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1. Introduction and summary. Transitive group representations have their analogue
for inverse semigroups as discovered by Schein [7]. The right cosets in the group case find
their counterpart in the right w-cosets and the symmetric inverse semigroup plays the role
of the symmetric group. The general theory developed by Schein admits a special case
discovered independently by Ponizovskii [4] and Reilly [5]. For a discussion of this topic,
see (1, §7.3] and [2, Chapter IV].

One of the basic results of Schein [7] asserts that every effective representation of an
inverse semigroup is a sum of transitive representations. Since the Wagner representation
of an inverse semigroup is effective, we may reason as follows. Let p be a congruence on
an inverse semigroup. Then the Wagner representation of S/p is effective and thus a sum
of transitive representations. The equality congruence on S/p is therefore the intersection
of the congruences induced by the transitive representations so obtained. When these
congruences are lifted to S, we obtain p as the intersection of congruences on § induced
by transitive representations of S (see [3] for another demonstration of this fact).

This provides the motivation for a closer look at the congruences on an inverse
semigroup which are induced by transitive representations by one-to-one partial transfor-
mations. In addition, a deeper study of the congruences induced by transitive repre-
sentations would provide a better understanding of the transitive representations
themselves. For example, one might ask when two transitive representations induce the
same congruence. One may want to single out those congruences, say in kernel-trace
form, which are induced by transitive representations. Some related questions are treated
in this paper.

A few preliminary and general results are proven in Section 2. The notation and
terminology used throughout the paper is described in this section as well. The kernel and
the trace of the congruence induced by a transitive representation are characterized in
Section 3. A reasonably specific description of inverse semigroups with a faithful
transitive representation and at least one primitive idempotent is established in Section 4.
This result is generalized to provide some conditions on a congruence which ensure that it
is induced by a transitive representation. In Section 5, completely semisimple inverse
semigroups with a finite number of P-classes all of whose congruences are induced by
transitive representations are described by means of special ideal extensions of Brandt
semigroups. These extensions are studied in some detail in Section 6 both for general
inverse semigroups and for Brandt semigroups.
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2. Notation and preliminary results. For all undefined concepts and notation, the
reader is referred to [2]. Throughout this paper, S shall denote an inverse semigroup and E
its semilattice of idempotents. For any subsemigroup T of S, we define Ex=ENT.

The closure operator, denoted by w, plays an essential role in the theory of transitive
representations of an inverse semigroup. For convenience, we recall its definition here
(see for example [2] for more detail). If H is a subset of S, then the closure Hw of H in §
is given by

Ho={xeS|xENH+J}={xeS|ExNH+J}.
A set H is said to be a closed subset of S if H = Hw. If H is an inverse subsemigroup of S,
then H is closed if and only if H is unitary. As a result, if H is a closed inverse
subsemigroup of S, then for any e E and u € S, ex € H if and only if both e e H and
u € H. In particular, for any u, v e S, if uv € H then uu"' e H and v™'v € H.

The following facts concerning the closure operator will be useful.
LEMMA 2.1. Let X, and X, be subsets of S. Then (X, X;)w = (X 0)(Xw))w.

Proof. Since X< Xw for any Xc§, we obtain X\ X, c (Xw)(X,w) and so
(X1 Xy)w c ((Xjw)(X,w))w. Conversely, let u € (X w)(Xow))w. Then for some e € E, we
have eu € (X,0)(X2w), whence eu =rs for some r € X;w, s € X,w. Consequently, there
are idempotents f and g such that fr € X, and sg € X,. Now u = feug = frsg € X, X, and so
ue (XIXZ)CU.

Another useful result which is quite interesting in its own right describes the
relationship between an idempotent congruence class and its closure.

ProrosiTioN 2.2. Let p be a congruence on S. For each a €S, the following are
equivalent:
(i) x € (ap)w,
(il) aa”'x € ap,
(i) xa~'a e ap.
If e € E, then ep is an ideal of (ep)w.

Proof. In §/p, (i), (ii), and (iii) are equivalent ways of saying that xp = ap.
Now, for e € E, let x € (ep)w and y € ep. Then xypxepe and yxpexpe and so ep is an
ideal of (ep)w.

Lemma 2.3. Let p be a congruence on S. Then for any ec E and x € S, x"'x € (ep)w
implies that (x(ep)wx o = ((xex ")p)w.

Proof. By Lemma 2.1, we obtain (x(ep)wx™")w = (x(ep)x "w. But x(ep)x~'c
(xex~")p and so (x(ep)wx~")w = ((xex ")p)w. Conversely, let u € ((xex")p)w. Then for
some feE, ufpxex”' and so x'ufxpx~'xe. Now x"'x€(ep)w yields x 'xepe by
Proposition 2.2. Thus x 'ufxpe, whence u=xx"'ufxx 'ex(ep)x™ and so ue
(x(ep)x ") w, as required.

We conclude this sequence of observations with a local version of the result which
states that if p is a group congruence with kernel K, then for any a € S, ap = (Ka)w.
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LEMMA 2.4. Let p be a congruence on S and let a € S. Then (ap)w = ((aa™")pa)w.

Proof. Observe that ((aa~")pa)w c (ap)w since (aa")pa c ap. Let x € (ap)w. Then
by Proposition 2.2, xa 'apa so that xa 'paa”"'. As a result, we have xa'a € (aa~")pa.
Finally, since x = xa~'a we obtain x € ((aa~')pa)w.

Other fundamental concepts that we shall require are the principal right congruences
and principal congruences due to Dubreil and Croisot, respectively (see [1, Sections 10.2
and 10.4] for a detailed discussion). For convenience, we recall their definitions here. Let
X be any subset of S. Define aP%b if for all u €S, au € X if and only if bu € X. Define
aPyxb if for all u,v € S, uav € X if and only if ubv € X. Note that if X is a closed subset of
S, then P% is the greatest right congruence saturating X and Py is the greatest congruence
saturating X. Furthermore, the one and two-sided residue sets W% and Wy are defined by

W=Wyx={xeS|xSNX=0},
W=Wy={xeS|SxSNX=0).

Observe that W” is either empty or is a right ideal and a class of P% while W is either
empty or is an ideal and a class of Py.

An important result in the theory of representations of an inverse semigroup by
one-to-one partial transformations, due to Schein, is that every transitive representation
of § is equivalent to a representation obtained as follows. Let H be a closed inverse
subsemigroup of S. A right w-coset of H in § is a set of the form (Ha)w for a € S such that
aa"' e H. Let % denote the set of all right w-cosets of H in S and let %, denote the
symmetric inverse semigroup on & (with functions written on the right). To each s € §
assign the mapping ¢} € $ defined by

¢5::(Ha)w— (Has)w (aa™', as(as)™' € H).
Then ¢ :5— ¢} is a transitive representation of S on €. The domain of ¢} is given by
do3, = {(Ha)w | aa™", as(as)™ e H}.

