SOME PROPERTIES OF LOCALLY COMPACT GROUPS

NEIL W. RICKERT?
(Received 6 June 19686)

In this paper a number of questions about locally compact groups are
studied. The structure of finite dimensional connected locally compact
groups is investigated, and a fairly simple representation of such groups is
obtained. Using this it is proved that finite dimensional arcwise connected
locally compact groups are Lie groups, and that in general arcwise connected
locally compact groups are locally connected. Semi-simple locally compact
groups are then investigated, and it is shown that under suitable restrictions
these satisfy many of the properties of semi-simple Lie groups. For example,
a factor group of a semi-simple locally compact group is semi-simple. A
result of Zassenhaus, Auslander and Wang is reformulated, and in this
new formulation it is shown to be true under more general conditions. This
fact is used in the study of (C)-groups in the sense of K. Iwasawa.

This work was done under the supervision of Professor F. J. Hahn, and
is based on part of the author’s doctoral dissertation at Yale University.

NOTATIONAL CONVENTIONS. Topological spaces will always be Haus-
dorff. If G is a topological group, then G, will denote the connected com-
ponent of the identity. Our groups will be written multiplicatively and we
shall use 1 to denote the identity. When we use the word group, we shall
always mean a topological group. A homomorphism of a group into another
group will always mean a continuous homomorphism. We shall use the term
algebraic homomorphism when we do not require continuity. Likewise the
word isomorphism will always imply bicontinuity. In using the word sub-
group, we do not restrict ourselves to closed subgroups, although we shall
never consider the factor space G/H unless H is a closed subgroup of G.

1. Preliminaries

We collect here some of the known results to which we shall make
constant reference.

1.1 THEOREM. (Structure of locally compact groups). Let G be a locally
compact group such that G|G, is compact. Let U be a neighbourhood of the
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identity in G. Then there is a compact normal subgroup K of G, K CU, such
that G|K is a Lie group with finitely many components.

ProoF. See p. 175 of [10].

1.2 THEOREM. Let K be a compact group, and denote by A(K) its auto-
morphism group furnished with the compact open topology. Then the identity
component of A(K) is the group of those inner automorphism of K which are
generated by elements of the identity component of K.

Proor. See [8].

1.3 LEMMA. If G is a connected locally compact group and if H and N
are two closed normal subgroups, one of which is compact, and if G = HN,

PrOOF. See [4].

1.4 TaeoreM. (Jwasawa [8]). Let G be a connected group and K a
compact normal subgroup. Let H be the centralizer of K in G. Then G = HK,,.
If furthermore G is locally compact, G = H K,.

Proor. This follows easily from 1.2 and 1.3.

1.5 DeFINITION. For a group G define Cy(G) = G, define C,(G) to be
the smallest subgroup of G containing all elements of the form a~14-1ab
for @ and & in G. Define inductively C, ,,(G) = C,(C,(G)).

1.6 DerFiNITION. For a group G define Dy(G) = G, define D,(G) to be
the closure of C,(G) and define inductively D, ,,(G) = D;(D,(G)).

1.7 DEFINITION. A group G is called solvable if for some integer #,

1.8 THEOREM. If H is a dense subgroup of G, then D, (G) is the closure
m G of C,(H).

Proor. This is obvious for » = 0 and the general case follows easily
by induction.

1.9 THEOREM. A group G s solvable if and only if D,(G) = {1} for
some n.

Proor. This follows immediately from 1.8 with G = H.

1.10 THEOREM. Let M be a group, H a solvable subgroup, and G the
closure of H in M. Then G is solvable.

Proor. This follows easily from 1.8 and 1.9.
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1.11 THEOREM. Let G be a connected locally compact group. Suppose
that N5y D,(G) = {1}. Then G is solvable.

PRrOOF. See [8].

2. Finite dimensional groups

2.1 DEFINITION. A locally compact group G with G/G, compact will
be called finite dimensional if there is a compact normal totally disconnected
subgroup K of G such that G/K is a Lie group.

This definition agrees with the usual definition of dimension as is
shown in chapter 4 of [10].

Our purpose in this section is to examine the structure of finite dimen-
sional locally compact groups. In [10] it is proved (p. 184) that a metric
finite dimensional locally compact group is locally the product of a Lie
group and a totally disconnected group. By using a slightly different
technique of lifting arcs, we are able to determine the global structure of
connected finite dimensional locally compact groups. We do not need to
assume that the group is metrisable, but we prove that it is as a corollary.

