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The Global Attractor of a Damped, Forced
Hirota Equation in H'

Boling Guo and Zhaohui Huo

Abstract. The existence of the global attractor of a damped forced Hirota equation in the phase space
H'(R) is proved. The main idea is to establish the so-called asymptotic compactness property of the
solution operator by energy equation approach.

1 Introduction

Our aim is to study the global attractor of the Cauchy problem for the following
damped, forced Hirota equation in the phase space H'(R),

iOu+ adiu+iB02u+ idude(|u|?) + ip|ul*Ou + n|ul*u + iyu = f,
(1.1)
u(x,0) = up(x) € H'(R), (x,1) € R x R.

where «, 3, A, , 1, 7y are real constants, 3-« # 0,7 > 0, and f is time-independent
and belongs to H'(R). The parameter v > 0 can be looked on as a damping coeffi-
cient.

The Hirota equation (L) is a typical model of mathematical physics. It en-
compasses the well-known nonlinear Schrédinger equation and the modified KdV
equation, and in particular contains the nonlinear derivative Schrodinger equation.
Hasegawa and Kodama [10,11,17] proposed (L)) as a model for propagation of pulse
in optical fibers.

If v = 0and f = 0, for global well-posedness of the Cauchy problem (LI]), Laurey
[19] obtained global well-posedness in H!(R) and H*(R)(s > 2). Huo and Guo [12]
obtained local well-posedness in H*(R)(s > i) and a global result in H*(R)(s > 1).
From the mathematical point of view, the extra term with the factor  accounts for
a weak dissipation with no regularization, or smoothing property. Hence the well-
posedness of (LI) comes essentially from the dispersive regularization property of
the equation (LI). The proof of well-posedness is similar to that in [12]. We use
the so-called the Fourier restriction norm (Bourgain function spaces) to consider the
problem. This is one facet of the paper. The Fourier restriction norm method was
first introduced by J. Bourgain [2, 3] to study the KdV and nonlinear Schrodinger
equations in the periodic case. It was simplified by Kenig, Ponce, and Vega [15, 16].
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Another facet of this paper is to consider the long time behavior of the solutions,
which is described by the global attractor. The existence of a global attractor for hy-
perbolic equations is usually obtained by the asymptotic compactness or the asymp-
totic smoothing properties of the solution operator, together with the existence of a
bounded absorbing set. Those properties are usually proved by the energy equation
method. For equations on unbounded domains, the use of energy equation is partic-
ularly suitable, since it does not depend on compact imbedding of function spaces.
It does require, however, the weak continuity of the solution operator in the sense
that if the initial datum uy, converges to 1, weakly, then the corresponding solution
u,(t) converges weakly to u(t), for all time ¢t. This weak continuity is usually ob-
tained by passing to the limit in the weak formulation of the equation and by using
the uniqueness of the solution.

There are many papers on the existence of global attractors of equations such as
the KdV equation or the Schrodinger equation [4-8,14,20-22]. However, there seem
to be none considering the existence of global attractors of Hirota equations. There-
fore, our result seems to be new.

To study well-posedness of the solution to problems (L)), we use its equivalent
integral formulation

t
u(t) = W(t)ug + i/ Wt —t")(iAude(|ul*) + ip|u|*Ocu + n|u*u + iyu — £)(t))dt’,
0

where W(t) = I le=it0* =01 F, s the unitary operator associated with the cor-
responding linear equation. For simplicity, denote the phase function as ¢(§) =

2 _ 33
g — pg.

It is important to point out that the above phase function ¢(£) has non-zero sin-
gular points, which is different from the phase function related to the linear KdV
equation and also makes the problem much more difficult. Therefore, we need to use
Fourier restriction operators

Pr= [ efode = [ oo w0
[€1<N

[€I=N

to eliminate the singularity.

