which do not contain arbitrarily large parallelepipeds
include A(p) sets [9], Theorem A extends Pigno’s results in [15] to the effect that the
union of a Rajchman set and a Sidon set is a Rajchman set, as is the union of Z~ and
certain A(p) sets. Theorem B extends a result of Fournier and Pigno [5] that the union of
Z* and a set not containing arbitrarily large parallelepipeds is a set of continuity, as Z* is
a proportional set of continuity.

In Section 2 we show that the absence of parallelepipeds of arbitrarily large
dimension does not characterize A(p) sets for p >2. This extends a similar result in [9]
which requires p > 8/3.

1. Union results. Our proofs of Theorems A and B are basically combinatorial
arguments which depend on the arithmetic characterizations of Rajchman sets and sets of
continuity discovered by Host and Parreau [10, 11]. We need the following definition and
notation to describe these characterizations.
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A set {6,};=, =T is called a dissociate set if for each positive integer N, the relation

N
H 05=1 with g; =0, £1, 2 implies 6/i=1forallj=1,..., N.

j=1

NortaTion. For a dissociate set 8 = {6;};.,, let

N
Q(8) = {H 67:6,=0,+1,Ne N}
and =

Q,(0)= {H 0%i:g;=0, £1, 2|s|_n NeN}

j=1

The characterization of Rajchman sets and sets of continuity are:

TueoremM I [11, Theorem 1] (see also [10, Theorem 1]). A set E < T is a Rajchman set
if and only if E does not contain aQ(0) for any a €T and infinite dissociate set 8 c T.

THeOREM 11 [10, Theorem 3]. A set E < T is a set of continuity if and only if for some
positive integer n, E does not contain aQ,(6) for any « €T and infinite dissociate set
OcT.

Theorem II suggests ways one could modify the notion of a set of continuity. Call E a
strong set of continuity if there exists a positive integer n so that E does not contain
aQ({6,,...,0,}) for any a €T and dissociate set {6;}7-,. Call E a proportional set of
continuity 1f there is a constant C <1 (called the proportionality constant) and a positive
integer n, such that for & €T, an infinite dissociate set {6;},., and n = n,,

N aQ
lim inf £ ¥ ({0, -, On})l

=C
N—oo |O’Qn({01) e eN})l

(Here |-| denotes cardinality.)

Obviously sets which do not contain parallelepipeds of arbitrarily large dimension are
strong sets of continuity. We will show, and use the fact later, that they are also
proportional sets of continuity.

It is unknown if there are sets of continuity which are not proportional sets of
continuity.

To facilitate the presentation we will assume that the dissociate sets contain no
elements of order 2. Our theorems remain true without this assumption. The technical
details with respect to removing this assumption are given at the end of Section 1. Before
proceeding to the proofs of these results we establish a preliminary proposition.

NoraTioN. For positive integers d and N and characters y,, ..., x4 €T let

AN, X1, - Xa) = {H X Sup |7 <N}

j=1 =j=d

_l:[ AN, 7).
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ProrosiTioN 1.1. For each positive integer n there are constants 0 < g(n) <1 and C(n)
so that if E contains no parallelepipeds of dimension n and «a €T then

|IEN aALN, x1, - - -, xa) = C(n)(2N + 1)7e™
foreveryd, NeNand a, y,, ..., xa€T.
REMARK. Related results may be found in [13, Ch. 6].

Proof. This result is stated in [9, Corollary 2.6], but the proof given there only shows
that there are constants C,(n) and 0 < g,(n) <1 so that

|E N aA,,,(N, Xis oo Xd)l = Cl(n)zdel(")(ZN + 1)del(n) (1)

foralld, NeNand a, 3y, ..., xa€T.
We will prove that

IENaAN, X1, ..., xa)| = Ca(n)(2N + 1)4em*3 )

foralld, NeNand «, x1,..., xa€T.

Once this has been established then by choosing &(n) with max(e,(n), &,(n)) <
e(n) <1, d,=3(e(n) — e,(n))™" and C(n)=max(C,(n)29*"”, C,(n)), we obtain the
conclusion of the proposition by using (1) if d =d, and (2) if d > d,.

