The Stirling Numbers and' Polynomials.
By CmarLes Tweepig, M. A., B.Sc, Carnegie Fellow.

(Read 13th December 1918. Received 28th November 1918.)

§1. If we write the product

P ()=xz(x+1)(z+2)...(x+n-1)
in the form
Cla"+Clxz+...+0 " x,

the coeflicients C,” have been called by Professor Nielsen (following
Thiele) the Stirling Numbers of the First Species, because James
Stirling, in his Methodus Differentialis (1730), was the first writer
to draw attention to their use, and furnished a small table of
their initial values.*

Thus C; is simply the sum of the r-ary products of
1,2, 3,...,n—1. In particular,

Cl=1; Cl=n(n-1)/2; Crl=(n-1)!

But the explicit representation of C in terms of n and r is not
very simple.

For identical reasons, when 1/P,(x) is expanded in ascending

powers of z in the form b3 (-1 T: /2", which is possible if
=0

|2| >n-1, the positive integers I': are termed the Stirling
Numbers of the Second Species.

Both series of numbers have been studied by various mathe-
maticians of note. Recently Nielsen (4dnnali di Matematica, 1904)
has discussed their properties, and shewn their relationship to the
Bernoullian Numbers and Polynomials. I propose here to furnish
an account of them. By use of a different basis I have been
enabled to reeast the theory. The relations with the Bernoullian
numbers have been brought more into prominence by means of a
series of linear transformations that seem peculiar to the Stirling
numbers, while a generalisation of both Stirling and Bernoullian
numbers is indicated.

* Page 11 and page 8, Meth. Diff.
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The importance of the réle of these functions in the theory of
the Gamma Functions has been emphasised by Nielsen in his
well-known treatise. Since P, (x) =T (z+n)/T (), the connection
with the Gamma Function is obvious enough. Owing to the
nature of their formation, the methods of Finite Differences are of
peculiar advantage in their discussion.

‘We may note

AP, (@x)=nP,  (z+1) «ccvveernnnnnnnn.n. (1)
T - -
.dP,,(an)._n_iL_l P (x-1) oo 2)
If » < m, we may write the product P, (%) x P,(x) in the
form
AP () + A, Py (@) + ...+ A P () oo (3)

by noting that P, (x) may be written as
P (x)=Ay+ 4, (x+n)+ 4, (x+n) (x+n+1) + ete,

where
dy=(-1)",P,; 4,=(-1)"",P, ,x,0,.

In particular,
(P. ()] = é:o( 1Y (1) 1 402 Py (). e )

Similar conclusions hold for the product P, (x) P, (x) P, (x), etc.
In particular,

. n(s-1)
[P, (®)]' =4, Pa(z) + kz:: . T A ) R (5)
where A,=[P,(z)]*" when x= —n,
A, 1 AP (x)]* when = —k-n.

NG

§ 2. Rslations connecting the numbers C;, and their successive
calculation in terms of n and r.

If we put =1 in P,(z), we find

P,(1)=Cl+Cp +...+C " =n! ...ninn... (1).
Similarly, P,(r)=r"C +r"7'C3 +...+7C3 =, Oy xn! (2)
for integral values of r; and the determinant of order n+1 whose
rows are the values of
T T S

for any n + 1 positive integral values of » is equal to zero.

By noting that

z(@~-1)...(x-n+1)=0y 2"~ Cp 22+ C,; = - ete,,
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and writing in succession 1,2, ..., n -1 for x, we obtain the
n — 1 equations
Crt1—- Cr*+ Cr2+...+(-1"Cl =0
Crl 202 +2°CP2 + ... +( =210 =0 } ......... 3)
ete.

8o that if we take C! =1, we have = -1 linear equations for
Cr..,Cr, which can then be expressed as the quotients of
determinants of a very special type. But the calculation of these
quotients is simply the problem of the calculation of €, in another
form.

A number of recurrence-formulae for their successive calculation
may, however, be readily obtained.

From the identity

(& +n) P, (2) = Puy (@)
or ZCr +nC M) =207, !
we deduce
Con=Cr4+nCI7 i, 4)

This relation is of fundamental importance. Moreover, if we take
Cr=0 and C) =1 for all positive integral values of =, and
restrict the upper index &£ in C,} to be less than the lower index
n, then there is only one system of integral numbers thereby
determined. It has the defect that to calculate C),, we require
to know the values of C,; for the lower value n.

‘We proceed to find a formula not subject to this objection.

From the identity

AP, (x)= % P, (x)

or n P, (x)=xzAP, (x)
we find
n{Cl a"+Cle+ ...}
=&[{(x+1)" -2} OF + {{(x+ 1) —z"'} C +etc.].
So that, on equating like powers of x on the two sides, we obtain
nC?=,0,C2

..................

nC; =,0,, 00 +,.4C0,C0 +,.,0,,C} +...+,..0,C.
Hence
rCr=,CopnCl 4+, ,C.C + o4 GO (5)
From this formula, taken with C? =1, we have a means of
obtaining C}, C% etc., in succession.
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Thus

(C2 =1

C)=n(n-1)/2

C2=n(n-1)(n-2)(3n-1)/24
LAC)=n*(n-12(n-2)(n-3)/48 or ,P,n(n-1)/48

C} = Py (15n® — 30n® + 5n + 2)/5760

CF =, Pyn(n—1) (3n* — In - 2)/11520

\Cf =,P, (63n° - 315n* + 3156%° + 917® — 42n — 16) / 252 x 11520.

