TETRADS OF MOBIUS TETRAHEDRA

SAHIB RAM MANDAN
(received 17 October 1960, revised 15 May 1962)

A tetrad of Mobius tetrahedra consists of a set of 4 mutually inscribed
and therefore circumscribed tetrahedra whose 16 vertices and 16 faces form
a Kummer’s 164 configuration (5; 11; 12; 21). As pointed out by the referee,
fundamental to all work on the 164 figure are the 10 quadrics, called funda-
mental for the associated Kummer’s quartic surface (13). To every quadric
F correspond a matrix scheme of the 16 points or planes, arranged in 4
rows or columns, such that the 8 Rosenhain tetrahedra (7) formed of the
rows and columns are all self-polar for F. The rows form one and the columns
another tetrad of Mgbius tetrahedra. Nine new schemes can be derived from
one such scheme to make the total ten as explained by Baker (3, p. 133)
leading to 80 Rosenhain tetrahedra in all. The 16 nodes (5; 8) or tropes of
the Kummer’s quartic are the 16 common elements of the 10 schemes such
that the nodes and tropes are poles and polars for any one of the 10 quadrics.
Each trope touches the quartic along a singular conic through the 6 points
of the figure lying therein. The lines tangent to the surface at its each node N
generate a quadric cone which is enveloped by the 6 tropes through IV (12).

The present paper is one in continuation of the two appeared earlier
(15; 16), and deals with the 12 nets of quadrics circumscribing the 12
pairs of Mébius tetrahedra arising from one of the 10 said schemes. There
the treatment is synthetic, while here it is analytic based mostly on the
symmetrical algebra of Edge (8) for the net of quadrics associated with one
such pair of tetrahedra. Six special webs of quadrics arise from the 12 nets,
each web having a pair of generators common with 4 fundamental quadrics.
Quadrics associated with Gopel tetrahedra (12), as related to the said nets,
are also considered. The derivation of an allied pair of conjugate triads of
desmic tetrahedra (1; 4—7; 9; 10; 12—14; 17; 19—21; 25) from a tetrad of
Mobbius tetrahedra too is indicated.

An attempt is made to give afresh an account of relevant known results
for ready reference and necessary development of the subject.

1. Introduction

a. It is well known (11) that there exist sets of 4 tetrahedra such that
68
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2] Tetrads of Mébius tetrahedra 69

every two of a set are Mobius in the same sense and thus form a Mdbius 8,
configuration (7). That is, the 2 transversals of the 4 joins of the correspond-
ing vertices of every two tetrahedra of a set belong to the same system
of generators of a quadric F for which the ¢4 tetrahedra of the set are all
self-polar.

Let the vertices or faces of the 4 tetrahedra of one such set or tetrad be
arranged in 4 columns of the scheme (cf. 2. p. 138, Ex. 15; 3, p. 133)

To Xy Ty I3
M= Yo Y1 Y2 Y3
Zg 21 2% 23
th 4 ty 4

The rows of M are also seen to form a similar tetrad, called conjugate
of the former.

b. In one formulation the elements of M are the linear functions of the
coordinates (which may be- taken to represent either planes or points)
obtained from the product UsV of the orthogonal matrices

a b c"d

@ t -z vy
_|-b a d —c |y =z t—=
U= c d —a —b and sz——y z ¢
d —c b —a ! —x —y —z
Since U, V are orthogonal, UV is orthogonal. Consequently we have (cf. 12,
pp. 30—31):
(1) SR=Sr=Su=3r=1
b4 T
(11) Z rﬁ s]) = E z rD rq
b4 T

(w=a,bc, d,r,s=z1921¢p¢g=0,1,2 3).

The relation (i) shows that the pair of conjugate tetrads T, =x,¥,2,¢,,
T, =r,7,7,7; represented by M constitute 8 Rosenhain tetmhedm all
self-polar for the quadric F = 372 = 0, and (ii) shows the M&bius character
of the pairs of tetrahedra of either tetrad.

