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REPRESENTATIONS OF CHEVALLEY GROUPS
IN CHARACTERISTIC p

W.J. WONG*

Introduction

If Gk is a Chevalley group over a field K of prime characteristic p,
the irreducible representations of G over K form a natural object of study.
The basic results have been obtained by Steinberg [15], who showed that,
if K is perfect, then each irreducible rational representation of Gy over K
is a tensor product of representations obtained from certain basic represen-
tations by composing them with field automorphisms. These basic represen-
tations were obtained by ‘‘integrating” the irreducible restricted representa-
tions of a restricted Lie algebra associated with the group, which had been
studied earlier by Curtis [7]. The present author had obtained the main
results previously for the groups SL(n,K), Sp(2n,K) by different means,
involving reduction (mod p) from the characteristic 0 case [16]. In this
paper we extend this method to the other types of groups, in the hope
that some additional insight may be gained.

We restrict ourselves to the case when K is finite, since the essential
aspects of the situation already appear then. By a consideration of Brauer
characters, we obtain the classification of the irreducible Gg-modules by
highest weight in Theorem (3E). In Theorem (4H), we obtain a simple
necessary and sufficient condition under which an irreducible module in
the characteristic 0 case remains irreducible (mod p). This criterion is in
terms of the discriminant of a certain integral quadratic form, and can be
computed in any given case, although not as easily as Springer’s sufficient
condition [13].

We are able to give an explicit description of the irreducible Gx-modu-
les (Theorem (5F)), and another proof of the tensor product theorem
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(Theorem (6C)), on the assumption that a certain property of the irreducible
modules in the characteristic 0 case holds. It seems likely that this property
is always valid, since it has been verified in the cases A,, B,, C,, D,, Es,
F,, G, (Theorem (7E)).

Basic tools for this work are the notions of an admissible lattice on a
module V for a classical semi-simple Lie algebra [9], and a non-degenerate
bilinear form on V having a certain ‘“contravariance’ property. These
ideas are developed in Sections 1 and 2.

In order to make the exposition as elementary as possible, we have
avoided the language of group schemes, which might otherwise have been
used to shorten the paper somewhat.

I would like to thank Professor Richard Brauer for the encouragement
he gave me during the time I worked on my thesis at Harvard University,
and for the gentle prodding since then which finally stimulated me to return
to this subject after the lapse of so many years.

1. Lie Algebras

We shall use some standard facts about semi-simple Lie algebras and
their modules. Proofs may be found in [8], [12].

Let g be a (finite-dimensional) semi-simple Lie algebra over a field L
of characteristic 0, which has a splitting Cartan subalgebra § (i.e., each
element of § is mapped by the adjoint representation of g on a linear
transformation whose eigenvalues lie in L). The theory of such split semi-
simple Lie algebras is identical with the classical Cartan-Killing theory of
semi-simple Lie algebras over the complex field. If r is a member of the
root system X of § in g, and g,, g-. are the root subspaces of g corres-
ponding to 7, — 7, then the subspace [g-,, g,] of § contains a unique ele-
ment H, such that »(H,) = 2.

If B} is the rational vector space generated by 3! and [] = {ay, * * - a,}
is the fundamental system of positive roots corresponding to some ordering
of p}, then T[ is a basis of §} and we may assume that the ordering on §
is the lexicographical one, in which Y¥;«; is positive if the first non-zero
coefficient k; is positive.

If V is a (finite-dimensional) g-module, then V is the direct sum of its
weight spaces. The multiplicity of a weight is defined to be the dimension
of the corresponding weight space. We denote by P(V) the group generated
by the weights of V, and by P the group generated by all weights of g in
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all modules. Then P is contained in %}, and inherits the lexicographcal
ordering. If g is a positive element of P, there is only a finite number of
positive elements of P lower than p. In particular, we may carry out in-
duction on the positive elements of P.

The elements of P are characterized as those linear functions on §
which take integer values on all the H,(r€3), or, equivalently, on H,, « « -, H,,.
The fundamental weights are the elements 2y, - - -,2, of P such that, for all
i, J,

A(H,) = 4.

J

We denote by P* the set of all # in P such that p(H,)=0, all j. These
¢ are called dominant integral functions, and are just the non-negative in-
tegral linear combinations of 2;, + « +,2,. The 2; are positive in the ordering
of P.

The weights of a g-module are permuted among themselves by the
action of the Weyl group W of g. Each orbit of W in P contains exactly
one element of P* and this is the largest member of the orbit. The
highest weight of an irreducible g-module occurs with multiplicity 1, and
this gives a 1-1 correspondence between P* and the set of isomorphism‘
classes of irreducible g-modules. Since every g-module is completely reducible,
the isomorphism class of a g-module is determined by its weights and their

multiplicities.
In [6], Chevalley proved that a set of root vectors X, can be chosen
in g so that
[X—r, Xr] = Hr’
and, whenever 7, s, r + s€3} and m is the greatest integer such that s—mr
is a root,
(1) [Xr, Xs] = nr.er+s,

where #n, , =+ (m+1). Further,
2 Mep,ms = — Ny,
(1A) LemmA. There exists an automorphism 6 of g of order 2, such that
0(H) =—H, 6(X;) = — X,
Jor all He 'y, re3.
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Proof. By [8, p. 127], g has an automorphism 6 of order 2 such that
0H,) = —H, 0X,) = — X, for i=1++-,n If ,s, r+s€3X and
0(X,)=—X_,, 0(X,) = — X, then by (1), (2), and the fact that =, %0, we
have

0(X7+s) =—X_,_;

An obvious induction shows that 6(X,) = — X_, for all positive roots », and
hence for all roots 7, since 6 has order 2. Since the H,, generate §,0(H)=—H
for all H in §.

(1B) Cororrary. If V is any g-module, there exists a non-degenerate bilinear
Sorm (, ) on V such that

3 X, w) = (v, wX_,)

Jor all vy,weV,rey).  Weight vectors in V belonging to different weights are ortho-
gonal with respect to this form. If V 1is irreducible, the form is symmetric and is
unique to within multiplication by a scalar.

Proof. A new action of g on V defined by setting
vo X = vd(X) (veV, Xeg)

makes V into a new g-module V*, whose weights are clearly the negatives
of those of V. Hence V* is isomorphic with the contragredient module to
V, and there exists a non-degenerate bilinear form ( , ) on V such that

WX, w) + w,wo X) =0

for v,weV,Xeg. Since 0(X,) =—X_,, (3) is satisfied. If v and w are
weight vectors belonging to distinct weights 1, p, then we see by taking
X = He) that

A(H)w,w) — p(H)(v, w) =0,

so that (v,w) = 0.

If V is irreducible, then V is absolutely irreducible. Since the form ( , )
amounts to a g-homomorphism of V into the contragredient of V*, it is
unique to within multiplication by a scalar, by Schur’s Lemma. If v, w
are interchanged and r is replaced by — 7 in (3), we see that the ‘“reversed”
form <, > given by
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v, w) = (w,v)
satisfies (3). Hence, there is a scalar ¢ such that
(w, v) = c(v, w)

for all »,weV. Clearly ¢z =1, so that (,) is symmetric or skew-symmetric.
Since a vector v, of highest weight in V is orthogonal to vectors of lower
weights, and the highest weight occurs with multiplicity 1, (v, v,) is non-
zero, by non-degeneracy of (, ). Hence the form is symmetric.

We shall call a form satisfying (3) coniravariant. If {vy,v,, + + -} is a basis
of V, we shall call the dual basis {w, w,, « - -}, defined by

(v, w;) = 85,

a basis contragredient to {vi, v, + - +}. If the v, are weight vectors correspond-
ing to weights g, the w; are also weight vectors corresponding to the same

Hie

2. Chevalley Groups and Derived Modules

From now on we assume that K is a finite field of characteristic p.
We choose a field L of characteristic 0 with a (discrete) valuation ring R
having K as residue field. Thus,

K = R/zR,

where n is a prime element of R.

Let g be a split semi-simple Lie algebra over L and suppose root vec-
tors X, to be chosen as in Section 1. We denote by 1l; the R-subalgebra of
the universal enveloping algebra W of g generated by the elements X,™/m!,
reyl, m=0. Following Ree and Kostant [11], [9], we define an admissible
lattice on a g-module V' to be a finitely generated R-submodule Vz of V,
which generates V' as a vector space over L, and which is invariant under
Mz Such a lattice is a free R-module, and an R-basis is a basis of V' over
L. In fact, an admissible lattice has an R-basis consisting of weight vectors;
such a basis is called a regular basis of V. If V is irreducible and v, is a
vector of highest weight in V then w1z is the smallest admissible lattice on
V' containing v,.

(2A) LemwmA. Let v, be a vector of highest weight in an irreducible g-module V
and let (, ) be the contravariant form on V, normalized so that (vo,v,) =1. Then
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the form is integral on the admissible lattice Vi = vl t.e., Vi Vg)SR. Every
g-module possesses a non-degenerate contravariant form and an admissible lattice on
which the form s inlegral.