The calculations begin to get laborious, but from the results given
a variety of conclusions are suggested, which are readily established
by induction.

The function C, as a function of n, 18 an integral function
of degree 2r.

It contains the factor* P, ,,=n(n-1)...(n-r).

We observe that €2 and C; contain the square factor
n?(n-1).. We proceed to shew that C* always contains this
JSactor.

Dem.—If {=xz+n-1

zx+1)...(e+n-1)=£¢E-1)...(§-n+1)

SCLe—=S(~1yC} (z+n- 1),

se that

Hence
Co=(-1yCr+(-1y1C" ,_.,Ci(n-1)
+ (-0 L Ce(n=17+...,
so that, when » is odd and >1,
20 =C' (m=-1)(n-r+1)+(n-12F(n). ......... (6)
But C7! contains the factor n - 1.
. C7 contains the factor (n —1)*> when » is odd.

Now C;=Cl,-nC;' and C,, contains the factor n?
when r is odd. Hence C! contains the factors n? and therefore
the factor »®(n - 1)* when r is odd.

The same conclusion may be obtained as follows.

* These theorems are only true if » is independent of n. For example,
since n!=1+C! +C2+...+0r1, all the numbers (i ...Cr=1 cannot be
divisible by n(n-1). A similar restriction applies to the presence of a
square factor in the Bernoullian Polynomials of even degree.
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By Newton’s Interpolation Formula

P (x)n!t =+ ,,C, Co+,4Cs .Co4 o. +.C, o wevnee (T)
Pick out the terms in "
61 r 1 C::ll
= ( 1) 1) n—lCl ( l) ’
Ccr2 c_,

+(- l)r_2 w102 (nLz + . +n—10

T T (8)

‘When 7 is odd, the factor (n—1)* appears in each term of ‘the
equivalent of 2C;, and we may reason as before to complete the

demonstration.
By introducing the Bernoullian numbers and polynomials
another recurrence formula may be obtained.

In P (x)=ZC] «" " write in succession 1, 2, ..., z-1 for «=
and add.
Z-1)P,(x)/(n+1)=ZCr8,_, .ccccervrnnnnn. (9)
where

Sp=1m42m 4 4 (- 1)

+1 =3

m’n xm — 2

= _x - 1)+!
m+1 2 + k§1( )

mC2k
m+1 -2k

in which B,, B,, etc., are the Bernoullian numbers.

1-2%
Bk xm+ ,

Substitute the corresponding values for §,, etc., in (9) and
equate the coefficients of ™! on the two sides, when we deduce

<

C,: - C”r——l C"r 01:_1 ) §—1 n— r+‘.‘10 ¥ ity
n+1 T m-r+l + Z( 1) r+1 B.C;
or
Cr +1 Co: C,f~l l =1—§ ),
= 1)~ 2,00, B, C
n+l mn-r+1 t7g e r+1, ( )7 urs2sCuB,C]
(10)

Cor.—If risodd = 7k+1 then

k—1

cr+ '_‘—;jk a1Ca 7 (12 - 1) B,

is divisible by #* since all the terms with an odd upper index >1
in (10) are divisible by »*
From the identity
Po.@=z@+]). . (ot+m-1)x(@+m).. (@+n+n-1)
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or
SChy™tt = ZCL ™" x 204 (x +m)"*
we find
t
Cotn= 2 CR[C* + 0 unCixm+ ... +C) O om™]
£=0
For example,
Ciorrr=C5 CP+C [C xm]
=CL+mC;,
More complicated expressions follow from such identities as
Ppin (@) =Py () x P (2 +1) x P, (x+{+m).

§3. The Stirling Numbers of the Second Species.
These are defined by the relation

l/P,l(:c)=§o(—l)' T2 ) &% oo, )
In particular,
I =1; T =0; Tt=1; T¥=2"_1: ete.
Bince (z+n)/P,y (x)=1/P, (z),
I -nDd=T0 0 e, (2)
This is the fundamental relation corresponding to (4)§2 for €.

Moreover, there is only one system of positive integers
satisfying (2), provided I', =1 for all positive integral values of
n and I'[** =0.

A number of other relations follow from the definition.
Since, for |z| > =,
1/(x+n)=1/x~nf*+ ete.
I =T +n 0?2 +07 T2, (3)
eg. i =I5 +3T;7" +...+8 I =4 (3+-24¢1).

