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Abstract

A unified analysis involving the solution of multiple integral equations via a simple singular
integral equation with a Cauchy type kernel is presented to handle problems of surface water
wave scattering by vertical barriers. Some well known results are produced in a simple and
systematic manner.

1. Introduction

The problems of scattering of time-harmonic, two-dimensional surface water waves
by vertical barriers (see Chakrabarti and Vijaya Bharathi [2], Evans [5], Mandal and
Kundu [8], Ursell [12], etc.) give rise to an interesting class of mixed boundary-value
problems involving the two-dimensional Laplace's equation, satisfied by the total
velocity potential of the irrotational motion of an incompressible and inviscid fluid
occupying a semi-infinite region, in which there exist some fixed obstacles in the form
of plane rigid vertical barriers.

The first three such boundary-value problems, referred here as problems I, II and III,
are the ones involving: (I) a fully submerged vertical barrier, (II) a partially immersed
vertical barrier and (III) a fully submerged vertical plate. These three problems have
been analysed by various workers (see Chakrabarti and Vijaya Bharathi [2], Vijaya
Bharathi etal. [14], Evans [4], Porter [11] and Ursell [12], for example) and complete
solution of these problems have been determined by employing different kinds of
mathematical analysis.

The general problem, involving an infinite vertical barrier, with a finite number
of gaps in it, extending from the surface of deep water to the bottom, which is at
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an infinite distance away from the surface, has been analysed by Mei [9], in certain
specific circumstances.

In the present paper, we have made an attempt to present an unified approach to solve
the first three problems I, II, and III, mentioned above, completely by first reducing
them to multiple integral equations, involving a linear combination of the cosine and
sine functions as their kernels, with the aid of the theory of Havelock's expansion
(see Ursell [12]), and then converting each of these multiple integral equations to a
single Cauchy-type singular integral equation of the first kind whose solutions are
well known.

First we obtain the solutions of these three problems in their known forms. The
general problem involving an infinite vertical barrier with a finite number of gaps in
it is then treated.

Because of the fact that the final forms of the solution of the problems I, II and III
are already known in the literature, we have tried to present these results in as brief
a manner as possible, avoiding repetitions, highlighting mainly our unified approach
which is applicable even to the general problem as mentioned above.

In Section 2, we have presented the mathematical formulation of all the problems
handled in the present paper. In Section 3, we have reduced each of the boundary
value problems considered here to a problem of solving Cauchy-type singular integral
equations. In Section 4, we have presented solutions of problems I, II and III com-
pletely. In Section 5, the general problem involving a finite number of gaps in an
infinite vertical barrier is treated.

2. Mathematical formulation

The problems (see Evans [4], Porter [11], Ursell [12], Mandal and Kundu [8], etc.)
of the scattering of surface water waves by vertical barriers, in the linearised theory,
are those of solving mixed two-dimensional boundary-value problems for Laplace's
equation.

^ ^ 0, -oo<x<oo, y>0, (2.1)+ ^
dy2

with

dd>, a2

— + k(t>j = 0, on y = 0, (A = — > 0, a constant) (2.2)
dy g

M = 0 > onx = 0, ye Lj (2.3)
dx

for j = 1, 2, 3 and 4, where L, represents the vertical barrier occupying the interval
cij < y < bj. We note that for j = 1,2 and 3 we obtain the three problems I,
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II, III respectively discussed in the introduction. We use 7 = 1 for problem I,
with a\ = a,b\ = oo, j = 2 for problem II with a2 = 0, b2 = b and j = 3
with a3 = c,b3 = d for problem III, where a,b,c,d represent known positive
constants. For the general problem under consideration we use j = 4, with L4 =
(0, ai)U(bi, a2)U(b2, a3) • • -U(bn, oo), suchthatO < a\ < bx < a2 < • •• < bn < oo.

