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Abstract

This paper establishes an estimate for the asymptotic behaviour of the spectrum of a
direct strain feedback (DSF) control system. The results show that the system operator
corresponding to the closed loop system cannot have an analytic extension and that the
decay rate for the system energy is not proportional to the feedback constant.

1. Introduction

Direct strain feedback (DSF) is used in practise to control the vibration of flexible
arms. It is known for its effectiveness and simplicity of implementation in many
applications (see [2]). However, no rigorous theoretical results were available until
the work of [3]. In [3], it was shown that the closed loop DSF control system is
asymptotically stable. In fact, the DSF can make the system exponentially stable
because it is equivalent to the standard one-end stabilizer system which has been
studied extensively in [1] and [4]. In this paper, we shall establish an estimate for the
asymptotic behaviour of the spectrum for a typical DSF control system. The results
show that the system operator corresponding to the closed loop system cannot have
an analytic extension and that the decay rate for the system energy is not proportional
to the feedback constant. These results may help us to understand qualitatively the
effect of DSF in the control of the vibration of flexible robot arms.

Suppose there is a single-link uniform flexible arm of length £. One end of the arm
is attached to the shaft of a control motor which rotates it in the horizontal plane. Let
y(x, t) denote the bending displacement of the arm at time ¢ and at a distance x from
the base. Then, if the other end of the flexible arm is free, the dynamics of the closed
loop system of bending vibration of the flexible arms with DSF control are known
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(see [3]):

y(x, 1)  d*y(x,1) 33y(0,1)
o a7 kx arox 0, O<x<{, (1)
y0,8) =y'(0,8) =y"({,t) = y"(€,t) =0,

where £ > O is the feedback constant. To simplify notation, the ratio of bending
rigidity with the mass density is taken to be 1. Define the operators A and B in
J = L*(0, £) as follows:

{ Ag(x) = ¢"'(x),
D(A) = {¢p(x) € (¢ (0) = ¢'(0) = ¢"(£) = ¢"(€) = 0},
B (x) = x¢"(0). )

Then (1) can be written as the following second order evolution equation in S#:
yl:(t,x)+A)’(t,x)+le)’:(t,x)=0- (3)
The following results are known (see [1, 4]).

THEOREM 1. The system (3) admits a unique solution in 3€ x

A.y = e A|yo
Ay, Ay

for any initial condition (y(x, 0), y,(x, 0)) = (y(x), y1(x)) € D(A) x D(A%). Fur-
thermore, it satisfies the following uniform exponential decay

le*| < Me™"  for some M > 1and w > 0,

where e*" is the Cy-semigroup generated by the system operator

0 A 0o I
‘“/z[—A% 0“1 km-%]' @)

Theorem 1 is significant, as it indicates that the DSF can make the system exponentially
stable.

2. Spectral analysis

We shall characterize the spectrum of the operator & in the sequel. The following
well-known results about the operator & are used frequently throughout the paper.

https://doi.org/10.1017/5033427000000758X Published online by Cambridge University Press


https://doi.org/10.1017/S033427000000758X

88 Bao Zhu Guo 31

LEMMA 1. (i) A is self-adjoint and positive definite on 7% and has eigen elements
(s 1215

(i) hn =By >0, B,=o0(n), 2+ [exp(B.l)+ exp(—pB,L)]cos(B,f) =0;

(iii) {¢.} forms an orthogonal basis of ¥ and can be expressed as:

1 1-
dn(x) = — Ty exp(Bax) — > 4 exp(—pB,x) + y sin(B,x) + cos(B,x),

__exp(B,8) — sin(B, L) + cos(B,L)
= T exp(B.£) + sin(B.L) + cos (B, )
(iv) Let

- —1 asn — oo.

