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Introduction

The definitions of the various proper homotopy groups correspond to three main
geometrical ideas: sequences of spheres converging to a Freudenthal end (Brown
groups); infinite cylinders giving the mobility of spheres towards a proper end (Cerin-
Steenrod groups); sequences of spheres, each one movable to the next one following a
proper end (Cech groups). The Brown and Cech groups have a rather complex structure
and the calculations of these groups are very difficult (see [4]). The Cerin-Steenrod
groups have a much simpler structure and this fact eases the computations.

These proper homotopy groups of a space X are usually defined fixing one end of X
and missing the others. Therefore it seems interesting to define groups which give
information of how the ends of X are related to each other. In other words, the study of
the mobility of spheres in X from one end to another (see remark 2.2.(a)). In [1] we
defined the cylindrical p-homotopy groups which are proper homotopy invariants
associated to a given finite set of proper ends. In particular these groups generalize the
Cerin-Steenrod groups. In this paper we work out some cylindrical p-homotopy groups
and study the mobility of spheres in open surfaces.

In a subsequent paper we will prove that the cylindrical p-homotopy groups define
proper homotopy functors with good properties as consequence of having proved that
these groups are included in the general theory of cofibrations of Baues (see [2]). Also
the cylindrical p-homotopy groups have a translation into the pro-homotopy category
Ho(Pro-Top, Top) via the Edwards-Hastings embedding (see [8] and [12]). This
viewpoint can be used to simplify some proofs (Proposition 1.1 and Proposition 1.3).
We wish to thank T. Porter for his useful talks on this aspect of proper homotopy
theory.

A proper map (p-map) is a continuous map f: X —Y such that f~(K) is compact for
each K<Y closed and compact. Proper homotopy (p-homotopy), proper homotopy
equivalance, etc. are defined in the natural way.

B" and S"~! stand for the canonical ball and sphere in the Euclidean space R" these
spaces are based by *€S"~'. The unit interval is denoted by I.

Given a natural number r, T[r] is the space obtained identifying the origins of r
copies of the half line R, =[0, c0). We assume that T[r] is linearly embedded into R? in
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such a way that the identification point is the origin of R2. T[r,k] is the topological
product T[r] x R*. We identify T[r] with T[r,0].

Given the topological spaces X and Y, [X, Y] is the set of homotopy classes of
continuous maps and [X, Y], is the set of p-homotopy classes of p-maps.

A base T[r,k]-tree on X is a p-map u: T[r,k]— X. Henceforth T[r,k] is T[r, k]-based
by the identity map. If (Y;y,) is compact, the product Y x T[r,k] is T[r,k]-based by
uo(z) =(yo,z)- The set

[S$"x T[r, k], ug; X,ul,

of p-homotopy classes of p-maps preserving base trees, under the relation of p-
homotopy relative to these base trees, is a group if n=1 and an abelian group if n=2.
These groups are called the cylindrical p-homotopy groups and they are denoted by
nl'~¥(X, u) or, when there is no cause for confusion, by nI"*(X). These groups can be
generalized to pairs (X, A) with 4 <X closed and they are p-invariants. The basic facts
on nl(—) are collected in [1]. When r=1 and k=0, nf(—) are the Cerin-Steenrod
groups (see [5, 1]) which we denote by x.(X, u).

1. The groups =7 " X)(T1s, A])

If we consider T[r,k] as an Euclidean set in R**2 we can define

S[r,k—1]1={ze T[r,kJ;|z|=1}

“

where “||” is the Euclidean norm. This space is homeomorphic to the join S*~!=x
{pl,-'-’pr}'

Proposition 1.1. There is a canonical bijection
W:[TLr, k1, T(s, h1],—[S[r, k —11;S[s, h—1]]

Proof. By the Edwards—Hastings embedding theorem ([8, 6.2.7]) the set
[T[r,k]; T(s, h]], can be identified with the set Q of (pro-Top, Top)-homotopy classes of
(pro-Top, Top)-maps between the spaces T[r,k] and T[s,h] embedded in (pro-
Top, Top). Now these spaces are contractible and their end neighbourhoods are
S[r,k—1]xR, and S[s,h—1]xR, respectively; then Q is in bijection with
[SCr,k—1];S[s,h—1]].