From the representation of n!/P,,, () as a sum of partial
fractions in the form

n
20( -1y .0, [ (@+8)=Z(-1),C,/(x+n-5)
=

it follows that
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|~

Tin= - ‘:zo(- 1) uC (1= )™+ oo, (4)

3

Moreover, since for p > =,
$=n

A" (xP)= 2 (-1¥ 0, (x+n-35)*
s=0

=3(-1y,C,[2*+,C.x" (n-s)+ ...+ (n-38)7]

and since
S(=1y,C,(n-8)* = Z( - 1)y,C, s
=A"(0%)=0 for a<m
VP IRIE SRTR vt O ®)
In particular, "
A O = ! Ty eveeeeeeeeeeeeeeeeenen o (6)

From Newton’s Interpolation Formula
n
'=xA0M+ X C, A" (0",
r=2

and therefore, from (6)
=T o+ T2 (x-1) +...+ I x(x-1)...(x-~n+1) (7)

Recurrence Formula for the successive calculation of T,

Tz, ete.
Clearly, for suitable values of ,

(@+n—1) X (1) Ty /2
r=0

=1/P,_, (x)
=(x-1)Z(-1) T}/ (-1

=3( - )T (Ve 2 et
=1
Pick out the terms in 1/2"+—! on both sides of (8) ;

I - ®»-1)T7
= F.r, - P,’.—l . n+r—2Hl+I‘:t-2 . n+r-—3Hz‘ +(— 1)' P:'n—lﬂr

(r-1)T =T Hy— ...
or
r r‘; = n+r—2H‘1 I‘:—l - n+’r—3H3 F:t_z + .. +< - I)T-H n—1111+1 I‘en . (9)
From (9) we can readily make the following conclusions:—

I'7, as a function of n, i3, in general, of degree 2r.

https://doi.org/10.1017/50013091500035367 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500035367

9

It is the product of (n~1)n(n+1)...(n+r-1) by an integral
Sunction of n of degree r - 1.
In particular,
I =(n=1)n/2, and .. =C}.
I =(n-1)n(n+ 1)(3n 2) [ 24.
I =(n-10n*(n+1) (n+2)/48.
etc., etc.

II.

Like C;, T is divisible by n*(n — 1)* when r is odd and >1.

It is sufficient to prove that I, then contains (n-—1)*as a
factor, for in such a case I, contains »°, and I, =I%,, -=n 1]
also contains n°.

Dem.

If z+n-1= -§ P (x)=(-1)"P,(§)
so that

1P, (c)=S(-1y T/ =31} [(x+n- 1)+

A 12
& T (_1) 2% ,H (n"l)t
= ‘\" F" {xn+a + wn:—nl-t }
Hence
(1Y o= —(n=1) o H, T 4 (n= 10k ... (10)

so that, when » is odd,
ani=(n-1l) (mn+r-1) I —(n 1)k

” oy

But "', for > 1, contains n -1 as a factor. .- etc.

§4 The analogy between the properties of C”, and I sug-
gested by the results so far given is carried farther by the
following analysis.

Consider the functional equation

Plo+1)=F (@) +2fn (@)
where f,, (z) is an integral function of degree m. If F (x) is to be
an integral function of z and if F(0)=0, it is easy to shew that
it is a unique function of degree m+ 2, when 7, (x) is given.

Hence if we take f, (x)=1, we obtain a definite function f, ().
By using the same equation, but for m=2, we get a function
Ji(w); similarly f(«x), etc.; and the system of functions may be
considered as solutions of

Sorl@ 1) = (@) 42 fors (),

2 Vol, 37
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Now (5., =Cr+nCr? for all integral values of =, and
since f;, () is of finite degree 2r, the functions found from the
algebraic equation in x

S @+ D) =fo, (@) + X for (@) oo (1)
are simply the Stirling Numbers C;7 when x is an integer =n.

Similarly I, satisfies the equation

U, ()= (w4 1) -2y ,(x+1) il (2)
In (2) write -y for «, when it becomes
Yoo (=)=t (1 =) +y o o(1-9y) ccoeernennn. 3)

Write ¢, (1 -y) =/, (y) for all values of y, when (3) becomes
Sor (@ +1) =f2r (V) + Y Sore (¥),

i.e. an equation identical with (1) but with y written for x. We
have therefore the important theorem.

If C;, as a function of n, =f,, (n), then I', = f,, (1 -n): or¥f
L =/fe (n), €, =fo (1 -m).

From this relation we may clearly deduce all the properties of
the one number from those of the other.

When r is =n or > n, 17, has a definite value, and C may
then simply be assumed to be zero, having the vanishing factor
n -n.

The following are examples of the use of Stirling Numbers not here
discussed : —
(1) If Y=¢(y), and y=¢*,
n-1

n 7 Nl N d"—‘Y
&y da"=2 T3, iy
=0

dyu—a'
(2) If Y=¢(y), and y=logu,
‘_’LY__I_"E‘I (-1 0" dr—Y
da “am gz (7D Ongy (Schlémilch).
1 w0
@ =, Ozt ()

if R(x)=>0. (Stirling).

An error in Stirling’s second table (105056 instead of 118124 in the last

row— Stirling has omitted to add 13068 from the row above—see page 11,

Meth. Diff.) has been noted by Binet (Jour. de UHcole Poly., 1838).

Stirling’s two tables, in corrected form, were, however, reproduced by

Emerson in Method of Increments, 1763—a work based on the Treatises of
Taylor and Stirling.
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§5. Identities connecting the two species of numbers.