It may be observed here that the tetrahedron T of reference is distinct
from the Rosenhain tetrahedra (see § le below).

c. In a second formulation, z,y,2y?, is taken to be the tetrahedron of
reference and the conjugate scheme M, interchanging the rows and columns
of M, is introduced such that its elements are obtained from the product of
the matrices W and V (cf. 2, p. 138, Ex. 14; 3, p. 141, Ex. 9; 5), where

https://doi.org/10.1017/51446788700027646 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700027646

70 Sahib Ram Mandan {3]

1P 0 0 O x Y 2 1
|0ty he s — ¢ 2 -y —z
W= 0 Iy lop Iy’ V= —Zz ¢ T Y
0 Iy Iy Uy y —=x ! —z

such that the submatrix L = (J,;) of the matrix W and therefore W too are
orthogonal. Hence the elements of rows or columns of L may be taken as the
direction cosines of 3 mutually perpendicular lines referred to arectangular
axes (22, pp. 10—11; 23, p. 31; 24, pp. 37—38).

The scheme M too behaves like M to represent a pair of conjugate tetrads
of M6bius tetrahedra such that the tetrahedron T' = T of reference is now
one of the 8 Rosenhain tetrahedra, and the relations (i), (ii) hold true here
too, Su? being replaced by unity as the value of the product |W||W| of the
determinant |W| of W and that of its conjugate W.

d. The 4 joins of the corresponding vertices of a pair of Mtbius tetrahedra
of either tetrad T, or T, and the 4 joins of the complementary pair have
2 common transversals (3, p. 133) which are generators of the quadric
F (§ 1b) or 8 Kummer lines of a group-set cut a pair of directrices (12, p. 77).
Thus there are 3 pairs of such generators of one system of F for T, and 3
pairs of the second system for 7, such that every pair of the former system
meet a pair of opposite edges of every tetrahedron of T,, and every pair of
the later system meet likewise a pair of opposite edges of every tetrahedron
of T, . The 3 pairs of either system are mutually harmonic (21). Every two
tetrahedra of T, are harmonically inverse (15; 16) of each other w.r.t. one of
the said 3 pairs of generators of the first system, the other two tetrahedra
being likewise harmonically inverse w.r.t. the same pair of generators, and
every two as well as the other two tetrahedra of T, behave similarly w.r.t. a
pair of generators of the other system.

Every one of the 3 pairs of generators of one system form a skew quadri-
lateral with every one of the 3 pairs of the other system. Thus there are 9
such quadrilaterals in all such that the 9 pairs of their skew diagonals form
the 18 edges of an allied pair of conjugate, associated or related triads of
tetrahedra (1; 4, pp. 99—102; 6; 7; 9; 10; 12; 13; 14; 17; 19; 20; 25) forming
desmic systems as analysed analytically by Baker (5) using the scheme M
(§ 1c) and synthetically by Rao [21] using the scheme M (§ 1b). In fact, they
have derived T, and T, from every one of the 6 tetrahedra of the 2 desmic
systems and another tetrahedron, all self-polar for the quadric F, by the
well known operations of harmonic inversions (10; 18) only. If a, b; ¢, d be
2 pairs of mutually harmonic generators of one system of a quadric F,
a’,b';c’,d’ 2 similar pairs of the other system, we may define or introduce
conjugate generator quadrilaterals (cgqs) like ab’ba’, cd'dc’ or ac’'bd’, a'cb’'d
to prove the following Lemma required to establish the said results of Baker
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and Rao.

LEMMA. The 2 pairs of diagonals of a pair of cggs formed of the generators of
a quadric F meet at the vertices of a tetrahedron self-polar for F.

e. The 9 skew quadrilaterals of the preceding section may be recognised
to form 9 of the 15 fundamental tetrahedra, the other six being those arising
from the intersections of their 18 diagonals forming the 18 edges of the 6
tetrahedra of the pair of allied desmic systems derived there, thus giving rise
to Klein’s 60,5 configuration (12). Thus the tetrahedron T of reference is
fundamental or Rosenhain according as we follow the scheme M (§1b) or
M (§ lc).

f. On account of the perfect duality between point and plane, every
theorem has its dual. Hence it is not necessary to state the dual in every
case. By denoting the point and plane by the same'symbol in both the sche-
mes M and M, no confusion arises, but on the contrary, the duality of the
16, figure is clearly brought out by this nomenclature. Thus the 6 elements
of one kind incident with any element of the other kind are given by the row
and column containing that element (12). Attention must always be drawn
to this dual nomenclature to give the right meaning to the statements
made hereafter.