Remark 1.2. It will be useful to give an explicit description of \¥. If
Ei{r,k1={ze T[r,k];|z|>8}, S,[r.k—1]={zeT[r,k];|z|=46},

given a p-map f:T[r,k]—T[s,h] we can find 6 >0 such that f(E[r,k])=E4[s, h]. By
using the canonical retraction p: E;[s,h]—S,[s,h—1] we get a map f:S;[r,k—1]—
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Ssls,h—11. If f":8,[r,k—1]1-8,[s,h—1] is given by f'(z)=1/6|f(5z)}, we have
Y(l/1)=0L/"]

Proposition 1.3. If w: T[r,k]— T[s,h] is a base tree and
fo:S[r,k—1]—-S[s,h—1]

is a map whose homotopy class is W([u]) there is a canonical isomorphism
©: al"*(T[s, h], u)—n,(Map(S[r,k—17,S[s,h—11, £,).

Proof. As in the proof of Proposition 1.1, the Edwards—Hastings embedding theorem
provides an isomorphism

©: 1" T[s, h], W) »m,"* = S[s,h— 1], £)).

Now the result follows from the Duality Theorem ([11, 6.2.38]).

Corollary 1.4.

(@) 7T"(T[s],w)=0 (k=1 or n21).

(b) wT"*¥(T[1,h],u)=0 (compare with Theorem 4.1).

(€ mI"T[s,h],u)~[] n ("' S"), where \/*"' S" is the wedge of s—1 copies of S".
(d) = **(T[2, k), u)~n,(Map(S*, S, £.).

Corollary 1.5.

(a) TI[r] has the same p-homotopy type as T[s] if and only if r=s.

(b) If k=1, T[r, k] and T[s] have the same p-homotopy type if and only if r=s=1.

() If hk=21 and r,s=2, T[r,k] and T[s,h] have the same p-homotopy type if and
only if r=sand h=k.

Remark 1.6. According to 1.4(d) the calculations of nI>*(T[2,h],u) rely on the
calculations of the Hurewicz groups of the maps space Map(S*, S*). These groups have
been studied in [9] and [10] and from these works we can state:

(@) nT-2(T[2,2],u)~Z/2pZ where p is the degree of f,. This proves that our groups
depend on the tree u.

(b) If h=1, 3 and 7, n7'>-*(T[2, h],u) does not depend on u. Moreover this group is
isomorphic to 7,(S*) @ n,. (S

(© Ifk=S, nTH(T[2, k], u)~Z/2Z.

Proposition 1.7. Let & T[r,k]— T[s, h} by the p-map defined by
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&(2)=(0,0,2,0,...,0)e R? x R".

IfG,=m,(\/°"*S" and G,=m,,,(\/*"'S" are abelian groups, then wI""*(T[s,h],e)~
@ (G, @Gy

Proof. Firstly the image of ¢ by the bijection of Proposition 1.1 is the constant map
*. By Proposition 1.3 and by the corresponding homotopy equivalences

T KT, h], &) ~ n,(Map(\_/l st s\'/l Sh)’ *). I

Now fixing a sphere S* in the wedge \/"~! S* we get the cofibre sequence

r

-2 r-1
V Sk—P V Sk_’sk
which gives a weak fibration

Map(S", v S")—»Map(r\—/l s’y S")—»Map(r\-/z sy s") (I

([13, 11.8.8]). As the cofibre sequence admits an obvious coretraction, the homotopy
exact sequence of (II) splits. Therefore (I) is isomorphic to

nn(Map(S", v s"), ) ® nn<Map<'\_/2 'V S“), )

Inductively we prove that (I)~@ ~! H, where

s—1
H= 7t,,<Map(S", V S"), *).

Finally, it is proved in [9] that H~G.

2. A pull-back theorem

In this section we fix a base tree w: T[r]-X. Given 1ZiZr let j:R,—-T[r] be the
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canonical embedding of R, as the ith branch of T[r] and u;=uo j,. The base point of
X will be xo=u(0).

Theorem 2.1. For each 1 Li<r let_
pi: T X, 1)) 57X, Xo)
the morphism defined by p{[ f1)=[f"] where f'= f|S"x {0}. If
{pi: G- (X, u); 1<i<r}

is the pull-back of {p;} there is an epimorphism y:al"X,u)—G such that p;oy=cw;,, where
o{[fD)=[f o j] Furthermore, if r=2 and n,, (X,x,)=0, y is an isomorphism.