Proof. The dual R-module to V with respect to the form ( , ),
2= {veV|{, Vg € R}

is easily checked to be an admissible lattice on V. Now Vj is the direct
sum of Ry, and submodules consisting of vectors of lower weights. By (1B)
and the condition that (vo,v,) =1, we see that V% contains »,. Since V3 is
the smallest admissible lattice containing v, Vi 2 Vg so that (Vg Ve C R.
The last statement of the lemma follows by complete reducibility.

If V is irreducible, v, is a vector of highest weight, and (,) is the
contravariant form on V normalized so that (v, v,) =1, we shall call the
discriminant of the integral form (,) on Vi =z the discriminant of V.
(This can always be taken to be an ordinary integer.) We call V p-uni-
modular if its discriminant is a unit of R.

(2B) LemmA. If V is a p-unimodular irreducible g-module, there is only one
admissible lattice on V, to within multiplication by a scalar.

Proof. Let v, be a vector of highest weight in V. If V; is an admis-
sible lattice on V, then by multiplication by a scalar we may assume that
Vr is the direct sum of Ry, with submodules of vectors of lower weights.
If (,) is the contravariant form on V such that (v,,v,) =1, and V3 is the
corresponding dual lattice to Vi, we see as in (2A) that vz V% Hence,
Vz is contained in the dual of vz which is vz itself, since the form is
unimodular on v1z. Hence, Vi = vllz.

We remark that the proof shows that every admissible lattice on an
irreducible g-module V with vector v, of highest weight may be transformed
by multiplication by a scalar into one which contains »l1z and is contained
in the dual of vl with respect to the contravariant form, normalized so
that (v,,0,) = 1. It follows easily that, to within multiplication by scalars,
there is only a finite number of admissible lattices on V.

If Vi is an admissible lattice on V, then

V = VR/TTVR: VR ®RK

is a vector space over K. If veVs we denote the residue class of v in V
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by o. If {vy, -+ -,vn} is a basis of Vz over R, then {#, - -,9,} is a basis
of V over K. Thus, dimgV = dim,V. Clearly, Uz acts on V as well as on
V. For Xe&Up denote the corresponding linear transformations of V, V'
by p(X), p(X), respectively. If r&3), m=0, denote the element X™/m! of
Uz by X, ». Since V is a direct sum of finitely many weight spaces, it
follows that o(X,) is nilpotent on V. Hence, for ¢teR, €K, the invertible
linear transformations

of V, V are defined, the sums being finite. The sets
{x.(t;V)|rey, teR},
{z.(f; V)IreZ, teK},

generate groups Gg(V), Gg(V) of linear transformations on V, V. (The
notation differs slightly from that of [11], where, for example, G(V) is denoted
Gx(V)). To within isomorphism, these groups depend only on the weight
group P(V) and not on V itself. Clearly, there is an epimorphism

Gr(V) = Gg(V)

such that »,(¢ ; V) is mapped on &,(f ; V), where # is the residue class in
K of the element ¢ of R.

If x is a character of the full weight group Pin K, i.e., a homomorphism
of P into the multiplicative group of K, then there is a linear transformation
r, V) of V such that if v is any vector of weight ¢ in Vi and 7 is the
corresponding vector of V, then

oh(X, V) = x(p)0.

These h(x,V) form an Abelian subgroup $x(V) of G,(V). Since the Weyl
group permutes the weights of g, it acts in a natural way on the characters
x and hence on the group DHx(V).

If vV, is a faithful g-module such that P(V;) 2 P(V), then there are
epimorphisms

@ 1 Gp(V1) > Gr(V), ¢ :Gg(V1) = Gg(V),
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such that

(- (t; V1) =z,
$&,(E; V) =%
é(h(x’ Vl)) = h(x, V)9

for re3, teR, i€ K, and x a character of P in K. In particular, this
holds if P(V,) = P. In this case we denote Gg(Vi), Gk(V3) simply as Gz, Gg,
so that we have epimorphisms

Gr— GR(V), Gx = G(V),

for every g-module V. We shall also write x.(¢), &.(f), A(X), D, for z,.(¢; V1),
Z.(E 3 Vh), (X, V), Dx(Vi). The group Gy is the “simply-connected” Chevalley
group of type g over K. More precisely, G is the group of rational points
over K of a simply connected semi-simple algebraic group defined over the
prime field. Thus, in particular, if g is of type A., C., B,, D., then Gg
is isomorphic respectively to SL(z +1,K), Sp(2n,K), Spin(2n+1,K), Spin
(2n, K), the last two groups being defined relative to forms of maximal Witt
index.

We shall be concerned with modules for the group algebra of Gx over
K which are finite-dimensional over K, and call these simply Gx-modules.
Similarly a finite-dimensional module for the group algebra of Gz over L will
be called a Gg-module. Since Gg(V) is a group of linear transformations
on V, the homomorphism Gx — Gx(V) makes V into a Gg-module, which
we call the module derived from the g-module V by means of the admissible
lattice V. Similarly, V itself becomes a Gz-module.

If x=Gr, we denote its image in Gx under the natural epimorphism
Gr— Gg by . From our definitions it is clear that

X = VX (UEVR, xEGR).
The derived module V is in general not independent of the choice of
admissible lattice V.

(2C) LemMmA. If Vi, V} are two admissible lattices on a g-module V, then
the corresponding derived G x-modules V, V' have the same irreducible constituents. If
V is irreducible and p-unimodular, then V is independent of the choice of admissible
lattice Vg, to within isomorphism.

https://doi.org/10.1017/5S0027763000014653 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014653

REPRESENTATIONS OF CHEVALLEY GROUPS 47

Proof.. The first statement is essentially the same as a result of Brauer
[2, p. 954]. An alternative argument is as follows. Since VrNV} is another
admissible lattice on V, we may suppose that Vz2 V).  We consider Vg
and V; as Up-modules. We have Nz-isomorphisms

VR/V}/Q = ﬂVR/ﬂ V}’z,
(aVe+ ViIVE= aVi/(zVeN V4.

Since Vi/V} is finite, it follows that Vg/(zVe -+ Vi) and (zVeNV3)/zV} have
the same composition factors. Since

it follows that V = Vi/zVr and V' =V}/zV} have the same composition
factors, as Uzp-modules. This implies that they have the same composition
factors as Gg-modules.

The second assertion of the lemma follows immediately from (2B).

The lemma implies in particular that whether or not V is irreducible
does not depend on the choice of admissible lattice Vg It is possible for
V to be a reducible Gg-module even though V is an irreducible g-module.

(2D) Lemma. If V is an irreducible g-module which is not p-unimodular,
then V is a reducible G g-module.

Proof. Let v, be a vector of highest weight in V, and ( , ) the contra-
variant form on V such that (v, v) =1. By (2A), the form is integral on
the admissible lattice Vi = vz

We define a symmetric bilinear form on the derived module V, which
we shall also denote by (, ), by taking (4,%) to be the residue class in K of
the element (v,w) of R, where v,weVz By induction on m, using (3), we

have
0p(Xs ), @) = (0, D5(X-r,m),
where r&3, m=0. It follows that
0% ,(2), w) = (v, WZ-,(2)),
where f€K. Thus, the radical of the form (, ) on V,
Vo= {0€V|(3,V) = {0}}
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Since the discriminant of the form on Vj is not a unit of R, the form
(,) on V is degenerate. It is not identically zero, since (7, 7o) = 1. Hence,
{0}cV,cV, so that V is reducible.

On the other hand, an irreducible g-module is irreducible as a Gz-module
by the following result.

(2E) Lemma. If V is any g-module, the g-submodules of V are the same as
the G g-submodules of V.

Proof. By definition of Gz(V), every g-submodule of V is a Gz-submodule.
If re3>, teR, then

2,83 V) =14 tp(X,) + £20(X,)Y2! + - « - + t¥p(X,)¥/N!,

for some N. If we choose N+ 1 distinct values of ¢, f5, +« +,txs; of ¢ in
R, then we can solve the resulting equations to obtain

N41
p(X,) = glaixr(ti 3 V)

for suitable a; in L. It now follows that every Gg-submodule of V is a
g-submodule.

We shall need some information concerning the arrangement of the
constituents of ¥, V/ in (2C) in a special situation.

(2F) LemMA. Let Vg, Vi be admissible lattices on a g-module V, giving
derived G c-modules V, V'.  Suppose that Vz 2 V}, and that V} contains an element
v which is not in Vg Then V' has a non-trivial quotient module which is isomorphic
with a submodule of V containing the residue class v of v modulo =Vp.

Proof. The inclusion map of V; in V; induces a Gg-homomorphism
V' —V whose image contains #, since vV} Since v&aVy # is non-zero.
The proof of the following lemma is straightforward and is omitted.