g. The 10 fundamental quadrics arising from the scheme (§ 1b) M as its
10 non-zero elements by putting ¢ = 2, b = y, ¢ = 2, d = ¢ are well known
(12). The same may be designated (as suggested by the referee) as

F =atyrt2+2,

F,=x>—y2—22+412, F,=2{xytzt), Fyg = 2(zx—yt),
Fyy = 2(xy—22), Fopg= —a2+4y? —22412,  Fyg == 2(yz+ut),
Fy = 2(2z+-yt), Fypy = 2(yz—at), Fyg = —a*—y?+-22+12

They have the properties, which can be easily verified, as follows: (i) Each
pair is mutually apolar such that one is outpolar as well as inpolar to the
other (1; 2). (ii) Each is self-reciprocal w.r.t. to every other. (iii) They can
be arranged in 15 sets of four which have a pair of common generators,
polars w.r.t. each of the other six, viz.

F,Fy,Fy,, Fy; F, Fyy, Fy, Fops Fop, Fig, Fip, Fry (4,7, R, 1,8, =1,2,3).

The 15 pairs of these generators form the 30 edges of the 15 fundamental
tetrahedra which split in 10 ways into 2 sets of 9 and 6 as in § le, 9 inscribed
to each quadric for which the other six are self-polar.

h. As a property of an orthogonal matrix M or M of order 4, we have 18
new identities like x,y; — #,y, = 25f3 — 2305 . . .. (ill) besides the 12
enumerated already as the relations (ii). Every one of these 30 bilinear
relations represents a set of 8 associated points (12, pp. 32, 77) or planes

i’
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which form a M&bius 8, configuration (§ 1a) giving rise to 4 pairs of Mébius
tetrahedra having the same vertices and faces (15) but belonging to 4
different schemes. The 18 new identities suggest the formation of the 9
new schemes to give us 72 new Rosenhain tetrahedra arising from the same
164 configuration.

2. Interlocking quadrics and associated nets

a. From the identities (ii), we can at once deduce the 6 triads of inter-
locking quadrics containing respectively the pairs of skew quadrilaterals
YoZpUalar TploTole, 2,85 3,8, YplpUole Tp¥p®¥Yer 2,%,%,, and designate
them as follows (cf. 8; 16):

Qm =YY, + RBp2g = — XpTy — tatq’
Ope = 2,2, + X, 2, = — Y, 4, — L1,
qu =T,T, + YoYs = — 2% — tpta'

A triad of such quadrics (p, ¢ = 0, § in the scheme 17) is taken by Edge [8]
as the basis of the net of qguadrics circumscribing a pair of Mobius tetrahedra
Ty, T, to deduce a family of Kummer surfaces, each being the envelope of a
set of quadrics belonging to the net, and many more results. Thus there arise
6 such nets n(pq) for a tetrad T, of Mébius tetrahedra, one net for each pair
of them or for each pair of values of , q.

b. Similarly we may deduce the 6 triads of interlocking quadrics con-
taining respectively the pairs of skew quadrilaterals

7015051, 72735253; 7o”250S2, 73715351, 70”350S3, 71725152

and designate them as follows:

Qrs = 7080 + 7151 = — 73553 — 7383,
!

Qps = 70Sp + 728 = — 7355 — 715y,
1

Qrs = 7050 + 7553 = — 7181 — 735,

Each triad of such quadrics form a basis of the net of quadrics #(rs) circum-
scribing a pair of Mobius tetrahedra T,, T, of the conjugate tetrad of T,
thus giving us 6 new nets, one for each such pair of tetrahedra or for each
pair of values of 7, s.

c. There are thus 36 interlocking quadrics, 18 forming in triads the basis
of the 6 nets #(pg) and 18 similarly related to the 6 nets n(rs), associated
with a scheme of a pair of conjugate tetrads of Mobius tetrahedra which
obviously inscribe as well as circumscribe or inferlock in pairs the basis
triads: of the corresponding nets as disclosed by their very construction
Thus they are all apolar to the quadric F (§ 1b). It is now not difficult to
prove that they are all self-reciprocal for F (8).
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d. Again we may observe that the 4 pairs of M6bius tetrahedra arising
from a Mobius 8, configuration interlock simultaneously a triad of inter-
locking quadrics which then repeat for the 4 corresponding schemes (§ 1h).
Hence there are in all 36 x 10/4 = 90 interlocking quadrics and 12 X 10/4
= 30 nets associated with a 164 configuration.