The Stirling numbers are connected by a great variety of
identities, some of which we proceed to give with a view to further

application.
Since P, (x)=ZC) a~
1P, (@)= 3 (1) T/
8=0
and P (x)x1/P, (x)=1,

we find immediately the system

1)

CL T =1
COT, - CIT? =0 1

CrIny 0 =t 4 o+ (- l)n—l CrirH = 0.
Cor. T'7 +(-1)C; is divisible by #*(n-1)* if r < n.

From these we may express, say, the quantities I'; in terms
of C2, C}, etc., and deduce their properties.

Moreover, if from these we find

Lr=F(C..C0, .0/ CH™

then Cor = FIY L, ) (Dot
where F is an integral function in which each term is of weight »
in the upper indices.

From the identity

P, (@)P, . (@) =(@@+n-r)(c+n-r+l).. (z+n-1)

or TCIETE (1), [ et = a7+ ., ete,
it follows that, for ¢ < 1,
COT SO T O T2 =05 e, (2)
for the coefficient of 1/x* on the left side must vanish.
Also
CeT, —-CrErt e+ (-1yCr T =(-1),.P. (3)

The identities found from
P, (2) | Puy (#) = 1/P, (w4 )
are more complicated in expression.
From the particular case

;‘_1—,';,=Pn(w)/Pn+l (=)

=207 & x Z(=1), Ty, [arte
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we find
=0l I, -Cl T+ +(=1yCrT,, e (4)
a result which holds for » > = if we assume C*** =0,
From the identity
=1+ T w(e-1)+ ...+ T (@ —-1)...(x—n+1)
the coefficient of x"~" on the right side must vanish.
re, Cr -y ¢+ P2 03— (=1 T .00 ,=0. ()

§6. Some equivalent systems of linear equations.

The following two systems of equations are equivalent :—
a=C00b=4

a=C% b, + C} b

a;=C} b; + C; b, +C3 b,

a,=C2b, £C} b, +...+(x1)" 0 b

n =

b=I%a =a,
by=1% a, ¥ I g,
b,=T¢ a, F Tia,+Ta,
b,=T0a, Fla, +...+(F1)y 1 I a,.

For, substitute the values of &,,5,,...5,, in terms of

@y, Goy ...a, in a,=C2b, + etc.,

when the coefficient of a,_, vanishes by (2) §5, save for r=0,
when it is unity.

Or substitute from the first system in

6,=T% a, F etc,,

when the result follows from (5) §5.

We can thence deduce an interesting conclusion regarding the
interdependence of (2) §5 and (5)§5.

Ex. Since

(A) { and

x=Cx
z{x+1)=Cla"+Clx

zx+1)..(z+n-1)=C2"+.. . +C '

= T9 Py(@) = T} Py(@) 4o+ (=1 T 2 (1)
Similarly, since

z@-1.(z-n+1)=Clax"-C} " + ete,
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it follows that
=0y 24T, (- +.. . + D% 2(@-1)..(x-n+1). (2)
Cor. The sum
1"+ 274 (-~ 1)

1 1
=n_+1 Fn?H P}l+1(x_l) - WF”IP"(Z—I)-‘- """
H-RT P ()
or
__ ! o p lrip 1
= ar1 n+1(w"n)+7{ w Po(x-mt )+

AT P @-1). (4)
The equivalence of the two linear systems in (A), which is
to be found in Schlémileh’s Compendium der H. Analysis, is only
one of several linear equivalences.
A generalisation of it is given by the following :—

If
a =Clb +C)b,_ +C2b_o+...+CI ",
a’r—l = Cuo—l br—l + Cﬂl—] br—‘l +... .+ C:l:kl—l bk
a = O?u~r+k by
(B) { then
b, =T e, -~Tia +T5 00— . +(- 10"
by,=T%a,_,-T_,a, .+ etc.
b, =a,
For

PO =T O+ + (=) P O =0
for 0<k<r by(b) §5, and TI'0,,C2 =1:
r—-k
(or because X (-1)"CITi*m, =0 ) )
m=0

Again, if
a, =C2b,+Clb,_,+...... +C* b,

a,=C) by,
©) {then, by (1) §5,
br = I‘:: @, — P»: @y + I‘: ar—2+ "'( - l)‘r—k P:_k ay

b,,=T3 a,,, — ete

b, =TI a,.
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Also, if the signs of the &’s in the first system are alternately
positive and negative, the signs in the second system are all

positive.
Ex. 1. From
Pra=T2n+T), 'y ...+ "1
Pra=F o +............ +I 11
T 2.+1 = Pf, 1
we deduce
w=C) T, -Cr I+ CR LR~ (-1 Ol T, . (B)

a-result which holds even when r <4 #n, provided we then assume
Cnte =0.
Ex. 2. Since, by (5) §2,
.0 =040 +,50.00 + ..+ . nC. CF
(7‘ - 1) C;:} = n—lCr.an——l + n—f.'Cr——l 0111—1 + etc'

1 . Cnl—r+l = n—r+102 Cr?—'r-H y
it follows that

WCopn=rCrT0, - (r=1)C;2 T + ete.
and
nCr = (T - 1) C:.—l I‘ug-l - (7' - 2) 01::-12 Pv}

+.o+(=1)C L., L (6)
Ex. 3. Similarly, from
rn =(= 1y [ a T) ~ H, T}, + ete.]
we obtain
( - l)',,H,= (7' - 1) I‘nr-:ll Cy - (”' - 2) Pnr-:zz }:4-1
- TIE O~ o+ (- 1), O, . (7)

The expression for ,P, is to be found from (3) §5.