To prove (2) we use the method of proof of [14, Theorem 1] and proceed inductively
on n. Since E contains no parallelepipeds of dimension  if and only if Ea™" contains no
parallelepipeds of dimension n we may assume without loss of generality that a=1.
Suppose n=2. Let E,= ENALN, x1, ..., xa)- Since E contains no parallelepipeds of
dimension two, w,w;!# w;w;! if w,, w,, w;, w, are four distinct elements of E. Thus

|E1| (|E4| = 1)
—
AN, X1 -5 Xa) - AN, X1, -« 5 22) | = (4N + 1)%.

Combining these facts we see that |E,|=3(4N +1)¥? so if we let C(2)=3 and
£(2) =1 logon+ (4N + 1) <1 we obtain |E,| < C(2)(2N + 1)4¢®,
Now assume inductively that

IENAN, 21, - - -5 Xa)| = C(n)(2N + 1)de(n)+3_33—n

|E,. E{'|=
But

if E is any set which contains no parallelepipeds of dimension n, n =2.
Let E be a set which contains no parellelepipeds of dimension n + 1. For j the least
integer satisfying
1-¢(n)
3

jzd( )—1+32"‘

let I,= fl Ao(N, x;)- (Note that j=0. If j=0 let I,={1}.) Then |[I;'|<(4N +1Y so
i=1

LI7'\{1} ={By, ..., B} with k=(2N +1)”. Let &, be a maximal collection of two
element sets P, = {y;, y;} with x;, y; € E,, x;¥:'= B, and satisfying P,N P, is empty if
i #j. Inductively construct m, a maximal collection of two element sets {yx, y} with
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X"P_l = ﬁl)

I-1
LyeE\U{a:aeP, Pen}
i=1

and satisfying the disjointness condition.

If 7, = {{);, ¥:}:i €Ji} then {x;};c;, cannot contain any parallelepipeds of dimension
n, for otherwise {y;, ¥;:i €J;} ¢ E would contain a parallelepiped of dimension n + 1. By
the induction assumption

Hyizi e} = Kxi:i € T} < C(n)(@@N + 1)*em+3-37",
Observe that if y e I' is chosen so that

XI] QA‘”(N; X1 -0+ Xd)
then

k
U{ea:aeP, Pen)}
i=1

contains all the elements of xI; N E except for possibly one point. Since

d
[ Ac(4, 2) - L=AuN, X1, - - - » X4)
and e

d
1T 4w, x.-)} <N + 1)
i=j+1

it follows that
|IENALN, x1, - - ., %2)| S2C(n)(2N + 1)%e+3=37"+2 | (N 4 1)d-,
The choice of j (even in the case j =0) ensures that
IENALN, X1, - - . » Xa)) S4C(n)(2N + 1)4(@+em)yn+3-32"

Setting e(n+1)=(2+¢&(n))/3<1 and C(n+1)=4C(n) we complete the induction
step. W

Proof of Theorem A. Suppose E, contains no parallelepipeds of dimension n and
E o E; is not a Rajchman set. We will show that E\E, cannot be a Rajchman set. By
Host and Parreau’s characterization of Rajchman sets (Theorem I) we may asume
(without loss of generality) that E contains Q(8) for some infinite dissociate set
0= {ej}jal crl.

Observe that Q({6,, ..., 6:})=A.(1, 6,,..., 6,), thus by Proposition 1.1 there
are constants C(n) and 0 < g(n) <1 so that

IE,NQ({8:, . . ., 6i}) = C(n)3*™. ®)

In particular, if 5(0) is chosen sufficiently large we can find wo€ Q({6, ..., 6,0})\E,.
We proceed inductively to select s(k) and a dissociate set
wo, Wiy ..., wkE Q({Ol, ceey Os(k)})
with
wOQ({wl, ey a)k}) _C_E\El
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Now choose s(k + 1) satisfying
3s(k+l)—s(k) -1
2
For each ﬂ #1 and ﬂ € Q({B_,(k)H, ey Bs(k+1)}) let
Aﬂ = wOQ({wl, ooy Wy, ﬁ}) CQ({B], ey Gs(k+1)}).
Clearly {@g, @, . . ., W, B} form a dissociate set. Moreover,
Ag = Ag- ify=pgor g7,
0 Q({wy, ..., w}) otherwise.