(2G) LemMa. Let Vi be an admissible lattice on a g-module V. If W is a
g-submodule of V, then Wgr=WNVy is an admissible laitice on W and the derived
G-module W may be identified with a submodule of V. When embedded in the
natural way, Ve/Wg is an admissible lattice on VIW and the corresponding derived
G x-module ts isomorphic with VIW. If Ur is an admissible latlice on another g-
module U, then Ur Qg Vr is an admissible lattice on U QR V when embedded in the
natural way, and the corresponding derived G x-module is isomorphic with U Qg V.
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If V* is the dual space of V, regarded as the contragredient g-module, then the dual
module V% of Ve, naturally embedded in V*, is an admissible lattice on V*, and the
corresponding derived G x-module is isomorphic with the contragredient of V.

The group analogue of (1A) is the following result.

(2H) LemMmA. There exist automorphisms ¢, ¢ of Ggr, Gy respectively, both
of order 2, such that

Jor all' e, teR, [€K.

Proof. We take a faithful g-module V such that P(V) =P, so that
Gr=Ggr(V), Gk = Gg(V). Using the automorphism 6 of g given in (1A),
we make V into a new g-module V* by setting

voX = vd(X) weV, Xeqg).

We have seen that V* is the g-module contragredient to V. If p, po* are
the representations of the universal enveloping algebra W in V, V* respect-
ively, then we see that

p*<Xr,m) = (_ 1)mp(X—r.m)y

for all €3, m=0. Thus, an admissible lattice V; on V is also an admis-
sible lattice on V* and an analogous relation holds for the action of Ug
on the derived V, V*. It follows that

x(t; V) =2,(—1),
(85 V) =2_.(—1),
for all re3), teR, i€K. Hence, GiV*) = Gp Gx(V*) = Gg.

Since P(V*) = P(V), there are isomorphisms ¢, ¢ of Gr= Gg(V) and
Grx = Gg(V) on Gg(V*) and Gg(V*) respectively, transforming .(¢) into
x,(¢ 3 V* and Z,(f) into Z,(f ; V*). These are the desired automorphisms.

If g=Gg, g=Gg, we shall denote ¢(g), () as g* g*. We remark that
if {vy,vs + - -} is a basis of an admissible lattice V; on a g-module V and

{wy, wy, « + +} is the contragredient basis relative to a contravariant form

(,), then
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v = ? 950,
(4)

w;g* = 319%w;,
J

where the matrices (g:;), (9%;,) are contragredients of each other. If the
form is integral and unimodular on Vg so that the w; also form a basis of
Vg, then we have the corresponding relations also for the action of Gy on
the derived module V:

(5)

where the matrices (g;;), (g%, are contragredients of each other.

Finally, we remark that the construction of Gx can be carried out with
K replaced by any commutative R-algebra with identity. In particular, if
2 is an extension field of K and V; is an admissible lattice on a g-module
V, then Go(V) is defined as a group of linear transformations on the vector
space Va®z2 over 2. There is an obvious embedding of Gx(V) in Go(V).
If P(V) =P, then Go(V) is simply denoted G, and Gy is embedded in G,.

3. Brauer Characters

We require some results of Steinberg concerning the p-regular classes
of Gx [15]. From now on, g will denote the number of elements of K.

Let 2 be the algebraic closure of K and take Gx as embedded in G,.
Then, two p-regular elements of Gx are conjugate in G, if and only if
they are conjugate in Go, and each p-regular element of G is conjugate
in G, to an element of the Cartan subgroup .. Two elements of $, are
conjugate in G, if and only if they are conjugate under the action of the
Weyl group W. If x is a character of P in 2, then the element %(X) of §q
is conjugate to an element of G, if and only if x is conjugate to ¢ under
W. Thus, if A is the set of all such X there is a 1-1 correspondence
between the set of p-regular classes of G, and the set of orbits in A under
W. The number of p-regular classes in G is ¢", where n is the rank of
a.

Let m be the p’-part of |Gx|. We choose a fixed isomorphism between
the group of m-th roots of 1 in 2 and the group of m-th roots of 1 in the
complex field C. If ¢ is an m-th root of 1 in 2, we denote the correspond-
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ing complex m-th root of 1 by &. Since the order of every p-regular
element of Gy divides m, x™ =1 for all x€ A. Thus, for g P, x(g), is
defined. Since x is determined by its values on the fundamental weights
4, every complex valued function f on the finite set A can be expressed
as a polynomial in the functions x —> X(2;), and thus as a linear combination

6) F@) = ; ¢, X(#)os

where p ranges over certain elements of P. If f is constant on each orbit
in A under W, then

f) = ; cX(w(e))o,

for all weW. Summing over W and dividing by |[W], we see that the
expression (6) for f may be taken to be symmetric under the action of W.
By the 1-1 correspondence between the p-regular classes of G and the orbits
in A under W, these symmetric expressions give all the complex valued
functions on the p-regular classes of Gg.

For each element g of the set P* of dominant integral functions in P,
we now define a complex valued function s, on the p-regular classes of G
by the formula

) 5.(9) = 22X(v)o,

where g is conjugate in G, to h(x) (1€ A), and the sum is taken over all »
in the orbit of # under W, Since every orbit in P under W contains an
element of P*, the symmetric expression (6) shows that every complex valued
function on the p-regular classes of G, is a linear combination of the s,
for various #eP*. Since 2 and ¥? are conjugate under W when x€A4, we
see easily from (7) that

(8) Squ = S

Since g is the highest element of P occurring in (7), it follows easily that,
if ¢, peP*, then

9) SuSp = Sutp + 21 S0

where the sum is taken over certain elements » of P* lower than g+ o
(with possible repetitions).
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(BA) LemmA. Let p=XYm,€P*. If my=q for some i, then s,=>+s,,
1 14

where the sum is taken over certain elements v of P* lower than p.
Proof. Since p — qi,€P*, we see from (8) and (9) that

Sy = Su-gz,52, — terms s,, v < g,

SumqisSt, = Su-g-12, T terms s,, p < p— (g —1)a,.

Since 2; is positive, ¢ — (g —1)2; is lower than g, and we obtain the desired
expression for s,.

We now write P, for the set of all elements g = I m;2; of P* such that
0=m;=q—1 for all i, Since the number of p-regular classes of Gy is ¢,
the number of elements of P, we deduce the following result from (3A) by
induction in P*,

(3B) CoroLrLArRY. The g* functions s, p€ P, form a basis for the vector
space of complex valued functions on the p-regular classes of Gy. In particular, if
pEP*, then s, is a linear combination of certain s,, where peP, and p < p.

Now let U(g) be the irreducible g-module with highest weight g, z=P*.
The derived Gx-module U(z) obtained with a choice of admissible lattice in
U(p) corresponds to the representation Gx — G (U(g)), which obviously ex-
tends to the representation Go— Go(U(p)). An element A(X) of D, is repre-
sented by a linear transformation whose matrix with respect to a suitable
basis is diagonal, with entries ¥(z;), where p; ranges over the weights of
U(p), each counted with its multiplicities. If g is a p-regular element of
Gk and ¥ is an element of A such that g is conjugate to A(X) in G, then
the %(z;) are m-th roots of 1 in 2, and the Brauer character ¢, of U(y) is
given by

(If L is taken as a subfield of the complex field C, so that G is defined
as remarked at the end of Section 2, and ¥, is the character of P in C
given by %(v) = X(»)e(rP), then ¢,(g9) = ¢3(h(Xy)), where ¢2 is the character
of the irreducible representation of Gy with highest weight #. Thus, ¢, can
be computed from Weyl’s character formula [12]. We remark also that ¢,
is independent of the choice of admissible lattice on U(g), and this gives
an alternative method of proving (2C).)
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Since the p; are permuted among themselves by the Weyl group W,
and g occurs only once, we can express ¢, in the form

(10) $u= 5, + 230u5,

where the coefficients b, are positive integers and the sum ranges over
certain elements » of P+ which are lower than g, By (3B), we can express
the s, in terms of various s,, where psP, p <p. Thus, we may assume
that all the » appearing in (10) are elements of P, lower than p, if we
allow the b, to be possibly negative integers.

For p=P, we see by induction that we can solve the equations (10) to
obtain the s, in terms of the ¢, :

(11) S# = ¢;1 + 2 C,uv¢u9

where the ¢, are integers and the sum is taken over elements v of P, lower
than g. By (3B), we obtain the following result.

(3C) Lemma. The ¢* Brauer characters ¢, p€P, form a basis for the
vector space of complex valued functions on the p-regular classes of Gg. Hence every
absolutely irreducible module of G over an extension field of K 1is a constituent of
U(p), for some pEP,

We shall write ¢ for the highest member of P,

g = (4_1);21'-

(3D) LemMA. The Gy-module Uls) is absolutely irreducible, of dimension qV,
where N is the number of positive roots in 3.  All other absolutely irreducible
modules of Gx over an exlension field of K have lower dimension. Ulo) is not a
constituent of U(y), for peP, p+a.

Proof. We have Weyl’s formula [12],
dimKl—](.u) = dimLU(‘u) = rI;IO (7’, 5 + [l)/(r, 6)9

where 6 = 212, and the product is taken over all positive roots . For such

an 7, (r,2;) =—é—(r, A (H,)=0, and (r,2;) =0 for some i, so that (r,d) > 0.