Proof. The morphism y is given by the pull-back universal property. We next prove
that y is epimorphism.

Given (g,,8,,---,8)€G we take a representative f; for each g;exm(X,u;). The
restrictions ﬁlS"x {0} (1<i<r) define the same element [h] e n,(X,x,). Then there are
homotopies G, relating h and f,.|S" x {0}. The gluing of G; and f; provides [ f] such that
WSf1=(&1---.8)

Assuming the extra hypotheses, if y[f]=0 then w,[h]=0 and we have p-maps
fi: B! x R, - X which extend fi=fo j; (1Zi<r).

Now, if we regard S"*! as the gluing of two copies of B"*', n,, (X, x,)=0 implies
that

AiB"tx{0}u fIB"* ! x {0}: S"* 5 X (2<Zin)

extends to f,;: B"*2—X. It is obvious that {f;, f,;} gives a p-extension f:B"*! x T[r]—
X of f.

Remarks 2.2, (a) It is easy to find (X, u) such that =, ,(X)#0 and y is not injective.
For instance let X be constructed by gluing two copies of B*x R, along S'x {0}. If
u:R— X is the natural map t—(*,¢) it is not hard to prove that S' x R—X defines a
non-trivial element of n]?Y(X,u). But n,(X,u,) is obviously trivial for i=1,2.

(b) Also we can find spaces with 7, (X)#0 and y is an isomorphism. For instance
X =S5%x R and u(t)=(*,t). By Corollary 4.2, n,(X,u)=nT'2(X,u)=1.

(c) Note that Theorem 2.1 remains true for n=0.

Corollary 2.3. If n,(X,x,)=0=mn,,,(X,x,) then

r

nI[r](X’ u) =~ H En(X’ ul')'

i=1
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Corollary 2.4. Let {;:m,(X,u)—H} be the push-out of
{(D,'.' n:["](X’ u)_’zn(X’ ui)}

and suppose that m, . (X,xo)=0. Then {w;1<i<r} induces the isomorphism n'"(X,u)~
ITi=1mAX, 1) if and only if H is trivial.

Corollary 2.5. If u: T[r]—-R* is any base T[r]-tree

T (R: u) > [] = (SFH).
i=1

3. Mobility

Given two maps u,v: S*— X and a path « running from u(#) to v(*) we say that u and v
are o-homotopic if there is a homotopy H:S*xI—X such that Hy=u, H,=v and
H(*,t)=alt).

Given A, Bc X we say A is (a,n)-movable to B if each u:(S", *)—(A4, ay) is a-homotopic,
in X, to a map v:(S", *)—(B, «;) where ay=u(0) and a; =a(1). If i A>X and j:B—X are
the canonical inclusions the above definition is equivalent to a i, m,(A, %)< j (B, ay).
where a, denotes the base point changing isomorphism associated to a.

When j (v)=oa,i () it is said that u is a-movable to v and « is a path of mobility
from p to v.

We say o is not an n-mobility path from A4 to B if the only element of n,(A4,a,)
movable to n,(B,a,) is the unity. Otherwise we say « is a path of n-mobility. Finally « is
a path of trivial n mobility if each element of n,(A4, ) is a-movable to each element of
TI"(B,(ZI).

Remarks 3.1.

(1) An element puen,(A,ay) can be a-movable to several elements of n,(B,a,). If
A=B=S5"' and X is the cone over 4 _”_B then any path from A to B has trivial
1-mobility.

2 If ypyen(Ad,a, are a-movable to B then u+yu' (the product if k=1) is
a-movable to B.

(3) If a,a:I>X are homotopic paths, rel. {0,1}, then a-mobility is equivalent to
o’-mobility.

(4) The a-mobility relation is not reflexive: If A=A'=S', X=Av A’ and {*}=
An A, given generators uemn,(A,*) and v=[a] e n,;(A4’, *) then u is not v-movable
to itself.

(5) If X, 4 and B are path-connected it is a simple exercise to prove that any
a:(1,0,1)-(X, A, B) is a path of trivial n-mobility if and only if i r,(4,a)=0=
J 7B, b).
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We next study the mobility between two components of the boundary of a compact
surface.