The paper is constructed as follows. In Section 2, we introduce some notations,
define the Bourgain space related to equation (I.I) and obtain some preliminary
estimates. Then in Section 3, we investigate the local solution of the problem in
H® fors > %. In Section 4, we discuss further the global well-posedness in H Iand
the absorbing sets. Finally we give the asymptotic compactness and the existence of
the global attractor in Section 5.

2 Function Spaces and Preliminary Estimates.

For convenience, we introduce some notations:

& 46) = ag — € or ag + .

s IRED = i s@n
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¢ 0O=T~— /6€3 +C¥§2, 0j =Tj— ﬁf? +Oé§]2(] = 172)a 03 =1T3 — 65; - Oéfg
. f* -dé = f£:§l+£z+g3;7:ﬂ+n+ﬁ -dm dedTadf] dfzdfs.
o D =3 '¢|°F, for fraction s,
o DI'"=3F1(i&)"F, for integral m.
o Ji=971E T, a=max(1,|35]).
[es} [e3e) 4

. ||f||L£Lf = (ffoo(ffoo |f(x,t)|9d t) s dx)'/?, I fllzgers = H | £1
o [JPwyvdx = (JPu,v)p = (u,v)pp.

For s,b € R, X denotes the completion of the Schwartz function space on R?
with respect to the norm

H;

L>"

Iz

5, =€) (r — BE + a8 Ful g,

lils,, = I€)*(r — BE — ag?)' Fitl gz,

where (- ) = (1+]- ). One can easily prove that ||u
later.

Let¢) € C3°(R) with ¢ = 1 on [—1, 1] and supp¢) C [—1,1]. Denote 15(-) =
W(6~1(+)) for some § € R.

For T > 0, we consider the localized Bourgain space ng, which is endowed with
the norm

x., = |l %, which will be used

lell, = llull g = lbralx,

In our arguments, we shall use the trivial embedding relation || u|| Xon S ||| Xot
whenever s; <'s,, by < b,. Denote (7, ) = Fu by the Fourier transform in ¢ and x
of u and F . yu by the Fourier transform in the (-) variable. Define the space

Hy(—r,r) :={f € H(R),supp f C (—r,r),r > 0}.
Note that for all r > 0, the continuous injections hold
(2.1) Hy(—r,r) C HY(R) C L*(R) € H™'(R) C Hy ' (—r,7),
and the compact injections also hold
(2.2) Hy(—r,r) Cc L*(R) C, Hy (=1, 7).
We will often use Agmon’s inequality, which reads
lollooemy < ol e 15

Lemma 2.1 [23] The group {W (¢)}}°2 satisfies

W (#)uollpsry < Clluoll2-
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Lemma 2.2 [12] The group {W (¢)} 1% satisfies
IDW (1)P*uy | oo 2 < Clluolz, W ()P uo |l rsre < Clluol| o,

DY W (£)P**uo | g < Clluo]l 2,
where the constant C depends on 3 and a.

Lemma 2.3 [15]If p > 1 for any fixed N with 0 < N < +o0, it holds that

IPNEpllzee < Cllfllzez
where the constant C depends on N.
—2
Lemma 2.4 [12]Ifp > %“%—q),forz < q < 8, then ||F,|| g0 < C\|f||L§L$, where
the constant C depends on 3 and a.
Lemma 2.5 [12]

(i) Letp> S with0 € [0,1]. Then ||DﬁP2“FpHL130L2 < ClIfllzzzz-

X t

_1
(ii) Letp > 3. Then || Dy * P*F,|| 3100 < ClIfllz212> where the constant C depends on

G and o
Lemma 2.6 [12] Assume f, fi, f>, and f; belong to Schwartz space on R%. Then

/?(&ﬂﬁ(gl,mﬁ(gz,mf;@a,n)dé=/fflfzfs(x,t)dxdr.
Lemma 2.7 [15,16] Lets € R, 1 <b < b’ < 1,0<§ < 1. Then