> C(n)3s(k+1)e(n)'

ApnAy={

Hence if E,NAg is non-empty for every Be€ Q({6;x)+1 - - -, Os+ny}) \ {1} we would
have

IE;NQ{6y, . - -, Beeany DI Z (R Bstys1s - - - 5 Bseany) = 1)
3s(k+1)—s(k) -1
.__—2.__

But this contradicts (3). Thus Ag < E\E, for some such B. Now set w,,,=p. This
inductive construction shows that E\E, contains wy,Q(6’') for an infinite dissociate set
6. 1

> C(n)3s(k+ l)e(n).

DEeFINITIONS. (1) Given 0<p <o we say EcT is a A(p) set if for some 0<r<p
there exists a constant C such that ||f||, = C ||f||, whenever supp f is a finite subset of E.

(2) Given 1=p <2 call E a p-Sidon set if there is a constant C so that ||f||, < C ||fl-
whenever supp f is a finite subset of E. A 1-Sidon set is usually called a Sidon set.

CoroLLArY 1.2. If E is a A(p) set for some p >0 or a p-Sidon set for 1 =p <2, then
the union of E with any Rajchman set is another Rajchman set.

Proof. 1t is essentially shown in [12, Lemma 1] that p-Sidon sets cannot contain
parallelepipeds of arbitrarily large dimension. This fact for A(p) sets, p >0, is proved in
[9, Theorem 1.2]. (Earlier partial results can be found in [5] and (14).) W

ReMARK. For another example of a class of thin sets which do not contain
parallelepipeds of arbitrarily large dimension see [5].

Proof of Theorem B. Actually we will prove two stronger results, Theorems 1.3
and 1.4.

THEOREM 1.3. The union of a strong set of continuity and a set which does not contain
parallelepipeds of arbitrarily large dimension is a strong set of continuity.

Proof. The arguments are very similar to those of Theorem A. We suppose E,
contains no parallelepipeds of dimension n and E o E, is not a strong set of continuity.
Fix a positive integer m. Let M = s(m) where the function s is as in'the proof of Theorem
A. Without loss of generality assume E contains Q({6,,..., Oy}) for {6,,..., 0y} a
dissociate subset of I'. The proof of Theorem A shows that we may select a dissociate
subset wg, Wy, . .., ®, € QA{Oy, ..., Oy}) with 0 Q{w,, ..., ®,})c E\E,. As m was
arbitrary this proves that E\E, is not a strong set of continuity. W
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THEOREM 1.4. The union of a proportional set of continuity and a set which does not
contain parallelepipeds of arbitrarily large dimension is a proportional set of continuity.

For the proof of Theorem 1.4 we need the following lemma which is similar in spirit
to Proposition 1.1.

LemMA 1.5. There are constants C(n) and 0<g(n) <1 so that if E T contains no
parallelepipeds of dimension n then, for any positive integers m and N, o€l and
dissociate set {6y, ..., 0y} cT,

IE N a¢Q,({64, . .., Ox}) = C(n) éﬂ <1Z)2ke<n>_

Proof. Without loss of generality assume ¢ =1. Fork=1,2,..., let
N N
M ({6;,...,65})= {H 0f:¢,=0, £1, D, & =k}.
i=1 i=1
For o= {iy, ..., i} ={1,..., N} consider the parallelepiped of dimension k

k
Po = H {oii: el,_l}
j=1

It is clear that M, ({6,, ..., 8x}) =\ P, where the union is taken over all subsets ¢ of
{6,, ..., 08y} of cardinality k. It is known [9, Proposition 2.2] that there are constants
C(n)=1 and 0< g(n) <1 such that

|E N P,| < C(n)2%e™,

Since Q,,({64, . . ., Ox}) = {1} U ,Q Mi({6s, . .., Bx}) we have that
IEn S2m({011 e ey ON})l = 1 + kz IE an({ely < e ey BN})l
=1

< éo C(n)2""'(")<IZ). [

CoroLLarY 1.6. Suppose E c T does not contain parallelepipeds of arbitrarily large
dimension. Then for every 0 >0 there exists an integer my such that for all m =mg, any
infinite dissociate set 0 = {6,} cT, and ¢ €T

IEn an({Bl, sy eN})l - 6

lim su
N—»mp |a’9m({91, ey 6N})|

In particular, E is a proportional set of continuity.