Proposition 3.2. Let S be a compact surface and a:1—S such that ag=o(0) and
o, =a1) belong to 8S. Then:

(@) If mny(S) is abelian and S+#B? we can choose generators of m,(0S,x,) and
7,(0S,a,) such that the only elements a-movable are those which have the same
multiplicity.

(b) If S=B? ais a path of trivial 1-mobility.

(c) If ny(S) is non-abelian and ay and o, are in two components V, and V| of 0S, « is
not an 1-mobility path.

(d) If m\(S) is non-abelian and a, and o, belong to the same component V =38 then a
is a path of 1-mobility if and only if it is homotopic, rel. 3S, to a path o contained
in V. In that case, there are generators of mn,(V,a,) and m,(V,a,) such that the
a-movable elements are those which have the same multiplicity.

Proof.

(a) Since m,(S) is abelian, S is homeomorphic to S§* x I or to the Moebius strip. If &,
and a, belong to the same component V <4§, let ¢ be an arc in V which runs
from o, to o.

It is easy to prove that uen,(V,ap)=n,(V,a,) is a-movable if and only if it is
w-movable where w=¢oa. But w,[u]l=w " topow=p.

If age Vy and o, € V;, where V;, and V, are different components of 4§, then S is
homeomorphic to S§'xI. Given p=[u]en,(Vy, ) and p'=[u']en,(V,a,),
Hurewicz’s Theorem implies that [a ! ouoca]=[u] if and only if "' ouca and w’
are homologous cycles. Therefore u is a-movable to u' if and only if they give the
same homology class.

(b) It is obvious.

(c) Assume that S has more than two components. If V, and V, are two of such
components and pen,(V,,a,) is a-movable to y' en,(V,,a;) then u and u have
representatives which are homologous cycles. But this statement is in contradic-
tion with the structure of H,(S).

If 6§ has exactly two components then S has the homotopy type of a wedge of
three or more copies of S'. Now, assuming the 1-mobility of « it is not hard to
find a non-trivial relation in =,(S) which leads to contradiction.

(d) The proof uses the same arguments as the above cases.

Definition 3.3. Let u: T[r]—X be p-map and u;R,—X (1<i<r) be the restriction
to the ith branch of T[r]. We say [f]en,(X,u;) is movable to [f;]en,(X,u)) if there
exists a natural number meN such that [filen,(X,u(m,)) is u;(m)-movable to
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[filen,(X,uf{m;) where m; and m; are the points of the branches i and j which have
norm m, fi=f;|S"x {m;}, f=f;|S" x {m;} and u;{m)=u|[0,m] U [0,m;].

Remark 3.4. If [f;] is movable to [ fi} in (X, u) then f,-IS" x {m;} is u;{m)-movable to
f;]8" x {m;} for any meN.

The following results are only restatements of those of Section 2. We give them
without proof.

Proposition 3.5. With the notation of Theorem 2.1, given [flen(X,u) (1ZiLgr),
([AD.0f2).-. -, L. D)eG if and only if [f] is movable to [f;] in (X,u) for each pair i, j.

Corollary 3.6. With the hypotheses of Corollary 2.4 we have:

(a) =I"Y(X,u) is in 1-1 correspondence with the elements

(1L LD e [T X

i=1

such that [ f;] is movable to [ f;] in (X,u) for each pair i, j.

(b) H=1 if and only if, given w;en,(X,u;) and a;en,(X,u;)), a; is movable to a; in
(X, u).

Corollary 3.7. Let S be a compact surface, x;e S—8S (1Si<r) and X=8S—{xy,...,%,}
. Then:
(@ al"(X,u)=0if n=2.
(b) If my(X,xo) is abelian, n]" (X, u)~Z when X #R% If X=R% 2"\ X, u)~F Z.
(¢} If ny(X,xo) is non-abelian we have
(cy) nT"X,u)~Z if all the branches of T[r] define the same proper end of X
and there is a p-homotopy which carries u into a neighbourhood of that end.

(cy) nT"(X,u)=1 otherwise.

Proof. As 7,,,(X,xo)=0if n=1, Theorem 2.1 says that n1"}(X,u) is the pull-back of
the Cerin-groups n,(X,%;). In [7] it is shown an isomorphism ¥:r,(X,u;)—-n,(FrU,),
where Fr U, is the boundary of a cylindrical neighbourhood U; of the end defined by u;.
Now (a) follows easily.