2.2 THEOREM. Let M be a connected Lie group with a discrete central

subgroup Z which is free abelian on gemerators z,,-- -, z,, and let N be a
compact totally disconnected group which contains a dense subgroup X which
is algebraically a free abelian group on generators ,, - -, x,,. Let D be the
subgroup of M XN generated by the elements (2, %,), ***, (2, %,,). Then

(M XN)|D is a connected finite dimensional locally compact group. Conversely
every commected finite dimensional locally compact group is isomorphic to a
group of this type.

Proor. The proof of the first assertion is straightforward, and will be
omitted. For the proof of the converse, we first introduce some notation.
J will always denote some suitable indexing set, and ¢, 7, 2 will always be
elements of that set. We shall sometimes use 4 to denote a distinguished
element of J. If we have a group G we will use the corresponding Greek
letter y as a homomorphism. In particular, if G has a family of subgroups
{H;}, y; will denote the natural homomorphism of G onto G/H,. If further-
more, H,C H;, we shall use y; for the natural homomorphism of G/H,
onto G/H,. Likewise, when we use other Latin letters to denote a group,
we shall use the corresponding Greek letters as homomorphisms. We shall
say that a family {H,} of subgroups of a given group is directed, if given
4,7in J, thereis a kin J, such that H, CH, n H;.

LEmMMA 1. Let Z be a discrete group and {Z,} a divected family of normal
subgroups of Z such that Z|Z, is of finite order, and such that ~ Z,= {1}.
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Then there is a totally disconnected compact group N, a one-one homomorphism
o of Z onto a dense subgroup X of N and a directed family {N,} of open sub-
groups of N such that o(Z,) = a(Z) n N,. Furthermore N, CN, if and only
if Z,CZ,.

Proor. Define K to be the complete direct product of the Z/Z,, and
define the map « so that the ¢-th component of «(z) is the coset of z in
Z|Z;. Define K, to be the open subgroup of K consisting of those elements
whose ¢-th component is the identity of Z/Z,. Define N to be the closure of
a(Z) in K. Define N, = N n K,. It is straightforward to verify that the
lemma is satisfied.

LemMMA 2. Let M be a connected Lie group which contains in its centre
a discrete subgroup Z which is free abelian on generators z,, - - -, z,,. Suppose
that we are given a divected family {Z.} of subgroups of Z such that Z|Z, is
fimite and such that n Z, = {1}. Let N be the group constructed in lemma 1,
and « the corresponding homomorphism. Define x; = a(z;). Then the x, are
generators of a dense subgroup X of N, which algebraically is free abelian on
these gemerators. The subgroup D of M XN generated by the elements
(21, ®1), ) (Zm, %) comsists exactly of the elements of the form (z, a(z)) for
zin Z. Define G to be the group (M XN)[D and let n denote the natural homo-
morphism of M XN onto G. Define H = n(N) and H; = n{N,). Then H,C H,
if and only if Z,C Z,;. There is a homomorphism @; of M|Z, onto G/H, such
that whenever Z; C Z; we have commutativity in diagram 1.

M/Zi'—'_‘q)i__*G/Hf

:uijl l?’z’:‘
2]

MjZ,—— > G/H,

Diagram 1
We omit the proof which is straightforward.

LEMMA 3. Let T be a conmected finite dimensional locally compact
group. Then T contains a compact totally discomnected subgroup F and a
dirvected family {F;} of open subgroups of F such that

(i) There exists a Lie group M and a discrete central subgroup Z of
M which is free abelian on finitely many generators, and a directed family
{Z} of subgroups of Z such that Z|Z, is finite, (| Z, = {1} and Z,C Z, if
and only if F,CF,;.

(ii) There is an isomorphism vy, of M[Z, onto T|F,.

(iii) Whenever F;C F,; we have commutativity in diagram 2.
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MjZ,—— > T|F,

Mul lfii
2]

M|Z,— > T|F,
Diagram 2

ProoF. We first construct a Lie group M which satisfies the properties
required of M in (ii) and (iil). Since T is by hypothesis finite dimensional
there is a compact totally disconnected normal subgroup F, of T such
that T/F, is a connected Lie group. Let J be the universal covering group
of T|/F,. Let the groups F, be the open subgroups of F,. Then T/F, is
isomorphic to (T/F,)[(F4/F;) so it follows that T/F, is a covering group
of T/F,. The natural map t,; is the covering homomorphism. Denote by
j, the covering map of M onto T/F,. The covering map p, lifts to a covering
homomorphism p5; of M onto T|F,. Set Z, equal to the kernel of g, and
Z, the kernel of ,. Then g, induces an isomorphism ; of /Z, onto T/F,.
It is easily verified that the assertions of the lemma are verified with M,
Z.,§;, in place of M, Z,, ;, except that n Z, = {1} may not be satisfied,
and Z, may not be a finitely generated free abelian group. We define
M=M|(nZ,) and Z; = Z,;/(n Z,). Let v, be the isomorphism of M/Z,;
onto T/F, induced by ;. Being a discrete central subgroup of the connected
Lie group M, Z, is finitely generated, and thus the torsion subgroup of
Z, is finite. Hence there is a % such that Z, does not contain any torsion
elements other than the identity. Then Z, is a finitely generated free abelian
group. Define F to be F,, and Z to be Z,, and restrict 7 to those indices
such that F;C F. The assertions of the lemma are now seen to be true.