[s(OW (Duo|lx,, < C8Z~ug]

Hs»

Xeb—17

t
15(0) / S(t — T)E(r) dr]lx,, < C8*~Y|F
0
¢ 1
145(6) / S(t — T)E() drl e < C5H | Fllx, .
0

15(0)F|x,,, < C6"||F]lx,

b/ —1"

3 Local Solutions in H*

In this section, we obtain, by the contraction mapping principle, the local well-
posedness of the problem, which is given by Theorem[3.2] The contraction argument
provides the local solution, once we prove that the following estimates hold for some

1,
b>3:
(3.1) ||8x(|”|2u) Xopor S Cllu g(s.b’
(32) [[ul*Ocullx,,_, < Cllullk,,,
(3.3) (ulwlx,,, < Cllullk,-

In fact, (31), 3.2), and (B3] can be shown in the following theorem.
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Theorem 3.1 Ifs> 1,5 <b<Z,b' > 3, then

(3.4) [|0x(urt2183) || x,,_, < Clluy

X,y Huz Xyt ||M3

Xopt o
(3.5) 10c(un) a3 ||x,,—, < Clluallx,, [[uallx,,, usllx,
(3.6) lwmwais|x,,_, < Cllullx,, ullx,,, luslx, -

Remark  The proofs of (B4) and (3.6) can be found in [12]. In fact, (3:6) holds if
s> *i [13]. The proof of (B.9) is similar to that of (B.4).

Proof Here we only prove (3.5). By duality and the Plancherel identity, it suffices to
show that

T = / <5>5|51|{ (;ﬁffum,595%(72,&)9113(73,53)616
* ag

(€& ;
= dd
/* <0_>17b H§:1 <£j>s<0'j>b,<€3>s<5'3>bl f(T7 g)fl(Th fl)ﬁ(T27§2)ﬁ(T3a 53)

3
< Cliflles TTISll
P
forall f € L%, f > 0, where

fir= & o) g, § =12 f = (&) (53) s
E=6L+6+EG;, T=T1+T+ T

We may assume f; > 0, j = 1,2, 3. Let

i _ f](§77—) .
?F/';(é-,T)— (1+|T*ﬂ§3+06£2|)p, ]_1727
&)
H:F;(£7T): (1+|7_ —3ﬁ§3—a£2\)/”
Let
361562563 <£1>$<€2>$<§3>S'

In order to obtain the boundedness of integral T, we split the integration domain
into several pieces.

Case 1: Assume |£| < 6a.

1.1 If|&] < 2a, then K(&,&1,&,&5) < C. Using LemmaZ.4land Lemma 2.6 the
integral T restricted to this domain is bounded by

ClF —olliziz 1Fy sas 1o lrsre 1o ez < Cll Flliziz I fillzez Nl ollizez Lz

https://doi.org/10.4153/CMB-2010-021-3 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2010-021-3

300 B. L. Guo and Z. H. Huo

1.2 Assume |§;| > 2a.

1.2.1 If|&] < 2a0r |&5] < 2a(without loss of generality, we can assume |&;| < 2a),
then K(&,&1,&,&) < Cl&|. The integral T restricted to this domain is bounded by

CUE g 1D B e 1P e |1

L
< C”f”LngHfl||L§L2,,||J[2HL§L§||J(3||L§L3’

which follows from Lemmas[2.3H2.6lfor b < g.
1.2.2 If|&]| > 2aand |&5] > 2a, then we use s > i to bound K (&, &1, &, &) by

K(E 0,60, 6) < c— 0L

(€2)* (&)

The integral T restricted to this domain is bounded by

i

1 _1
ClIF1—bl 212 [|D<P* Fiy || 2o 2| P** D * F || sz [|P** D * Fy [l sz
< C||f||L§L$

Al | follze | ol

which follows from Lemmas[2.4-2.6]

Case2: Assume || > 6a.