§7. Relations connecting the Stirling Numbers with the
Bernoullian Numbers and Polynomials.

Since the equation
Ch e -Cla"?+ 0 a2+ . (- 1) Cr1 =0
has for roots 1, 2, 3, ... n -1, write
S,=124274 ... +(n-1)7,
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when we have from the theory of symmetric functions the system
of equations

8,~CLl=0
8:~Cr8+2C; =0

..........................

S, =ClS, s+ ... +(-1)"pCr=0 ... 1
up to p=n-1.

Serx = CF Spppn + o+ (=1 8, €7 1=0.
Hence, consider the linear system
C)8,-Cl 8, 1+C2 8, o~ ... +(~-1)?85,C,2=0
Cr8, 1~ . +(-1DF1 8,0 =(- 1)o7
Cr 8 p—nn. +(=-1)2 85,02 =(-1)»2.2.077*

Cp 8 -5Cl=—-(p-1)C}
€2 Sy=pCy
(which hold for p > n, provided we assume C =Cr* =...=0).
Multiply respectively by '}, I'}, ..., I'?, and add.
S Sy =(- 1) I O —2T2E0 + .+ (-1 pT2 CP]. (2)
Similarly,
S,a={(-1)=[ etc. ]

...........................

S2 = = [P1} Cnl - 2 Ff 01?]
8 =T)Co.
Hence, multiply in the new linear system by I'?, I}, ..., I,7,
and add.
S, +F) S, ,+F2 8, o+... 4+ 8=pTr...(3)
Form a new linear system by writing p—-1, p -2, etc., for
p in (3).
Multiply respectively by €%, - CL, + C%, etc., and add.
S,=Cl Tt 2027 + .. +(=1)""pCPTr (4
If we form a new linear system from (4), as before, and
multiply by C2, - C}, etc., we find, on adding,
Cl8,-C L8 +...=(-1)r'p.C?,
which is the identity from which we started.
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It is worthy of note that the relations obtained, holding for all
integral values of n while the degree in p is limited, furnish
algebraical identities in n true for all values of n.

From (1) and (3) it also follows that, in general, the following
Junctions are divisible by n*(n - 1) :—
S+ (-1ppCh; S—-pl¥; TI+(-1)*C:.
If we substitute for S, from (2) in C? S, - Oy S, + ete.=0,
there results
TI[CCPT +CLOP® +...+CP (%]
—ATR[CY Cy* +Cy CF° + ..+ C0® ()]
+3T2[C2 03 +...]

.............................

+(-LHpDrCRCY =pC2l i, (5)

Also from
rS,+...+028=plr
it follows that
LI[Th CF =T C 24 .+ (=) 02707
-2 Cr -]

+(-D)plr=(-1)""pLr,
which is obvious from (1) §5.

From 8,=Cr T -2C2T»* + etc.
and S, +T) S +...=pT,7
it follows that
CrTATF '+ T2+, . + T I0] e, (6)

—2C 2T oTF +etc]+... +(—1)*pCrTT=pT .

§8. Expression of Bernoullian Numbers in terms of Stirling
Numbers.

Write z+1 for « in (3) §6.
o ThaPpa(n) [(p+1) =T Py (n) [p+ o + (- 1)P T Py(n) [ 2

=8, +n*
_n ow? (= )7 Cu J—
_p+1+ —2—+2 @+ 1)- % Byn .
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Equate like powers of » on the two sides (the relation being
an identity in =).

-1y C, )
(_)'Li By =T} a O/ (p+1-2k),

p+1-2%
PG [(P+2-20)+ .. + (- 1), O35/ (p+1) (1)
and
0=T24 C2 oy /(p - 28) - T,y Chyo_asf (p+1 - 28)

+o A (12T O (p+1) 2
We may, by suitably selecting p and %, obtain therefrom the

following equations :—
0=T3 " Cor_an/ (p+1-2k) - ...
=T, 020/ (p+2)

=T2, _ C a/(p+1-2k)— ...
e+ DG /(P + 1),
0= I‘;{Sl_gk :+l—'_’k /(p+ 1- 2k) - ete.

=L T3, 0%y [ (p+ 1 - 2K) — ete.

(-1 pCy B,
p+1-2k

( - l)b—z 2 C%-sz
p+1-2k

.......................................................................

p-ek+2Cz Bl
p+1-2k

= ete.

0 0 1
P}n+1—ck Cp+l—2k Fp+2—2k Cp+2—2k

—d== i 1- %% p+2-2k
= Don Coriar/ (p+1 - 2K).

