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Abstract In this paper we consider the existence and multiplicity of positive solutions of a nonlinear
elliptic boundary-value problem with nonlinear boundary conditions which arises in population dynamics.
While bifurcation problems from lines of trivial solutions are studied, the existence of bifurcation positive
solutions from infinity is discussed. The former will be caught by the reduction to a bifurcation equation
following the Lyapunov and Schmidt procedure. The latter will be based on a variational argument
depending on the corresponding constrained minimization problem.
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1. Introduction and main results

In this paper we consider the following nonlinear elliptic eigenvalue problem:

—Au = Am(z) —uw)u in D,
ou (1.1)

I Ab(z)g(u) on 0D.

Here D is a bounded domain of RY, N > 2, with smooth boundary 9D, X is a positive
parameter, m € C?(D) is a sign-changing, Holder-continuous function with exponent 0 <
6 < 1 on the closure D, b € C'*?(9D) satisfies b > 0 and b # 0 on 9D, g € C**9([0,4])
for any § > 0, and n is the unit exterior normal to 0D.

It is well known (cf. [5,6]) that problem (1.1) originates from population dynamics.
Here the unknown function u denotes the steady state of the density of a population
diffusing at rate 1/A, and m(z) represents the growth or decay rate. Our boundary
condition of the form above may suggest, from an ecological point of view, that if the
species in the interior of D walks toward and reaches the boundary 0D, then it returns
to the interior with some reaction according to b(x)g(u).

If u € C%(D) is a solution of (1.1) for some A > 0, then we call a pair (\,u) a solution
of (1.1). A solution (A, u) of (1.1) is called positive if u > 0 in D.
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Our fundamental assumption for g is that
9(0) = ¢'(0) =0. (1.2)

Then any positive solution (A, u) of (1.1) satisfies u > 0 in D by using the strong max-
imum principle and the boundary point lemma (cf. [12]). Moreover, problem (1.1) has
two trivial solution lines; one is {(}, 0)}, and the other is {(0,¢) : ¢ is a constant} (simply
{(0,¢)}), which bifurcates from {(X,0)} at (A, u) = (0,0).

First we study bifurcation of positive solutions from {(A,0)} for (1.1). Let 1 () be a
unique principal eigenvalue of the linearized eigenvalue problem

—Ap = dm(z)p +v(A)¢ in D,

1.3
87(‘0 =0 on 0D. 3
on

Here a principal eigenvalue is characterized by having a positive eigenfunction. When
Jpmdxz <0, there exists a unique positive number i (m) such that ~1(Ay(m)) = 0,
whereas y1(A) < 0 for all A > 0 when [,mdx >0 (see [1]). In fact, if (X,0) is a
bifurcation point for (1.1), then v1(A) = 0 (see [2]), that is, A = 0, A;(m). Here it is
understood that Ay(m) =0 if [, mdz > 0.

In the linearized case of our boundary condition at v = 0, that is, in the Neumann case
Ou/On = 0, it is well known (cf. [2]) that problem (1.1) has a unique positive solution uy
for every A > A1 (m) and no positive solution for any 0 < A < A;(m). When [, mdz >0,
Hess [8] characterizes the limiting behaviour of the unique positive solution uy as A | 0
by the assertion that uyx — [, mda/|D|in C(D) as A | 0, where | D| denotes the volume
of D. When | pmdz <0, it can be verified by use of the local bifurcation theory due to
Crandall and Rabinowitz [7] that the bifurcation of positive solutions can occur to the
right at (A1(m),0).

Also, in case (1.2) it is easy to check that the local bifurcation theory is applicable
both at (X, u) = (0,0) and at (Ay(m),0) whenever [, mdz # 0. In fact, by applying it
especially at (A, u) = (0,0), we can show that if (A, u) is a solution of (1.1) near (\,u) =
(0,0), then (A, u) is on {(A,0)} U {(0,c)}. For this reason we restrict our consideration
to the case [, mdz = 0.

Since A < 0 is outside the scope of this paper, we call (\,u) = (0,0) a bifurcation point
to the right for (1.1) if there exist positive solutions (\;,uy;) of (1.1) that satisfy A; | 0
and uy, — 0 in C(D) as j — oo.

Now the following result gives a complete description in the analytic case of g for the
possibility that (A, u) = (0,0) is a bifurcation point to the right.

Theorem 1.1. Suppose fD mdax = 0, and suppose g is analytic at w = 0 with g(0) =
g'(0) = 0. If either

(a)
2|D|

"
0 [ S
g ( )<fandO'7

or
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2|D|
1! 0 —
g"(0) Jopbdo’

0 is a zero of g(u) — (|D|/ [, bdo)u? of order ko > 3, and gk (0) <0,

(1.5)

then (A, u) = (0,0) is a bifurcation point to the right for (1.1). Otherwise, this is not the
case.