An important special case occurs when H = Gw for some subgroup G of S. We may
obtain a transitive representation equivalent to ¢y in the following way (see [2, IV.5.2] for
details). Let e denote the identity of Gandlet % = {Ga | aa™' = e}. Then ¥ : S — F5 defined
by .
Ys:Ga— Gas (ass™'a '=e)

is a transitive representation of S equivalent to ¢. If G = {e}, then we simply write
Y, :S$— Fy.

In this paper we study the congruences on § which are induced by the transitive
representations of S. Since equivalent representations induce the same congruence, it is
sufficient to study just those representations obtained from the closed inverse sub-
semigroups of S in the manner described above. Moreover, it is known that two closed
inverse subsemigroups H and K produce equivalent representations if and only if H and K
are conjugate, that is to say, for some x € S, xHx ™' c K and x™'Kx c H. The next lemma
describes all conjugates of a closed inverse subsemigroup of S.
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LemMA 2.5. Let H be a closed inverse subsemigroup of S. Then for any x € S such that
x"'xeH, K=xHx o is a conjugate of H; in fact x"'KxcH and xHx 'cK.
Conversely, every conjugate of H is of this form.

Proof. Since xHx™! is an inverse subsemigroup of S, (xHx " is a closed inverse
subsemigroup of S and xHx™'c< (xHx ")w. We show that x '((xHx "w)x c H. Let
u € (xHx ")w. Then for some e € E, we have ue € xHx™" so that x 'uex e x 'xHx 'x c
H. Since x 'ux =x"'uex, we obtain x 'ux e Ho = H. Thus x '((xHx "w)x c H, as
required.

Conversely, suppose that K is a conjugate of H. Then there exists x € § such that
xHx 'c K and x~'Kx c H. We show that K = (xHx"")w. Observe that x~'(xHx ")x c
H. Since x 'ux=x"'uex, we obtain x 'ux € Ho = H. Thus x '((xHx ")w)x c H, as
required.
obtain

K=(x""Kxx Yo c (xHx )w c Ko =K.

For a closed inverse subsemigroup H of S we shall denote by ¢, the congruence
¢ ° ¢ induced on S by the transitive representation ¢, obtained from H as described
above. We shall use ¢ and @ to denote ¢, and ¢, whenever there is no ambiguity in
doing so.

It is shown in [1, Lemma 7.23] that ¢, = Py. This fact can be presented conceptually
as follows. Note that for all a €S, aPy=(Ha)w if aa~'e H while if aa~'¢ H then
aPy = W Thus if one passes from the O-transitive representation of S that is obtained by
right multiplication on S/P% to the O-transitive representation of S by one-to-one partial
transformations as described by Wagner (see for example [2, IV. 5.9]) and then drop the
zero, the result is ¢4. Since the congruence induced on S by the representation on /Py
is Py and since at each stage the resulting representations induce the same congruence, we
see that ¢y = Py.

In this context, we remark that in a group, any right coset Hg of a given subgroup H
completely determines the congruence induced by the transitive representation on right
cosets of H, namely P, = Py,. The situation is similar for inverse semigroups.

ProposITION 2.6. If H is a closed inverse subsemigroup of S and aa™'e H, then
Py=P (Ha)w-

Proof. If xPyy, then for any u,v €S,
uxv € (Ha)w Suxva™' € HSuyva™' e H S uyv € (Ha)w

and 50 XP x40y Conversely, if xP ..y, then for u,v € S we obtain
uxv € H & uxva € (Ha)w & uyva € (Ha)o Suyv e H,
whence xPyy.

CoRroOLLARY 2.7. Let p be a congruence on S and a € S. Then P45y, = P((aa-1yp)0r
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Proof. By Lemma 2.4, (ap)w =((aa ')pa)w, which in turn is equal to
(((aa™")p)wa)w by Lemma 2.1. Thus P(.p)0 = P(aa-1)p)wa)e = P(@a-1pye DY Proposition
2.6.

Lemma 2.8. Let p be a congruence on S and let X c S be saturated by p. Then the
following hold.

(i) Xw is saturated by p and (Xw)/p = (X/p)w.

(i) Px/p=Px.

Proof. (i). Let x € X and suppose that xpy. Then for some e € E, we have xe e X
and xepye. Since X is saturated by p we have ye € X whence y € Xw. Thus Xw is
saturated by p.

Now, let xp € (Xw)/p, whence x € Xw. For some e € E we have xe € X, whence
(xp)(ep) € X/p. Thus xp e (X/p)w and so (Xw)/p c(X/p)w. Conversely, let xpe
(X/p)w. By Lallement’s Lemma, there exists e € E with (xe)p € X/p and so xe € X. Thus
x € Xw and so xp € (Xw)/p, whence (X/p)w c (Xw)/p.

(ii). This follows immediately from the observation that for all x,a,y € S, xay € X if and
only if (xp)(ap)(yp) € X/p.

CoROLLARY 2.9. Let p and t be congruences on S with p c 1. Then 1t is induced by a

transitive representation of S if and only if t/p is induced by a transitive representation of
S/p.

Proof. By Lemma 2.8, v = Py for some closed inverse subsemigroup H of S if and
only if /p = Py, and H/p is a closed inverse subsemigroup of S/p.

We conclude this section with the definition of the kernel and the trace of a
congruence on an inverse semigroup (see [2, Chapter III] for a detailed discussion of
these notions). For any congruence p on S, the kernel of p, denoted by ker p, is defined
to be the union of the p-classes which contain idempotents, and the trace of p, denoted
by tr p, is the restriction of p to E.

3. The kermel and trace of the congruence induced by a transitive
representation. In this section, H shall denote a closed inverse subsemigroup of S.

PROPOSITION 3.1. For any a,b € S, a@b if and only if for every x € S with x*x € H, the
following conditions hold:

1) x laa"'xe Hox 'bb™'x e H,;

2) xlaa”'xe H>x lab 'x e H.

Proof. Suppose that agb. Then for every x € S with x"'x € H, (Hx "o € d¢* if and
only if (Hx ")wed¢® which is equivalent to x'a(x™'a)"'eH if and only if
x7'b(x"'p)"'e H. Moreover, x 'aa 'xeH implies (Hx "o ed¢®=d¢® and
(Hx Hw¢* = (Hx ") w¢®. Thus x 'aa~'x € H implies that (Hx™'a)w = (Hx~'b)w, which
occurs exactly when x 'a(x~'b) "' e H.

Conversely, suppose that for each x € § with x 'x € H, x 'aa™'x € H if and only if
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x 'bb~'x € H and x"'aa™'x e H implies that x " 'ab~'x € H. The first condition asserts that
d¢° =d¢®, while the second condition ensures that (Hx™'a)w = (Hx™'b)w for all x €
for which Hx~! e d¢° = d¢®. Thus ¢* = ¢° and so a¢pb.