3. Special webs of quadrics

a. Following the scheme M (§ 1b), we observe that the 36 interlocking and
9 fundamental quadrics F,; (§ 1g) are related as follows:
2Q % ='F;1Fi1 +F;1Fk1: 2Q;k =F;¢2Fi2 +F;'2Fk2»
2QOi=F;1F!l —F;1Fk1, 2Q(In = F;cszz —ngsz:
2an= FlnFim'*‘FlmFin’ 2Q;rm: F2nF;m+F2mF;ur
2QH = FlnF;m—FlmF]'.nr 2Q:nn= anF;m_FZMF;n:
2QJI:: = F;caFja +F;'3Fk3’
2Q0; = FisFi3 —Fi3Fig;
2Q;r:n= F3nF:;m+F3mF:;n»
2Q;r:n= anF:IimmF3mF:;n'
where ¢, §, k are the even permutations of 1, 2, 3 and 1, m, n of z, y, z;
Fo=F,, Fiy=F,, F,,= F,,; F, is obtained from F; by putting
x=a y="bz=c¢ t=4d.

If we follow the scheme M (§ 1c), we may establish the same relations re-
placing F by C, where C; are the 9 linear combinations of sets of three of
the quadrics F; (as suggested by the referee) expressed as the 9 elements of
the matrix (C,;) = (J;;)(F;z). Thus C;; play the role of 9 fundamental
quadrics arising from the scheme M, the tenth being the same F whether
we follow M or M.

b. Asanimmediate consequence of the above relations, we may note that
the 6 quadrics @, are each expressible as a linear combination of two of the
3 quadrics F; or C,, and therefore belong to a special web w (say) having a
pair of generators common with the quadric F by the property (iii) of § 1g
and obviously a quadric common with each of the 6 nets z(pgq) (§ 2). Simi-
larly are related the 5 hexads of quadrics Q,,, Qb, Qre, @by, Qs to the triads
of Fyor Cy, Fgor Cyy, Fy or Cyy, Fy, or Cy,, Fa, or Cy, respectively, and
therefore belong to 5 special webs w’, w”’, w,, w;,, w, {(say), each having
a pair of generators common with F and a quadric common with each of
the 6 nets n(pq) or xn(rs). Hence follows

THEOREM 1. With every tetrad of Mobius tetrahedra T, are associated
6 nets and 3 special webs of quadrics such that every net has a quadric common
with every web. The quadric F, for which T, are self-polar, belongs to all the
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3 webs. The 18 interlocking quadrics common to the 6 nets and the 3 webs are
all apolar to and self-reciprocal for F such that the pair of Mobius tetrahedra
determining a net interlock the 3 basis quadrics of the net (§ 2c). The same is
true of the conjugate tetrad too.

c. From the construction (§ 2a) of the quadrics @,, and § 3b follows that
the three of them through one of the 4 tetrahedra of the tetrad T, have
2 pairs of generators of opposite systems common and are therefore linearly
related or belong to a pencil. Thus the 6 quadrics Q,, belong by threes to
4 pencils. Similar is then the situation for all the 6 such hexads of quadrics.
From the relations of § 3b then follows

THEOREM 2. The 6 interlocking quadrics belonging to a special web associ-
ated with a tetrad of Mobius tetrahedra T, behave like the vertices of a quadri-
lateral whose 3 diagonal points represent 3 fundamental quadrics belonging to
the web besides the one for which T, are self-polar such that the 3 such quadri-
laterals have each a diagonal point common with each of those arising similarly
from the conjugate tetrad (cf. 16).