Along with the above equation and conditions, we shall also have to allow the
following requirements for the functions <pj (j = 1, 2, 3, 4):

ft ~ Tje'kx-Xy, as x -+ oo,

0. ~ e»*-iy + Rje-'**-*, as x - • -oo ,

where 7), Rj are unknown complex constants with j = 1, 2, 3, 4, i2 = —1 and

grad^ = O((r - a)~l/2), as r = (x2 + v2)l/2 -> a, x -»• 0, (2.5(i))

for problem I. For problem II we have

(O((r-fc)- '/2), asr->fc , x ^ 0,
grad</>2= (2.5(u))

I bounded, as r —> 0,

and for problem III

foar-c)-'/2), as r^c , ^-> 0
grad 03 = { „ (2.5(m))
5 (CK(r-rf)-1/2), a s r ^ r f , x ^ O .

For the general problem, for which j = 4, we require that

[bounded, asr-»0,
grad 04 = { , (2.5(iv))
S ( O ( ( ) - ' / 2 ) ^ 0

with ea representing the edges e, = aue2 = bi,e3 = a2, • • • , e2n_i = an and
2̂n = &« • Also, in all these problems the conditions to be met with as y —> oo are

that

grad</>; —>• 0 as y ->• oo. (2.6)

The constants 7) and /?y, occuring in (2.4) are unknown along with the functions <j>j,
for each j and this aspect of the boundary-value problems under consideration has
created considerable interest in the study of scattering of water waves (see Chakrabarti
and Vijaya Bharathi [2], Evans [5], Porter [11], etc.).

The functions <pj (j = 1, 2, 3, 4) appearing here represent the total velocity po-
tentials in respect of the irrotational fluid motion corresponding to the various scat-
tering problems. The function eiXx~ky (dropping the time dependent factor e~'"'

https://doi.org/10.1017/S0334270000009231 Published online by Cambridge University Press

https://doi.org/10.1017/S0334270000009231


96 A. Chakrabarti, Sudeshna Banerjea, B. N. Mandal and T. Sahoo [4]

throughout, where a represents the circular frequency) stands for the incident plane
wave propagating from negative infinity in the x-direction and hitting the vertical
barriers L, (j = 1, 2, 3, 4), (A. = — represents the wave number, g being the ac-
celeration due to gravity) occupying the v-axis, where the usual two-dimensional
Cartesian co-ordinate system has been employed. The complex constants Rj and
Tj (j = 1, 2, 3,4) represent the "reflection" and "transmission" coefficients associ-
ated with the problems.

Without going into any more details of the physical problems leading to the above
three boundary-value problems, for which the reader is referred to the original work
of Ursell [12], as well as the article by Evans [5], we shall present in the next section
a unified approach involving solutions of multiple-integral equations to solve these
problems.

3. Reduction to multiple-integral equations and singular-integral equations

We start by representing the solutions of the p.d.e. (2.1) satisfying the conditions
(2.2), (2.4) and (2.6) in the forms

Aj(k)L(k, y)e~k* dk, x> 0,

^-xy + j°° Bj(k)L(.k, y)(*x dk, x < 0, j = 1,2, 3,

L(k,y) — k cos ky — A. sin ky, (3.2)

where A, and Bj are certain unknown functions to be determined as described below.
dis-

continuity of —- across x = 0 provides, by using Havelock's expansion theorem
dx

(see Ursell [12]), that

Aj{k) = -Bj(k) and 7} + Jfy = 1 for j = 1,2,3,4. (3.3)

Now if we assume that the functions <pj are continuous across the gaps Gj =: (0, oo) —
Lj, on the line x — 0, we find, by using the solutions (3.1) along with (3.3) that we
must have

f Aj(k)L(k, y) dk = Rje~ky, y e G,, j = 1, 2, 3, 4. (3.4)
Jo

Also using the boundary conditions (2.3) once again, we obtain the relations

kAj{k)L{k, y) dk = ik(l - Rj)e~ky, y e Lj, j = 1, 2, 3,4. (3.5)
/
Jo
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Equations (3.4) and (3.5) can be simplified by applying the operator — + X formally

to both sides (see Ursell [12]), to the following multiple-integral equations for the
determination of the functions Aj\

/•OO

/ Aj (ik) (k2 + X2) sin kydk = O, ye Gj
Jo
/»O0

and / Aj (k)k(k2 + X2) sin kydk = O, ye Lj,
Jo

If we next set

we can express the relations (3.6) in the equivalent form

Fj (k) sin ky dk = 0, ye Gj

U = 1,2,3,4). (3.6)