LEMMA 4. Let G and T be two topological groups with divected families
{H,} and {F} respectively, of compact normal subgroups, such that H,C H,
if and only if F,C F,, and such that n H, = {1}, n F, = {1}. Suppose that
there ave isomorphisms o, of G/H,; onto T|F, such that whenever H, C H;, we
have commutativity in diagram 3. Then G and T are isomorphic.

o;
G/H——— > T|F,

)’ijl l“ii
o

G/H,—————> T|F,

Diagram 3

We omit the proof, since the argument is standard, and the result is well
known.
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Now to complete the proof of theorem 2.2 we observe that if T is a
finite dimensional locally compact connected group, there is a group G
of the form (M X N)/D required in the theorem (see lemmas 2 and 3 above),
and there are subgroups H,; of G and F; of T such that the hypotheses of
lemma 4 are satisfied, where we define ¢; = v, - ¢;*. From lemma 4 we
conclude that G and T are isomorphic, and the proof of theorem 2.2 is
complete.

REMARK. If the group T is a compact abelian group it is not difficult
to construct a much simpler proof which uses the duality theory for locally
compact abelian groups. We omit the details.

We now consider the problem of showing that finite dimensional con-
nected locally compact groups are metrizable. This was first proved in a
different manner by Newburgh [11]. From 2.2 we easily see that it reduces
to

2.3 LeMMA. Let K be a totally disconnected compact group with a dense
subgroup X which is free abelian on finitely many generators. Then K is
metrizable.

Proor. It suffices to show that there is a countable base for the neigh-
bourhoods of the identity (p. 34 of [10]). Since the open subgroups form a
base for the neighbourhoods of the identity (p. 56 of [10]) it suffices to
show that there are countably many open subgroups of K. The map which
associates with an open subgroup H of K the subgroup H n X of X es-
tablishes a one-one correspondence between the open subgroups of K, and
certain of the subgroups of finite index of X. However there are at most
countably many of the latter. This completes the proof.

RemARrk. By way of giving another proof of 2.3, notice that the
character group of K is a torsion subgroup of the #-torus and hence count-
able, so K is metrizable.

We now make use of 2.2 to examine arcwise connected locally compact
groups.

2.4 THEOREM. Let G be a connected finite dimensional locally compact
group. Then there is a Lie group M and a continuous one-one homomorphism
7 of M onto the arc component of the identity of G which is dense in G. G is
arcwise connected if and only if it is a Lie group.

Proor. According to theorem 2.2, G can be written as (M XN)/D
where M is a Lie group, N is a totally disconnected compact abelian group
and D is discrete. If we denote by x the natural homomorphism of M XN
onto G, then we see from the construction in 2.2 that x is one-one both on
M and on N. Since M is arcwise connected, z{M) is contained in the arc
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component of the identity of G. Since D is discrete, = is a local homeo-
morphism, so the arc component of the identity in G is in the image of the
arc component of the identity of M X N. Thus = (M) is the arc component
of the identity in G. Since if G is not a Lie group, N is uncountable, while
Dis countable, so z (M) is not the whole of &, and thus G is not arc connected.
The fact that n(M) is dense in G is obvious from the construction in
theorem 2.2.

We shall use 2.4 to show that an arcwise connected locally compact
group is locally connected. We first need the following.

2.5 THEOREM. Let G be a connected locally compact group. Then G s
locally connected if and only if every finite dimensional factor group is locally
connected.

ProoF. In one direction the argument is trivial. To prove the other
direction, suppose that every finite dimensional factor group is locally
connected. Let U be a neighbourhood of the identity in G. We must show
that U contains a connected neighbourhood of the identity. Choose a
compact symmetric neighbourhood V of the identity such that V2 CU.
Let K be a compact normal subgroup of G contained in ¥V such that G/K
is a Lie group. Then G/K, is finite dimensional, and by hypothesis locally
connected. Denote by z the natural map of G onto G/K,. Then z(V) contains
a connected neighbourhood of the identity. Denote by W the inverse image
under = of this neighbourhood. Thus WK, = W, K, is connected, and
(W) is connected. From this it is easily seen that W is a connected neigh-
bourhood of the identity in G. Furthermore W C U, since

W Cal(n(V)) =VK,CV2CU.
Thus G is locally connected.