Remark 1.2. Indeed, the assertion of Theorem 1.1 that (A, u) = (0,0) is a bifurcation
point to the right for (1.1) implies that there exist a constant € > 0 and analytic functions
M)t (—e,8) = R, v1()) : (—e,6) = X, where X = {v € C?**(D) : [jvdz = 0},

satisfying
A(0) =0,
Ma)>0 for0<a<e,
(%} (O) = 0,

such that (A, u) = (M), a(1 4+ v1(a))) is a positive solution of (1.1) for each 0 < o < e.
Moreover, if (A, u) is a positive solution of (1.1) for A > 0 and ||u[[c2+e(p) both small
enough, then (A\,u) = (A(a),a(1 + vi(a))) for some 0 < o < & (cf. [7, Theorem 1.7]
and [9, Theorem 2.2.1]).

The proof of Theorem 1.1 will be carried out by the reduction of (1.1) to a bifurcation
equation in R?, following the Lyapunov and Schmidt procedure, and by the analysis of
the bifurcation equation around (A, u) = (0,0) by means of the implicit function theorem
and the Morse lemma.

Now, the following result is a generalization of Theorem 1.1 to the Holder class of g.

Corollary 1.3. Suppose [,mdz = 0, and suppose for some § > 0 that g € C**9([0, 6])
is non-negative and g(0) = ¢’(0) = 0. If

D
lim sup 7g(u) < 12|

. |D| .. g(u)
= tively, <liminf 2 < 0 ), 1.6
nSup 2 Topbdo (respec ively. 1r£1¢10n 2 00 (1.6)

Jopbdo

then (A, u) = (0,0) is (respectively, is not) a bifurcation point to the right for (1.1). Here,
do is the surface element of D. In a critical case such as

D]

. h(w)
g(u) faD bdo

u® + h(u), where lim —5- =0,
uwl0 U

(A, u) = (0,0) is (respectively, is not) a bifurcation point to the right for (1.1) whenever
we can take some integer k > 3 such that

h h
—oo < limsup @ <0 (respectively, 0 < liminf # < oo). (1.7)
ul0 u ul0 u
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Remark 1.4. Indeed, the assertion of Corollary 1.3 that (A, u) = (0,0) is a bifurcation
point to the right for (1.1) implies that there exists a positive solution (A, uy) of (1.1)
for any A > 0 small (simply for 0 < A < 1) and uy — 0 as A | 0 in C**%(D) by the
standard elliptic regularity.

For nonlinearity of the form g(u) = u?, p > 1, Corollary 1.3 can tell us exactly about
the possibility of the bifurcation to the right at (A, u) = (0,0), as follows.

Example 1.5. Put 1 < p < ¢, ¢; > 0, c2 € R, and g(u) = c1u? + cou?. The origin
(A, u) = (0,0) is a bifurcation point to the right for (1.1) either if p > 2, if p = 2 and
c1 <|D|/ [ypbdo, orif p=2, ¢1 = |D|/ [,,bdo and ¢; < 0. Otherwise, this is not the
case.

Corollary 1.3 is proved by the method of super and subsolutions, based on the results
in the analytic case. Here the hypothesis that g is non-negative for u > 0 small must be
used.

Next we study secondary bifurcation of positive solutions from the line {(0,¢)} for
(1.1), where g(u) = uP, p > 1:

—Au = Am(z) —u)u in D,
ou (1.8)

e Ab(z)uP on 0D.

For a constant ¢ > 0 we call (0,¢) a secondary bifurcation point for (1.8) if there exist
positive solutions (A;,uy,) of (1.8) that satisfy A; | 0 and uy, — ¢ in C(D) as j — oo.
To characterize secondary bifurcation points for (1.8) it is necessary to consider zeros of
the function

¢(t):/ mdx—t|D|+tp_1/ bdo, t>0,
D oD

see (4.1) in §4.
Now we state the following theorem.

Theorem 1.6.

(I) Assume that [, mdz > 0. Either if 1 <p <2, orifp=2 and |D| > [, bdo, then
problem (1.8) has a unique secondary bifurcation point (0, ¢1), where ¢, is a unique
zero of ¢. Either if p = 2 and |D| < fanda, or if p > 2 and |D| < m,, fanda,
then there is no secondary bifurcation point for (1.8). Here m,, is a positive constant

mp=(p—1)p‘1< m )pz,

p—2

given by

where m = [, mdx/|D|. Finally, if p > 2 and |D| > my, [,,bdo, then prob-
lem (1.8) has exactly two secondary bifurcation points (0,¢1) and (0,¢z), ¢1 < ca,
where ¢; and ¢y are two zeros of ¢.

(II) Assume that [, mdx <0. Either if p > 2, or if p = 2 and |D| < [, bdo, then
problem (1.8) has a unique secondary bifurcation point (0, ¢1), where ¢; is a unique
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zero of ¢. Either if p = 2 and |D| > [, bdo, orif1 < p < 2 and |D| > m,, [, bdo,
then there is no secondary bifurcation point for (1.8). Finally, if 1 < p < 2
and |D| < my, [, bdo, then problem (1.8) has exactly two secondary bifurcation
points (0, ¢1) and (0,c¢z), ¢1 < ¢, where ¢; and ¢y are two zeros of ¢.