2.1 If |&] < 24, then |¢] < 3max{|&],|&]} (without loss of generality, we can
assume 2a < %|£| < |&)). Tt follows that K(&, &1, &, &) < C. Similarly to Case 1.1,
we can obtain the boundedness of the integral Y.

2.2 Assume |§;| > 2a, we distinguish the different situations.

221 If|&] < 2ao0r |&| < 2a (without loss of generality, we can assume |&5] < 2a),
then |¢] < 3max{|¢], &} It follows that K(£, &1, &,&) < Cl&|. The integral T
restricted to this domain is bounded by

ClIF1—llpys | DP*El o2 1B s 1 PaaFy 2=
< C”f”LngHfl||L§L2,,||J[2HL§L§||J(3||L§L3’

which follows from Lemmas2.3H2.6lfor b < g.

2.2.2  Assume |&] > 2a and |&3] > 2a. We discuss three situations separately.

(1) If|¢] < 3max{|&],|&], |&]} = 3|€1], then we can obtain the boundedness of
the integral Y similarly to Case 1.2.2.

(i)  If|¢] < 3max{|&],]&), 16| = 3|&], by symmetry, we have the following
three cases.
If s > 1, then K(&,&,&,&) < C. Similarly to Case 1.1 we can obtain the
boundedness of the integral Y.
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If 5 <5 <1, then

&'
K(év&lv&Z?fS)gc s
(&)
By Lemma[2.4+Lemma[2.6]for b < , the integral T restricted to this domain

is bounded by

1 _1
ClIFr—pll o1 1DF PP Fy || sz | By Nl oz | Dx * PP Fy || aree
< Cl e fills Al s
If { <s< 3, then

@l
(&) (&)

We obtain the boundedness of the integral Y as follows,

K(£,§Ia€27§3) é C

_1 1
CHDiPwFlfbHLﬁLZ |Dy*P*Fy, HL%LZ IDx *P**Fp ||psgoe [|Dx * P*Fy || a0
X t X Mt

< Clfllz Azl llze Sl

which follows from Lemma 2. 4-Lemma2.6lfor 1 — b > 3.
(iii) If €| < 3max{|&], |&], |&]} = 3|&5], then we can obtain the result similarly
to case 2.2.2(ii).

Therefore, this completes the proof of Theorem [3.11 ]
).

Next, we prove the local well-posedness of Cauchy problem (LI) in H*(s >
Assume~y € Rand f = f(x,t) € th_l(s > i) for some T > 0.
For uy € H*(R)(s > i), we define the operator

1
4

O (u) = Pr(OW(Hug + ilZJT(t)/ Wt — ") (iAudy(|ul*) + iplul*Ocu
0
+nlulPu+iyu— )t dt',

and the set 1
B ={ue X, NH": |ulxrnp < 4CT"|uo|m}-

In order to show that ® is a contraction mapping on B, we first prove ®(B) C B.
From Lemma[2Z.7land TheoremBdlfor 3 < b < b’ < 1, it follows that

I1B@)lxr, < CTluolla +CT" ~*(lullzs, + lullxr, + 1 fllxr, )

sb—1""
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Therefore, if we fix T such that
, 1
4Tttt <

8CT" 0T =2 ||}, <

1 1
4 4

r_ 1_
CTY Il < CTHuolla,

1

then ®(B) C B.
For u,v € B, in an analogous way to above, it follows that

19 () = W)y, < CT" = (max((lullys,, [vllxr)* + D)l = vllx,

< CTY (8T 2|y

2 1
e AT ) lu—vl[xr

Therefore, ® is a contraction mapping on B. There exists a unique solution to
Cauchy problem (L)) in Xzb(s > %) for T > 0. We state the result as the follow-
ing theorem.