2.6 COROLLARY. An arcwise connected locally compact group s locally
connected.

Proor. If G is arcwise connected, every finite dimensional factor
group of G is arcwise connected, and (by 2.4) a Lie group, so locally con-
nected. Thus we conclude from 2.5 that G itself is locally connected.

3. Semi-simple groups

3.1 DEFINITION. A group G will be called semi-simple if G has no con-
nected normal solvable subgroup. On account of 1.10 this is equivalent to
saying that G has no connected normal solvable closed subgroup.

3.2 DErinITION. If G is a group, a subgroup R of G is called the radical
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of G if R is a connected normal solvable subgroup, and R is not properly
contained in any connected normal solvable subgroup.

Clearly the radical of G, if it exists, is unique, since the product of two
connected normal solvable subgroups is again a connected normal solvable
subgroup. It follows from 1.10 that the radical, if it exists, is closed. Clearly
a connected closed normal solvable subgroup R of G is the radical if and
only if G/R is semi-simple.

For locally compact groups Iwasawa [8] has shown that the radical
always exists.

If G is a semi-simple Lie group, it is well known that every factor group
of G is also semi-simple (see for example chapter 2 of [6]). We shall prove
that this is true for all locally compact groups.

3.3 LEMMA. Let G be a locally compact group. Then G is semi-simple
if and only if G, is.

Proor. If G is not semi-simple, obviously G, is not semi-simple. If
G, is not semi-simple, let R denote the radical of G,. R is a characteristic
subgroup of G,, and hence a normal subgroup of G. Hence G is not semi-
simple.

We remark that the radicals of G and G, coincide.

3.4 LEMMA. Let G be a connected semi-simple locally compact group,
and K a compact normal subgroup. Then G|K is semi-simple.

Proor. Denote by N the identity component of the centralizer of
K in G. From 1.4 we know that G = KN. Let R be the radical of N/(N n K).
Let R, be that subgroup of N such that R,/(N n K) = R. Since N n K is
in the centre of G, R, is solvable. Since R; is a normal subgroup of the
semi-simple group G it follows that R, is totally disconnected. So therefore
is R. Hence R is the trivial group and N/(N n K) is semi-simple. Thus
G/K = KN|K is semi-simple.

3.5 LEMMA. Let G be a semi-simple locally compact group and K a
compact normal subgroup. Then G|K is semi-simple.

Proor. By 3.3 G, is semi-simple, so by 3.4 G,/(G, n K) is semi-simple.
Hence G, K /K is semi-simple. But (p. 63 of {7]) thisis the identity component
of G/K, so it follows from 3.3 that that G/K is semi-simple.

The next lemma is essentially a converse to 3.5.

3.6 LeMMA. Let G be a topological group which is not semi-simple. Then
there is a neighbourhood U of the identity of G such that for any closed normal
subgroup N of G contained in U, G|N is not semi-simple.

ProorF. Since G is not semi-simple, there is a non-trivial solvable
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normal connected subgroup S of G. Let x be a point of S different from the
identity. Let U be the complement of the set whose only point is . Then
if NCU is a closed normal subgroup of G, S maps onto a non-trivial
normal solvable connected subgroup of G/N, so G/N is not semi-simple.

We are now ready to proceed with the proof of the result mentioned
above.

3.7 THEOREM. Let G be a semi-simple locally compact group and H a
closed normal subgroup. Then G|H is semi-simple.

ProorF. Denote by = the natural map of G onto G/H. Assume firstly
that G/G4 is compact. Suppose that G/H is not semi-simple. Let U be a
neighbourhood of the identity in G/H as in 3.6. There is a compact normal
subgroup K of G in »~1(U) such that G/K is a Lie group. Then KH/H is
contained in U, so (G/H)/(KH|H) is not semi-simple. Hence G/KH is not
semi-simple. On the other hand, 3.5 implies that G/K is a semi-simple Lie
group, so from the known result for Lie groups, (G/K)/(KH|K) is semi-
simple, so G/KH 1is semi-simple. This establishes the result in the special
case G/G, compact. We consider now the general case. Let F be an open
subgroup of G such that F/F,(= F|G,) is compact. Since G is semi-simple,
so is G, = Fg and so therefore is F. From the special case we have proved,
F[(F n H) is semi-simple. Thus FH[H is semi-simple. That is =(F) is
semi-simple. Since F is open = (F) is open in G/H, so the identity component
of G/H is identical with the identity component of #(F). Hence the identity
component of G/H is semi-simple, so G/H is semi-simple.