(III) Assume that [, mdz =0. If p # 2, then problem (1.8) has a unique secondary
bifurcation point (0, c¢1), where ¢; is a unique zero of ¢, whereas there is no sec-
ondary bifurcation point for (1.8) if p=2 and |D| # [, bdo.

Remark 1.7.

(1) Indeed, for (0,¢;), j = 1,2, respectively, of Theorem 1.6 it will be verified that
there exist a constant A; > 0 and a continuous function u(-) : [0, ;) — C**?(D)
satisfying u(0) = ¢;, such that (A, u) = (A, u(\)) is a positive solution of (1.8) for
each 0 < A < ;. Moreover, if (A,u), A > 0, is a positive solution of (1.8) near
(A, u) = (0,¢;), then (A, u) = (A, u(N)) for some 0 < A < A;.

(2) If [,mdz=0,p=2and|D| = [,,bdo, then some positive answers to the sec-
ondary bifurcation problem can be obtained by adding certain assumptions. How-
ever, the answers seem to be implicit or not plain, which is the reason why this
case is not mentioned.

The critical value |D|/ [,,,bdo appearing in Corollary 1.3 (cf. Example 1.5) seems
to be interesting from an ecological point of view. To explain this, we consider (1.8)
with the condition that N =2, p =2, fD mdx =0 and b =1. We can then show that
problem (1.8) has a minimal positive solution (A, u,) if there exists a positive solution.
This is based on the construction of subsolutions that are small enough (see Lemma 3.3).
So, Theorems 1.1 and 1.6 characterize the limiting behaviour of the minimal positive
solution (A, uy) as A | 0. Indeed, let vp = |D|/|0D| be the ratio of the area of D to the
length of its boundary 0D. As A | 0, Theorems 1.1 and 1.6 assert that uy, — 0if vp > 1,
that uy — c; if we add some certain assumptions to the condition vp = 1, as mentioned
in Remark 1.7 (2), and that there is no minimal positive solution (A, u,) that is bounded
in 0 < A< 1ifvp < 1. This suggests that when the volume |D| is given, the longer
the length of 0D becomes, that is, the more complicated its shape gets, the more u,
grows up as the diffusion rate d = 1/X goes to infinity. This is due to the acceleration of
the inward flux of population owing to the nonlinear effect on 9D, essentially caused by
the diffusion rate becoming high. More specifically, letting D be a disc with radius r, we
may have that the smaller  becomes, the larger u, becomes when A | 0.

Finally, we study the existence of large positive solutions (A, uy) of (1.8) which become
unbounded as A | 0, distinguished both from the bifurcation positive solutions to the
right at (A, u) = (0,0) and from the secondary bifurcation positive solutions as stated
above. If [, mdz =0 and |D| > [, bdo, then Theorem 1.1 tells us (see (1.6)) that
problem (1.8) with p = 2 admits a positive solution (A, wy) for 0 < A < 1 and wy — 0 in
C(D) as X | 0. Moreover, there is no secondary bifurcation point for the problem from
Theorem 1.6 (IIT).

https://doi.org/10.1017/50013091503000294 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091503000294

500 K. Umezu

”””C(B)

0 p)

Figure 1. Bifurcations to the right and from infinity at A = 0.

Now, the following result asserts that problem (1.8) has a second positive solution
which grows up to infinity as A | 0.

Theorem 1.8. Let N = 2 or 3. Assume [, mdx =0. If |[D| > [, bdo, then prob-
lem (1.8) with p = 2 has a positive solution (X, uy) for 0 < A\ < 1 such that uy > wy,
where w), is the first positive solution, as above. Moreover, we have

uy — oo in C(D) as A |0 (1.9)
(see figure 1).

Theorem 1.8 is inspired by Ambrosetti, Brezis and Cerami [4], who consider some semi-
linear Dirichlet problems with a combined type of concave and convex nonlinearities, in
which, based on the first positive solution obtained by means of the super and subsolution
method, the existence of a second positive solution is verified by using the mountain-pass
theorem. Meanwhile, we prove Theorem 1.8 by considering the corresponding constrained
minimization problem.

The case fD mdz = 0 implies that the operator —A — Am(x) is non-coercive, that is,
the principal eigenvalue 1 (\) of (1.3) is negative. On the other hand, for the coercive
case, or the case [, mdx <0 (see [1]), problem (1.8) has at least one positive solution
for any 0 < A < A1(m) by using a variational technique whenever 2 < p < N/(N — 2)
and N = 2,3 (see [11, Theorem 3]). In particular, if p = 2 and |D| > [, bdo, then
problem (1.8) has neither bifurcation to the right at (A\,u) = (0,0) due to the local
bifurcation theory, nor secondary bifurcation from Theorem 1.6 (II). Consequently, the
positive solution (A, uy) constructed by Pfliiger will satisfy (1.9) in this case.