If p =3 m;2;, then

(r,d + p) = 2 (my + 1)(r, 25).

1
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Clearly, for z=P, the largest dimension for U(g) is ¢¥, where N is the
number of positive roots, and is obtained only when g =o.

By a result of Steinberg [14], Gx has an absolutely irreducible module
of dimension ¢ in a field of characteristic ». It follows from (3C) that
U(s) must be absolutely irreducible. Since dim U(¢) < dim U(s) when peP,
1 +#0, the other assertions follow.

(BE) TueorREM. Let' |K| =gq. For each p € P, there exists exactly one
absolutely irreducible module F(p) of G over an extension field of K whose Brauer
character ¢, has the expansion

(12) 0, =s,+ EV] bpus.,

where the b,, are integers, and the sum is taken over elements v of P, lower than
p.  The F(p) form a complete set of absolutely irreducible modules of Gy in
characteristic p. For p€P, F(g) occurs as a constituent of U(p) exactly once. For
any peP*, all constituents F(v) of Ulp) correspond to elements v of P, such that
y= o,

Proof. Since the number of p-regular classes in G, is ¢", there are ¢"
absolutely irreducible modules in characteristic p. Denote these as Fj,
1<i=gq", and let ¢; be the Brauer character of F;,. By (3B), we have
equations

;= 21dus,
v

where the d;, are complex numbers, and the sum is taken over all v P,

Suppose that there exists an element g of P, such that U(z) has a con-
stituent F; for which d;, #+ 0 for some v in P, higher than z. Assume that
v is the highest member of P, with this property. Of course, g%¢, and
s —veP, By (9), (10), (1),

901'9[’,..,, = div(pn + ?kpgﬁp,

where the &, are complex numbers and the sum is taken over elements p
of P, different from ¢. Expanding both sides in terms of the irreducible
Brauer characters, we see by (3D) that ¢, occurs as an irreducible part of
the character ¢;¢,_, of the module F; ® U(¢c —»). Thus, U(s) is a constituent
of F;®U(s —v), and hence of U(x) ®U(e —v). Now, by (9), (10), (11),
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¢;4¢a—v = ¢'a—v+y + ; Cr¢t - ? dp¢py

where the ¢, d, are positive integers and the sums are taken over certain
7, 0 in P, lower than ¢ —y + g#. Thus, the module

) @U —)® %‘. d,0(e)
has the same absolutely irreducible constituents as

Ue—v+p)®XcUR).

Hence, U(s) is a constituent of the latter module, contradicting (3D).

Thus, if P, every irreducible part of ¢, can be expressed in terms
of the s, with ve€P, v<<p. In particular, there is an absolutely irreducible
constituent of U(x) whose Brauer character has highest terms s, (with some
non-zero coefficient). Since this is so for each of the ¢" elements of P,
it follows that, for pzeP, there is exactly one irreducible Brauer character
with s, as highest term. We call this character ¢,, and the corresponding
module F(z). Then the absolutely irreducible constituents of U(z) are F(g),
occurring with some multiplicity, and possibly certain F(y), with v < p.

Suppose that F(z) occurs in U(g) with multiplicity @, Then we see
that

Do = QG PP+ + 0 0,

where the missing terms involve products ¢,p,, where v, pEP, v+ p <o.
Since s, occurs in the expansion of ¢.¢,., in terms of the s, ¢, occurs in
its expansion in terms of the ¢.. Thus, U(s) = F(o) occurs as a constituent
of U(p) ®U(e — p) at least a,a,., times. But we know that it occurs exactly
once, from the expression of the Brauer characters by the s.. Hence,
a, = G, = 1.

We now have equations of the form
¢, = ¢, + lower ¢’s,
which can be solved, giving

%=%+§%%

where the c,, are integers and the sum is taken over elements v of P, lower
than gz, Using (10), we obtain the expression (12).

https://doi.org/10.1017/5S0027763000014653 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014653

56 W.J. WONG

Finally, for any element g of P* let » be the highest element of P,
such that F(v) is a constituent of U(z). Using (12), we see that the expres-
sion for the Brauer character ¢, of U(g) in terms of the s, p€ P, has highest
term s, (with some coefficient). Hence, v <z, by (10) and (3B).

(3F) CoroLLARY. All the absolutely irreducible modules for Gy in character-
istic p can be realized over K. Every irreducible module for Gy over K is absolutely
trreducible.

Proof. The trace @, of the absolutely irreducible module F(z) for G
over 2 is obtained from (12) as

@,‘ = §/z + ?byvgw

where, for each peP, §, is the function from the p-regular calsses of Gx to
2 given by the corresponding formula to (7),

5.(9) = 20,

where ¢ is conjugate in G, to h(x) (X A), and the sum is taken over all v
in the orbit of ¢ under W. Since 2¢ is conjugate to X under W, we obtain

5,(0)" = 2006) = T6) = 5,(9),

so that 5,(9)eK. Hence, all the traces ¢, have their values in K. By a
theorem of Brauer [1], all the F(x) can be realized over K. The second
assertion follows from the first, since K is a perfect field [4].

(8G) CororLLARY. Let p,v,peP,. If F(p) is a constituent of F(r)QF (v),
then p<p+v. If p+vEP, then F(u+v) occurs exactly once as a constituent of
F(p) ® F(v).

Proof. For peP, we can solve the equations (12) to obtain

Sy =@, + 2 WPy,
v
where the sum is taken over elements v of P, lower than g, and the ¢, are
integers. Using (12), (9) and (3B), we can calculate an expression for ¢,0,
in terms of the ¢, to obtain the result.
4. An Irreducibility Criterion

We shall now determine a necessary and sufficient condition for the
irreducibility of the Gg-module derived from an irreducible g-module whose

https://doi.org/10.1017/5S0027763000014653 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014653

REPRESENTATIONS OF CHEVALLEY GROUPS 57

highest weight lies in P, We shall use an argument which will be adapted
to the construction of the irreducible Gg-modules F(z) in general in the
next section.

For i=1,-.-,n, let V(i) denote a g-module whose highest weight is
2;, occurring with multiplicity 1. For example, V(i) can be taken as the
irreducible module of highest weight 2, We choose an admissible lattice
V(i)s on V(i), and take a regular basis {x(i), #(i);, - - -}, where z(i), has
weight 2;, so that the other x(i); have lower weights. Choose a non-
degenerate contravariant form on V(i) and let {y(i), y(é)s, - + -} be the basis
of V(i) dual to {x(i)o, x(é)s, + + +} with respect to this form. Then the y(i);
are also weight vectors and we may assume that y(i), = 2(i),.

Now take any element g of P*, say

n
r= 2imi,
i=1

where the m; are non-negative integers. Let V(i)™ be the m;-th symmetric
power of V(i), i.e., the space of all homogeneous polynomials over L of
total degree mi; in x(i), 2(i)s, » + +. Then

Vig) = V)™ @+« - ® V()™
is a g-module, consisting of homogeneous polynomials v = f(z(i);) in the
2(i);. Thus, V(g) is also a Gg-module, the action of an element g of Gg
being given by
vg = f(z(i),9),

where %(¢);g is the image of %(¢); under the action of g on V{(i), considered
as a Gg-module.
We now form a regular basis of V(g), consisting of the monomials

(13) g = [1 ()5,
2,7

where, for each i, 318(i,j) = m;, and B stands for the family of exponents
J

B(¢,7). We shall similarly write

vo= Iy,

i,

and remark that these elements form another regular basis of V(z). The

monomial
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Lo = ];I (7)™

is a vector of weight # and all other monomials %, have lower weights. It
follows that the'g-submodule U(z) of V(¢) generated by =z, is irreducible of
highest weight .

By (2E), U(p) is the subspace generated by all the vectors 2.9, g € Gr.
We have equations

(14) x(i)og = 239(8) ;2(8) 5,

J

for i =1,:.-,n, where g({);€R. A calculation shows that, in terms of the
basis (13),

(15) Log = %} Cals®p

where g; is the element of R obtained by substituting g(i); for 2(i); in the
expression for z,,

(16) 9 = }'[jg(i)ﬁ‘i'f’,
and ¢; is a product of polynomial coefficients,
cg =10 (m;!/B(3,0)! (¢, 1)1~ - +).

We remark that ¢, is always an integer.
An element of V(g),

o)) v = %‘. dgttp,

lies in U(p) if and only if ¢() =0 for all elements ¢ of the dual space of
V(z) which vanish on the elements (15). Setting @, = ¢(x;), we see that
veU(y) if and only if

(18) %;-_' asdy = 0,
for all @, such that
(19) %: Colpgp = 0’

for all geG,.
For each B, define an operator 4, on V(g) by setting

https://doi.org/10.1017/5S0027763000014653 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014653

REPRESENTATIONS OF CHEVALLEY GROUPS 59
— ; i, )
4y = }Ij(a/ax(z),-)"“'f,

where the partial differentiations are carried out in the usual way on the
elements of V(y) regarded as polynomials in the x(i);. We see that for the
element (17),

(20) csdg = myle o o myld,.