3.8 CoROLLARY. Let G be a locally compact group with radical R. Let
H be a closed normal subgroup of G. Denote by n the natural homomorphism
of G onto G[H. Then the closure of w(R) is the radical of G[H.

Proor. Denote by N the closure of #(R). Since N is a solvable normal
connected subgroup of G/H, it will suffice to show that (G/H)/N is semi-
simple. But (G/H)/N is isomorphic to G/=~1(N) which in turn is isomorphic
to (G/R)/(w~*(N)/R). The latter group is semi-simple, being a factor group
of the semi-simple group G/R. This completes the proof.

We do not know of any correct proofs of 3.7 in the literature. The proof
in [4] is erroneous.

Another consequence of 3.7 is the following theorem.

3.9 THEOREM. Let G be a semi-simple locally compact group which has
a compact normal subgroup K such that G|K is connected. Let A denote the
tdentity component of the automorphism group of G (with the compact-open
topology). Then A consists of those automorphisms which are inner automor-
Dphisms by an element of the identity component of G.
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Proor. By enlarging K if necessary, we may assume that G/K has
no compact normal subgroups (see [8]). Then K is sent into itself by all
continuous automorphisms of G. Furthermore G/K is a semi-simple Lie
group. Let ¢ be an element of 4. Then ¢ induces an automorphism of
G/K, which is in the identity component of the automorphism group of
G/K. Thus o induces an inner automorphism of G/K. Hence we may find
an z in G such that the image of z in G/K induces an inner automorphism of
G/K equal to the automorphism of G/K induced by ¢. We may choose
z to be in the identity component of G, since G/K is connected. Then by
applying the inner automorphism of G generated by ! we see that we may
assume without loss of generality that ¢ induces the identity automorphism
on G/K. The restriction of automorphisms of G to automorphisms of K
maps A continuously into the identity component of the automorphism
group of K. Thus from 1.2 we conclude that there is a £ in the identity
component of K which induces an inner automorphism on K which is equal
to the restriction of ¢. Thus, by applying the inner automorphism of G
by &' we see that we may assume that ¢ gives rise to the identity auto-
morphisms of K and of G/K. We shall prove that in this case ¢ is the identity
automorphism of G. Define f(x) =2 'o(x). Clearly f is continuous. But
(p- 108 of [15]) f maps G into the centre of K, and { is constant on cosets of
K. Since G is semi-simple the centre of K is totally disconnected. Thus f
induces a continuous map of the connected group G/K into the totally
disconnected centre of K. Thus f is constant, and since f(1) = 1, it follows
that f(z) = 1 for all  in G. That is # = o(x). This completes the proof.

3.10 CoroLLARY. Let T be a group, and G a subgroup. Suppose that
T is connected, G is semi-simple and locally compact, and G possesses a
compact normal subgroup K such that G|K is connected. Let H be the centraliser
of GinT.Then T = HG,.

We remark that 3.10 is stated, but without correct proof, in [4].

We now wish to give some conditions that guarantee that a subgroup
of a locally compact group is closed. The most basic condition will be that
of the next lemma. The next few pages are devoted to obtaining a generali-
zation.

3.11 LEMMA. Let G be a semi-simple Lie group and H a connected semr-
simple Lie subgroup of G. Then H is closed in G.

ProoF. Denote by Ad, the adjoint representation of G. Since G is
semi-simple, the kernel of Ad, is discrete, so Adg is a local isomorphism.
In [2] Goto has shown that a connected semi-simple matrix group is closed.
Thus AdgH is closed in AdgG. Hence Ad—1(AdgH) is closed in G. So there-
fore is its identity component. That is H is closed in G.
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3.12 LEMMA. Let G and H be connected semi-simple locally compact
groups. Let = be a continuous homomorphism of H into G. Then the
closure of w(H) is semi-simple. If H 1is finite dimensional, so is the closure

of m(H).