X=) bpu(x) inH.
n=1

Then :
¢,0) = =28, by=0(8"), lgull =o0(1).
Since o (&) consists of only eigenvalues of operator &, it is easy to show that a

necessary and sufficient condition for A € o (&) is that there exists a nonzero element
¢ # 0 satisfying the second order eigenvalue problem:

{ A (x) +¢"(x) + kxirg"(0) = 0, )
$(0) =¢'(0) =¢"(0) =¢" () =0,
or
A+ Ap 4+ kaABp =0, (6)
in operator form. By Theorem 1,
Rel < —w < 0. @)

From Lemma 1 and (7), if (A, ¢), ¢ # 0, is a solution of (6), then A2 € p(—A), the
resolvent set of the operator —A. Therefore

¢ = —krd"(0)(A* + A) 7 'x. 8)

On the other hand, by twice integrating (5) from £ to x, we obtain

3 (4
¢"(0)(1 + kA%) + A2 f xp(x)dx = 0. 9)

0
Substituting (9) into (8), we have

3 £
¢"(0) [1 + kk%— — kA3 / x[(A% + A)"x]dx]

0

t
= ¢"(0) [1 +k)~/ x[AQ2 + A) ' x] dx] =0.
0
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So ¢ # 0if and only if 1 + kA fol x[A(A? + A)~'x]dx = 0. Thus we have proved the
following:

LEMMA 2. A necessary and sufficient condition for (A, ¢), ¢ # 0, to be a solution of
(5) is that

4
FO) =1+kx / x[AQ? + A) x]ldx
0

[e o]
=1+kxz
n=1

that is, A is a zero point of the meromorphic function F(A). Meanwhile

An
2 blg.)* =0, (10)

P(x) = A+ A)'x. (11)
LEMMA 3. Let F()) and b,, n > 1 be defined as in(10). Then b, # 0 for everyn > 1,
and
k f'(V20)
FO) =1+ -——, 12
(*) TN (12)
where

JF () = 4+ exp(irf) + exp(—irl) + exp(rl) + exp(—AL),

that is, F(A) = 0 if and only if f(v21) + £f'(WV24) = 0, {+if?} = {+ivA,}
consists of the poles of the function F ().

PROOF. Let y(x) = (A®> + A)'x. Then
{ Ay(x) + y"(x) = x,
y(©0) =y'(0)=y"(&) = y" () = 0.
Taking the inner product with x on both sides of the above equation, we obtain
4 e3
A2/ xy(x)dx + y"(0) = —.
0 3
Therefore
e3 [4
F) =1 +kA? - kA’/ xy(x)dx

0
" O
=14 kAy"(0) = 1 +kgT(), (13)

where g(x) is the solution of

{“ﬂﬂ+yﬂﬂ=a

g(o) — g//(e) — g///(e) — 0’ g/(O) = —1. (14)
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Throughout this paper, we use /A to denote the positive branch of the complex
function A, that is,

A=pe?, —m<¥<m, (15
JE= Jpet, JA=eiVi, IR=+3-JX )

Now the solution of (14) can be written as
gx) =a exp(«/)jx) + a; exp(—x/)?x) + a; sin(x/}jx) + a, cos(«/ﬂx),

where a;, i = 1, 2, 3, 4, are determined by the boundary conditions of (14), that is,

1 1 0 1 a; 0
1 -1 -1 0 o|_|-%
exp(vAif) exp(—vAif) —sin(vAil) —cos(vAil) |[a || O
exp(v/Aif) —exp(—v/Aif) —cos(v/Aif)  sin(v/Ait) a, 0

Solving this algebraic equation, we obtain

1 sin@/Ai8)[exp(/Aif)+exp(—+/Ai 0)]—cos(v/Ait)[exp/rit)— —exp(—+/AQ Z)]
2J/Ai 2 + cos(v/Ai€)[exp(v/Ai€) + exp(—v/Ai0)]

We observe that

as=

sin(v/Ai€) = [exp(ime) - exp(—ime)] /2i,
cos(v/Ail) = [exp(iﬁe) + exp(-i«/_'e)] /2, (16)
Bl=v2, Y= —V2i, 0+ )VAi =iV, (1 —)VAi = V21
Thus
1~ [exp VD) — exp(—iv2D| +i [exp(v/2RD) — exp(—v2R0)|
«/7 4 4 exp(iv/21L) + exp(—i~/21€) + exp(~/21L) + exp(— «/—Z)]

Finally, we obtain the explicit expression of F(1):

IIO
F(A)_1+kg—2= 1+ = ( 2aihi) = 1 — 2kasi

9 [exp(t«/—e) - exp(—t«/—_l)] + exp(~/2_A£) — exp(—s/ﬁf)

=14k !
+ V22X 4 + exp(iv/2XE8) + exp(—iv/2AL) + exp(+/21L) + exp(—+/2AL)
L RS2
L)
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which is (12). Using a Taylor’s expansion, both f(+~/21) and f'(+~/21) are entire
functions of A. Let +/2A = a + ib. Then it follows that

F(V21) = 4 + (" + ) cos(al) + (€t + e~ cos(bL)
+i [(€7 — ") sin(al) + (¢* — e *)sin(be)],

-“/222 FI(V22) = —(e + e*) sin(al) + (¢ — ™) cos(b?)
+i [(e7" — e**) cos(al) + (e** + e™*) sin(b0)] .