As a consequence of this proposition, the trace of ¢ can readily be described.
COROLLARY 3.2. For e,f € E, edf if and only if for all x € S with x 'x € H,
ee(xHx oo f e (xHx .

Proof. In view of Proposition 3.1, it is sufficient to observe that if x~'ex and x~'fx
both belong to H, then x 'efx = x "'exx~'fx € H as well.

We shall use the following symbolism.
NotaTioN 3.3. Denote by € = €, the set of all conjugates of H, that is
€= {(xHx Yo |x 'x e H).

The preceding corollary can then be stated as: e@f if and only if for all C €,
eeC&o&fel.

LeEMMA 3.4. Let e € E. Then either SeS N H = or else e € C for some C € 6.

Proof. Suppose that SeS N H # . Then for some u,v € S, uev € H so that v"'v e H
and (ev) '(ev)=v 'eveH. But then vv'e=v(v'ev)y~'evHv™!, whence ee€

(vHv . Since v™'v € H, we have (vHu ")w € €, as required.

Note that for any C € 6, P = Py and so W N C =(J. As a consequence, Lemma 3.4
allows us to conclude that

E\W = {E¢| Ce 6}.
CoROLLARY 3.5. The kernel of ¢ is given by
kerg={xeS|forall Ce %, {xx ', x " x}NC#*T>xe €}

Proof. Suppose that x € ker ¢. Then x¢x~'x, which by Proposition 3.1 implies that
uxx'ueH if and only if u~'x""xu € H and that v 'xx 'u e H forces u™'xx 'xu =
u'xu e H for any ueS for which u™'u € H. For each C € € there exists u € S with
uueH and C=(uHu "w. It follows from Lemma 2.5 that x~'x € C if and only if
u 'xx"'w € H, and that x"'x € C if and only if u~'x 'xu € H. Thus we have xx~' € C if
and only if x 'x € C and either one implies that u™*xu € H, whence x € (uHu "o =C.

Conversely, suppose that {xx~', x 'x} N C # implies that x € C, for all C € 4. We
show that x¢x~'x. By Proposition 3.1, this can be accomplished by demonstrating that
u " 'xx"'u € H if and only if u™"x'xu € H and that if u"'xx"'u € H, then u~"xu € H for all
u €S for which u~'u € H. By Lemma 2.5, this is equivalent to xx~'e C if and only if
x"x €C, and if xx '€ C then x € C, for all C € €. But by hypothesis, either of xx ' e C
or x 'x € C forces x € C, whence both xx™'e C and x~'x € C are true if either is true.
Thus x¢x ~x.
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_ We continue the analogy with groups with a description of the idempotent classes of
¢ and finally with a description of ¢ itself which is similar to the description of a
congruence on a group.

NotaTioN 3.6. For each e € E, let
C.={Ce¥€|eeC}.

We remark that by Corollary 3.2, idempotents e and f are related by ¢ if and only if
Ce = Cf‘

PROPOSITION 3.7. For each e € E, we have C, = (e¢)w.

Proof. Foree W, C,=(\J=S and e¢ = W. Since W is an ideal of S, Ww =S and
so C, = (e¢)w. On the other hand, if e ¢ W, then for any x € e¢, we have x~'x¢e. Thus
for all Ce €, x"'xeC if and only if ee C. In view of this, e € C implies x € C by
Corollary 3.5. But then x € C.. We have thus obtained e¢ c C,. Since C, is closed,
(e¢)w < C.. Conversely, let x € C,. In view of Proposition 2.2, it is sufficient to show that
exge. By Proposition 3.1 and Lemma 2.5, this can be accomplished by showing that
exx '€ C if and only if e € C and that exx™' € C implies exe € C for all Ce 4. Since
x € C,, we know that e € C implies that x € C. Thus, if e € C then x € C, whence x '€ C
and so exx ' € C. Conversely, exx ™! € C implies e € C since C is closed. Thus exx™' € C if
and only if e € C. As well, if exx™' € C then e,x € C and so exe € C.

PRroPOSITION 3.8. For any a,b €S, apb if and only if C,p-1r = Cpp-1 and (Cop-a)w =
(Cbb—lb)w.
Proof. If agb, then aa~'¢bb~", whence C,,-1= Cpy-1. As well, by Lemmas 2.4 and
2.1 we have (ad)w = ((aa~")pa)w = ((aa~")dwa)w and by Proposition 3.7, (aa~")pw =
Ca-. Thus (ad)w =(Ch-a)w. Similarly, (bd)w =(Cpp-b)w and so (C,-a)w =
(Cbb—lb)(l).
Conversely, suppose that C,,-1= C,,-1 and that (C,,-1a)w = (Cyp-1b)w. By Propo-
sition 3.1, Lemma 2.5 and Corollary 3.2, agb if C,o-1= Cy,-1 and ab™' € C,,-1.. We have
ae Cyac(Cyhp1a)w = (Cpp-1b)w and so by Proposition 3.7 and Lemma 2.1 we have

ab™' e (bb ™ Hpwb)wb ™' = (bb™Hpw = Cpp-1= Cogmr.

In view of Proposition 3.7, we may attempt to generalize the notion of the greatest
normal subgroup contained within a given subgroup of a group in the following manner.

Nortation 3.9. Let K=Ky = | C..

eeEy

ProposiTion 3.10. K = (H Nker @)w and so K is a closed inverse subsemigroup of S
contained in H. Moreover, ¢y = ¢g.

Proof. Since H is saturated by ¢ and H is closed, Proposition 3.7 yields K=
U C=U (o= ( U e(i))w = (H Nker ¢)w.

eeEy eeEy eeEy
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Now, by Proposition 2.2, it follows that for each e € E, (e¢y)w is saturated by ¢
and so K is saturated by ¢. Thus @5 c Px = ¢x. Conversely, suppose that agb. Let
x €S be such that x"'x e H. If x"'aa™'x € H, then x~'x,x"'aa"'x € E; = Ex and so by
Proposition 3.1, x7'bb~'x,x 'ab™'x e Kc H. Similarly, x~'bb~'x e H implies that
x~'aa™x € H. Thus by Proposition 3.1 we have adb.

We remark that in general, one can expect to have different closed inverse
subsemigroups of S contained in K which still induce the same congruence. Consider the
bicyclic semigroup for example. If the w-chain of idempotents is denoted as usual by
eo>e;>..., then H={e, e,} and L= {e,} are each closed inverse subsemigroups.
Now ¢, must saturate H and as a result, ¢, = . Similarly, ¢, = . But then K = H and
so LgK.

Thé next proposition establishes that K is maximal in a sense which is analogous to

the notion of the greatest normal subgroup contained in a given subgroup of a group.

ProrosiTioN 3.11. If L is a closed inverse subsemigroup of S such that

() E.= Ey.
(ii)) L e (H Nker P)w,
then L c K.