Theorem 3.2 Lets > i, % <b< g. Letuy € H?, f € Xsp—1 andy € R. Then
there exists a constant T > 0, and Cauchy problem (1)) admits a unique local solution
u(x,t) € C([0,T]; H®) ﬂXIb. Moreover, givent € (0, T), the map (v, f,ug) — u(t)

is continuous from R x XIFI x H* to C([0, T]; HY).

4 Global Well-Posedness in H' and Absorbing Sets

In this section, for v € R, f € H', and uy € H', we will obtain the global well-
posedness of the problem (). This is achieved with the help of H! energy inequality
as in [9, 19]. Similarly, we establish some energy-type equation for the solutions of

(TID.
Lemma 4.1 Letuy € H*(R), f(x) € H*®(R), and u € C([0, T]; H*(R)) be the

solution of (LI)). Then
1d, ., ) B
(4.1) EE””HLZ +9|lull;: =Im [ fadx,

(4.2) —%% uﬂxdx—)\lm/(uﬂx)zdx-f—v/uﬂxdx: %/fﬂxdag

1d
= 5 gyl = tm / (wiv)?dx — (A+ ) / (Oulu)? e Px —
(4.3)
/\ux|2dx: —Im/fxﬂxdx,
1d 3
Za”u”é + 75 /(8x|u|)2|ux|2dx+aIm/(uux)zdx+W||u||ﬁ4
(4.4)

:Im/f\u|2ﬂdx,
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(4.5) 91w+ 2910 = Ki(f ),

where

L(u) = —nA||lugl7. — AN+ %)Hu”}; + (301 — aX + ) / uu, dx,
Ki(f,u) =2030n — aA+p)) %/fﬂxdx — 6mA Im/fxﬂxdx

— 222X+ p) Im/f|u|2ﬂdx.

Proof We obtain (4.1) by multiplying (L)) by @ and (42) by i,, integrating and
taking the imaginary part and the real part, respectively. Similarly, we obtain (€3]
by multiplying (1)) by ii,, and @&4) by |u|*d, integrating and taking the imaginary
part. We obtain (45) by taking the following linear arrangement of the previous
equations:

20360 — a2 + ) +6nA (£3) — 222\ + ) (E3). [

Now choose a smooth function ¢» € $(R) such that ) > 0 and sz PY(x)dx = 1.
Define ¢). = 14)(%), for e > 0. We regularize uy € H'(R), f(x) € H'(R): uy® =
up*e, f¢ = f*1p.. The smooth functions 4, and f¢ converge respectively to uy and
fin HY(R) as € — 0. We consider the solution of (1)) u° € C([0, T.]; H*®) with
data u°(0) = u,° and forcing term f*. By Theorem [3.2] (the continuity with respect
to the data of the local solution), it follows that with initial condition u¢(0) = ug°
and forcing term f* the solution u°(t) converges to the solution u(¢) with data u, and
forcing term f in X{, | N H' for some appropriate T > 0.

By Lemmal[4] for a smooth initial condition uy® = 1 * 1. and a smooth forcing
term f° = f x 1), the local solution u° given by Theorem B2l satisfies the following
energy-type equation:

d
(46) Elj(ug(t)) + 2’711(1460)) = K](f£7 ue(t))7 ] = 0) 17t € [_T7 T]a

where Io(1°) = ||u°||7., Ko(f¢,u*) = [ f°a° dx. So I is defined as (£.5). We integrate
(4:6) to obtain

(4.7) Ij(ug(t))+2’y/ Li(ue(t")) dt’
0

t
:zju6(0)+/ Ki(f5,u(¢))dt!, j=0,1,t€[-T,T].
0

Taking the limit e — 0 in (@Z7)) and using the continuity of the solution with respect
to the data and forcing term, in particular using

(1)) = lim I;(u" (1)) and K;(f, ) = lim K;(f*,u"(0))  j =0, 1,¢ € [=T. T},
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we obtain that