Section 2 is devoted to the Lyapunov and Schmidt reduction of (1.1) to a bifurcation
equation, in preparation for the proofs of Theorems 1.1 and 1.6. In §3 we prove Theo-
rem 1.1 and Corollary 1.3. Theorems 1.6 and 1.8 are proved in §§4 and 5, respectively.
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2. Reduction

In this section we assume that nonlinearity g is sufficiently smooth on [0, 00). The stan-
dard argument provides us with the orthogonal decomposition L?(D) = R @& V of the
usual Lebesgue space, where

V= {UEL2(D):/Dvde},

and the projection Q : L?(D) — V is of the form
1
v=Qu:=u— — | udx.
1Dl Jp

If w is a solution of (1.1), then we have, by means of Q,

—A’l)+ i bg(a-’-fu) do’: AQf(:L’,O[—’—’U) in D,
1Dl Jap (2.1)
ov
= Abg(a + v) on 0D,

)\(/Df(w,oz—i—v)da:+/8Dbg(a+v)da) =0, (2.2)

where u = a+v € R®V and f(z,u) = m(x)u — u.
To solve (2.1) in the Holder space C2+?(D), we put

X = {v602+9(l_)):/jjvdm:0}

and introduce a nonlinear mapping F': R xR x X — Z as

F(\a,v) = <Av+/\ bg(a+v)do — AQf(z,a + v),

ov
— — Abg a+v),
D1 Joo (@)

on

where
Z_{(¢,1/))609(D)><01+9(8D):/ ddx + ¢dg_o},
D oD

By condition (1.2) we have the Fréchet derivative F,(0,¢,0)v = (—Awv,dv/dn) of F
at (A, a,v) = (0,¢,0), where ¢ > 0 is a constant. Banach’s closed-graph theorem per-
mits Fy,(0,¢,0) to be isomorphic. By virtue of the implicit function theorem, the set
F(\ a,v) = 0 consists of a C-function v = v(\, a) in a neighbourhood of (A, ) = (0, ¢),
satisfying v(0, ¢) = 0. By the substitution of v()\, «) for (2.2) we obtain the bifurcation
equation

)\(/D f(:z:,a+v()\,a))d:z:+/aD bg(aJrv()\,a))da) =0.

To sum up, in order to consider the set of non-trivial solutions of (1.1) near (A, u) = (0, ¢),
it suffices to study the equation

(A ) ::/Df(x,a+v()\,a))dx+/é)Dbg(a+v()\,a))da:0 (2.3)

near (A, a) = (0,c¢).
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3. Bifurcation to the right

Proof of Theorem 1.1. This section is devoted to the proofs of Theorem 1.1 and
Corollary 1.3. First we prove Theorem 1.1, where we need (2.3) with ¢ = 0. It should be
remarked that since g is analytic at « = 0, the function v is also analytic at (A, a)) = (0,0)
by the regularity argument on the implicit function theorem (see [13]). It follows that &
is also analytic at (A, o) = (0,0).

Lemma 3.1. Let v = v(\, «) be the analytic function in some neighbourhood of
(A, @) =(0,0), as given in the case ¢ =0 in § 2. Then we have

v(A,0) =0 for all A close to 0, (3.1)

and the following partial derivatives of v are obtained:

v .
ﬁ(0,0) =0 for all j > 1, (3.2)
v ,
@(0,0) =0 for all j > 1, (3.3)
Ura(0,0) = w1, (3-4)

where w1 is a unique solution, in X, of the Neumann problem

—Aw=m inD,
g—z:O on 0D.

Proof. The proof is due to simple and direct calculations. As seen above, problem (2.1
is uniquely solvable near (A, a,v) = (0,0,0) by v = v(\, ). Problem (2.1) with (A, a) =
(A, 0) is

—Av(A,0) + A bg(v(A,0))do = AQf(z,v(A,0)) in D,

A
31}({()7; 0 _ Abg(v(A,0)) on 0D.
Since ¢(0) = 0, (3.5) admits v(A,0) = 0. Hence assertion (3.1) has been verified. Asser-
tion (3.2) is straightforward from (3.1). Assertion (3.3) is clear from (2.1).
Finally, we verify (3.4). Differentiate (2.1) with respect to A and then «, and we obtain

—Avxa = —ﬁ g b{g (o +v)(1 +va) + A(g" (@ +v)(1 +va)vr + g (a +v)vra)} do
D
™ Qqu(x’ o+ ”U)(l + 1))\) + )\(fu“(:L'? a+ 'U)(l =+ Ua)UA + fu(CU,Ot + U)UAQ)]
in D,
8;: =b{g (a+v)(1 +va) + Mg"(a +v)vx + ¢ (0 + v)vra)} on 9D.
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Since ¢’(0) = 0, vx(0,0) = 0 from (3.2), fu(x,0) = m, and Q@m = m from [, mdz =0,
we see that

—Avxo(0,0) =m in D,

9v1a(0,0) =0 ondD.
on
From the fact that v),(0,0) € X, it follows that vy (0,0) = w;. The proof of this lemma
is complete. O

From (3.2) we note that the solution u(\, ) = a + v(\, a) associated with the zero
(A, @) of @ near (A, ) = (0,0) is positive if and only if o > 0. Indeed, by the analyticity
of v, condition (3.2) gives

u(A, @) =a+ v\ a)
= (1 + terms of order k > 1) as (A, a) — (0,0),
as desired. As a result of this fact we have the following proposition.