Proof. We show that P, c P,. Then since Py = Px, we obtain L < (H Nker P )w
c (H Nker Py)w = K. Suppose now that aP,b. Let x,y € S be such that xay € H. Then
xay(xay)~' € Ey = E, whence xay(xay)~' € L. By hypothesis, we have xby(xay)™ € L. As
a result xby(xay) 'xay e H since H is a subsemigroup, and finally xby € H since H is
closed. By symmetry, we have aPyb.

Note that if S is a group, then condition (i) is automatically satisfied while condition
(ii) simply asserts that L is a normal subgroup of S contained in H.
In this context, we offer an alternative description of ker ¢ (cf. Corollary 3.5).

LeMMa 3.12. The kernel of Py is given by:
ker Py ={keS|xkye H>xy e H}.

Proof. Let k € ker Py. Then kPykk™" and thus for x,y € S, xkyPyxkk™'y. Since H is
saturated by Py, xky € H implies xkk ™'y € H and thus xy € H.

Conversely, let k€S be such that xky e H implies that xy e H. We show that
kPckk™'. For any x,y €S, xkk 'ye H>y 'kk 'x 'e H>>y % 'x 'eH>xkye H>
xkk~'ky € H=>xkk ™'y € H, as required.

CoroLLarY 3.13. If L < H is a closed inverse subsemigroup of S for which L c ker P,
and E; = Ey, then xXLx 'NHc L forall x € S.

Proof. Let leL and x €S be such that xlx~'e H. Then xl(xl)"'e E; =E,;. By
Lemma 3.12, x(x/)"' € L and thus xlx '€ L.

We shall require the following results.
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Lemma 3.14. Let G be a subgroup of S and let e be the identity of G. Further, let
H=Gw. Then K = (e¢)w.

Proof. By [2, IV.5.1}, Ey has e as a zero element. We show that for any f € Ey,
f¢<:(e¢)w Let x efp. Then xedfe=e and so by Proposition 2.2 we obtain that
x € (ed)w, as required. But then (f¢)w < (e¢)w and so K = U C = U (fo)w = (ed)w.

CoroLLARY 3.15. Let G be a subgroup of S with identity e and let p = @G- Then
p= ¢(ep)m-

Proof. This follows immediately from Proposition 3.10 and Lemma 3.14.

We remark that two different conjugates of a closed inverse subsemigroup need not
intersect. Any non-trivial Brandt semigroup will illustrate this. At the other extreme, in a
group, the set of all conjugates of a subgroup has non-empty intersection, this intersection
being of course the greatest normal subgroup contained in the given subgroup. The next
lemma shows that in a Clifford semigroup (i.e. a semilattice of groups), all conjugates of a
given closed inverse subsemigroup have exactly the same idempotents.

LemMma 3.16. Let S be a Clifford semigroup and let H be a closed inverse
subsemigroup of S. Then E,; = E¢ for all Ce €.

Proof. By symmetry, it is sufficient to show that E, < (xHx "o if x 'x e H. Let
1

ecEy. Then e=exx ' =xex ' exHx ™" and so e € (xHx ")w as required.
CoroLLARY 3.17. Let H be a closed inverse subsemigroup of a Clifford semigroup.
Then K= (0 (xHx~ Ho.

x~xeH

Proof. By definition, K = | { ﬂ (xHx“)w}. From Lemma 3.16 we have for

ecEy \x~lexeH
ecE, that x“'exe H if and only if x"'xeH. Thus K= | { N (xHx“)a)}=

-1
M (xHx "), as required. ecEy \x~lxeH
x"\xeH

4. Inverse semigroups with a faithful transitive representation. We characterize
here inverse semigroups with primitive idempotents and a faithful transitive repre-
sentation. We also describe congruences p for which p = ¢.,)., for an idempotent e such
that ep is primitive in §/p. We start with the case of Clifford semigroups (semilattices of
groups).

ProrositioN 4.1. Let S be a Clifford semigroup. Then S has a faithful transitive
representation if and only if S is either a group or a group with zero.

Proof. Let H be a closed inverse subsemigroup of § such that ¢y =¢ Then Wy =0
or else W, is an ideal of S and a class of ¢,,. If the latter case occurs then |W,| =1 and so
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S has a zero. For any e € E\ Wy, by Lemma 3.16 we have
C.=MN{CleeC}=N{C|Ce %}

and so C, = C; for e,f € E. Thus |E\Wy| =1 and so S is either a group (if W;; = Q) or else
a group with zero.
The converse is clear.

Consequently one may observe that a congruence p on a Clifford semigroup is
induced by a transitive representation if and only if S/p is a group or a group with zero.
Furthermore, for any congruence p on an inverse semigroup, p = () Py, (see [3]) and

eeE

so every Clifford semigroup is a subdirect product of groups with a zero possibly adjoined
(see [2, 11.2.6]). Observe that Ey = E¢ for all C € % if and only if S@ is a group or a
group with zero. That this can occur for semigroups other than Clifford semigroups is
seen from the following example. Let S be any inverse semigroup with a completely prime
ideal 1. Let H=S\I. Then x 'x € H implies (xHx w c H.

THEOREM 4.2. An inverse semigroup S has a zero, a primitive idempotent e, and a
faithful transitive representation if and only S is a dense ideal extension of a Brandt
semigroup B. Moreover, under these conditions, B = J(e).

Proof. Necessity. Let e be a primitive idempotent of § and H be a closed inverse
subsemigroup of S for which ¢, :5— #(X) is faithful. Assume first that 0 € H. Then X
has only one element and thus § has at most two elements. Hence S = {0, e} is a two
element semilattice, a special case of a Brandt semigroup.

Now suppose that 0¢ H. Then 0e Wy and since ¢y is faithful, we must have
Wi = {0}. Since e #0, we get that e is contained in some conjugate C of H. Since C and
H induce equivalent representations, we may assume that e € H. Now e must be the zero
of Ey by primitivity and 0 ¢ H, which gives

K=U fo=ew
feEn
and ¢x = Py =&

Let B =J(e). Then B is a Brandt semigroup since e is primitive, and S is an ideal
extension of B. Recall from Section 2 that y,:S— $(R,) and that v, is faithful. This
means that § acts faithfully by right multiplication on the %-class R, and thus a fortiori on
B. In view of [2, 1.9.18], we conclude that § is a dense extension of B.

Sufficiency. Let S be a dense extension of a Brandt semigroup B. Then § has a zero
and a primitive idempotent e. In order to prove that v, is faithful, by the density of
extension, it suffices to prove that vy, |z =¢. Let B=B(G,I), e=(1,1, 1) and assume
that &) = "5 Then

0#(1, 1,0, 8/)=>,1,)p¢e0 =, 1, )p%"0 =1, 1, i)k h, )
so that (i, g, j) = (k, h, I), as required.
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We consider next the case without zero.

ProposSITION 4.3. If S has a primitive idempotent, a faithful transitive representation
and no zero, then it is a group.