(4.8) Ij(u(t))+2’y/ Ii(u(t)) dt’
0

:Iju(0)+/ Ki(f,u(t)dt', j=0,1,te€[-T,T].
0

From the energy-type equation (4.8), one can extend the solution u(t) to obtain a
global one for any T > 0 with u € XIT_b N C([-T, T); H' (R)). One can also check
that for each T > 0 and each initial condition 1, € H'(R), there exists a constant
C = C(J|uo]|gr, T) such that

[ullxr, < C(lluollp, T)

In fact, energy-type equation (£8) provides an estimate of the solution in H'(R)
norm at each instant in time. What is more, we can divide each interval [—T, T] into
small enough subintervals as required in the proof of Theorem Therefore, this
can be obtained by a straightforward and classical procedure, so we omit the details
here.

We state one of our main results as follows.

Theorem 4.2 Lety € R, f € H'(R) and uy € H'(R), b real and close to 3. Then
for all T > 0, problem (L) admits a unique global solution u(x,t) € C(R;H"),
which belongs to XlT - Moreover, the map, which associates the datum (v, f,up) to

the corresponding unique solution u(t), is continuous from R x H'(R) x H'(R) into
C([-T, T); H'(R)) x XT, with, in particular,

Jullxr, < CO\ Nluollr s 1 f 1y T)-

Furthermore, the solution u(t) satisfies the energy equation
d .
(4.9) Elj(u(t)) +29I;(u(t)) = K;(f,u(t)), j=0,1, forallt € R,

where I;, K; are defined as [&.3)) and (4.6).

Thanks to Theorem we can define a group associated with equation (L) as
follows.

Definition 4.3 Forv € R, f € H'(R) fixed, we denote {S(t) },cr by the group in
H'(R) defined S(t)uy = u(t), where u(t) is the unique solution of equation (I.I)) and
belongs to X{b forall T > 0.

From now on, we are interested in the long time behavior of equation (L)) tak-

ing the dissipation into account. We assume that +y is positive and the forcing term
f belongs to H!(R); we shall obtain the existence of bounded absorbing sets for the
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solution operator {S(¢) };cr with the help of the energy-type equation. We first ob-
tain an absorbing ball in L?(R); then we prove the absorbing ball in H' (R). We just
outline it here, since this is a standard procedure.

By applying the Cauchy—Schwartz inequality and the Young inequality to the term
on the right-hand side of (4.1]), we obtain that

d 1
(4.10) 1@ +Allu®]E: < ;HfH%z-
Integrating with respect to time, we have

_ 1 .
lullzz < fluollzze™" + 51 fllz2 (1 = 7).
Therefore, we deduce that for u,
. 1

(4.11) lim sup |[u(t)||z < po = = flle2,

t—o0 "y

uniformly bounded in L?(R). For the absorbing ball in H!(R), we first estimate the
following terms by Agmon inequality and Cauchy inequality,

1 €1
/Iu\“dx < full el ze < Mlaalle laellrz < fllul\iz + = [l
€1 2
1 €
/uﬂxdx < ullzz [ uxllz2 < gllul\iz + flluxlliz-
R [ fiydx < < LR + S ul?
fixdx < || fllellullez < S MF Il + 5 lluxlze,
£3 2
_ 1 2, E4 2
Im [ fettedx < || filllluslle: < Sl Alz + = sz
E4 2

Im/flulzﬂdx < I fllee el lfullioe < WAl laellZe el 22

1 Es
< fgs\\f\lﬁz\lullﬁz + 3\%”%27
where
S U2 .= Al o= [y[ - Al
2+ ) 2|(368n — a@X+ w)|’ 6/(36n — aA + w)|’
SRS o SR o 2\ I
18’ 12]A(\ + 5)]
Therefore,

AT sl = (A + 5) - Tl = | @ = a@a+ ) [ wneds] < 1o
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Then,
Al AMAERIP o (BB —aA+ ),
(4.12) )P — ——22||u|lb, — ull7.
sl = =l = Jull
3Al, L P+ o BB —aQ@A+ )P
< ILi(u) < —||ugl||5 + ———=—1|ul|}. + ul|72.
1 y el + =l = Jull