ProoF. Denote by L the closure of n(H). Suppose L is not semi-
simple. According to 3.6 there is a neighbourhood V of the identity in L
such that for any closed normal subgroup T of L with T CV, L/T is not
semi-simple. Let U be a neighbourhood of the identity of G such that
LU =V. Let K be a compact normal subgroup of G contained in U
such that G/K is a semi-simple Lie group. The group H/nx'(K) is semi-
simple, and x induces a continuous one-one homomorphism of it into the Lie
group G/K. Thus (p. 130 of [1]) H[z"1(K) is a semi-simple Lie group. Now
3.11 implies that its image in G/K is closed. That is n(H)K/K = LK|K. Since
the former is semi-simple, so is the latter. Thus L/(L n K) is semi-simple.
But L n K CV, contradicting our choice of V. Thus L is semi-simple. Next
assume that H is finite dimensional. We must show that L is finite dimen-
sional. Let K be a compact totally disconnected normal subgroup of H
such that H/K is a Lie group. Then n(K) is a compact subgroup of L which
is normalised by the dense subgroup = (H) of L. Hence it is normalised by L.
By replacing H by H/K and L by L/z(K) we may, and shall, assume that
H is a Lie group. Suppose that the dimension of H is #. Let N be a closed
normal subgroup of L such that L/N is a Lie group. Then x induces a one-
one homomorphism of H/zx—'(N) onto a dense subgroup of L/N. From 3.11
we conclude that the image of H/n 1(N) is closed in L/N, and therefore
is the whole of L/N. Thus L/N is isomorphic to a factor group of an #-dimen-
sional Lie group. Thus the dimension of every Lie factor group of L is at
most #. Hence L is finite dimensional (see the discussion of dimension in
chapter 4 of [10]).

3.13 THEOREM. Let G and H be semi-simple connected locally compact
groups, and suppose that there is a homomorphism 7 of H onto a dense sub-
group of G. Assume G is locally connected. Then n(H) is closed tn G and hence
equal to G. Conversely if G is not locally connected, there is a semi-simple
connected locally compact H, and a homomorphism x of H onto a proper dense
subgroup of G.

Proor. Assume G is locally connected, and that we are given H and 7.
Let K be a compact normal subgroup of H such that H/K is a Lie group.
Then =(K) is normalised by the dense subgroup #(H) of G, and hence by
all of G. Thus # induces a homomorphism of the semi-simple Lie group H/K
(and hence of H/z~1(x(K))) onto a dense subgroup of G/=(K). It will suffice
to show that the image of H[n~'(n(K)) is all of G/»(K). But G/=(K) is semi-
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simple, so 3.12 implies it is finite dimensional. Since G is locally connected,
G/n(K) is a Lie group. But 3.11 now implies that the image of H/z (=(K))
is closed in G/n(K), and therefore is G/=(K). For the converse, assume that
G is not locally connected. Let E be the largest compact normal subgroup ot
G, and let L be the identity component of the centralizer of E in G. Then
L is finite dimensional (it has no connected compact normal subgroup,
since such a group would have to be in £ and thus in the centre of G,
contradicting semi-simplicity). Write L = (M XN)/D as in 2.2, where M
is a semi-simple Lie group. Since G = EL, it follows that there is a homo-
morphism 7 of E XM XN onto G, and the image of E XM is dense. Set
H = E X M. Then the proof will be complete provided we can show that
nw(H) is a proper subgroup of G. But if n(H) were the whole of G, G would
be isomorphic to a factor group of H, and hence locally connected, since
H is locally connected (E is locally connected, being a factor group of a
product of simple Lie groups. See pp. 88—93 of [12]).

3.14 COROLLARY. Let G be a connected semi-simple compact group and
let H be a conmected semi-simple locally compact group. Suppose that there is
a one-one homomorphism z of H into G. Then H is compact.

Proor. From 3.12 we conclude that the closure of =(H) is a semi-
simple connected compact group. Hence we may assume without loss
of generality that n(H) is dense in G. But since G is compact it is locally
connected (and in fact a factor group of a product of Lie groups, see pp.
88—93 of [12]). Thus from 3.13 we see that #(H) = G. We may now appeal
to (5.29) of [7] to conclude that = is an isomorphism, so H is compact.

3.15 DEFINITION. A semi-simple locally compact group G will be said
to have no compact factor if every compact normal subgroup of G is totally
disconnected.

If G is a Lie group, G is locally isomorphic to a product of simple Lie
groups (see chapter 2 of [6]). The condition of the above definition is then
that none of these simple factors is compact. This is also equivalent to
G having no compact factor group other than the trivial G/G. This last
equivalence is true without G being a Lie group, as the next lemma shows.

3.16 LEMMA. Let G be a conmnected semi-simple locally compact group.
Then G has mo compact factor if and only if, for any closed normal subgroup
H of G, G|H is not compact unless G = H.