Proof. Let e be a primitive idempotent of S. Since S has no zero, e must be the
unique minimal idempotent of S and hence the zero of E. By [2, IV.5.5], H, is a group
ideal of S. By hypothesis, S has a faithful transitive representation, say ¢, for some
closed inverse subsemigroup H of §. Since S has no zero and ¢y is faithful, Wy =.
According to Lemma 3.4, e is contained in some conjugate C of H. We may thus assume
that e € H. Since e is the zero of E, [2, IV.5.5] implies that H = G for some subgroup G
of H,. In view of Corollary 3.2, any two idempotents of S are ¢ -related since e is its only
conjugate (recall that H, is an ideal of ) and so e € (xHx")w for any x € S, which implies
that E c (xHx " ")w. But ¢y is faithful, so S has only one idempotent and thus must be a
group.

The next theorem gives necessary and sufficient conditions on a congruence p on § to
be induced by ¢.,). for an idempotent e for which ep is primitive in S/p. This theorem
will be useful in the next section.

We will need the following simple result.

LemMA 4.4. Let S be a dense extension of a Brandt semigroup B. Then every non-zero
ideal of S contains B.

Proof. Let I be an ideal of S and suppose that B £ I. Then since B is 0-simple, we
have IN B = {0}. But then the Rees congruence p, when restricted to B is equality,
whence p; = . Thus I = {0}.

For any congruence p on S, let p* be the natural homomorphism of S onto S/p.

THEOREM 4.5. Let p be a congruence on S and e <€ E. Then the following are
equivalent.

(i) ep® is a primitive idempotent of S/p and p = @ pye-

O ifS/ph ,

(ii) The ideals J =\J{xp | x € SeS} and I = { Y S1p has no zero
following conditions: fo i fo” is the zero of Sip

(a) if I+, then L is a prime ideal,

(b) eeJ\I,

(c) for all g,h e J\I)NE, gpgh implies that gph,

(d) for any congruence & on S, &|, = p |, implies that E c p.

satisfy the

Proof. If §/p has no zero, we may adjoin a zero to S and extend p in the obvious
way. The result would then follow from the case with zero upon removal of the zero.
Thus we may assume that S/p has a zero fo*.

(i) implies (ii). By Corollary 2.9, the equality relation on S/p is induced by a
transitive representation of S/p, whence S/p has a faithful transitive representation.
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Since S/p has a zero and a primitive idempotent ep”, we may apply Theorem 4.2 to
obtain that S/p is a dense extension of the Brandt semigroup B = J(ep™).

We now consider condition (a). Let a,b€S and suppose that aShcl. Then
J(ap*)J(bp¥)={0} in S/p. Since B*#0, we must have either B ¢ J(ap®) or
B ¢ J(bp®). Thus by Lemma 4.4, either ap® =0 or bp™ =0, whence a eI or b e I and so
I is prime.

Condition (b) follows immediately from ep® #0. In order to establish condition (c),
let g,h € E;\; and suppose that gogh. Then gp* = (gp*)(hp®) with gp®, hp* € E5. Thus
gp* = hp® whence gph.

Finally, let & be a congruence on S such that £|, = p |,. We prove that (€ v p)|, =
o |;- Indeed, let a& v pb for a,b € J. There exist xq, x,, . . . , x, €S such that

akx,px,8x5. .. x,pb.
Multiplying on the right by a~'a, we obtain

akx,a lapx,a~'a. .. x,a 'apba'a,

where x;a7'a, x,a7'a,...,x,a 'aeJ. The hypothesis then implies that apba'a.
Similarly, we get bb~'apb and thus bb~'apba~'a. Consequently apba'apb, as required.
Now (& v p)/p is a congruence on S/p whose restriction to B is the equality relation. But
S/p is a dense extension of B and thus (§ v p)/p = €. This implies that § v p = p, that is
to say, & = p. Thus condition (d) holds.

(i) implies (i). By definition, B=Jp* is the ideal of S/p generated by ep®.
Moreover, by (b) we have Jo* # {0}. Then using Lallement’s Lemma and (c), we obtain
that all non-zero idempotents of B are primitive. Since [ is a prime ideal of S saturated by
p, it follows that Ip® = {0} is a prime ideal of §/p, hence of B. It is well-known that this
is equivalent to the assertion that B is a Brandt semigroup. Moreover, we have by (b) that
ep® #0, whence ep® is primitive. Observe as well that (d) implies that S/p is a dense
ideal extension of B. We shall use this fact to demonstrate that the residue of (ep)w is 1.

Let ael Then J(a)NepcINep = since e e J\I and I is a p-class. Suppose now
that a € S\I. Then J(ap¥) is a non-zero ideal of S/p and so by Lemma 4.4 we have
B cJ(ap®). Thus ep® € J(ap®) and so J(a) Nep # . We have shown that I =W,,. It is
easy to see that W,,,, = W,, whence I =W ,,,.

Now let a,b € J be such that ai)(ep)wb. Since I =W ,,),, we have that a € I if and only
if b € I, in which case apb. Hence assume that a ¢ I. Then u~'av € (ep)w for some u,v € S
by the above. It follows that u'aa~'u = (u™'a)(u"'a) ™" € (ep)w. Since ad,.,b, we have
also

u”'bb~'u, u'ab"'u € (ep)w. 1)

The inclusion u'aa'u € (ep)w also implies that u™'u € (ep)w. Consequently aa™'e
(u(ep)wu")w and thus aa~' € ((ueu")p)w. In view of Proposition 2.2 we now obtain
aa 'ueu'pueu". If ueu=' €1, then u~"(ueu")u € I so that (u"'u)e(u'u) e IN(ep)w, a
contradiction. We thus have aa™', ueu™"' € J\1, which together with aa~'ueu~'pueu" by
condition (c) yields aa~"pueu™". Using (1), we similarly get bb~'pueu™", which then gives
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aa~'pbb~'. Moreover, (1) yields ab~'ueu™'pueu!, which then implies ab~'pbb~!. Now

substituting a~* for @ and b~! for b, we obtain a~'apb~'b. Hence
a=aa'apa(b™'b) = (ab~")bpbb~'b = b.

This proves that ¢y, |, = p |;. It follows easily from the expression for D ey that
P S Pepywr In particular, we have @), |;=p |;. Now condition (d) yields ¢.py = 0,
which finally gives ¢(ep)w p-

5. Inverse semigroups all of whose congruences are induced by transitive
representations. The main result here is a description of inverse semigroups in the title
which are also completely semisimple and have only a finite number of #-classes.

We shall require the following well-known results.

LEMMA 5.1. Let S be completely semisimple with S/ ¥ finite. Then any subchain of E is
finite.

Proof. In a completely semisimple inverse semigroup we have #=% and no two
distinct 9-related idempotents are comparable.

LeMMmA 5.2. Let I be an ideal of S and p a congruence on I. Then pUc¢€s is a
congruence on S.

Proof. Straightforward.

The notion of special ideal extension plays an important role in the work that
follows.