By Corollary 3.6, each element of nT"Y(X,u) is uniquely determined by an element

r

CALLLD-- - [fDe [] m(X,u)

such that [ f;] is movable to [f;] for each pair i, j. Let &(i) be the proper end defined by
u; and let U; be a cylindrical neighbourhood of &(i) such that f(S! x [m, c0)) = U, where
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m is sufficiently large. If p; U;,—FrU; is the natural projection, the isomorphism ¥ of
[7] is given by W([pJ)=[p:° f] and it is easy to prove that p;o f;|S* x {m} is a-movable
to pjo f;|S* x {m} where « is the path u|[0,m] U [0,m;] deformed by p; and p;. Then (b)
and (c) follow from Proposition 3.2 applied to S—U§= , Ui

The result from [7] used in the proof of the previous corollary can be applied again
to prove the following lemma.

Lemma 3.8. Let X be the complement of an interior point of a compact surface
distinct from S2. Then the canonical restriction

p:El(X’ w)—»n,(X, xO)

is injective for any ray w:R, - X.

Corollary 3.9. If the extra hypothesis
S {xy,...,x}={xy,...,x.}

is added to Corollary 3.7 then
(@) mY(X,u)=0(n22).

(b) If the branches of T[r] miss the ends defined by {x,,...,x,} then m{'(X,u)~
niX X", u) where X'=S—{X,41,..., X;} and then it follows as Corollary 3.7.

() Otherwise nT"(X,u)=1.

Proof (a) and (b) follow as in Corollary 3.7 (n,(X)=n,(X").

(¢) If u;, goes towards x;,€dS it is easy to prove (using again [7]) =,(X,u;))=1. Then
Theorem 2.1 gives n]"Y(X,u)~] ] {Ker p;ie A} where A is the set of branches which go
towards points of {x,.;,...,x,}. We conclude by applying Lemma 3.8.

4. Product theorem

In this section the spaces are Hausdorff and T is T[r,k].

Theorem 4.1. Let (X, x,) be a based compact space. Given a noncompact space Y and
a T-tree u': T—Y there is a natural bijection (isomorphism if n=1).

@ (X x Yu)> (X, x0) x na(Y,4)  (n20)
where u: T— X x Y is u(z) =(x,, U'(2)).
Proof. Given [:8"x T—X x Y we define
eLf1=(Lf1° 1), LDy e (X, x0) x ny (¥, )

where p;:XxY—>X and p, XxY—Y are the natural projections, j:S"—S"xT is
j(z2)=(z,v0) and fi=p;o f (i=1,2). It is easy to prove that is an isomorphism if n2 1.
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On the other hand if ([h,],[h,])en (X, xo) x nX(Y,u) we take the p-map h:5"x T—
X x Y given by h(z,v)=(h,(z), h5(z,v)). Then @{([h]) =([h,],[h2]), so ¢ is epijective.

Finally, if ([ f])=¢([f]) there are homotopies H,: 5" x {vo} x [+X and H,: 8" x T x
I-Y (H, proper) such that .

H (z,v0,0)= f1 0 j(z); H\(2,00,1)= f"1 2 j(2); H,(*,00,5)=Xo;
H(z,00,0) = fa(z,0); Hy(z,0,1) = f5(2,0); Hy(*,0,5)=u'(v).
These conditions allow us to define the map
Hy=fiu fi{UH;:5"x(Tx{0,1} U{xe} x)—X.

By the H.E.P. we can extend H) to H,:S"x T x I»X. Then

H=H H:S"xTxI-XxY
is a homotopy between f, and f,. Notice that H is proper: For each compactum KcY,
H™Y(X x K)cH; '(K).

Corollary 4.2. Let X be compact and path-connected and Y noncompact.

(a) Then [Ry;Y],~[R;;XxY], ([fle[R,;Y], is called a proper end of Y. See
[6]).

(b) If uT-XxY isany T-tree and u' =p,ou,

n:-(X X Xu):nn(erO) x n:-(),’ul)'

Proof.
(a) It follows from Theorem 4.1 with n=0, T=R,.

(b) The proof of Theorem 4.1 with n=0 shows that u and {x,} x ¥’ are p-homotopic
maps. Now it follows from [1; Theorem 2].