Proposition 3.2. (A\,u) = (0,0) is a bifurcation point to the right for (1.1) if and
only if (A\,a) = (0,0) for @ is as well.

From Lemma 3.1 we can derive

35(0,0) = B4 (0,0) = By (0,0) = 0,
$54(0,0 :/ VYV, | de,

2a(0,0) D\ 1 (3.6)
B (0,0) = —2|D)| +g"(0)/ bdo.

oD
This is due to the direct computations

45,\:/ fu(x,oHrv)v,\d:ch/ bg' (a + v)vy do,

D aD

qsa:/ fu(.%‘,a+v)(l+va)dx+/ bg' (o + v)(1 + vgy) do,
D aD

By = /D {fun(@,a+0)(02)2 + Fule,a+v)on} da

+ / b{g" (a4 v)(va)? + ¢'(a + v)var} do,
oD

QS)\oc = / {fuu(xaa + U)(]- +v0¢)v)\ + fu(l',Oé + v)vm}dx
D

—I—/ b{g" (v +v)(1 + va)vx + ¢ (a + v)vaa } do,
oD

djaa :/{fuu(xaa+v)(1+va)2+fu($7a+v)vaa}dx
D

+ / b{g" (a+v)(1 +v4)? + ¢ (a + V) Vaq } do.
oD
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From (3.6) we derive the Taylor expansion of @ at (A, ) = (0,0) as

S\ a) = )\a/ IV | dz + La? <2|D| + g”(O)/ bdo) + terms of order k, (3.7)

D oD

where k > 3 and w; is not a constant, that is, fD |Vw: |2 de > 0. This implies that the
Morse Lemma (cf. [10, Theorem 3.1.1]) can be applied to (3.7). Eventually, if (1.4) is
satisfied, then the bifurcation to the right for @ occurs at (A, ) = (0,0), whereas there
is no zero (A, ), A > 0, of @ near (A, ) = (0,0) if g”(0) > (2|D|)/ [, bdo.

In the critical case (1.5) it follows from (3.7) that

(N a) = )\a/ |Vw; |2 dz + terms of order k, (3.8)
D

where k > 3. By direct calculations we derive from (3.2) that

o .
W(O’O) =0 forallj>1.
Hence, by the analyticity of @, assertion (3.8) implies that &(\, o) = a®1 (A, «), (A, «) —
(0,0), with
D1 (N, ) = )\/ |Vw; |? dz + terms of order k, (3.9)
D

where k > 2. Since [}, [Vw;|*dz > 0, the implicit function theorem gives us that the set
&1 (A, ) = 0 consists of an analytic function A = A(a) near o = 0 such that A(0) = 0,
A (0) =0 and
V() - _Pea(0:0) __g"(0) fyp b
(91)2(0,0) 3 [p |[Vw|? dx
If ¢’ (0) < 0, then the bifurcation to the right for ¢ occurs at (A, «) = (0,0), whereas
there is no zero (A, «), A > 0, of @ near (\, ) = (0,0) if ¢"’(0) > 0.

In the same way we can verify that if ¢ satisfies (1.5) with ¢"”/(0) = 0, namely, if 0 is a
zero of g(u) — (|D|/ [,p bdo)u® of order ko > 4, then the bifurcation to the right for &
occurs at (A, ) = (0,0) when g*0)(0) < 0, whereas there is no zero (\,a), A > 0, of ®
near (A, a) = (0,0) when g*0)(0) > 0.

Now it remains to verify the case g(u) = (|D|/ [, bdo)u®. Direct computations show
that all the terms of o’, j > 1, in the Taylor expansion of @ do vanish, which is a result
of the fact that ¢g(*)(0) = 0 for all j > 3. Hence we derive from (3.9) that

D1\ a) = )\(/ |V |2 dx + terms of order k>
D

where k£ > 1. This implies that there is no zero (A, &), A > 0, of @ near (A, @) = (0,0). In
view of Proposition 3.2, the proof of Theorem 1.1 is complete. ([

Proof of Corollary 1.3. Next we prove Corollary 1.3. Our argument is based on the
method of super and subsolutions. First of all, we should remark that it is possible to
construct any positive subsolution of (1.1) sufficiently small in the following manner.
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Lemma 3.3. Let @1 be a positive principal eigenfunction of (1.3), corresponding to
the principal eigenvalue (). If g is non-negative for 0 < u < 1, then there exists a
constant g = €9(A) > 0 such that ep; Iis a subsolution of (1.1) for any 0 < € < &o.