By (ii) of Lemma 1, it can be easily shown that

FGJ2(FiB))) = 4 + 2[exp(B,€) + exp(B,0)] cos(B,£) =0, a7

and by (10), we see that {=iB?} consists of all zeros of f(X). Also {+iB?} are the
poles of F(1). In fact, if f’( 2(+iB?)) =0, then

— [exp(B.£) + exp(—B,8)] sin(B,£) + [exp(B.E) — exp(—PB,£)] cos(B,E)

+ i [[exp(B,£) + exp(—B,0)] sin(B,L£) — [exp(B,€) — exp(—B.£)] cos(B,£)] =0
and hence

[exp(Ba£) + exp(—B,£)] sin(B,€) = [exp(B,£) — exp(—B.£)] cos(B,E),
or ,
sin(B,£) = —2 [exp(B.£) — exp(—B,0)] / [exp(B.L) + exp(=B.0)]
by (ii) of Lemma 1. Since
cos(B,) = —2/ [exp(B,L) + exp(~B,0)],

we have
sin® (B,£) + cos*(B,£) = (2/[exp(B,£) + exp(=B. D) < 1,
which is a contradiction. Thus
IfF+1F N #0 (18)
and the proof is complete.
In view of (15), the analytical transformation +/2A maps the positive imaginary

axis onto a ray y = {A|ReA = ImA} of the first quadrant and maps the negative
imaginary axis onto aray y = {A|ReX = —ImA} of the fourth quadrant. Meanwhile,

B2 corresponds to A, = % B, ony and —B2 to &, = % B,, respectively.
Our main result is the following.
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THEOREM 2. There is an infinite number of eigenvalues {,, i} to (6). Further-
more, they posses the following asymptotic property:

lim d(u,, 6,) =0,

where [i, is the conjecture of w,, and 5’,, is the circle with center at i /), and radius
2k /L.

PROOF. From (12) and the previous discussion, let us investigate the values of
2f'(A)/(Af (L)) near A, and X,. By the conjugation relation

2N/ FA) =2 Q) /G fQ)),

it suffices to consider only such A located in the first quadrant (see Figure 1 below).
Let A = a + bi. Then

) =4+ (€ + e ) cos(al) + (e* + e7*) cos(bt)
+i [(e7* — e*) sin(al) + (e — e™*) sin(b8)],
f'(A) = —(e" + e™™)sin(al) + (e — e *%) cos(be)
+i [(e7 — ") cos(al) + (¢** + e sin(be)] .

Since f(A) is symmetric about a and b, it is sufficient to consider only the case of
b>a.

Now for a sufficiently small p > 0 and for every integer n, take &, to be the circle
with center at A, and radius p such that &, N &, = @ if n # m (Figure 1). This is
possible because An = o(n).

Let A =a + b €T, (b > a), the circumference of circle &, that is,

a=pB,+pcosd, b=p,+psind, n/d<0 <m/d+m.
Then

e F(L) = de7 4+ (1 4+ e ?%) cos(al) + (e“ D 4 e~ @+ cos(bL)

+ i[(e7?* — 1) sin(al) + (€7D — e~ @D 5in(be))

= cos(al) + e“ ¢ cos(bl) + i[— sin(al) + “ P sin(be)]

+ ™[4 + e7* cos(al) + e cos(bl) + i[(e7b sin(al) ~ e~ sin(bL)]],
eP f'(\) = —sin(al) + e“ ™ cos(bl) + i[— cos(al) + €“ D sin(be)]

+ e P [—e " sin(al) — e cos(bl) + i[(e~ cos(al) + e ** sin(bL)]),
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2 a
n
FIGURE 1. The region enclosed by circles with center at “A, and radius p.