d. Consequently from the Theorems 1-—2 and §§ lg, 2c, 3a follows

THEOREM 3. With every 164 figure are associated 90 interlocking quadrics
(Q) besides the 10 fundamental ones (F), 15 special webs (w), 30 nets (n) and
60 quadrilaterals (q) such that (i) every pair of (F) and the pair of (Q) linearly
related to them belong to 2 (w) and are respectively represented by a pair of
diagonal points and the pair of vertices on their join common to 4 (q); (ii) the
2 triads of (Q) circumscribed to 2 complementary pairs of Mobius tetrahedra of a
tetrad are apolar to and self-reciprocal for 4 (F) which belong to a (w) associated
with the conjugate tetrad; (iii) 12 (Q) belong to each (w) and are represented by
the vertices of 4 (q) forming a desmic system whose one of the 3 ‘diagonal’-
tetrahedra (19) represent the 4 (F) belonging to it; (iv) the pair of (n) circum
scribed to 2 complementary pairs of Mdbius tetrahedra of a tetrad have each a
(Q) common with 6 (w), 3 associated with it and 3 having each a pair of (F)
common with a (w) associated with its conjugate tetrad; (v) each (w) has a (Q)
common with each of 12 (n); (vi) each (F) belongs to 6 (w) and is therefore
represented by the common diagonal point of 18 (g).

The incidences of this theorem may be put down in the following self-
explanatory table:

Y| Fle ||
F 10 — — 18
Q 96 | — - 4 2
q 60 3 6 — 1
w 15 4 12 4 -
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4, Common generators of the special webs

a. The equations of the generators of the 2 systems of the quadric F
(§ 1b) are given respectively by (15; 21)

x4+ Ty —u(z 4+ If) = 0 = u{x — Iy) + z — It,
x+Iy—v(z—It)=0=v(x —1Iy) + z + It,

where %, v are their respective parameters and I2 = — 1. The respective
pairs of the common generators of the 3 webs w, »', w'’ (§ 3b) are easily
seen to be given by u = 4 1; 4+ I; 0, oo for both the schemes M and M
(§§ 1b, 1c), and those of w; by the same values of v if we follow the scheme
M, but by v = (4 1 — I;3)/(l;; — Il,), or, by the equations

Ex 4 Gz -+ Ht=Ey + Hz — Gt
(E=1—1;3,G=1lly Flljs, H= Uyl + 1i,)

If we follow the scheme M. The statements made above (§§ 1d, 3b) can now
be readily verified.

b. The pair of common generators of w, for a particular value of < can be
readily identified with the pair of transversals ¢, f, of Edge (8), of the 4
joins of the corresponding vertices of the pair of Mébius tetrahedra T, T',.
Hence they are the pair of transversals of the 4 joins of the corresponding
vertices of the complementary pair of Mobius tetrahedra T',, T, too of the
tetrad T, (§ 1d). Therefore they form a pair of polar lines (8; 15) for every
quadric of either net #(07), #(j2). Again when harmonic inversion (13; 15;18)
is performed w.r.t. a pair of generators or polar lines of a quadric, it inverts
into itself. Hence follows

THEOREM 4. The pair of common generators e, f of a special web of quadrics
associated with a tetrad of Mobius tetrahedra form a pair of polar lines for the
quadrics through the vertices of either of 2 complementary pairs of tetrahedra
of its conjugate tetrad such that all the said quadrics are harmonically self-
inversew.r.t. e, f (cf. 8). It can also be deduced from §§ 1g (iii), 3a or Th. 3(ii).

5. Gopel tetrahedra and quadrics

a. There are 36 Gdpel tetrahedra of tropes, associated with a scheme of 8
Rosenhain tetrahedra forming 2 conjugate tetrads (§ 1), each formed of the
4 common facesr,,7,,s,, s, of 2 pairs of Mébius tetrahedra T, T; T,, T,,
one pair from each tetrad (12), such that the 4 singular conics of the asso-
ciated Kummer’s quartic lying in the faces of each Gopel tetrahedron lie on
a Gopel quadric Q,,,, passing through the 12 vertices T,, T,, T,, T, and
therefore outpolar to the fundamental quadric F for which the tetrahedra
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of the scheme are self-polar (16). Obviously each @,,,, belong to the 2 nets
n(pgq) and =(rs) associated with the scheme.
Thus follows the following

THEOREM 5. With every scheme of 8 Rosenhain tetrahedra forming 2
conjugate tetrads T ,, T, are associated 36 Gépel tetrahedra of tropes and 36
Gopel quadrics, each belonging to 2 nets, one associated with T, and the other
with T ,. Thus: The 6 nets associated with T, or T ., having no quadric common
with one another, have each a Gopel quadric common with each such net associ-
ated with the conjugate tetrad such that the 36 Gopel quadrics are all outpolar
to the fundamental quadric F for which T ,, T, are self-polar.