If limsup,, o g(u)/u® < |D|/ [,,, bdo, see (1.6), then there exist constants ui,d; > 0
small, such that

D
g(u) < <f|b|do - (51)u2, 0<u<u. (3.10)
oD
Set D)
= = — 5 Ju?
91(w) (fanda 1)“ ’

and then g; is analytic at u = 0 and satisfies (1.4). As seen above, the problem

—Aw = A(mw —w?) in D,
b (3.11)
6—:2 = Abg1(w) on 0D,
has a bifurcation point to the right at (A, u) = (0,0), meaning that problem (3.11) has a
positive solution (A, wy) for 0 < A < 1, satisfying

wy =0 in C(D) as A ] 0. (3.12)

Thanks to (3.10), wy is a supersolution of the original problem (1.1).

Since wy > 0 in D, Lemma 3.3 allows us to choose some constant ¢ > 0 such that
gp1 < wy in D and ey is a subsolution of (1.1). The super and subsolution method
provides us with a positive solution (A, uy) of (1.1) such that ep; < uy < wy in D.
Condition (3.12) gives us the desired conclusion.

If 0 < liminf, o h(u)/uf < oo with an integer k > 3, see (1.7), then there exist
constants do, us > 0 such that

Souf < h(u), 0<u< us.
It follows that

g(u) > &
Jopbdo

and g¢s is analytic at u = 0. We consider

u? + Suf =: go(u), 0 < u < ug,

—Aw = A\(mw — w?) in D,
0 (3.13)
(“)% = Abga(w) on 9D,
and Theorem 1.1 tells us that there is no positive solution (A, u), A > 0, of (3.13) near
(A, u) = (0,0), since d7 is positive.
Now we get the conclusion by arguing by contradiction. Without loss of generality,
we may assume to the contrary that the original problem (1.1) has a positive solution
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(A, uy) for 0 < A < 1 satisfying uy — 0 in C(D) as A | 0. However, uy is a supersolution
of (3.13) and we can construct a subsolution ep; of (3.13) such that ep; < uy in D from
Lemma 3.3. The super and subsolution method allows us to have a positive solution
(A, wy) of (3.13) satisfying ep; < wy < uy in D, and thus wy — 0 in C(D) as A | 0, a
contradiction.

The remaining assertions of Corollary 1.3 can be verified in the same way. The proof
of Corollary 1.3 is thus complete. O

4. Secondary bifurcation

Proof of Theorem 1.6. In this section we prove Theorem 1.6. First we consider
the case fD mdx > 0. However, the case fD mdx < 0 is quite similar, so that it will be
omitted. A necessary condition for (0,c), where ¢ > 0 is a constant, to be a secondary
bifurcation point for (1.8) is that

o(c) == /Dmda: —c|D| + Pt /8D bdo = 0. (4.1)

Indeed, let {(A;,ux,)} be a sequence of positive solutions of (1.8) such that A; | 0 and
uy, = ¢ in C(D) as j — oo. Then we have, by Green’s formula,

/D(mu,\j — (uy,)?) dz + /aD b(uy,)? do = 0.

When j — oo, assertion (4.1) follows.
If 1 < p <2, then ¢ has a unique zero ¢; > 0, which implies ¢(0,¢;) = 0 from (2.3).
We see that ¢’(c¢*) = 0 if and only if

c* p—2 __ |D|
= o o (42)

where ¢* < ¢;. The condition (4.2) and the fact that ¢(c;1) = 0 imply that

oo
50 = [ mdz 2D +pe ! [ bo
“ b oD

== [ vao-101}
< cl{(p —1)(c*)P2 /aD bdo — |D|}

=0.
Hence the implicit function theorem provides us with a C*-function a = a(\) such that
a(0) = ¢; and
S(N\a)=0 < a=a(N), near (0,c),
as desired.
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Ifp=2and|D| > [, op bdo, then the following constant ¢; uniquely solves the equation

¢(c) = 0:
mdx
Cc = m (denoted by Cl).
aD
It follows that &(0,¢;) = 0, and that

b
8—(0,01):/ mdx—201|D|+201/ bdaz—/ mdx < 0.
dox D D D

Again, using the implicit function theorem leads us to the desired conclusion.

If p=2and |D| < [,,bdo, then we note that ¢(c) > 0 for all ¢ > 0, so that the
secondary bifurcation cannot occur at any (0, c).

If p > 2, then ¢’ has a unique zero ¢* > 0 given by (4.2), so that

¢(c*):/ mdx—c*|D\+(c*)p71/8Dbda

D
:/ mdx—c*(p_z)|D|.
D p—1

Additionally, if |[D| < my, [,,, bdo, then we have

o < (p—l) fDmdx7
p—2
which implies that ¢(c*) > 0. Since ¢ is strictly convex, it follows that ¢(c) > 0 for all
¢ > 0 and the desired conclusion follows.
On the other hand, if, additionally, |D| > m,, [, bdo, then the function ¢ has exactly
two zeros ca > ¢; > 0, since ¢(c*) < 0. This implies that @(0,¢;) = 0 and

a—@(o,cj):/ mdx72cj|D|+p(cj)p71/ bdo
dax D aD

eI+ (- (e [ b
oD
Combining (4.2) and the condition ¢; < ¢* < ¢o ensures that (9¢/0a)(0,¢;) # 0. The
implicit function theorem leads us to the desired conclusion. Assertion (I) of Theorem 1.6
has been verified.
Finally, it remains to verify the case [ pmdz =0.1If p # 2, then ¢ has a unique zero

c1 > 0 given by 2
|D| > "
L=\ 7752 )
<faD bdo

and then (0, ¢1) is sure to be a secondary bifurcation point for (1.8) in the same manner
as in the case [, mdz > 0.