Proof. This follows easily from the lemma since

102,,({8,, .. ., O} =§02'<<IZ). n

Proof of Theorem 1.4. Suppose E, T contains no parallelepipeds of dimension n.
Suppose E, is a proportional set of continuity with proportionality constant C <1.
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Choose C, with C < C, <1. Choose my = nq (ng as in the definition of a proportional set
of continuity) so large that if m = m, then

|E1 N an({eu « s ey 6N})' - C _ C
=0

lim su
N_.aop |Q'Qm({01, LRI} BN})I

for any 8 = {6}, an infinite dissociate set and a € I'. Thus if m =m,,

. JEZUED)N aR,,({6,, ..., 6x}))
i P N )]

) |E,NaQ,, ({64, ..., 6}
<limsu
N_.aop |an({01, e ey BN})I

Thus E, U E, is a proportional set of continuity. W

+C=(C;<1.

CoroLLARY 1.7. The union of a proportional set of continuity and either a A(p) set
for some p >0 or a p-Sidon set for 1 =p <2 is a proportional set of continuity.

ReMARK. For Theorems A and 1.3 it is not difficult to handle the case when there are
elements of order 2. Consider the situation in Theorem A. Suppose E > Q(8) for some
infinite dissociate set 8. Let 8 = 8, U 8, where 0, consists of those elements of 8 which
are of order 2 and 8, consists of those which are not of order 2. At least one of 8, or 6, is
an infinite set. If @, is an infinite set then since E > Q(6,), from the non-order 2 version
of Theorem A we conclude that E\E, is not a Rajchman set, which is a contradiction.

If 6, is an infinite set we first use arguments similar to those used in Proposition 1.1
to prove

ProrosiTion 1.1'. For each positive integer n there are constants 0<e(n)<1 and
C(n) such that if E contains no parallelepipeds of dimension n and a €T then

|E N @A(N, X1, - - ., Xa)l = C(r)(N + )%™
foreveryd, NeNand «, %1, ..., xa€T with x,, ..., x4 each having order 2.

The main point here is that, in this case, |[A(N, X1, - - -, Xa)| =(N + 1)°. Theorem A
can then be proved by restricting our attention to 8, = {x;} and using the fact that

IQ({XI) ey Xd})l =27,

Theorem 1.3 can be proved similarly.

To prove Theorem 1.4 we cannot, unfortunately, restrict our attention to one of 6,
or 8,. Instead we use the fact that Corollary 1.6 remains true if the dissociate set contains
elements of order 2. The ideas are again combinatorial, but are more involved. An
outline of the proof is given below.

Proof of Corollary 1.6 when the dissociate set may contain elements of order 2.
First we remark that without loss of generality we may assume a=1. Let 6= {6;}
be an infinite dissociate set. For each positive integer N, let {3}/ c {6,}X, consist
of those elements of order 2, and let {y,}~4’ < {6;}),, be the remaining terms. If
sup J(N) =J, <= then, for any positive integer m,

Qm({elr veey ON}) c Qm({Xb veey XJ(N)}) . Qm({wlx LRI} WL(N)})'
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Thus
lEn Qm({elt sy BN})I <25 sup IE Na. Qm({wlr sy WL(N)})I
IQm({el, e e ey GN})' aeQ({x1,.--» x_,o}) IQm({wl, e eay WL(N)})l
and hence this version of Corollary 1.6 follows from the case where the order is not
equal to 2.

Thus we may assume lim J(N) = sup J(N)=w. As
N

Q.,({01, ..., O0n})=Qu({X2s - - - Xovy W15 - - -5 Ywy))
Ux1Qm1({X2s -+ -5 Xoavy W15+ o5 Yiwy})

we may without loss of generality assume J(N) is even. We will use the same notation as
in the proof of Lemma 1.5. We will write J(N) for J(N)/2 as it arises frequently.
Observe that

M, ({64, ..., O08})= LkJMk({Xl» e X DMa ({91, - -+ Yean))s

where the union is over k =0 with n — L(N) < k =min(n, J(N)) (let M, = {1}). Since we

are interested in the behaviour as N — © we may assume k <n <J(N). As in Lemma 1.5
L(N

M, _, is a union of <n (_ ,2) parallelepipeds P, of dimension n — k.