and hence
f') 2< 1+exp(2(a —b)£) —2 exp((a — b)£) sin((a +b)£) +48e~
fA) |~ 1+expR(a—b)E)+2exp((a— b)) cos((a+b)e)+128e-5¢ (19)
Jey) 2> 1+exp(2(a —b)£) —2 exp((a —b)£) sin((a+ b)) —48e™*
FQ) |~ 1+exp2(a—b)E)+2exp((a—b)f) cos((a+ b))+ 128e%¢ )
Furthermore,

1+ exp(2(a — b)) + 2exp((a — b)€) cos((a + b)£) — 128¢7%
> [1 —exp(p(cos @ — sinH)L) T
+ 2exp(p(cos@ — sinB)£)[1 — cos(p(cos B + sinH)£)]
+ 2exp(p(cos @ — sinB)£)[[cos(2B,£) + 1] cos(p(cos b + sin6)£)
— sin(2B,£) sin(p(sin @ + sin@)€] — 128 e A
— [1 — exp(p(cos 8 — sinB)£)J?

+2exp(p(cos @ — sinB)L)[1 — cos(p(cos b + sin6))] 20)
as n — oo uniformly for all A € I',,. Here we have used the fact that
2
cos(B.0) = = o(exp(—p5.9)),

eXp(ﬁ,,e) + exp(—ﬂnf)

14 cos(2B,8) = 202 (B,€) = 0(exp(—Bal)), @1
sin(28,£) = 2sin(B,£) cos(B,£) = o(exp(—B,1)).
Let
c(p,0) = [1 — exp(p(cos 6 — sin0)¢)]"
+ 2exp(p(cos 8 — sin8)€)[1 — cos(p(cos b + sin 6)£)]. (22)
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Then, c(p,8) > O0forany p > 0,and 6 € (7/4, 7/4 + ). If c(p, 6) = O, then
cosf —sinf = cosf +sinf =0,

which leads to a contradiction for the case of 2p£ <27. Hence ¢y(0) = minci(p,6) > 0.
Finally we obtain

’g Fol|2f 52
Af) A| 14-exp(2(a —b)€)+2 exp((a — b)) cos((a+b)L)—128e~b¢
— 0 asn — oo uniformly forall A € T,.

2
<

Take N, > 0 such that

‘_2_ £
X F)

Applying Rouché’s Theorem (see [5]), there is a unique zero point i, € €, for every
n > N, to the meromorphic function 1 + %(%l

On the other hand, let ¥, and y, be two lines parallel to y and in contact with every
0, as shown in Figure 2, and let 4, be a closed contour defined as follows. Outside
of the region enclosed by the lines y; and y,, €, is defined by circular arcs of radius
282 + p?)? centered at the origin. Inside the region enclosed by y, and y,,%, is
defined by the lower section of the £, nearest to the origin indicated by the thin curve
in Figure 2 below. Denote by 2, the region enclosed by %,..

In our case of b > a, there exists a constant ¢ > 0 such that b — a > ¢, for all
(a, b) outside of 2, and y,, it follows from (19) that there exists an N, > N, such
that

2
<1 uniformly forallA € T',, n > N,.

2
<1 outside of 2, and y,, y» whenn > N,,

2 f/0)
AfA)
that is, there is no zero point for 1 + % outside of 2, and the region enclosed by
y, and y, when n > N,. Next, consider the region ¢, enclosed by &€,, £,,,, y; and

¥,. Then

2

2 (M
l—f() <1 forheI'4, andn > N = max {N,, N,}

A fQ)

and hence there is no zero point for 1 + %—(%’ in 4, for all n > N by Rouché’s

Theorem. Meanwhile, there are just N — 1 zero points for 1 + %(%) in Dy.