If p = 2, then we find from (4.1) that the condition |D| = [, bdo is necessary for the
secondary bifurcation to occur at some (0, ¢), which completes the proof of assertion (IIT)
of Theorem 1.6.

We have finished the proof of Theorem 1.6. O
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5. Existence of growing-up solutions

Proof of Theorem 1.8. This section is devoted to the proof of Theorem 1.8. As seen
in Theorem 1.1, there exists a positive solution (A, w)) of (1.8) with p =2 for 0 < A < 1,
satisfying wy — 0 in C(D) as A | 0. Let u = wy + v. Then v € C?(D) satisfies

—Av = A((m — 2wy)v —v?) in D,

o (5.1)

A Ab(2wyv + v?) on 0D,

on
if and only if u is a solution of (1.8) with p = 2. If N = 2,3, then the embed-
ding W12(D) C L3(D) of the Sobolev space is compact and the usual trace operator
Wh2(D) — L3(0D) is also compact. We call (A, vy) € (0,00) x WH2(D) a weak solution
of (5.1) if we have, for any p € W12(D),

/ Vng@dx—)\/ mAv,\godx—i-)\/ (va)?@dx
D D D
— 2>\/ bwyvypdo — A/ b(va)?pdo =0,
oD oD

where my = m — 2w). By the standard LP regularity theory, a weak solution of (5.1) is
in C?(D), that is, a solution in our sense.

To prove Theorem 1.8, it suffices to prove the existence of a positive solution Vy of (5.1)
for 0 < A < 1. Indeed, uy = wy+V) is a positive solution of (1.8) with p = 2. If we assume
on the contrary that A; | 0 and |luy,||¢(py < M with some constant M > 0 as j — oo,
then Amann’s LP regularity theory (see [3, Proposition 3.3]) shows that

>, 1<p<oo,
Lr(8D)

with some constant C,, > 0. This implies that [uy,|lw1.»(py is bounded with respect

6u,\j
on

s, lwir(o) < cp(n(A 4 D, o) + H

to 7 = 1 for any 1 < p < oo. By the standard LP regularity theory and the Ascoli—
Arzeld theorem, it follows that there exist & € C?(D) and a subsequence of {(\;, ux,)},
again denoted by {(A;,ux,)}, such that A; | 0 and uy, — @ in C*(D), so that 4 is a
non-negative constant. This is a contradiction, since Theorems 1.1 and 1.6 tell us the
existence of a unique bifurcation curve to the right at (A, «) = (0,0) and no secondary
bifurcation at any (0, c), where ¢ > 0 is a constant, respectively, for the problem under
consideration. Eventually we have [[ux|c(py — o0 as A | 0.

Now, we associate with (5.1) the following constrained minimization problem: for given

A A ;
Jk(v):g/D|v\3dxf§/an\v|3da, v € My,

and

A
My = {u € WH3(D) : Ex(v) := %/ |Vo|? do — 5/ mav? dr — /\/ bwyv? do < 1},
D D oD
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find vy € M) such that
va#0 and Jy(vy) = inf Jy(v). (5.2)
vEMy
To do this, we first show that

inf Jy(v) <0. (5.3)

vEMy

Indeed, by considering a suitable C'-function in D whose support is contained in a
neighbourhood of x € dD where b(z) > 0, it is possible to construct & € C(D) such
that J,(0) < 0. If a constant € > 0 is small enough, then Jy(e0) < 0 and Ey(ev) < 1.
Assertion (5.3) has been proved.

Next we have the following lemma.

Lemma 5.1. There exists a constant X\ > 0 such that if 0 < \ < 5\, then we can take
some constant C(\) > 0 satistying that, for any {v;} C M\ being a minimizing sequence
for (5.2), that is,

Ia(vj) 4 vg}vi Jr(v) € [-00,0),
we have ||Uj||W1’2(D) < C(/\)

Once Lemma 5.1 is proved, by the standard compactness argument there exist vy €
Wh2(D), 0 < A < A, and a sub-sequence of {v;}, again denoted by {v;}, such that

v; — vy weakly in W2(D),
v; — vy strongly both in L*(D) and in L*(0D).

It follows that, as j — oo,

Ix(vy) = %/D lua|® de — %/SD blual>do = Ja(vy) = vier}\fa Jr(v) > —o0.

By the lower semicontinuity of Ey(-) we have E)(vy) < 1, as desired. Here it should
be noted that the minimizer vy is allowed to be non-negative in D (if not, then vy is
replaced by |vy|), and we can in fact show that

Ex(uvz) = 1.