ProorF. First assume that for a closed normal H, G/H compact implies
G = H. Let K be the largest compact connected normal subgroup of G.
We must show that K is trivial. Denote by H the identity component of
the centraliser of K in G. Then G = KH, by 1.4. Thus G/H is isomorphic to
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K|(K n H) which is compact. Thus G = H. Hence G centralizes K, so since
G is semi-simple, K is the trivial subgroup. Now conversely, suppose that
G has no compact factor. Choose a compact normal subgroup K of G
such that G/K is a Lie group. Our assumptions on G imply that K is totally
disconnected. Furthermore G/K has no compact factor (obvious). Suppose
that H is a closed normal subgroup of G such that G/H is compact. We
must show that G = H. First observe that G/HK is compact. Thus
(G/IK)/(HK|K) is compact. Since G/K is a Lie group with no compact
factor, it follows that HK /K = G/K, and thus G = HK. Thus G/H = HK|H.
But G/H is connected, while HK/H is totally disconnected (being isomorphic
to K/(K n H)). This is only possible if G = H, as required.

3.17 LeMMA. Let G be a comnected semi-simple locally compact group,
K the largest compact connected normal subgroup of G, and N the identity
component of the centralizer of K in G. Let H be a connected semi-simple
locally compact group with no compact factor, and let = be a homomorphism
of H into G. Then n(H) CN.

ProoF. G/N is compact, being isomorphic to K/(K n N). But = in-
duces a one-one homomorphism of H/z~1(N) into G/N. It follows from 3.14
that H/z'(N) is compact, and so 3.16 implies that #~2(N) = H. That is
a(H) CN.

We are now ready to give a best possible generalisation of 3.11 to con-
nected locally compact semi-simple groups.

3.18 THEOREM. Lef G be a connected semi-stmple locally compact group.
Let K be the largest compact connected normal subgroup, and let N be the identity
component of the centraliser of K in G. Then the following conditions on G are
equivalent.

(¢) N s a Lie group.

(#2) G can be written L|T, where L is a product of semi-simple connected
Lie groups, and T is a compact totally disconnected central subgroup.

(¢42) Every closed connected semi-simple subgroup of G is locally connected.

(tv) Whenever H is a connected semi-simple locally compact group and n
s @ homomorphism of H into G, n(H) is closed.

(v) Whenever H is a connected semi-simple Lie group and n is a homo-
morphism of H into G, n(H) is closed.

Proor.

(¢#2) = (iv}). Obvious from 3.12 and 3.13.

(fv) = (v). Obvious.

(v) = (¢). Suppose that (¢) is false. According to 2.4 there is a con-
nected Lie group H and a one-one homomorphism of H onto a proper
dense subgroup of N (namely the arc component of the identity of N).
Hence (v) is not satisfied.
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(¢) = (¢2). Since N is a semi-simple Lie group, N n K is finite. Since
G = KN it follows that G is isomorphic to a factor group of K XN by a
finite group. Being a connected compact semi-simple group, K is isomorphic
to a factor group of a product of semi-simple connected Lie groups by a
compact totally disconnected central subgroup. It follows that the same is
true of G.

(#2) = (#22). Since (iz) is true we may write G = L/T where T is
compact, and L is a product of semi-simple Lie groups. Denote by 4 the
natural map of L onto L/T. Suppose that H is a closed connected semi-
simple subgroup of G. Set H; = A~'(H), and set H' the identity component
of H,. Since A(H') = H, H is isomorphic to a factor group of H’. Thus it will
suffice to show that H' is locally connected. Let K’ be the largest compact
connected normal subgroup of H’, and let N’ be the identity component of
the centralizer of K’ in H'. From the implication (¢) = (¢2) which we have
already proved, it will suffice to show that N’ is a Lie group. But N’ is
a connected semi-simple locally compact group with no compact factor.
Thus it follows from 3.17 that N’ lies in the identity component of the
centralizer of the largest compact connected normal subgroup of L. This
subgroup of L is a Lie group, and in fact is the product of the non-compact
simple factors of L. Thus N’ is a closed subgroup of a Lie group, so is itself
a Lie group. This completes the proof of the theorem.

4, Some generalizations of a theorem of Zassenhaus,
Auslander and Wang

Suppose that G is a Lie group with radical R, such that G/R is compact.
Let H be a closed subgroup of G. We would like to be able to conclude that
H has a normal solvable subgroup S such that H/S is compact. This will
be proved (theorem 5.4). If H were discrete we could conclude the result
we desire from a theorem of Zassenhaus and Auslander. If at least the
identity component of H is solvable, we could conclude the result from
Wang’s generalization of the Zassenhaus, Auslander result. We wish to give
a further generalization which will allow us to prove 5.4. We first state the
Wang result.

4.1 THEOREM (Zassenhaus, Auslander, Wang). Let G be a connected
Lie group with radical R, and let H be a closed subgroup of G. Then if H,
(the identity component of H) is solvable, so is the identity component of the
closure of HR.