Remark 4.3, The following examples show that there is no generalization of
Theorem 4.1 in a natural way when X is noncompact. Given (R,id) we can consider
(R?,u) and (R?,u’) where u=id x id and ' =0 x id. Then, from Corollary 1.4 and Remark
1.6, a7 R, u)=1, T2 (R2, u)~Z and =T YR, u)~Z @ Z.

In spite of the above remark, the following product theorem involving noncompact
spaces can be proved.

Theorem 44. Let (X,x,) be a based space, compact or not. If wR, =X xR, is
u(t) =(xo,t) then m (X x R u)>m,(X,xo), (n21).

Proof. Given f:S"xR,—>X xR, we denote by f, the restriction p,o f|S" x {0}:
S§"—X where p;: X x R, - X is the natural projection. It is easy to prove that
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“P:E,,(X X R-}- H u)—»n,,(X, xO)
given by W([f1)=[f,] is an epimorphism.

In order to prove that W is injective, we assume that W([f])=[fol=[go]="Y([g]).
Then there is a homotopy F between f; and g,. The new map

FS"xR,xI-X xR,
given by F(z,s,t)=(F(z,t),s) is a p-homotopy, rel. u, between f, and g, where
fo80:8" xR, > X xR, are given by fo(z,s) =(fo(2),s) and gq(z, s) =(g(2),s). It suffices to
prove that f, and g, are p-homotopic, rel. u, to f and g respectively. We will find the

p-homotopy between f, and f. The other p-homotopy is analogous.
Firstly, we consider the map H:S"x R, x I-X xR, given by

H(z,s,0)=(p, 0 f(z,5), ts+(1—1)p2 0 f(z,5)).
H is a homotopy, rel. u, between f and f(z,s)=(p, o f(z, ), s).
In fact H is a p-homotopy: Let K< X be a compactum. Given any s, R, and a net
{(zswe need to find a cluster point in this set. But {(z5¢5)} =S" x I so it suffices to give a

cluster point of {s;}.
We know that {p, o f(z555)} <K and

t585 <tsSs+(1—1tz)p20 f(25,55) <50

Then we can assume that lim ¢,s, exists. If lim ¢, #0 then lim s; exists and it is a cluster
point. Only the case lim t;=0 remains. But then

lim p, o f(z5,55) Slim{t;55+(1 —t5)p2 0 f(25,55)} <50

and there exists 8, such that p,o f(z;55,)€[0,50+1] for any 6=6,. So f(z5,55) €K x
[0,s,+ 1] for any 628, and {s;} has a cluster point because f is a proper map.
Finally, we define
GS"xR,.xI-X xR,

by G(z,s,t)=(p, f(z,ts),s). Then G is a homotopy between [ and f, rel. u, and it is a
p-map because

G~ YK x[0,50]) = 8" x [0,50] x I

for any compactum K<Y and s4eR.,.

Remarks 4.5.
(a) Theorem 4.4 fails if a general tree replaces R, (see Remark 4.3).
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{b) Theorem 4.4 with X compact is proved in [7].

{(c) For n=0, it is proved in [6] that if X and Y are noncompact T,-locally
g-compact and path-connected then X x Y has only one proper end.

When Y =R, the topological conditions on X can be dropped and we can obtain the
following particular result.

Theorem 4.6. Let X be a path-connected space. Then any two p-maps a,p:R,—
X xR, are p-homotopic.

Proof. Let p;: X xR, —>X and p,: X xR, >R, be the natural projections. Given the
points a=p,a(0) and b=p,f(0), define the p-maps

Go>Bo, & R, =X x R,
by the formulae
Go(v) = (a, v); Bo(v) = (B,v);
&(v) = (p,e(v), v); B(v) = (p 1 B(v), v).

To prove the theorem it suffices to show that there are p-homotopies a~ &~ g~ o~
B. By using the same arguments as the above theorem, it can be seen that H:
R, xI-X xR, defined by

H(v, 1) =(p,(v), tv + (1 — £)p(v))

is a p-homotopy from « to & Similarly, G(v,t)=(p,o(tv),v) is a p-homotopy between &
and &,. But if i: /- X is a path from a to b, it is obvious that F(v,t)=(u(v),t) determines
a p-homotopy from &, to J,, and this completes the proof.

Remark 4.7. Theorem 4.6 fails if the T, condition is dropped: if X =[0, co) with the
indiscrete topology, o(X x R, ) has the continuum cardinality and ny(X, x,) is trivial.
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