DerFmniTiON 5.3. Let [ be an ideal of S. We shall say that S is a special ideal extension
of I if every idempotent separating congruence on / extends uniquely to a congruence
onS.

Observe that in view of Lemma 5.2 when S is a special ideal extension of /, then for
each idempotent separating congruence p on I, p U &5 is the unique extension of p to S.
Furthermore, a special ideal extension is of course dense.

Lemma 5.4. Let I ¢ J be ideals of S for which S/1 is a dense extension of J/1. Then for
each a € S\J there exists b e J\I with J,> J,.

Proof. Suppose for some a € S\J there is no b eJ\I with J,>J,. Then SaSnN
W\)=0. Let K=SaSUI Since ae K\Jc K\l we have I K. Then the Rees
congruence p; refines the Rees congruence px and so pk/p,; = pg/ is a congruence on S/1
whose restriction to J/I is equality. Since S/ is a dense extension of J/I, and pg,
restricted to J/I is equality, we must have pg, = €. But this is not possible since K # /.

Our main theorem characterizes a class of inverse semigroups on which every
congruence is induced by a transitive representation. As we shall see, this class includes
the symmetric inverse semigroup on a finite set.

https://doi.org/10.1017/50017089500006649 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500006649

34 MARIO PETRICH AND STUART RANKIN

THEOREM 5.5. Let § be an inverse semigroup with zero. Then the following are
equivalent.
(i) (a) S is completely semisimple and S| $ is finite;
(b) every congruence on S is induced by a transitive representation.
(ii) S satisfies (a) and
(c) for every congruence p on S, there exists e € E such that p = ¢ cpyar
(iii) (d) S has a principal series

0=S%cSc...c8§,=§

such that for eachi=1,2, ..., n, the quotient §;/S;_, is a Brandt semigroup;

(e) foreachi=1,2,...,n—1, 5;41/Si-1 is a special extension of §;/S;_,.
(iv) S satisfies (d) and
(f) for any i=1,2,...,n and any idempotent separating congruence 3 on

S:/S;-1, the relation ws_ UP|s\s_ Ues is a congruence on S and conversely, every
non-universal congruence on S is of this form.

Proof. (i) implies (ii). Let p be a congruence on S. Then by (b) there is a closed
inverse subsemigroup H of S such that p = ¢,,. By Lemma 5.1 we obtain that Ej, has a
zero e, whence by [2, IV.5.5], there exists a subgroup G with identity e for which
H = Go. An application of Corollary 3.15 then yields p = @,,)., as required.

(ii) implies (iii). We observe that (b) implies that each congruence on § is induced by
a transitive representation. By Corollary 2.9, each congruence on any homomorphic
image of S is also induced by a transitive representation. Moreover, every homomorphic
image of an inverse semigroup with property (a) also has property (a). Thus every
homomorphic image of S has properties (a) and (b).

Now, apply Lemma 5.1 to conclude that § has a primitive idempotent. Moreover,
since ¢ is induced by a transitive representation, we see that S has a faithful transitive
representation. By Theorem 4.2, § is a dense extension of a Brandt semigroup B,. If
S # B,, then we may replace S by S/B, and repeat the argument to obtain that S/B, is a
dense extension of a Brandt semigroup B,. Because of the finiteness of S/.#, this process
must terminate after n steps, where n = |S/#|. We obtain the principal series required for
(d) by setting S, = {0} and S;\S;,_, =B/ fori=1,2,...,n.

To verify that (e) holds, let ie {1,2,...,n—1} and let B be any congruence on
Si+1/S;_y whose restriction to S§;/S;_, is idempotent separating. Let p denote the
congruence on § obtained by applying Lemma 5.2 to the congruence on S; that results
when the restriction of B to §;/S;_, is pulled back to ;. Then p = ws_ U B |s\s._, U &5 since
S;/S;_, is a Brandt semigroup and an idempotent separating congruence on a Brandt
semigroup has the zero as a singleton congruence class. Let A denote the congruence on §
obtained by applying Lemma 5.2 to the congruence on S, that results when g is pulled
back to S;.,. Now by (c), there exists an idempotent e € § with p = ¢(.,),,. We wish to
show that ep is primitive in S/p. Since §;_, = 0p, we see that e ¢ S;_,. Suppose that e ¢ S;.
Then ep N S; =D since §; is saturated by p and so (ep)w N S; =. But then §; c W), =
S;_1, a contradiction. Thus e € S;. Since S/§;_; is an ideal extension of the Brandt
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semigroup S;/S;_, and e € §;\S,;_;, we see that e is primitive in §/S,_,. The fact that the
Rees congruence modulo S;_, refines p allows us to conclude that ep is primitive in S/p.
We may therefore apply Theorem 4.5. Let J be the union of all p-classes which meet SeS.
Since e € §; and S, is saturated by p, we obtain that J c S; whence A|, = p|;. By Theorem
4.5(d) we have A ¢ p and since it is evident that p = A, we conclude that A = p. Now since
B is the quotient of A5, =p|s, by the Rees congruence modulo S;_,, it follows that
B =B lsss._, Y Es, s, Whence S;,,/S;_, is a special ideal extension of S;/S;_,.

(i) implies (iv). Let ie{1,2,...,n} and let B be any idempotent separating
congruence on S;/S;_,. Then the zero of the Brandt semigroup S;/S,_; is a congruence
class of B, and so wg_ UB|ss._, is the pullback of B to S; via the canonical
homomorphism of S; onto S;/S;_,. We then apply Lemma 5.2 to obtain the desired result.

Conversely, let p be an idempotent separating congruence on S and let { be maximal
subject to the requirement that p |5_ = ws,_,. Let f=p |5s_,. We prove by induction on
k that

P |s,‘ =ws,_ U BuU Es,

for i < k = n. Consider first the case when k =i. Let x € 5;\S;_, and y € §;_, be such that
xpy. Then xp0 since S;_,cyp. As a result we have S,=SxSUS,.,c0p whence
p |s,= ws, contradicting the maximality of i. Thus p |, saturates S,_,, whence p |5 =
ws,_ UB=ws_UPBUes.

Next, suppose for some k, i <k <n, that p |5, has the required form. Let a =p | Sear-
We show that S,_; is saturated by «. For, suppose that it is not. Then for some
idempotent e € S, .\ S, there is an idempotent f € S, _; with epf. By (e) and Lemma 5.4
applied to S;_; = Sy © Sy, there exists b € S, \ S, -, with J, >J,. But then there exists an
idempotent g € J, with e =g. Since J, = S, \S,_,, we have g e S;\S,_, and g =egpfg €
Sk-1, contradicting the fact that p | s, saturates S,_,. Thus S,_, is saturated by « and so
the Rees congruence modulo S;_; refines «. But then « induces a congruence on
Sw+1/Sk—y whose restriction to S;/S,_, is induced by p |5, and thus is an idempotent

separating congruence on S;/S,_,. From (e) we infer that « saturates S, and « |, \s, iS
equality, whence

a= a/lsk Ua |Sk+l\sk =p |Sk U Esens = Ws,_, U ﬁ U £ U £\

as required.