1
p+1-2k
Multiply these respectively by
Cp?n y = C};—n 3ty ( - 1)2“.l C:k_:il 3, and add.
(= 1P {Ch OunBr~Clpy polu 2 B+ ...
+(= 1700 paniaCe B} [ (p+ 1 - 28)
=-C35 [ (p+2)+3CL+ CFH [ (p+1-2k)

. 2k+1 +1-2k
or (—1)‘{... =m0}ﬁl—p—(2}%p—+# pgfp ............ (3)

Similarly, if we omit the first equation of the linear system,
multiply the rest in succession by C3°, —C,!, etc., and add, we
find, after a few reductions,

(~DMOP oCu B = CF pslua By # - + (= 1) T 077 a0 By]
= O _212_ _Ckk—l(p_l) (» +1"‘2k)_
fp+l  F 2(p+1)
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Cor.—From these very general results we may, by putting
p =2k, deduce in particular the following :—

oy

x 2. 2! 2k —2 3! _3 (k)' 0
(—l) B,‘= ?I‘ - ——3—-P +—4-I‘Z* .. ‘)/c+1 PJG-H (5)
1 o 3o 2k+1)! .
0= ? I‘é" - '—3— F;k_l-l' +(-‘)k+2) F‘gk+2' ........... (b)
Also
(= 1) [Calyy B = Cola Bia + ... + (= 1" O350 By
=kCk)! /(25 +2), i (N
and
CSB,~CLB =(-1)! (2k-1) % -1)! 8
B ~Ch B +...=(-1) "("k+l)< 2 ) L )

§9. Some Recurrence Formulae for B,, B,, etc

The three recurrence formulae for calculating 7, B,, etc,
given in Pascal's Repertorium may be easily. found as follows :—-

In Fpn(@)=(p+1)5,

r
=Pt (7)+21) z +3 (- l)k——l p1Co Byp? =2
express that x ~ 1 is a factor
(i) when p=2m, when we obtain Demoivre’s formula (1730), viz.,
2m+10‘1 -Bm - am+1Cs Bm—l +- ( - l)m_I 2m+102m—1 Bl
F(- D (m-$)=0. (1)

If we differentiate S,..; (%) and express that &, ,, (1) is =0,

we simply find Demoivre’s formula over again ;

(ii) when p=2m+1, when we obtain Jacobi’s formula (1834),
o202 B = om42Cys B + (= 1) ! 4 15Com B
+(-1)"m=0. (2)
(iii) Subtract (1) from (2) and note that 4y sC, =2 41C, + 2ns:Cry
when we obtain the formula of Stern (Crelle, 84),
om41Cs B — 2m+lC4 B+ +(-1)~ 2m410em By
+(=1)mp=0. (3)
Further, F,,.,(4)=0.
2m = 5 1Cy . 22 By + 211 Cs 28 By — oo + (= 1)y 1Cem 2 B,, =0,
4
Since F,,,, (x) contains the factors x(x-1)(2z - 1), the(re)-
fore Fyppys () /(1 — ) (1 - 2x) is an integral function of « of degree
2m -1,
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But, for a suitable continuum for «, 1/(1 -~ ) (1 - 22) == T o',
and for the same continuum #,,,, (x) x ZTy’2* is equivalent to an
integral function of x of degree 2m — 1.

Hence the coefficients, in the product, of =**, 2?™t\ etc., must
vanish, so that

Im+1
ry 3 -T5 0niCo By + T3 5paCy B,
et ( - l)m ]'-‘32".‘_l 2m+102m -Bm = 0: (5)
and
a 2m+1 a+1 m a2
— 3 T, + kE—l (- 11T om0 B =0. ... (5)

Since I',* =2%' -1, the former of these may be written as
(2" = 1) omrC1 B = (277 = 1) gmaC3 By
+o A (1) (2~ 1) gnaCon B+ (- 1) (m+ 1) =0. (6)
Added to Demoivre’s formula, it gives
22" amt1Cr By — oo+ (= 1) 2%, 1 Coy Bi+ (- 1) 2m =0, (7)
as in (4).
On subtracting Demoivre’s formula, we find
22" - 1) gntaCy B — ...
+(~-D™12(2-1) 4np1Coma Bi+(-1)"=0. (8)
These last two formulae are found by trigonometrical series in
Saalschutz, Die Bernoullischen Zahlen. The other, (5)', is only
apparently more general, for after subtraction of (- 1)™ of (1), the

factor 2% may be removed, when it reduces to (6).

§10. The Stirling Polynomial.

It has been seen that
Cr=n(n-1)...(n-1)¢,,(n)
where ¢, , (n) is an integral function of n of degree »~1; and
at the same time I';, admits of expression in the form
Tr=(-)* (n-1)yn(n+1)...(n+7-1) ¢, (1-n).

If, therefore, a full discussion of the function ¢ were possible, a
complete knowledge of the Stirling Numbers would ensue.
Nielsen has therefore proposed to call this function the Stirling
Polynomial, though the analogy with the Bernoullian Numbers
and Polynomials is not perfect.

https://doi.org/10.1017/50013091500035367 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500035367

20

From the relation
CiHl=C"+nC)
follows that
rn+)¢,(n+l)=(n-r-1)¢, () +nd,_; (r). ....... (1)
This functional equation may be used to deduce a number of
properties of the Stirling Polynomial.