Assume to the contrary that Ey(vy) < 1, that is, vy is an interior point of M. Then, for
any p € WH2(D), we obtain vy + sp € My, |s| < 1, and

d
$JA(UA -+ 5@)‘3:0 =0. (54)

On the other hand, by direct computations we have

iJ)\(UA + 5¢)|s=0 = )\(/ (v,\)2<pdm —/ b(v,\)gcpda> for any ¢ € WI’Q(D).
ds D aD
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Choose ¢ such that ¢ = vy, and we obtain

d

&JA(U)‘ + S’U)\)|s:0 = SJ)\(U)\) <0,

which contradicts (5.4), as desired. Therefore, we have proved that there exists vy € Sy,
where

Sy ={ve WD) : E\(v) =1},

such that vy > 0, vy # 0 and

J = inf J 0.
A(vr) Jnf A(v) <

Now, it is straightforward to prove that the minimizer vy satisfies
T ()@ + AE}\(va)g =0 for any ¢ € WH2(D),

where A is the corresponding Lagrange multiplier. Putting ¢ = vy, we have A =

—3Jx(v2)/2 > 0. Set V), = A~twy, and then (A, Vy) is a weak solution of (5.1) that

is non-negative and non-zero. Hence V3 € C2?(D) as already stated. By the strong maxi-

mum principle and the boundary point lemma, it follows that Vy > 0 in D, as desired.
For the completeness of the proof it remains to prove Lemma 5.1.

Proof of Lemma 5.1. For the orthogonal decomposition W2?(D) = R & W, where
W ={neW"2(D): [,ndz =0}, we denote by ||-|w a reduced norm to W in W*2(D).
It is easy to see that ||v||%V1’2(D) and [t|? +|[n|%, are equivalent for v =t +n € W12(D),
where ¢t € R and n € W. We can also check that ||n]|f}, and [}, |[Vn|* dz are equivalent
for n € W, and that there exist constants Cy > 0 and A\* > 0 such that Cy||n[|f, < Ex(n)
for all p € W and 0 < A < \*, since W C L?(D), L?(dD) are both continuous.

First we prove the following proposition.

Proposition 5.2. Let 0 < A < \*. Then there exists a constant C1(\) > 0 satisfying
C1(\) = 0, A ] 0, such that the following assertion holds true: for any {v;} C W?(D)

such that
E\(v;) <1 (5.5)
and
llvjllwizpy = 00 as j — oo, (5.6)
we have
limsup‘ i < C1(N),
Jj—o0 tj w

where v; =t; +n; E RO W.
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Proof. We derive from the condition F)(v;) < 1 that

Collns Iy < 1+%/\(tj)2/DmAdx+)\tj/mej dz
+A(tj)2/ bw, da—|—2)\tj/ bwynjdo.  (5.7)
oD oD

If |t;] is bounded, then condition (5.6) ensures that ||n;|lw — oo as j — oco. However, by
using Schwarz’s inequality, the right-hand side of (5.7) is bounded above for C(1+||7;{|w)
with some constant Co > 0 independent of j, which leads to a contradiction when j — oo
in (5.7). Hence we have |t;| — 0o as j — oo.

Using Schwarz’s inequality, we derive from (5.7) that

2
< 2+—/mAdx+A/ mA”iderA/ bw,\da+2)\/ by 4 do
w o (&) 2Jp Dt oD oD tj

nj

tj

n;

C
Ot]‘

< (;) O+ cm\

Here C3(A) and Cy4(X) are positive constants independent of the choice of the {v;},
satisfying

. (5.8)
w

lim C5(3) = im C4(3) = 0. (5.9)

Solving (5.8), we obtain

| _ Ca) + VOV +4C{(t) 7 + G (V]
tillw 2Co |
which implies that
‘ 2
]imsup TLJ < C4(>\) + \/C4(>‘) + 40003()‘) — Cl ()\)
j—o0 tj w 2CO

We derive the desired conclusion from (5.9), and Proposition 5.2 has been verified. O

Since W C L*(D), L*(8D) are both continuous and [D| > [, bdo, we can choose
constants €9 > 0, C5 > 0 and 0 < A\** < \* such that

Ci1(N) < 3e0 i 0 <A< A™, (5.10)
al

d
/|1+77|3dx—/ b|1—|—77|3d0205 ifne W and ||nllw < 0. (5.11)
D aD

Now let us show how to prove Lemma 5.1 with A\ = \**. Assume to the contrary that
there exists 0 < A < A** such that some minimizing sequence {v;} C M) includes a sub-
sequence satisfying (5.6), again denoted by {v;}. Since {v; } satisfies (5.5), Proposition 5.2
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can be applied to the sub-sequence {v;} and we get, from (5.10),

n;

lim sup
Jj—o0

<%507 vj:tj+ﬂj€R@W.
w

J

From (5.11) it follows that there exists jo(A) > 1 such that, for any j > jo(N),

3
D oD

which contradicts (5.3) when j — oo, as desired. The proof of Lemma 5.1 is complete. O

nj
14 12
+tj

nj
14+ 22
+t'

3
da> > IAIt1°Cs,
J

The proof of Theorem 1.8 is now complete. O
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