Now similarly to the above, using Agmon’s and Cauchy’s inequalities to estimate
Ki(f,u), we obtain

6|(38n — a2X + w)|?
V] - (Al

A
(4.13) K(f,u) < I1£l7: + 54“77||||fxlliz
24| A\ + 9)J? Y] - [l
— 22— If I llullf: + f\luxllia

7] Al
By (@12) and (.13)), we have
6/(38n — a@X+ )* .
Ki(f,u) < ~vyL(u)+ P
bl HRAEE e
- X 2 1 N 2 2
[y Y] - Al e
AN+ %)|2 6 |(3ﬁ77_04(2)\+/i))|2 2
—||U 2 + u .
Therefore, from the energy-type equation ([49) for j = 1, it follows that
d 6/(38n — QA+ > .1» InA| 2
—L(u) + I (u) < + 54— || £,
dt 1 1 |'Y| ) IWA‘ ||f||L2 "Yl ||f||L2
8NN+
SR LA u
AN+ E)|2 (3ﬂn—a(2)\+p))|2
R+ 1= O e,
Al 2
By the Gronwall lemma and (4.10), we obtain
) 6|(38n — A+ p)* | 112 7| 2
< -
tli{lgo sule(u) = 72 K ‘77)\| ||f||L2 +54 72 Hf;CHLZ
P DN O S |
T £ 11721 £1172
A+ £)J? (381 — a2\ + ) ?
PO pys, 4 1007 = I£IE:-
77+ nAl 7 nAl
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Finally, by (4.12]) we obtain

12/(36n — a2X + p)|?

I£1IZ:

(4.14)  lim sup [[ul|f) < p1 =
t—o0

7 AP
48] A\ + &)
a1
108 4P+ DI 41380 — aA + p))|?

11z + 1112

+ ?foniz +

V- InAl? 7 nAl?

Therefore, we have the following result.

Theorem 4.4 Lety > 0, f € H'(R). Then the solution operator {S(t) };cr associated
with equation (1) possesses a bounded absorbing set in H'(R), with the radius of the
absorbing ball given by (A.11)) and (£.14).

5 Asymptotic Compactness and the Global Attractor

From Theorem (4] it follows that there exists a bounded set in H'(IR) which is ab-
sorbing for the solution operator {S(¢) },cg. Therefore, to obtain the existence of the
global attractor, it suffices to prove the asymptotic compactness property. If {ug,} is
a sequence and bounded in H'(R), and {t,} is a sequence satisfying ¢, — oo, then
{S(t,)tion } n is precompact in H' (R). We shall use it later, so we state it below as a
lemma [1,18,24].

Lemma 5.1 Let E be a complete metric space and let {S(t)};cr be a group of con-
tinuous(nonlinear) operators in E. If {S(t)}rer possesses a bounded absorbing set B
in E and is asymptotically compact in E, then {S(t) };cr possesses the global attractor

A =(,Us, S0B.

In this section, we will show that the asymptotic compactness property follows
from the energy-type equation (49). The present case fits the abstract framework
given by I. Moise, R. Rosa and X. Wang [21]. The only delicate point is the weak
continuity of the solution operator. We need enough regularity to pass the weak
limit in the equation and we need the uniqueness to obtain the weak convergence to
the right solution.

Lemma 5.2 The solution operator {S(t)}.cr is weakly continuous in H'(R) in the
sense that if ug, converges weakly to some ug in H'(R) as n — oo, then S(t)uq, converges
to S(t)uy weakly in H'(R) for allt € R.