- b. Further we may observe that: If 3 of the 4 parameters p, ¢, 7, s be
fixed, the fourth varying one (say s) determine 3 quadrics ¢,,,, which form
a pencil passing through the 2 conics (as their common degenerate quartic)
lying in the 2 facesr,, 7, of the third tetrahedron T, common with the pair of
Mobius tetrahedra 7,, T, corresponding to the fixed parameters. Thus:
If we fix one of the 2 pairs of parameters p, ¢; 7, s (say p, ¢}, we obtain 6
quadrics Q,,,, belonging to the net n(pq) with », s varying such that they
belong by threes to 4 pencils corresponding to the 4 values of 7 or s showing
that each pencil has a Gopel quadric common with the other three (16).
Therefore they behave like the 6 vertices of a quadrilateral whose diagonal
points represent the 3 interlocking quadrics of #(pgq) by relations of § 3a.

Again if we pair the parameters differently, say as p, 7; ¢, s, and fix
one pair (say p, 7), we obtain a pencil of 3 quadrics Q,,,, for each value of ¢
when s varies and another for each value of s when ¢ varies. Thus: We have 2
triads of pencils, one for the 3 values of ¢ and the other for s such that the
pencils of either triad have no quadric common with one another and every
pencil of one has a Gopel quadric common with every pencil of the other.
Their 9 common quadrics are observed to have a singular conic lying in the
face 7, common to the 2 tetrahedra T, T, corresponding to the given values
of p, . Thus follows the following

THEOREM 6. With every scheme M forming 2 conjugate tetrads of Mdbius
tetrahedra T ,, T, are associated 3 Gipel tetrahedra of tropes having 2 faces
common such that their 3 associated quadrics belong to a pencil, and 9 such
Gopel tetrahedra having one face common such that their 9 associated quadrics
can be represented by 9 points of a quadric R lying by threes on 2 triads of its
generators of opposite systems representing the 2 triads of pencils to which
they belong by threes. The 6 Gipel quadrics of a net associated with T, or T,
common with the 6 nets associated with the conjugate tetrad can be represented
by the 6 vertices of a quadrilateral q' whose diagonal points represent the 3
interlocking quadrics of the net. The 36 Gobel quadrics (G) thus associated
with M are then represented by the vertices of 2 hexads of quadrilaterals (¢'),
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the diagonal points of one hexad representing the 18 interlocking quadrics (Q)
associated with T, and of the other representing those associated with T ., such
that their 48 sides lie by sixes on 16 quadrics (R) as 2 triads of generators of
opposite systems, the sides of one hexad belonging to one system and of the other
to the second system, each side being common to 2 (R) and each (G) being
represented by a point common to 4 (R).

c. As an immediate consequence of what precedes follows the following

THEOREM 7. With a 164 figure are associated 60 Gopel quadrics (G), 30
quadrilaterals (q') and 160 quadrics (R) besides 10 (F), 156 (w), 30 (n),
60 () and 90 (Q) as in the Theorem 3 such that (i) the 3 (Q) of every (n) are
represented by the diagonal points of a (q') whose vertices represent 6 (G);
(ii) the 2 hexads of (G) belonging to 2 (n) determined by 2 complementary pairs
of Mdbius tetrahedra of a tetrad are outpolar to 4 (F) beloning to a (w) associated
with the conjugate tetrad; (iii) the sides of (') lie by sizes on 160 (R) as 2 triads
of gemerators of opposite systems, each generator being common to 8 (R);
(iv) each (G) is represented by a common vertex of 3 (¢') and by a point common
to 24 (G), and is outpolar to 6 (F); (v) the vertices of (q) lie at the diagonal

points of (¢').

Thanks are due to the referee for the present form of the paper, and to
Prof. B. R. Seth for his generous, kind and constant encouragement in my
pure pursuits.
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