By induction, we obtain that p = p |5 = ws_ U B U &;s.

(iv) implies (ii). It is immediate that (d) implies (a). To verify (c), let p be a
congruence on S. If p = w, then p= é)mp)w. Otherwise, p is a non-universal congruence
on S. By (f), there exists i with

p=ws_ Up ls,-\s,-_, U &s.

Let A ={ag, ay, ..., a,} where ag=0and q; e §;\S,_, =D, fori=1,2,...,n Then by
[3, Proposition 3.4], we have p = (1) Py, Since app=0p=S,_, for 0=j=<i—1 and
acA

Popy0 = w, We obtain p =[P, Moreover, since W,, =W ,,=S5:_,, we have by
j=i
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(f) that P(,,), = w5, , U & U &5 where « is the restriction of P, to S;\S,_,. Thus P,
saturates {a;} = a;p for all j>i and s0 P (o), S Pop S Papyw for all j>i. As a result, we
have p = P(,,),. Finally, by [3, Lemma 3.3], for any idempotent e € §;\S;_;, we have
P = Py Thus p = @0, as required.

(ii) implies (i). This is immediate.

There is a large class of inverse semigroups all of whose congruences are induced by
transitive representations.

PRrROPOSITION 5.6. Every congruence on a (0-)bisimple inverse semigroup is induced by
a transitive representation.

Proof. Let p be a congruence on a (0-)bisimple inverse semigroup S. By [3,
Proposition 3.4] we have p = Py, N P(epyw = Pepyo fOr any idempotent e ;&Q if S has
zero, while p = P, if S is without zero. In either case, we have p = P, = @(cp)o and
so p is induced by a transitive representation.

6. Special ideal extensions. In view of Theorem S.5, it is of interest to have a closer
look into the nature of special extensions for general inverse semigroups and, in
particular, for Brandt semigroups.

LemMA 6.1. Let S be a dense ideal extension of 1. Then I is saturated by any
congruence whose restriction to 1 is idempotent separating.

Proof. Let p be a congruence on S for which p |, is idempotent separating. Suppose
that I is not saturated by p. Then there exist x € S$\I and y € I with xpy. Since S is a dense
extension of I (and ! is inverse), no two elements of S can act the same on [/ via left
multiplication. Since e =xx~'e S\I and f=yy '€l we have epf and e #f. Thus there
exists tel with et#ft, whence ett™'+#fu~'. But ett”'pft™' and et”!, fu'el,
contradicting the hypothesis that p |, is idempotent separating. Thus / is saturated by p.

ProPOSITION 6.2. Let S be an ideal extension of 1. Then S is a special extension of 1 if
and only if

(i) S is a dense extension of I,

(i) S/(u; Y e) is a dense extension of I/u,,
that is, if and only if the least and the greatest idempotent separating congruences on I
extend uniquely to S.

Proof. Obviously, if S is a special extension of I, then (i) and (ii) hold. Conversely,
suppose that (i) and (ii) hold. Let p be a congruence on $ for which p |, is idempotent
separating. Then by (i) and Lemma 6.1 we see that I is saturated by p. Let
T=p v (u; U ). Since I is saturated by p, it follows that 7|, = g, and 7 |, = p |sy. Now
t'=1/(p; U €) is a congruence on §’ = §/(u,; U £) whose restriction to I’ = I/, is equality,
whence by (ii) we have 7' |s- =& But S\ =S'\I" and p |sy =1 |sy=T' |sn, = & Thus ]
is saturated by p and p |qy=¢, whence p=p |, Ue.
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We now turn to extensions of Brandt semigroups by considering first dense
extensions.

LeMMA 6.3. Let I be a Brandt semigroup and S be an ideal extension of I for which
S/1 is a Brandt semigroup. Then S is a dense extension of 1 if and only if for all e € Eg,

@) |[e]n1*| =2,

(ii) for each x € H,, [x] NI =[e] N1 implies that x = e.

Proof. Suppose that S is a dense extension of I. Then § is not a retract ideal
extension of I, whence (i) holds for all e € E,. Now let ¢ € Eg, and x € H, be such that
[x]INnI=[e]NI Then for any y €I, we have xyy 'e[x]NI and eyy~'e[e]N I Then
xyy~'=e and eyy~' =x, whence xyy ' =eyy~' =xyy~'. It follows that xy = ey. Since S is
a dense extension of /, this implies that x = e, and so (ii) holds for each e € E,,.

Conversely, suppose that (i) and (ii) hold. Let p be a congruence on S for which p |,
is idempotent separating. Suppose that / is not saturated by p. Then for some e € E; and
f € E; we have epf, whence efpf and so ef =f. Thus f <e. By (i), there exists g € [e] N [*
with g #f. We obtain then that g =egpfg#g, contradicting the fact that p|, is
idempotent separating. Thus [ is saturated by p.

Now suppose that for some x,y € §/1, we have xpy, whence e =xx 'pyy™' = f and
e,f € Egy. Suppose that e#f so that efel since S\I is a Brandt semigroup. If
[elNnI=[f]N1, then [e] NI =][ef], whence |[eJNI*| =<1, a contradiction. Thus [e] N[+
[fIN1 By symmetry, we may suppose that there exists g € [e]N/ with g ¢ [f]. Then
eg =g #fg whence P, separates e and f. Since p saturates {g}, we have p c Py,
whence ep # fp. Thus p is idempotent separating on S.

Finally, observe that since / is saturated by p, p induces a congruence on the Brandt
semigroup S/I. This congruence is therefore completely determined by the congruence
class of any idempotent in S\/. Let e € E5; and x € H,. Suppose that x #e. By (ii), we
have [x]NI#[e]N I, and so there exists y € I for which either y <x and y £ e or else
y £ x and y <e. In the first instance, we obtain y = yy~'x # yy ~'e while in the latter case
we have yy~'x #y =yy~'e. In either case we see that P(,, separates x and e. Since p
saturates {y} we have p = P,,, and so x ¢ ep. Consequently, ep = {e} and so p |s,= ¢
Since 1 is saturated by p and p |s, = €, we have p = g, as required.

We are now ready for the principal result of this section.

THEOREM 6.4. Let I be a Brandt semigroup and S be an ideal extension of I for which
S/I is a Brandt semigroup. Then S is a special extension of 1 if and only if for every
ee€ ES\I:

() lle]n1*=2,

(it) for each x € H,, Hyx < Hy for all f € [e] N I implies that x = e.