If an element w of V(g) is expressed in terms of the y(i); (rather than the
2(i);) in the form

w = %‘_, €Y s,

we define an operator

(21) 4y = %J epds,

by replacing each y(i); by 8/ox(i);. Also, if g is an element of G giving
coefficients g(i);, g, as in (14), (16), we write

(22) w(g) = ? €s9p

the element of L obtained by substituting g(i); for y(i); in the expression
for w. We say that w vanishes upon specialization to elements of G if w(g)=0
for all geGg, and set

(23) W(y) = {lweV(p)|wlg) =0, all geGgl.

Setting e, = cya;, and using (20), (21), (22), (23), we see that the conditions
(18), (19) may be restated in the form

Ulp) = veV(p)|dw) =0, all weW()}.
If we now set
(24) ®,w) = 4,(),
we obtain a non-degenerate bilinear form on V(g), the elements
(co/myle « - ma )y

forming a basis dual to the v;. Thus, U(g) and W(g) are orthogonal com-
plements in V(g) with respect to this form.
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(4A) Lemma. Let v,weV(p), 9, hEGr, and let g* be the image of g under
the automorphism given by (2H). Then

(a) Ay (vg) = du(v),
(b) (wg*)(h) = w(hg™).

Progf. As the calculations for both assertions are quite similar, we prove
only (a). Express v,w as polynomials in the «(i);, ¥(i); respectively,

v=f(x(i);), w=h(yi)),.
By (), if x(i); = 2(é);9, y(i);/ = y(i),g9, then
x(i);" = ;:Jg(i)jkx(i)k,
(i), = 22915y (i),

where, for each i, the matrices (g(i),.), (9(¢)5:) are contragredients of each

other,

kZ g(l)i‘;kg(l)mk = 5jm‘

We now compute that

9[6x(i)i = X1 9(i)ms(9/02(i)7),

9[0u(i);" = 320;m(8/02(i)n) = 31 9(i)74(3/0(i)s)

Thus, substitution of 8/6x(i), for y(i), in the expression for wg* is tantamount
to substitution of 8/6x(i),” for y(i),’. Since wg* = h(y(i);), vg = f(=(i),), we

see that
duwg(vg) = h(0/ox(i) ;') f((i) ;) = 4w (v).
(4B) CororrarY. W(y) is a g-submodule of V(y).
Proof. This is immediate from (4A) (b), (2E).
(4C) CoroLrARY. V(g) = U(p) @ W(p).

Proof. Using the assumption that y(i), = (i), we calculate for the
monomial %, of weight g that

Axo(xo) = ml!' . ‘mn!?'-_‘o,
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so that x,W(z). Since U(p) is an irreducible g-submodule of V(z), U(g)n
W(g) = {0}. Since U(g) and W(g) are orthogonal complements with respect
to the form (,), we have the result.

For i =1,-.-,n, let V(— i) be the dual space of V(i), regarded as the
g-module contragredient to V(i), and let {x(— )y, #(—i);, -+ -} be the
(regular) basis of V(— i) dual to the basis {x(i)o, (i), =+ -} of V(i). The
basis {y(— i)y, ¥(— )y, =+ +} of V(—i) dual to the basis {y(i)o, ¥(i)1, ** *}
of V(i) is easily checked to be contragredient to {x(— i), ®(—i);, + -} in
the sense of Section 1. The g-module

Vi) =V(=1D)"™R:. - - QV(—n)™,

consisting of homogeneous polynomials in the x(—i),, has a regular basis
consisting of the monomials

@y = I a(— )i,
1,7
There is a vector space isomorphism of V() with V(— p), mapping y,

on -, for all 8. If weV(y), we denote the corresponding element of
V(—p) by w*. Then, if geGr, weV (),

(wg*)* = w*g.
If we now define, for v, weV(y),
<U, w*> = Aw(v>/(m1!' * '”7n!)y

then, by (4A) (a), we obtain a non-degenerate bilinear pairing of V(z) and
V(—p) which is invariant under Gg, i.e.,

vy, wgd = v, w*,
for g=Gz.  An argument as in the proof of (2E) shows that
X, w*> + o, w*X> =0

for Xeg. We note that the basis of V(¢) dual to the basis {z_;} of V(—p)
is the basis {cyx,}.

Now set
U(—p) = {u*lucU(p)}, W(—p) = {w*lwesW ().

Then U(— p) is the irreducible g-submodule of V(—p) generated by the
monomial
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at = (=5
3

of lowest weight —p in V(—p), and W(—p) is the set of all elements of V(—p)

which vanish upon specialization to elements of Gz, in the obvious sense.

Since U(—p) is the subspace of V(—pg) orthogonal to W(g) with respect to

the form ¢, », we have an induced non-degenerate invariant bilinear pairing

between U(—g) and V(g)/W(p), which are thus contragredient g-modules.
We have admissible lattices

Vitle = 25 Rz, Vi—p)r = 31 Ra,

on V(y), V(—p), and obtain admissible lattices
Upr=UE)0V(p)g, W(pe=W(e)NV(e)s,
Ul—=mre=U(—=p)NV(=p)r, W(—p)r=W(—)0NV(—p)z,
on Uy), W(y), U(—p), W(—pg). We also have admissible lattices
V(e = ;chw;, Vi—pzr = %chx-p,
on V(g), V(—p). These are the dual R-modules to V(— p)z, V(#)r with
respect to the bilinear pairing <, >. We set
Upr =UNV(gr, U=ps =U=pnV(—p¥r,

admissible lattices on U(g), U(—g).

We now obtain derived Gg-modules V(g), U(g), W(x), Vi), Uy, etc.
from the admissible lattices V(g)r, Ul(e)r, W(t)a, V)2, U(p)s’, etc., and, by
(2G), we immediately have

(4D) Lemma. V(g), V(g), U(p), V()W (z) are contragredient to V(—p),
Vi), V(—e)|W(—p), U(—p), respectively.

Clearly, V() SV(t)r 2.€V (1), 2oEaV(t)r.
By (2C), (2F), we obtain

(4E) LemMmA. Ul(p), U(p) and V(e)|W (1) have the same irreducible constituents;
and U(p) has a non-trivial quotient module isomorphic with a submodule of U(p)
containing .

(4F) Lemma. Let ,u,uéP*. Then,

(a) V(p)/W(p) is isomorphic with a submodule of
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(Vg + )W (e + ) @ V(—v).
(b) Ulp) is isomorphic with a quotient module of
Ulg + ) @ V(—w).

Proof. Let v=In;2;, The g-module V(g 4+ ) ®V(—y) consists of
homogeneous polynomials

w = h(y(i); x(—=1i);)

of certain degrees in the y(i);, 2(—i);, and W (g + ) ® V(—») consists of
those for which

flg(d);, =(—i);) =0,
for all g in Gz, where the left side is the polynomial in the z(—i); obtained

by substituting the appropriate g(i); for the y(i);.
Now set

2 = ILI (%,‘ (1) j2(—1i) ;)"

Since the %(—i); form the basis of V(—i) dual to the basis of V(i) formed
by the w(i);, with respect to an invariant bilinear form, z is annihilated by
the action of g. Hence, the map

7V = Vig +) @ V(—),

7{v) = vz,

is an injective g-homomorphism.

Let geGg. For a given i, if Xla(i);x(—i); is expressed in terms of
the y(i); and z(—i7);, and then g(i)]j is substituted for y(i);, the result-
ing linear polynomial in the z(—i); is non-zero, since the g(i); are not all
0, and the z(i); are related to the y(i); by an invertible linear transforma-
tion. Hence the same procedure applied to z gives a non-zero polynomial
in the #(—7);. Thus, for veV(y), vzeW (g + v) ® V(—y) if and only if veW(g).
In other words,

7(W(e) =7V (W (e +») @ V(=)

Hence, V(g)/W(z) is isomorphic with a submodule of V(g + ) ® V(—y))/
W(g+ ) ® V(—y), which in turn is isomorphic with (V(z + v)/W(g+) &
V(—v), and (a) is proved.
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The same argument with i and —i interchanged proves the same result
with g, v replaced by —p, —v. Taking contragredients, we obtain (b).

Of course, since U(y) =~V (p)/W(p), and U(g + v) = V(g + v)/W(z + v), (b)
follows immediately from (a) by complete reducibility. However, we give
the above argument because of its application to the situation in character-
istic p (see (5D)).

We shall use a rather special result about contragredient modules for
a group.

(4G) Lemma. Let X, Y, Z be modules for a group G over a field K, and
let X* denote the contragredient of X.

a) X and Y have non-trivial quotient modules which are contragredients of each
other, if and only if X®Y has a quotient module isomorphic with the trivial G-
module K.

(0) If Y s irreducible and Z s isomorphic with a submodule of X*®Y,
then Y s isomorphic with a quotient module of X ® Z.