Form={i,,...,i}c{l,...,J(N)} let
k
QJ! = H {xZi,--—lr XZJ,}
j=1
For those positive integers j such that k —2j =0 let
t(j)= {ily ey i]} U {ll, ey lk—Zj}

(i, .-, 5y {1,..., J(N)},
(Y AP S S TN 10\ ) AY (T A 8
(ff k—2j=01let 7(j)={is, ..., i}). Let

where

k—2j

Jj
Rt(}) = l—ll xZiJ_IXZi: l_[ {le,—l: XZI‘}
5= t=1

(with the usual convention that the empty product is 1). Note that there are
J(N
( (k ) ) choices for & and
ol (JYN))(J’(N) -i)
PN | k =24
choices for z(j).
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Since for k < J(N)

Mc({x1, - X)) = LﬂJ Q.U rL(J,) R
we see that ) o
J(N J(N k] j F(N) — i '
A R G {0 i) ™

Since P,Q, and F,R.;, are parallelepipeds of dimension at most 7,
|[ENP,Q,|=C2" and |ENP,R,;|=C2"*°

for some constant C and 0 < ¢ <1 [9, Proposition 2.2]. Thus, since

Mn({gl) sy BN}) = U PoQ:r U L{.) PaRt(j)
o,x a,t(j

we have

ENM((6:,..., Dl =C2* 5 (,',“(_N,Z)[(J(,iv )) +12m (J(jv)>(15\l_)z_,’>] ©)

where Y’ denotes the sum over those k such that
k
max(0, n —L(N)) =k =n.
Furthermore,

0 (L)t ©

o o= = (07) (o
By combining (4), (5), (6) and the fact that

1+ ¥ |[ENM,({6,,...,6
E0R((8y - O L |EN M. ({6, W) o

12,({61, - - -, BN} "1+ B Mo, .., 60)))

lim sup
N

tedious calculations now establish the desired result. An interested reader can find the
remaining details in the Appendix. B

2. Random thin sets. It is unknown if there is an arithmetic property which
characterizes A(p) sets. In [9, Section 4] probabilistic methods of Erdos & Rényi [4] (see
also [7, 4.5-4.8]) are used to show that for every p >8/3 there is a set E(p) c Z which
does not contain parallelepipeds of arbitrarily large dimension and yet is not a A(p) set.
We use similar methods here to extend this result to any p >2. Actually, the sets which
we will construct have an even stronger arithmetic property.

DeriniTION 2.1. A subset E of Z is said to contain a square of size N* if there are
N-element sets A, BcZ, with A+ BcE and |A + B| = N> (As is customary we use
addition to denote the group operation on Z.)

Observe that if E contains a parallelepiped of dimension 2N, then E contains a
square of size 22V,
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It is well known that Sidon sets cannot contain arbitrarily large squares [13, Theorem
1.4]. A consequence of the work of Blei [1] is that for each 1 < p <2 there are sets which
do not contain arbitrarily large squares and yet are not p- Sldon The random construction
we give below yields this fact as well.

THEOREM 2.2. For every 0<a <1 there is a set E(a) =Z which does not contain
arbitrarily large squares and yet |E(a) N[1, N]|= O(N'~ ).

Proof. Let 0<a <1 and let {€,},.-, be a sequence of independent random variables
such that P(§,=1)=p,=1/n%and P(§,=0)=1-p,. Let {v,} denote the values of n
(in increasing order) with &, = 1. Thus p, is the probability that n is contained in {v,}.

Choose an integer N >2/a. Observe that if {v,} contains a square of size N” then
{v} contains a square of size N* of the form {a; + b;:i,j=1, ..., N} with g, b;=1.

Since the numbers {a; + b,}1;_, are distinct

N 1
P({a,+b}11 1C{v"})=;glma

By using the inequality a + b = a'?b'? for a, b =0 we see that

1
P{a;+ b}, {Vk})sa?laﬂ. .. aNeplen | pNer”

Thus if Z’ denotes the sum over those positive integers a,, . . ., an, by, . . ., by such that
{{a; + b, },, ;| = N? then
1 \V 1\
E P({a; + b}}- 1C{Vk})5(2 m‘) (2 W) <
acz+ 4 beZ*

since N >2/a«.

An application of the Borel-Cantelli lemma shows that {v,} contains only finitely
many squares of size N° a.s.
Since

n—o

E(E)>0, lim E@ g,.) _

and

Var(&n pn(l _pn) 1
=2 2<2 2o <%
E(Z 51) w (P1t...+p,) nn

isn

2

by a variant of the strong law of large numbers (cf. [8, p. 140])

E(z 5)

lim—— =1 a.s.