Proof. Sufficiency. Let e € Eg, and x € H, with x #e. By (ii) there exists fe[e]N/
for which Hpx ¢ H,. Since Hyx < Hy,, we obtain fx #f. If fx <e, then fx =fx(fx)™' =
fxx~'=fe=Ff, a contradiction. Thus fx ¢ [e] N1 but fx e [x] NI, whence [x]NI#[e]N 1.
We have shown that condition (ii) of Lemma 6.3 is satisfied, while condition (i) holds by
hypothesis. By Lemma 6.3 therefore, we have that S is a dense extension of 1.
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Now let t=%,Ug, S'=58/7 and I'=1/t. We show that (ii) is equivalent to
condition (ii) of Lemma 6.3 formulated for the extension of the Brandt semigroup /' by
the Brandt semigroup S'/I'=S/I. In fact, for ee Es, and x e H,, we show that
[x]NI'=[e]NI' if and only if Hx < H, for all f € [e] N I. Suppose that [x]NI'=[e]NI".
Let fe[e]N I Then fre[e]NI', whence fr <x. But then fx € ft = H;. This implies that
(ft)x = Hix < H;. Conversely, suppose that Hx c Hyforeach fe[e]N1'. Letyre[e]N1'.
Then (yt)e =yr, whence for f=y~'y we have H,=H; and fee H; so fe=f. Thus
fele]NI and so Hx cH;. But then (yr)x=(fr)x=fr=yt and yreE,, whence
yre[x]NI'. Thus [e]NI' c[x]NI'. For yt e [x]N1', we have (y~'y)zx = y7, whence for
f=yy™" we have Hxx c H,. Since fe = yy~'xx~'#0, we have f € [e] N I, whence Hx c H;.
Thus Hy = H, and so yt=fre[e]NI', whence [x]NI'c[e]N1".

We may now observe that S’ is a dense extension of I’. Condition (i) is inherited by
the extension S’ of I' and thus condition (i) of Lemma 6.3 holds for this extension of /'.
By the above argument, (ii) implies that Lemma 6.3(ii) holds for this extension as well.

By Lemma 6.3 we obtain that S’ is a dense extension of I'.
Finally, we apply Proposition 6.2 to conclude that S is a special extension of I.

Necessity. Suppose that S is a special extension of I. Then § is a dense extension of /,
whence Lemma 6.3(i) asserts that (i) holds. Next, by Proposition 6.2(ii), we know that,
with the notation above, S’ is a dense extension of I'. By the above argument, in the
presence of (i) this is equivalent to (ii). Thus both (i) and (ii) hold.

ReMARK 1. We observe that condition (ii) of Theorem 6.4 is equivalent to the
following: for e € Eg\,
(i)’ H, acts faithfully by conjugation on [e] N I.

REMARK 2. In view of condition (i) of Lemma 6.3, we may observe that the proof of
Lemma 6.3 demonstrates that condition (ii) of Lemma 6.3 is equivalent to the
requirement that no two elements of S\ cover exactly the same elements of /, that is, for
all x,y € S\I with x #y, we have [x]NI#[y]N 1 In order to appreciate the difference
between conditions (ii) of Lemma 6.3 and Theorem 6.4, respectively, we observe that
condition (ii) of Theorem 6.4 is equivalent to the following: for any x,y € S\I with x #y,
there exists an #-class X in I such that [x] N X #J and [y] N X = or vice-versa.

It is shown in [2, V.4.8] that every ideal extension of a Brandt semigroup
I=B(G, X) by a Brandt semigroup Q = B(H, Y) can be constructed from data of the
following form. Let v be a cardinal number with v <|X|, and @, the family of all subsets
of X of cardinality v. Select P, € %?,. Let

(i) m:Y— P, be any function such that |xx Nyx|<1if x #y;

(i) 6:H— G wr $(F,) be any homomorphism and let h6 = (03, 7,);

(iii) for each y € Y, let &,: P,— ym be a bijection and 7, : B,b— G any function.

We shall let IT, denote the projection G wr F(Py)— F(Fp).

LEmMMA 6.5. Let S be an ideal extension of I = B(G, X) by Q = B(H, Y) determined
by parameters v, Py, &, 0, &, 1 as described above. Let e € Eg, so e = (y, 14, y) for some
y € Y. Then the following hold.
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(i) fele]N1if and only if f = (x, 15, x) for some x € yx.
(i) For q € H,, Hyq = H; for all f € [e] N1 if and only if the projection of qinto H is
contained in ker(611,).

Proof. (i) This follows by routine computation.

(ii) Let q € H,, say q =(y, h, y). We must show that 7, = ¢ if and only if for all
x ey, xE;'1,E, = x, which in turn is equivalent to (x&; )z, =xE; ! for all x € yx. But g
is a bijection from P, to yzr, whence the result follows.

CoROLLARY 6.6. An ideal extension S of I=B(G, X) by B(H,Y), determined by
parameters v, Fy, , 0, &, 1, is special if and only if v=2 and 011, is injective.

Proof. In view of Lemma 6.5(i), v =2 is equivalent to condition (i) of Theorem 6.4
while by Lemma 6.5(ii), the injectivity of 611, is equivalent to condition (ii) of Theorem
6.4. The result follows from Theorem 6.4.

To illustrate the situation, we offer an example of a dense extension S of a Brandt
semigroup by a Brandt semigroup which is not a special extension. Let I = B(G, {1,2})
and Q = B(C, {1}) where C, is a cyclic group of order 2 generated by g, so that
G ={e q} with g°=e. Let v=2, P,={1,2}, m:{e}— P, be the function ex = P,,
0:C,— G wr #({1, 2}) be the homomorphism determined by g8 = (k,, €p), Where K, is
the constant function 1k, =2x,=¢q, §,=¢ p, and 1n, =27, = e. For convenience, we draw
the poset graph for $* under the natural partial order.

q

(1, q, 1y I 19,2
[u, 1) e (1,e2)
2,9,1) = \ 12,4,2)
&, e, 1)e / 2 e, 2)/

By Remark 2, it is evident that S is a dense extension of I which is not special.
On the other hand, by Remark 2 we may see that the semidirect product of the
semilattice {0, e, f, 1} with poset graph

1
e-<.> f

and its automorphism group, upon forming the quotient by the minimum ideal, yields a
special extension of B(G,, {1, 2}) by B(G,, {1}).
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As an interesting consequence of our results, we have

ProposITION 6.7 (cf. [6]). Let X be a finite set. Then the symmetric inverse semigroup
$(X) has a principal series which satisfies Theorem 5.5(iii). Therefore $(X) satisfies the
equivalent conditions of Theorem 5.5, and in particular, the congruences on $(X) are as
described in Theorem 5.5(iv).

Proof. It is well-known that $(X) has a unique principal series given by ;=
{ € $(X)|rank(a) <i} for i=0, 1, ..., |X| for which each quotient semigroup S;/S;_,
is a Brandt semigroup. Conditions (i) and (ii} of Theorem 6.4 are readily verified for each
extension S,,,/S;_, of §;/S,_;, i=0,1,...,]|X|—1. Thus Theorem 6.4 asserts that
Si+1/Si_, is a special extension of S;/S;,_, for i=0,1,...,|X|—1, whence Theorem
5.5(iii) holds.
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