(3.7)

and

[
d_ [°° Fj(

dy Jo A
sinkydk = C\, y e L,,

= 1,2,3,4, (3.8)

where the CjS are arbitrary constants of integration. We find for problems I, II and III,
corresponding to the values j = 1, 2 and 3, we must have that

C\ = 0 with C2 and C3 arbitrary. (3.9)

In the case of the general problem, for which j = 4, we will have to interpret the
number C4 as representing different constants for different positions of the barrier L4,
that is, we must use the fact that

C4 = Cf\ for y e Lf\ k = 1, 2, • • • , n + 1,

with the understanding that

L4
3) = b2 < y < a3,

= bn-i <y< an-x, -4
n) = &n-i < y < an and L 4

n + I ) = &„ < y < oo .

We must also bear in mind that C4"
+1) = 0.

Then (3.8) constitute the desired multiple-integral equations for the boundary value
problems under consideration. Setting

hj(y) = / Fj
Jo

(k)sinkydk, y € (0, oo), j = 1, 2, 3 (3.10)

https://doi.org/10.1017/S0334270000009231 Published online by Cambridge University Press

https://doi.org/10.1017/S0334270000009231


98 A. Chakrabarti, Sudeshna Banerjea, B. N. Mandal and T. Sahoo [6]

and using the Fourier sine inversion formula on (3.10) and the first of the relations
(3.8), we obtain that

(*) = - / hj (y) sin ky dy. (3.11)

Then, substituting (3.11) into the second of the relations (3.8) and using the well-
known result

f
Jo

1 sinfcrsinfcy
dk = In

y-t
(3.12)

we derive the following singular-integral equations for the determination of the func-
tions hj (y) :

I 2 t ^ ) d t = \Cj, y e Lj (j = 1, 2, 3,4). (3.13)

In order to solve the singular-integral equations (3.13) by using standard results
available in Muskhelishvili [10] and Gakhov [6], we must have definite ideas about
the behaviour of the functions hj(t) at the end points of the segments Lj under
consideration and, for that purpose, we observe the following fact.

Denoting by fj (y) the function defined by

/,.(y) = </>,.(+0,y)-</>,(-0,y), (j = 1,2,3,4), (3.14)

we find, on using (3.1), in conjunction with (3.3), that

f°° Aj(k)L(k, y)dk = \fjiy) + Rje^, for y G L,-, (3.15)
Jo •<£

whilst fi(y) = 0 for y € Gj, because of the continuity of <pj across Gj.
d

Applying the operator f- X to both sides of (3.15), we then find that
dy

f Aj(k)(k2 + X2)smkydk = ^\^- + Xfj], for y e Lj (3.16)
Jo 2 |_ dy J

and this, along with (3.7) and (3.10), suggest that

2hj(y) = ^-+kfj. (3.17)
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Thus, if the conditions (2.5(i), (ii), (iii), (iv)) and (2.6) are utilized, we observe that
we must have

M() fo(l,-„,->. - — .
[-> 0, as t -> oo,

Urn-«-•»). - . ^ » ,
[bounded, as t ->• 0,

hi{t)-\O(\t-d\-WY ast^d. (3-18)

MO =
bounded, as r —>• 0,

O(|f - a*r 1 / 2 ) , a s t -* a k , k = 1 , 2 , ••• , n ,

O(|/ - 6*r l / 2 ) , as f -> 6 t , A: = 1, 2, • • • , n,

0, as / ->• oo.

These conditions (3.18) then settle the end conditions to be met with by the solutions
of the singular-integral equations (3.13), which can be determined by using the results
available in Muskhelishvili [10].

In the next two sections, we shall present the solutions of (3.13) and determine
serially the complete solutions of all the boundary-value problems of concern here.

4. The full solutions of problems I, II, and III

The full solutions of problems I, II, III can be determined once the solutions of the
singular-integral equations (3.13) are obtained, for j = 1,2 and 3 respectively (see
Muskhelishvili [10]).