(c) If'Y is irreducible and Z is isomorphic with a quotient module of X*RY,
then Y is isomorphic with a submodule of X ® Z.

Progf. If X®Y has a quotient module isomorphic with K then there
is a non-trivial bilinear pairing (,) of X and Y into K which is invariant
under G. If

Xo = {zeX]|(®,Y) = {0}}, Yo = {yeY|(X,y) = {0}},

then X,,Y, are proper submodules of X, Y, and (, ) induces a non-degenerate
invariant bilinear pairing of X/X, and Y/Y,, so that these are contragredients.
The reverse argument proves the converse. This proves (a).

If Z is isomorphic with a submodule of X*®Y, then Z* is isomorphic
with a quotient module of X®Y* so that, by (a), (XQY*)®Z has a
quotient module isomorphic with the trivial module K. Since

(XRTNR®Z=(XR2Z)RY,

and Y= ¥** it follows from (a) that, if Y is irreducible, then Y is iso-
morphic with a quotient module of X® Z. This proves (b), and (c) follows
by taking contragredients.

We can now prove the following irreducibility criterion.
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(4H) TuEOREM. Let peP, ie., 0=m;=q—1 for all i, and let U(y)
be the trreducible g-module of highest weight p. Then the derived G g-module U(p)
1s trreducible if and only if Ulp) is p-unimodular.

Proof. By (2D) we need prove only that U(g) is irreducible if U(g) is
p-unimodular. In this case the derived module U(z) is independent of the
choice of admissible lattice, by (20).

Suppose that U(z) has an irreducible submodule isomorphic with F(p),
peP,. By (BE), p=<p. By (4E), (4F) and (2G), we see that F(p) is iso-
morphic with a submodule of (V(g)/W(s)) ® V(—(6—p)), where o is the highest
element (g—1) 32; of P,. By (3D) and (E), V(s)/W (o) is irreducible, V(s)/W (o)
~ F(e). By (4D) and (4G), F(s) is isomorphic with a quotient module of
Vie—p) @ F(p). Every irreducible constituent of the g-module V(s — z) is
isomorphic with some U(c), where ¢ <¢—p. By (2C) and (3E), every
irreducible constituent of the Gy-module V(e — p)’ is isomorphic with some
F(y), where v&PF, v=0—p. By (3G),

c=c—p+op,

so that p=pg, and so p = p. Thus every irreducible submodule of U(p) is
isomorphic with F(z).

Using (4F) (b) and (4G) (c), we prove in the same way that every
irreducible quotient module of U(g) is isomorphic with F(p). Since F(g)
occurs in U(p) with multiplicity 1, by (3E), it follows that U(z) is irreducible,
Ulp) = F(p).

ExampLeE. We illustrate (4H) by applying it to the fundamental irre-
ducible g-module U(4;), in the case that g is simple of type B,.

We may take g as the orthogonal Lie algebra of a (21 + 1)-dimensional
vector space V with a non-degenerate symmetric bilinear form of maximal
Witt index [8, p. 138]. We may assume that the form has matrix

1

1
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with respect to a basis {x_s, + =+, %-1, @o, %1, * + *, 2} of V. The positive
roots of ¢ may be expressed in the form

w;, 1=Zj=mn,
wjtop, 1=j<k=n,
and then the fundamental roots are
0] = W) — Wy, Oz = W — W3, * * *,0y_) = Wp-y ™ Wy, Oy = Wy,
Denote by e;; the linear transformation on V such that
Cm€jx = Om ;%

Then root vectors X, satisfying Chevalley’s conditions may be chosen as in
the following table

r ®; w; + w; @;— W
X, 2€0,5—€_j, C_jk — €-k,j €rj— € j,—k
Xor €jo — 2, ; Ck~j — €,k €k — €—f,—j

. For i =1,+++,n—1, the irreducible module U(z;) is the exterior power
;\V, acted on by g in the natural way. The vector v, = #;a- + < a2; is of
the highest weight 2;,, and one checks easily that v,11; has an R-basis con-
sisting of all vectors

U=xkl/\"'/\vk1, -n§k1<k2<'-'<ki§n,

Further, this is an orthogonal basis of U(2;) with respect to the contravariant
form, and with the normalization (v,,v,) =1, the value of (v,v) for the above
vector v is 2 if 0 occurs as one of the indices %, -+ +,k;, and 1 otherwise.
Thus the discriminant of U(a;) is

)

Hence, U(2;) is irreducible if and only if » # 2.

The spin module U(2,) has discriminant 1 and so U(2,) is irreducible,
whatever p is (see (7E)).

These results may be compared with that of Springer [13, Thm. 4.2],
which implies in this case that, for i =1,+.+,7—1, a sufficient condition
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for U(2;) to be irreducible is that p should not divide
2n—2i4+2)(2n—2{+3)+2n—1i+1).

We remark that Springer’s condition is computed just from a knowledge of
the weight structure of the g-module concerned.

A similar calculation in the case that g is simple of type D, shows that
the two spin modules U(1,-,), U(1,) and the module U(2,) corresponding to
the representation of g as an orthogonal Lie algebra of a 2n-dimensional
space all have discriminant 1, so that U(i), U(Zs-1), U(2.) are irreducible.
For i =2, -.-,n—2, U2, is irreducible if and only if p = 2.

Calculation of the discriminants of the U(2;) in the case when g is
simple of type C, appears to be difficult. Numbering the fundamental
weights 2; in the way corresponding to the numbering of fundamental roots
given in [8, p. 135], we find that the discriminants of U(;), U(x), U(2,) are
1,n, (n —1)2», respectively. For i >3, we have not computed the discrimi-
nant of U(2;), but we can show that it is divisible

(n—i+2)

21’—2(1.22)
Springer’s condition implies that it is a divisor of some power of
m—i+2m—i+3) - m—i+j+1),

where j is the integer part of —; i.

In the case when g is simple of type A., all the fundamental modules
U(2;) have discriminant 1 (see (7E)), and so the U(2;) are always ir-
reducible.

5. The Irreducible Modules

In order to give a description of the irreducible G-modules, we shall
assume that g satisfies the following property:

() For i=1,--+,n, g has a module V(i) whose highest weight is 2,
occurring with multiplicity 1, such that V(i) has an admissible lattice V(i)z
and a contravariant form which is integral and unimodular on V(i)z.

In general, the irreducible g-module of highest weight 2; does not fulfil
the above condition. However, it seems likely that the property (x) is al-
ways satisfied. In the last section we shall indicate how it is verified for
the cases when g is simple of type An, By, Ca, Da, Eq, Fy, Gs.
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We now suppose that, in the situation set up in Section 4, the modules
V(i) are chosen in accordance with (*¥). The significance of the property
is that the contravariant form on V(i) induces a non-degenerate form on
the derived module V(i). Equivalently, both the basis {z(i),, z(i);, - - +} and
the contragredient basis {y(i), ¥();, + - +} are bases of V(i) over R, so that
we have corresponding bases {Z(i)o, Z(i)1, » + + }, {#(8)o, F(i)1, * + +} of V(i) over K.

The derived module V(¢) of V(g) may be identified with

V)" @« - - @V,
and has a basis consisting of monomials

By = T H()4P,
2,7

and another basis consisting of monomials
Yp = yj@(i)f(i'j)-
If geGg, we write equations analogous to (14), (16),
%(i)og = ;G(i)j-’i(i)j,

g = I g(@);*”,

i,7

and if w = %éﬁgﬁ 15 an element of V(g), we set
w(g) = ;e—ﬁgﬂ’

analogously to (22). We say that @ vanishes upon specialization to elements
of Gy if w(g) =0 for all geGk, and set

W(p) = {weV(p)|w(g) =0, all geGgl.
(5A) Lemma. W(g) is a Gg-submodule of V(p), containing W(p).

Proof. The analogue of (4A) (b) holds, and the first statement follows
immediately. If weV(y)s, g=Gg, and @, § are the corresponding elements
of V(p), Gk, under the natural maps, then @(g) is the image of w(g) under
the residue class map R— K. If also weW(y), it follows that weW(y),
since the natural map Gp— G4 is an epimorphism. Hence W(x)SW (g).

In an exactly similar way, we obtain a submodule W(—g) of V(—p)
consisting of the elements vanishing upon specialization to elements of Gy,
in the appropriate sense.
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We now let U(y), U(—p) be the submodules of V(z), V(—g) orthogonal
to W(—p), W(p) with respect to the non-degenerate invariant pairings of
V() with V(—p), and V(—pg)" with V(z), obtained from the pairings of V(x)}
with V(—p)g, and V(—p); with V(x)z given in Section 4. Let &, &} be
the elements of V(g)!, V(—p)' corresponding to the elements @o, § of V(u)},
V(—p)s Using calculations like those at the beginning of Section 4, we see
that the following holds.

(5B) Lemma. U(y), U(—p) are the G x-submodules of U(p)', U(—p)" generated
by &, &% respectively. Ul(p), V(i)W (p) are contragredient to V(—p)|W(—p), U(—p)
respectively.