™ YE

is=n
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Thus
i iszvkp ~ i vi~e
ok ke (1-a)k
and so there is a ¢ > 0 such that for all N sufficiently large,
{vi} N1, N]|=cN'"* a.s.
Let E(a) be such a set {v,} with the finitely many squares of size N? deleted. Since
E(a) and {v,} have the same asymptotic density the theorem is proved. B
CoROLLARY 2.3. For every p > 2 there is a set E(p) which does not contain arbitrarily
large squares, and so in particular does not contain parallelepipeds of arbitrarily large
dimension, and yet is not a A(p) set.
Proof. Choose 0< o<1 with 1 — a>2/p and take E(p) equal to the set E(«a) as
constructed in the theorem. If E(p) was a A(p) set then by [17, Theorem 3.5]

|EN[1, N]| < CN?,

=1 a.s.

but this not so. W
COROLLARY 2.4. There is a set E which does not contain arbitrarily large squares but is
not a p-Sidon set for any 1 <p <2.
Proof. It is shown in [3, Corollary 2.6] that if E is a p-Sidon set then
|EN[1, N])| = C(log N)'"*
where a =2p/(3p — 2). Thus E(«) is never p-Sidon for any 0 < a < 1 and1=p<2. 1

Appendix. Completion of the proof of Corollary 1.6 when the dissociate set may
contain elements of order 2. We continue using the notation described in the earlier
outline of the proof.

Choose r > 1 so that 1/r + £ < 1. Equation (4) implies that for k <n <J(N)

(](;(V))znl’ - (f(llc\l))zk N [kg)l (j(ll'V)>(i/((N_)2_jj)2k_2j22j' (8)

(If k/(2r) <1 omit the second term on the right.)
From (5), (6), (8) and the trivial fact that for positive numbers a;, b,

u'mx

M

a;
25
b

1

e () )
=limsup Cor 3 (L(N))(J(N))

N aerks

-

. [EQOM, ({6, ..., 05}
lim su
N P |Mn({61; ey oN})I

one , [k/2] ] k — 2]
<lim su C— 2mr 4
Pt Z j=lki@r]+1 (J(N)>
k

https://doi.org/10.1017/50017089500009290 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500009290

252 KATHRYN E. HARE
Observe that for j =[k/(2r)] +1, ..., [k/2]
f(N) j(N)_] < (T k(1—1/(2r))
PN )=y
Also, for J(N) sufficiently large,
() g

k k!
Thus

lim Sup |EnMn({011 e ey ON})l
N IM, ({6, ..., Ox})I

one o K@) (F(N))RA-VEN Rk
= llm sup C— [nZ"” + - ]
Poo kZ 1 j=(ki@n)+1 J(N))*

2n(e+1/r)n zne 2/2n+ln'>

+ ———
" C o J(N)l/(Zr)

= C2—n(1—£—1/r)n

= lim sup (C
N

Furthermore we note that from (6) again

(S

M, ({6, ...,0:1) .. k=max@n-Lo¥p \ k /\n—k
lim sup = lim sup — .
|M {91, o oN})l k=max(0,m— L(N)) (J(k )><m(NI)C>2m—k

Suppose n < [m/3]. If lim sup L(N) < then
N

wcono_ () E D)

W M, (B, O] AP ™)
m
Lmf J(N)
. 3 (N)([m/3])
<lim SUP_J_(NT_=
()
If lim Nsup L(N) =« then
L(N))Zn_
n({ol"--yeN})|<. " \n—k
P (B, s B P (L(N) o
m-k
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(L(N))
<limsup2-2"" " max ~% K.
N P 3 osk=n ( L(N))
m-—k
L(N)
=<lim  sup 9~2mn3 %Z([Tm(ﬁ)]—)_) =0.
m —[m/3]

Hence

{rm/3}
1+ n§1 ‘Mn({ell Tt ON})l

lim su =(. 10
5P M (05, - O] (10)

Finally, returning to equation (7) we have

, IENQ, ({6, ..., On))l
lim su
N PR, ((8ys - - )

{m/3)
1 + n§1 an({elr e ey BN})l

. i . 'EnMn({elrx ON})I
< lim su + lim su
S T O e NP6, O]
= > C2rimemtmy (by (9) & (10))
n=[m/3]+1

Cz—(m/:!)(l —e—(l/r))m

1- 2—(1—6—(1/"))

As ¢ + (1/r) <1 this can be made less than 6 provided m is chosen sufficiently large. @
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