We find that

M O = — TTn' fort e Ly (D] an arbitrary constant), (4.1)

M O = 7r(Z?2
C_2f

r2)1/2, for t e L2 (4.2)

and

h<* 1 fn r f v((v2 ~ c2)(d2 - v2))1'2

for / e L 3 . (4.3)
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Here C3, D3 are arbitrary constants, with C3 being the same as before and D3 is a new
constant.

In order to derive the complete solution for problem III, for j = 3, we first recast
the function h3{t) given by (4.3) into the equivalent form

[ 4 <!-
by the standard evaluation of singular integrals. That is,

h3(t) = — — , (4.5)

with

C*n " * • -2* - ' (4.6)

where

--[(t2-c2)(d2-t2)]1'2. (4.7)

When the expressions (4.1), (4.2) for the functions hj (j = 1, 2) and (4.5) for
h3(t) are utilised in (3.11) and (3.7) along with the results of certain standard integrals
available in Gradshteyn and Rhyzik [7], we derive that

A,(*) =

(4.8)

A; 2 +A 2 '

C2bJx(bk)

7T(k2+X2)Jc X(y)
Substituting for Aj for j = 1,2, 3 from (4.8) into (3.4) and (3.5), we derive that

and A3 (k) = 3 / -^-f- sin ky dy.

and

^3 = -C3y0,

with yo=

and C3 = —
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where

- u2)e~ku du

J—c V v»- "• t\~ " j (A ]0\

id v (M ~ c )(w2 — a2)

This completes the description of the unified method to solve problems I, II and III.

5. The general problem

In the case of the general problem the singular-integral equation to be solved is
given by (3.13), to be satisfied by the function h4(t), along with the edge requirements
(3.18).

Borrowing results available in Banerjea [1] we may write down the solution h4(t)
in the form

Q(t) h l P k ~ l t n 4 *"*' * ~ " r J (5.D
for t e Br = (br-uar), r - 1, 2, • • • , n + 1, (b0 = 0),

where

Fk(ak,bk-Ut) = (-\y+l-'Jb ^ f , (5.2)

w i t h p 0 , P\, • • • , Pn~i, C(
4\ C™, ••• , Cln) 2n u n k n o w n c o n s t a n t s a n d

- bj). (5.3)

(5-4)

From (3.7) and (3.11) we derive that

A{k) nk* + A T /

Substituting for A4(k) in (3.4) for j = 4 and assuming y € (ar,br), r =
1, 2, • • • , n, we derive that

x'dt

(5.5)
x ' d t , r = 1 , 2 , ••• , n ,
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where

1 - -C?Fk(fik, bt-itt)] - ^
* J 2(

^ . (5.6)

2(0
Further substituting for A4(fc) in (3.5), assuming that y e (br-Uar) we derive that

«(1 - R,) = £ W /
(5.7)

JZI /•*; r - l /^O + l) r - l /-O)
14 kbj , V ^ C 4

Again, substituting for A4(k) in (3.5) and assuming y e (&r, ar+1), we obtain that

n pbj n-l (

. a - *4) = E ( - D n + 1 - j / t A ( o e - x ' + E ^ - * - x b i - E ^ - e ~ k a '
1 i=l y=1

From (5.7) and (5.8) we obtain that

Tj,(t)ex'dt-^^ekb' + -*-eka'=O, r = 1,2, • • - , « . (5.9)

A A

Thus, from (5.8), we obtain another expression for R4, namely

R4 = 1 + ,• J2(-iy+i~J f ' if{t)e-kt dt
(5.10)

,• J2(-iy+i~J f

We have in total (2n+l) unknown constants namely p0, p\, • • • , pn-\, C^l\ C4
2\ • •• ,

C4
n) and R4. (5.9) gives a system of n equations. Further (5.5) and (5.10) together

give rise to (n + 1) equations. Thus we have a system of In + 1 equations for the
determination of the 2n + 1 constants which can be solved by standard methods to
obtain the full solution.

6. Conclusion

The theme of the present paper has been to utilize a unified approach involving the
solution of dual-, triple- and multiple-integral equations to solve the four problems
considered.
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