Finally, for n > N, taking circle &, to be the circle with its center at i,, and radius

o, = for some o > 0, 23)

B,
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(23i+p2) 1/2

2 2,172
(23n+p )
FIGURE 2. The schematic representation of the regions Cn D, and Y,,.

we have

la — bl <

2 2 _
o latb-28ls o AP =282 [t +o(8,H],

n

where A = a + bi € I'p,, the boundary of £,,. From (21)

1 + exp(2(a — b)) — 2exp((a — b){) sin((a + b))

=1+ exp(2(a — b)) —2exp((a — b)¢)sin((a + b — 28, + 28,)¢)
=14 exp(2(a — b)€) — 2exp((a — b)f) sin((a + b — 28,) cos(28,£)
— 2exp((a — b)€) cos((a + b — 2p,) sin(2B,£) + 8¢~

— 2 uniformly forall A € 'y, as n — 00,

and

B3(1 + exp(2(a — b)£) + 2exp((a — b)£) cos((a + b)£)]
= ﬂf[l — exp(a — b)¢) + Zﬂf exp((a — b))[1 + cos((a + b)0)]

2
= ﬂf [1 —exp ( ! (cosf — sinO)Z)]
ap,
+2 [exp ( 1 (cos6 — siné))Z)] pB? [1 — cos ( ! (cos@ + sine)e)]
ap, opf

n
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+ BZo(exp(— L))
—> a2((cos @ — sin0)€)> + a~2((cos 8 + sinH)L)? = 20%a™>
uniformly forall A € T'y, as n — oo. By (20)

2
— 2¢7%2a>  uniformly forall A € 'y, asn — oo.

‘ 2 f'()
A FO)

If
20722 < 1, (24)

then again by Rouché’s Theorem, there exists an M > N such that when n > M,
[L,, € 00’! C ﬁn’

1
cosf, b,=pf,+ sin @
app opn

forsome 0 < 0 < 2. (25)

ﬁn=an+bnis an=,Bn+

If
207 20%k? > 1, (26)

then there is no zero point for 1 + k%% in @y, forn>M > N. Let

Hn = lli/z = Xp + Yal. 27

Then

2 1 1
X, =a’— b= % cos(w/4+6) + 5(&3)2 cos(26),
2 1 1
Yo — B2 =a,b, = £ sin( /4 + 0) + E( )2 5in(260) for some 0 <6 <2,
o apB,

(28)

or

2 2
|un — iB2| = % +o(8;")  forany % > 2k/e.

Since 2¢720%k> = 1 if and only if ? = 2k/€, we obtain the required result by
choosing &, to be the circle with center at \/A,i and radius 2k/£.

Theorem 2 indicates that the system operator & defined in Theorem 1 cannot have
an analytic extension. The fact that the decay rate —w in Theorem 1 is not proportional
to the feedback constant k is established in the following theorem.
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THEOREM 3. The set of zero points of the entire function f'(~/2)\) defined by (12)
consists of purely complex numbers {:i:i af} which can be obtained from

tan(e,£) = 2/(1 + €*) — 1 29

and
a, = 0(”)» 0 <o < ﬂlv ﬂn—l <o, < ﬂn forn b 1. (30)
For any given N > 0, let {i,,, [1,} be the eigenvalues of (5). Then
(i) max {|u, — B, |t +iBy|} > Oask - 0;
<n<oo

(i) max {|us —ia?|, |fin +icZ|} > 0ask — oo.

1<n<N

PROOF. We only consider (ii), as the proof of (i) is similar. Let \/24o = a + bi be a
zero point of f'(+/2)). Then

(e — &™) cos(bl) + (¢ + e7*) sin(a€) = 0,
(e — e*) cos(al) + (e* + ™) sin(b€) =0,

which is symmetric about a and b. Since 21y = a® — b* + 2ab, 2A; = b* —a* + 2ab
is still a zero point of f'(+/21). If @ # b, then either ReAo > 0 or ReA; > 0. Suppose
Ao < 0. Then consider a circle £ located in the right half complex plane with center
at Ao so that A, is the only zero point of f'(+~/21) inside & and I'6. Let k > 0 be
large enough so that

|f(~/ii)|<k/e|f'(~/2_,\)) on TO.

By Rouché’s theorem, there is one zero point of f(~/2X)+k/£f'(~/2X) inside & which
contradicts Lemma 2 and Lemma 3. So A¢ = +a?i is a purely complex number and
« satisfies (29) and (30).

Next, for every —N < n < N, take &, to be the cycle with center at i a,f such that
ia? is the only zero point of f '(+/21) inside &, and T'6,. Let k > 0 be large enough
so that

¢ |f(J2_A)‘ Jk < lf’(«/2_):)l forallT6,, —N <n < N.

Then, again by Rouché’s Theorem, there is a unique zero point inside &, to the entire
function £f (v/21)/k + f'(~/2A). Part (ii) is obtained by Lemma 3.
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