Proof Let up, — ug weakly in H'(R). We fix T and consider u, = S(t)u, for

t € [—T, T]. Note that {ug,}, is bounded in H'(R), since it has a weak limit in the
phase space. From Theorem 3.2 it follows that u,, the time-derivative of u,, satisfies

(5.1) {n}n is bounded in X{, N C([—T, T]; H'(R)).
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Then from equation (L)), we deduce that
(5.2) {u/}, is bounded in C([—T, T]; H*(R)).
From (5.)), it follows that
(5.3) {1y }n—"1u weakly star inXlT"b7

for some u € XIT,b NC([-T, T]; H'(R)) and some subsequence {n’}.
Moreover, from it follows that for any v € H?(R) and ¢, ¢t +t' € [T, T1,

(un(t +1") — uy(£),v)12 =/+ (14 (5), V)12 ds

’

t+t
< / ()12 e s
t

< Ct'||v|| g2,

(5.4)

where C is a constant and independent of n. Let v = J~2(u,(t +t') — u,(t)), by (54)
we obtain
(5.5) [t + 1) = un(O)[[F-1 < CF'lfun(t + 1) — (1) |12

< Ct'lJug ||~ 132) < CH,

for a larger constant C.
Let v, (s) be defined as above. Then t,u, belongs to H}(—r,r). From (5.) and
(B3, it follows that {,u, }, is equibounded and equicontinuous in

C([=T, Tl Hy(—1,7))

for any r > 0. Moreover, From the continuous injections (Z.I) and the compact
injections(2.2)), we obtain that {t),u, }, is equibounded and equicontinuous in

C([_Ta T];Hgl(_r7 T)),

and is precompact in Hy Y(—r,r). Therefore, by the Arzela—Ascoli theorem, we de-
duce that the sequence {1, u, }, for each r > 0 is precompact in

C([_T7 T]’H(;l(_rv T))

By a diagonalization process, we can chose a subsequence {t,u, },/ and an element
u € C([=T,T); Hy ' (=, 1)) such that

(5.6) {tty }— ustrongly in C([—T, T}; Hy ' (—r,7)), Vr > 0.

The weak-star convergence (5.3) and the strong convergence (5.6)) allow us to pass
the limit in either the weak or the mild formulation of equation (1)) to deduce that
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the limit function u is the solution of Cauchy problem (L.I]). For this passage to the
limit, we do not need the weak-star convergence (5.3) in X1T7 p- Thus the weak-star
convergence (5.3) in X[, is only needed to assume that the limit u belongs to X{,, in
which case u must be the uniqueness of the solution in Theorem Hence we have
u(t) = S(t)uy. By contradiction, one can deduce that in fact the whole sequence u,
converges to u in the sense of (5.3) and (5.6).

It still remains to show that u,(t) converges weakly to u(¢) in H(R) for any t €
[—T,T]. We know that the convergence is strong in Hy Y(—r 1), for each r > 0.
Therefore, taking v € C>°(R), we obtain that for large enough r, J?v belongs to
Ho_l(—r, r), so that

(thy Vi) = (i, ¥) — (4, Pv) = (U, v) ).

Then, from (5.J) and the density of C°(R) in H'(R), it follows that for every v €
H'(R), (y, V)i wy — (4, v)pnw)- This proves the desired weak continuity in H L(R).
|

With the previous lemma in mind we can prove that the solution operators
{S(#) }+cr are asymptotic compact by the framework summarized in [21].

Lemma 5.3 Ifthe sequence {u, } is bounded in H'(R) and the sequence {t,} satisfies
t, — 00, then there exist u € H'(R) and a subsequence {n'} such that S(t, )ug, — u
strongly in H' (R).

Proof The proof is standard; we refer to [21,22]. [ |

This gives the asymptotic compactness property of the solution operator and,
hence, the existence of the global attractor. Therefore, we have the following result.

Theorem 5.4 Lety > 0, f € H'(R). Then the solution operator {S(t) };cr associated
with equation (1)) in H'(R) possesses a connected global attractor in H' (R).
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