In fact, if we assume ¢, (n) =1/2 and restrict the solutions of (1)
to be integral functions, it is easy to shew that only one series of
integral functions is found : ¢, (n), ¢, (n), ¢, (n), etc. ; and they are
therefore the Stirling Polynomials.

Some particular values of ¢ for special values of » and r may
be noted.

Since C,*™+' contains the factor n®(n ~1)?%

Pom (0)=0; o, (1)=0. ..., (2)

Also 8,+(-1)* pC,? is divisible by n?(n — 1), and

Sem=n"[2m+ 1)+ ...+ (-1)"" B, n,
bama (0)=(=1)"B,.[2mx (2m)!. ............ (8)
Moreover, from (1)

6, (1)= = (r+1) ¢,(0),

so that
Gompa (V)=(~1)" B, [Cm+2)!. ... (4)
Since (n-1)! = C'=n!¢,_,(n),
P (n+2)=1/(n+2). ... (5)

Also (n-~1)! (1 +3+.. +;_1_—1)=C,,"”=n! $os (1)

1 1
¢,(n+3)=m(l+§+...+;+—2 A (6)

Similarly

, 1 1\ g/, 1 1\
¢”(n+4)=m[<l+{;+...+m> - (1 +—2-++<m)):|
Since I'y=(-1"(n-Da.(n+r-1)¢,,(1-n) ...(7)
T (=17 (r 1)1 s (- 1)
or ¢ (-L)=(-1y/(r+2)!.
Similarly * ¢, (= 2)=(- 1) (T =1)/(F+3)! errevernn. (8)

§ 11. Nature of the coefficients of the Stirling Polynomial ¢" (x).
The determination of the coefficients of ¢, (x) is not simple, but
recurrence formulae for their calculation are easily furnished.
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I note only two of these :
@+ (z+1)-2¢, (@) +(r+1) @)=z $a(z), (1)
and from (5), §2

(r+1) ¢ @ =5L dam) + T 4@
2 1
+u+—¢r—4i(x)+ +( +1)'¢0(>+(r+:))| (2)

Assume ¢, (x)=S8°x" +8 1+ ...+ 5.
Substitution in (1) leads to the equations
A(r+1)8°=82,,
41082 4+,C, 81+ (r+ 1) S8 =851,,

...........................................

el S+, S 4 o+ o Ci ST+ (r+ 1) S5 =80
ete., ete.
Substitution in (2) leads to
(r+1)8°=% 8.2,

r

(r+1)S8) =} 8L -5 SLi+§SL,
(r1)82=y 82 -5 S L+ b8 L =T 80 s,
etc., ete.
Hence SP=1/2(r+ 1), i 3)

Combine the second equations of the two systems to eliminate
S.L,, and there results

SP=-1/12.27(r-1)1. .l (4)
The elimination of §,%; from the third equations furnishes
SF=1/144 .27 (r-3)!. i (5)
Similarly
= (P =Tr4+24/5) [3*.2°. 27 (»-3)!. ......... (6)

From the two equations for S, the elimination of S,!, leaves
S with a numerical coeflicient independent of #, and it should
have in the denominator (r-3)!, with a numerator of degree
higher by two than that of 52 The nature of this equation
shews that the denominator should reduce to (r—4)!. But since
S§4=0, the simplified numerator also contains the factor » — 4, so
that the final form of S} is £, (r)/2"+! (r-5)!. By continuing this
reasoning we obtain the result
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B x" xr—l mr—'.!
(")'(r+1)1 Ter-1) T2(r-3)!

72—7 +245 s r—5 . .
- 129627'— 3;! T (,-a_:_ 5)! {xfy (r)+ F, ()}

2+,

=7

+ (—;_—7)—, {2 fi(r)+ Fo(r)} + obC, ooviviiiiiiiininn, (7

in which f, (r), etc., are integral functions of ».
We easily find the following particular results :

So 2 =epe (0) =0 eirieriiiii (8)
Sot = a0 = (= 1) By [(@r+ D)X (2r42) ! e 9)
2m
$on (1)=0, .. 3 8E=0. (10)
k=0
Im+1
Similarly 3 Sufiu=¢ma()=(-1)"B,.,/@Cm+2)1.....(11)
k=0
and SP=8}+8F— ... =1/(r+2)!. . (12)
§12. Generalisation of Stirling Numbers and Bernoullian
Polynomials.
The relation Cr=Cr+n(C
leads to the functional equation

Fol@+l)=Fy,(@)+xFp_o(x), oo, (1)
which furnishes a unique series of integral functions F. (x), F,(x),
etc., when we assume Fy(x)=1; I, (0)=7F,(0)= etc. =0.
The presence of the factorial (x — l)(x - 2)...(z - 7) in
F,, (x) is easily established.
For F, (0)=0, by hypothesis.
F, (1)=F, (0)+0=0
By ()= Fo (1) + Fous(1)
=0, provided » > I,
By (3)= By (2) + 28, o(2)
=0, provided r > 2,
etc., etc.