In the Gg-homomorphism of U(g)’ into U(g) given in (4E), the element

&, maps on &, as may be seen by the proof of (2F). Hence, we have

(5C) LemMA. U(y) has a non-trivial quotient module isomorphic with a
submodule of U(p) containing .

Now a proof completely analogous to that of (4F) gives the following
result.

(5D) LemmA. Let p, veP*. Then
(@) V(p)|W(z) is isomorphic with a submodule of
V(e + )W (e + ) @ V(—v).
(b) Ole) is isomorphic with a quotient module of
Ul + ) @ V(=)

The argument of the proof of (4H) may be applied to give the next
result.

(5E) LemMmA. Let peP, e, 0=m;=<q—1 for all i. Then V(u)/W(p)
has a unique irreducible submodule, which is isomorphic with F(g), and U(y) has a
unique irreducible quotient module, which is also isomorphic with F(r).

(5F) THEOREM. Assume that g has the property (x). Let peP, and let
X(p) be the Gy-submodule of V(p) generated by &, Then X(p) N W(p) is the unique
maximal submodule of X(p), and

X ()| X () "W (1) = F(pe).

https://doi.org/10.1017/5S0027763000014653 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014653

70 W.J. WONG

Proof. Since Zo&W(z), X(p)/(X(2) "W (p)) is isomorphic with a non-trivial
Gx-submodule of V(g)/W(y), and so, by (S5E), it has a unique irreducible
submodule Z/(X(z)NW(z)), which is isomorphic with F(z). By (5C), U(z)
has a quotient module isomorphic with a submodule Y of U(g) such that

Yo2Xp=Z.

By (5E), Y has a unique irreducible quotient module, isomorphic with F(g).
If Y+ Z, F(z) would occur with multiplicity at least 2 in U(g), contradict-
ing (3E). Hence, X(#) = Z, so that we have the asserted isomorphism, and
X(w) =Y, so that X(z)NW(g) is the unique maximal submodule of X(z).

6. Tensor Product Theorem

We continue to assume that g has the property (+), and proceed to
give a proof of Steinberg’s tensor product theorem, which expresses the
irreducible modules F(z) in terms of those for which 0= p(H,)<p—1 for
all 4.

Every automorphism 7 of the field K induces an automorphism of G,
which we also denote by 7, carrying each %, «(f) into %, x(f’). Then, any
Gx-module X is made into a new Gg-module X by defining the new action

vog=uvg" (ve X, g=Gg).

Clearly X7 is irreducible if X is. In particular, if 7 is the automorphism
f— 7 of K, we write X* for X".

Clearly 7 extends to an automorphism of the algebraic closure 2 of K
which induces an automorphism of G, transforming an element %(x) of 9,
into &(x?). Hence, if an element g of G, is conjugate in G, to A(x), then
g" is conjugate to k(x?). Now, if peP*, it is clear from (7) that

s.(07) = spul9).

If peP, and ppeP, then a computation of Brauer characters shows that
F(pp) is a constituent of F(g)?. Since the latter is irreducible,

F(p)? = F(pp).

This situation can occur with some non-zero g only if ¢=p", »>1, and
we now assume this is the case. Set

o= (p— 1)?&3 6= (p"'—1) 2124

1
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so that ¢y, 6, F, and
0y + po; =g,
the highest element of P,
(6A) LemMA. Ulsy) ® Ulen)? = Ulo).

Progf. The left side contains as constituent the module F(s)) ® F(o,)?=
F(¢) ® F(psy), which in turn has as constituent Fl(o; + pos) = F(o) = Ulo).
By Weyl’s dimension formula, U(s,) ® U(e,)? has the same dimension as Ul(s),
and so is isomorphic with it.

We notice that the proof shows that U(s;) is irreducible. A similar
argument shows that U(g) is irreducible when g has the form (p®—1)34;1
=sZr.

If p,eP,, ps=Pysp, i.e.

m=20mdy, 0=m=p—1, all 7,
S :

Po=23m2; 0= m; =™t —1, all 4,

then clearly g, + pu.€P,, 01 — ti€P,, 05— 12€ Paso.
(6B) Lemma. If yyeP, p2€Pap, then
F(p) ® F(p)? = F (s + pta).

Proof. We know that the left side, which is isomorphic with F(x;) @ F (pp,),
has highest constituent F(g, + pp.), occurring with multiplicity 1.

Suppose that F(z) is isomorphic with a submodule of F(x;)& F(g.)?, so
that = < g, + pp,. By (BE), (6D), F(¢) is isomorphic with a submodule of

(V(e)/W (61) @ V(—(o1— 1)) @ (V(02) /W (02))” ® V (— (02 — 1))
By (5A), (4E), (6A), this is isomorphic with
Ulo) @V(~(o1 — £12)) @ V(-= (02 — 22))".

Since U(o) is irreducible, we may apply (4G), (4D) to see that U(s) is iso-
morphic with a quotient module of

Fe)@Vier — 1) @ (Vies — p2)')".

The highest irreducible constituents of V(e; — z,)’ and (V(e, — p2)')? are
F(oy— ) and F(po, — pp) respectively. By (3G), we must have
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6 =+ (01— 1) + (po2 — Dpa),

so that ¢ =p + pys, and so 7 = gy + pets.

Similarly, we may use (5E), (5D) (b) and (4G) (c¢) to show that an
irreducible quotient module of F(g)® F(g,)” must be isomorphic with
F(py + pps). Since this occurs just once as a constituent, we have the
asserted isomorphism.

(6C) THEOREM. Assume that § has the property (x). Let |K|=q=1p".
Then, every trreducible G x-module can be written uniquely in the form

F(po) @ F(p1)? @ F ()" @+ + + @ Fp, 1),
where p;€P,,j =0,1,««+,vr—1, Conversely, every such Gy-module is irreducible.

Proof. Since the number of such tensor product expressions is

| Pp|” =p"" =q",

which is the number of irreducible Gg-modules, it is enough to show that
every irreducible Gg-module F(g) can be written in the desired form.
If ¢ =3Ym2,€P, we can expand each coeflicient m; p-adically

r—1
m; = Eomi,-p], Oémijép-—l.
]:

Setting p; = >3 m;;4;, we have
1

r—1

LiEP, p= J,?:,‘opjﬂ,-.

Repeated application of (5B) now shows that F(g) is isomorphic with the
tensor product of the asserted form.

We remark that the theorems (3E), (5F), (6C) were proved by Brauer
and Nesbitt in the case when g is simple of type A;, by Mark in the case
of type A, and by the author in the case of types A., C, [3] [10], [16]
Completely explicit descriptions of the modules F(z) and formulas for their
dimensions and Brauer characters were found by Brauer and Nesbitt, and
Mark, in the cases A;, A,.
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7. The Property (¥

For brevity we shall say that a g-module V is suitable if it has an ad-
missible lattice Vz and a contravariant form which is integral and unimodular
on VR.

(7TA) Lemma. If V is a suitable g-module, then so is every exterior power
k

AV.

Proof. Take an admissible lattice V; on V, and a contravariant form
(,) which is integral and unimodular on V. With X, , denoting X7/m!
as in Section 2, we have the formula

(vl/\ AR /\vk)Xr.m = Z(UIX'r,ml)/\ AR /\(kar.m,.)y

the sum being taken over all k-tuples (m;, - « -, m;) of non-negative integers
k
such that m;+ <« +m, =m. This shows that the exterior power AVj,
k
naturally embedded in AV, is an admissible lattice. The form (,) on V

k
induces naturally a bilinear form on AV, which we denote also by (, ), such
that

(VIA =+ = AV WA =+ = AWg) = 23 e(0)(V1, Wo) V2, Wo) * * * (Viy Watr))s

the sum being taken over all permutations ¢ of {1,2, - - -, k}, with ¢(¢) being
the sign of ¢. This form is easily checked to be contravariant. We can
choose two bases {x;}, {y;} for V; which are dual with respect to the
original form (,), ie., (@;,¥;) = 6;;. Then the bases {x;A - A},

k
{yi,Ae o o ny} (i< -+ <ig) are dual bases of AVg so that the contra-

variant form we have defined is integral and unimodular on /k\VR.

We recall that weights of a g-module V which are conjugate under the
Weyl group W occur with the same multiplicity. A weight ¢ for Vis called
a frontier weight if there is no root » such that # 47, z—» are both weights
of V. If V is irreducible, the frontier weights are precisely the conjugates
of the highest weight under W, and so occur with multiplicity 1.

(7B) LeMMA. Let p be a froniier weight of a g-module V which occurs with
multiplicity 1, and let v be a conjugate of p under the Weyl group W. Let v, v,
be the vectors of a regular basis of 'V, of weights p, v. Then, if (,) is a contra-
variant form on V,
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(v, v,) = u¥v,,v,),

Jor some unit u of R.