Cor. 1.—Equivalent initial conditions for the functions F (x)
are
I Fy(x)=1; Fyu(0)=0.
IL F(x)=1; F,(1)=0.
III. Fy(x)=1; F.(1)=F,(2)=...=F,(r)=0.
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Cor. 2.—The integral functions furnished by
Fo (x+1)=F, (x)+ Cax F,,_.(x)
with the same initial conditions are those already found multiplied
by the constant C.
Cor 8.—8imilar reasoning applies to the system of integral
functions furnished by the functional equation
P (T + 1) =, () +8" o) (&) -errrrieniannnn (2)
with the initial conditions
do(x)=1; ¢u(0)=0.
The first function obtained is simply the Bernoullian Poly-
nomial
b, @)y=1"42"14 . 4 (x- 1),
The other functions are the sums of such Bernoullians of
different degrees.
The function ¢, (x) contains the factor x(x - 1)...(x— 7).
Also, if ¢,,(x) contains the factor x, it contains the factor
(z-1)* as well, provided o. > n.
For ¢, (1) = ¢..(0)
¢ (1) = ¢ (0)

4’:3"_1) (1) = ¢:‘.:-‘_” (0) + (n - l) ! (ibur—n (0)

so that when the right sides of these equations vanish, so do the
left sides.

Note.—It will be proved preeently that when n -1 is odd, the alternate
functions are all divisible by x2? (x — 1)2.
With respect to Bernoullian Pulynomials, we may note that =(Z %) is
divisible by w (x - 1)2
a2t xzu

For Xx¥= a1l —;* + odd powers of x+(-1)"-1 B, x.
a2
On summing again we need only examine for - ’y +(-1)"! B, x, since
Z x?+1 always contains 2%(x - 1)
258 x (x — 1)

> possesses a term in x,

<

Now \ﬁ(:t):Z( -z

2

) + (_ 1)"'—18;,,

viz., (—1)" B, x, and is therefore not divisible by x2,

dx
Hence y'(1)=0. Bat y(1)=0. .. ¥ (x) contains the factor (x —1)%

d x2n
It is known that — [E— ?:I reduces to —(-1)"-1B,/2 when x=1.
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wr—1

If ¢.(x)= T g™/ (nr— k)!, we find from (3)
0

ay /(). +a,_,=0
ay/(nr-1)! + +a,,_s=0 4)
a/(nr-n+1)! +. .. +a, ,=(n-1)! ¢y 0)
For example, for
$u(@+1) - $, (@) =& [ (n=1)!
we obtain the equations
ap=1
R i:=o
....... 1 ) eeeerrrineneeneee (D)
a'o @ _
(ﬂ 1)' - +au—1_0

which may be used to determine the Bernoullian numbers.

Cor.—The functional equation (2) simply corresponds to a
recurrence formula for the successive calculation of the coefficients

of
n-1
e(@+ 1™ (@+ 2. (40 -1 = Z el T (6)
r=0
and of
e (z+ ) (e +n— n—1"")= \ ( -1)oy ot (")
in which s, and ¢; may be ca]led the Generalised Stirling
Numbers.
Thus S =8+ sl (8)

corresponding t0 ¢, (x + 1) =, (2) + 2" b,y (%)
For the functions ¢ we find
TR TITE =00, v e 9)
corresponding, say, to
Yur (D)= L+ &) — 2" e (L) e (10)
There ave two cases to distinguish, according as m is even or odd.
If m=2p, write —§ for z in (10).

’#mr ( - 5) = ‘l/mr (1 - 5) + gm_l ‘,bmr-—m (1 - é)
Put ¢, (1 — &) = P, (§) for all values of » and £, and therefore
\bmr( - g) = ¢mr (1 +£>'
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Hence bor (1 +E) = () + ¥ Dy (E)e coieiininnns 1)
If m=2u+1,
Yr (=€) =Ymr (1 = &) = £ Yy (1 - &)
Write 4, (1 -5 =(-1)" .. (§)
" b (148 = G () F 8 om (D o 12)

Hence, if m is even and 87 =, (n), then o, =¢,, (1-n);
but of m i3 odd, o] =(-1)7" ¢, (1 -n).

A variety of identities may then be established connecting the
generalised numbers, admitting, in particular, of the expression of

the one system of numbers in terms of the other. In particular,
(1) §5, with Corollary, holds unchanged.

The numbers s; are expressible as homogeneous integral
functions of C?, C} ..., C5 of degree m 1.

Let Qrt (@=x@-1"") ... (z-n-1"7)
Q.(@)y=x(x-1)...... (x-n+1),
and o a primitive (m - 1)*® root of unity.

Then (N =2Q, (0l x @, (W*E) ... Q. (0 1E), ...(13)
from which the statement at once follows,

Also when m — 1 i3 an odd number and r is odd, the generalised
Stirling numbers s, and o are divisible by n*(n — 1)

For example, when m —1=3, s! consists of ternary products
such as €Y C2C? and terms involving at least two numbers distinct
from €, each of which is divisible by = (n - 1), while C,? contains
the factor n*(n—1)% Similarly, s? involves terms in C? C? C?
and terms involving at least two numbers distinet from C,°.

. ete.
The proof for o7, follows from (1) §5, or from (11) and (12).
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