Proof. Clearly, we may assume that » is obtained from g by reflection
with respect to a root ». Replacing » by — 7 if necessary, we then have

y =g — mr,
for some positive integer m. Setting
¢ =p®LX,®LX.,,

and using the fact that g is a frontier weight, we see as in [8, p. 113], that
the g’-submodule of V generated by v, has a basis ¥, %1, - * *,¥n, where
Y, =v, and

YiXor = Yist, YnXor =0,8 =0, -+, m —1,
Y Xy =0, y X, =im — i+ 1Dyiy, i =1, -« -, m.
Since y, has weight z— mr =» and v occurs with multiplicity 1, we have
Ym = av,,
for some asL, a+=0. A calculation shows that
VX rm = YoXor,m = (M) WYy = (m)av,.

Thus, (m!)"laeR, so that a = m!u, for some # in R.
Also, we calculate that

va'r.m = a_lmer.m =a'm !yo = u"vﬂ,

so that '€ R. Hence, # is a unit of R.
Now the contravariance property (3) shows that

(U/n 1)”) = (uvuXr.m, vp) = (u’U,,, U;:X—r.m) = (MU,,, MU,,),
proving the assertion of the lemma.

(7C) Cororrary. If V is an irreducible g-module whose weights are all
Srontier weights, then V is suitable.

Proof. Let v, be the vector of highest weight in a regular basis of V
and choose the contravariant form on V so that (v, v,)=1. Since all frontier
weights are conjugate under the Weyl group, and since vectors of different
weights are orthogonal with respect to (, ), the result follows immediately
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from (7B).

(7D) Lemma. If V is an irreducible g-module such that O is the only weight
which is not a frontier weight, then there exists a trivial g-module W such that
V@®W is a suitable g-module.

Proof. We take a vector v, of highest weight in V and a contravariant
form on V such that (v, v,) =1. If Vy is the smallest admissible lattice on
V containing v,, then, by (2A), the form is integral on Vz We have an
orthogonal decomposition

V=S®T,

where S is the subspace spanned by vectors of non-zero weights and 7T is
the zero weight space. Correspondingly,

VR = SR@ Tr

where Sz =SNVg Tr= TNVsz We now take the dual space T* of 7, with
the dual module T% to Ty naturally embedded in it, and form

U=VOT*=S®T® T*
UR = VR@ Ty = SR@ TR@ T;‘;-

We extend the bilinear form (,) on V to the whole of U by defining, for
seS, teT, t* e T

(s, %) = (t*,s5) =0, (t*¢}) =0,
(£, t*) = (¢*, ¢) = value of #* on ¢.

From (7B), the form is unimodular on Sz. For a suitable basis of T® T
the form has matrix of the form

(A I
I 0J.
Thus, the form is integral and unimodular on Usg.
Now let W be the orthogonal complement of V in U. (Since the form

is symmetric by (1B), W is well-defined). By the non-degeneracy of the
form on V, we have

U=VoOWwW.

We now make U into a g-module by requiring the action of g on W to be
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trivial,
wX =0, weW, Xea.

Now it is easily checked that the bilinear form on U is contravariant.

Finally, we show that Uy is an admissible lattice on U. It is enough
to show that if ve T% then vX, €U for all roots 7, and all integers m > 0.
Since T@® T*= T®W, we can write

v=1=t+w, teT, weW.
Now, (Tgt) = (Tsv) € R, so that
teTy,

where T is the R-submodule of T dual to T with respect to the form ( , ).
Since the form is unimodular on Sy the R-submodule of V dual to Vi with
respect to the form is

Ve=Sp® T
This is another admissible lattice on V, by the argument of (2B). Hence.
Xy m = tXr nEVa.
Since ¢X, ., is 0 or a weight vector of weight m#», we must have
vXy mESp C Un.
Thus, Ur is an admissible lattice, and the lemma is proved.

(7TE) THEOREM. If g is simple of type An, Bn, C,, D, Es, Fy or G, then
g satisfies the property ().

Proof. We use the descriptions of the fundamental irreducible g-modules
and their weights given by Cartan [5, pp.369-398]. We number the funda-
mental weights 2; in the order corresponding to the numbering of the
fundamental roots of the Dynkin diagram as given in [8, pp. 134-135]. We
denote the irreducible module of highest weight 2, as V,.

For g = A,, all weights of V; are frontier weights. By (7C), (*) is
satisfied, with V(i) = V..

For g = B,, all non-zero weights of V; are frontier weights. By (7D),
there exists a trivial g-module_W such that V(1) = V,® W 1is suitable. For

i=2--,nm—1, set V(i) = ;\\V(l). The spin module V(n) =V, has only
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frontier weights. Then these V(i) satisfy (¥).

For g = C,, all weights of V, are frontier weights. For i=1,-.-,n,
set V(i) = /z\Vl. Then (*) is satisfied.

. For g = D,, all weights of Vi, V,._;, V, are frontier weights. Set V(i)=
AVi i=1,+++,n—2 Vit —1) = Voo, V(n) = Vo. Then (¥ is satisfied.

For g = E;, the weights of Vi, V; are all frontier weights while all non-
zero weights of Vs are frontier weights. Set V(1) =V, V(2) = /Z\Vl, V(3) =
/3\V1, V4) = /Z\Vs, V(5) =V, and let V(6) be the suitable module obtained
from V; by the process of (7D). Then (*) is satisfied.

For g = F,, the non-zero weights of V, are all frontier weights. Let
V(1) be the suitable module obtained from V, by the process of (7D), and
let V(2) = /Z\V(l). Now, F, may be realized as the derivation algebra of the
exceptional Jordan algebra /J of 3 x 3 Hermitian matrices over the Cayley
numbers, and is a subalgebra of E,, regarded as a certain algebra of linear
transformations on J [8, pp. 144-145]. Then the suitable module V(6) for E;
constructed above is a suitable module V(4) for F,. Set V(3)= /Z\V(4). Then
(%) is satisfied.

For g = G;, the non-zero weights of V, are frontier weights. Let V(2)
be the suitable module obtained from V, by the process of (7D), and let
V() = ;\V(Z). Then, () is satisfied. This proves (7E).

For g = E;, V; has only frontier weights while the non-zero weights of
Ve are all frontier weights. Using (7D), we obtain suitable V(1), V(6), and
then V(2)=/2\V(1), V(3)=/3\V(1), V{5 = j\V(6), V(4)=/3\V(6) are suitable. How-
ever, V; has non-zero weights which are not frontier weights, so that our
methods do not apply for the construction of a suitable V(7).

For g = Es, the non-zero weights of V; are all .frontier weights so that
we can form V(1) by (7D) and then take V(i) = /t\V(l), i=23,45 Our
methods do not apply for the construction of suitable V(7), V(8). (A suit-
able V(6) would be obtained as /z\V(7).)

It seems likely that the property (+) is always satisfied, and further that
there is a proof that this is so which does not require the detailed know-
ledge of the fundamental irreducible modules used in (7E).

REFERENCES

[1] R. Brauer, Uber Systeme hyperkomplexer Zahlen, Math. Zeit. 30 (1929), 79-107.

https://doi.org/10.1017/5S0027763000014653 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014653

78 W.J. WONG

127 R. Brauer, Investigations on group characters, Ann. of Math. 42 (1941), 936-958.

[ 3] R. Brauer and C. Nesbitt, On the modular characters of groups, Ann. of Math. 42 (1941),
556-590.

[ 41 R. Brauer and E. Noether, Uber minimale Zerfillungskérper irreduzibler Darstellungen,
Sitzungsber. Preuss. Akad. (1927), 221-228.

[5] E. Cartan, Oeuvres complétes, Part 1, vol. 1 (Paris, 1952).

[6] C. Chevalley, Sur certains groupes simples, Téhoku Math. J. (2) 7 (1955), 14-66.

[ 7] C.W. Curtis, Representations of Lie algebras of classical type with applications to linear
groups, J. Math. and Mech. 9 (1960), 307-326.

18] N. Jacobson, Lie Algebras (New York, 1962).

[ 9] B. Kostant, Groups over Z, Proc. Symposia in Pure Math. vol. 9, 90-98 (Providence,
1966).

{10] C. Mark, The irreducible modular representations of the group GL (3, p), Thesis, Univ.
of Toronto (1938).

[11] R. Ree, Construction of certain semi-simple groups, Canad. J. Math. 16 (1964), 490-508.

[12] Séminaire “Sophus Lie”, exp. 19 (Paris, 1955).

[13] T.A. Springer, Wey!’s character formula for algebraic groups, Inventiones Math. 5 (1968),
85-105.

T14] R. Steinberg, Prime power representations of finite linear groups II, Canad. J. Math.
9 (1957), 347-351.

[15] R. Steinberg, Representations of algebraic groups, Nagoya Math. J. 22 (1963), 33-56.

[16] W.J. Wong, On the irreducible modular representations of finite classical groups, Thesis,
Harvard Univ. (1959).

University of Notre Dame
Notre Dame, Indiana

https://doi.org/10.1017/50027763000014653 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000014653