Proor. This is theorem A4 of the appendix to [13] in case R is simply
connected. The general case follows easily by lifting to the universal
covering group G.

This theorem may be formulated in the following equivalent form.
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4.2 THEOREM. Let G be a connected Lie group with radical R. Let H
be a closed subgroup of G, and suppose that H, is solvable. Then if HR is dense
in G, HyR = G.

PROOF OF EQUIVALENCE OF 4.1 AND 4.2. Obviously 4.2 follows im-
mediately from 4.1. On the other hand if we assume 4.2, and if G and H
satisfy the hypotheses of 4.1, set L the closure of RH, and R’ the radical of
L,. Set H' = H n L. Then the identity component of H’ is solvable, and
R’H' is dense in Ly. Then 4.2 implies that Ly = (H')oR’, which is clearly
solvable. Thus 4.1 is true.

We now state our generalisation of 4.2.

4.3 THEOREM. Let G be a Lie group with radical R. Suppose that H
s a closed subgroup of G such that RH is dense in G. Then RH = G, and
RH, = G,.

Proor. We assume G connected. It is easily seen that the general case
will then also be true. In this case we have only to show that RH, = G.
Denote by = the natural map of G onto G/R. Then =(H,) is a normal sub-
group of n(H). However since #(H,) is a connected Lie subgroup of G/R, its
normaliser is closed (it consists of those # in G/R such that Adg px leaves
the Lie subalgebra corresponding to =(H,) invariant). Thus =(H;) is a
normal subgroup of G/R. Since G/R is semi-simple there is a connected
normal (hence semi-simple) subgroup N of G/R such that G/R = =n(Hy )N
and #(H,) N N is discrete. Being semi-simple, N is closed (see 3.11), so if
we define L = H n n~1(N) it will follow that L is a closed subgroup of G.
Since #(H,) C n(H), since n(H) is dense in G/R, and since G/R is the product
of =(H,) and N, it is easily seen that n(H) n N is dense in N. That is #(L)
is dense in N. Also L, is solvable. For since z(L,) is in both n(H,) and N
and L, is connected, n(L,) is the trivial group, and L,C R, so L, is
solvable. Now obviously the radical of #~1(N) is R, and since #(L) is dense
in N, LR is dense in =z 1(N). We therefore conclude that LyR = n1(V)
(apply 4.2). But since L, C R, it follows that R = a2~*(N), so N is trivial,
and =n(H,) = G/R. Thatis HyR = G. This completes the proof.

In the next few pages we now try to consider to what extent 4.1, 4.2,
and 4.3 are true if we allow any locally compact groups, and not just Lie
groups. As above, if we can prove 4.1 holds for arbitrary locally compact
connected G, so will 4.2. Our next result will show that indeed 4.1 is true
in this extra generality, although as we shall later see, the same is not true
of 4.3.

4.4 THEOREM. Let G be a connected locally compact group, and H a
closed subgroup. Let R be the radical of G. Assume that the identity component
of H is solvable. Then the identity component of the closure of RH is solvable.
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Proor. Denote by M the closure of RH, and by M, its identity com-
ponent. Let U be a neighbourhood of the identity in G. Choose a compact
normal subgroup K contained in U, such that G/K is a Lie group. Applying
4.1 to G/K, we easily conclude that M, is solvable modulo K. Thus
Nozy D, (Mo) CK CU. Since U is arbitrary, it follows that 32, D, (M,) = {1}.
Thus 1.11 implies that 3 is solvable.

Before we consider possible generalisations of 4.3 to locally compact
groups, we prove a lemma which will allow us to restrict our attention to
connected groups for much of what follows.

4.5 LEMMA. Let G be a locally compact group, with radical R. Let H be
a closed subgroup of G such that RH is dense in G. Then RH, is dense in G,.

Proor. It is easily seen that we may pass to an open subgroup of G.
Thus we may assume that G/G, is compact. Let K be a compact normal
subgroup of G such that G/K is a Lie group. Applying 4.3 to G/K, we see
that RH, = G, modulo K. That is every point in G, is the product of an
element in RH, and an element in K. Since K may be chosen in an arbi-
trarily small neighbourhood of the identity, it follows that elements of
G, have elements of RH|, arbitrarily close. That is RH,, is dense in G,,.

We now treat the case of connected groups.

4.6 LEMMA. Let G be a locally compact connected group such that G|R 1s
locally connected, R being the radical of G. Let H be a connected locally compact
group, and 7 a homomorphism of H into G such that Rnx(H) is dense in G.
Then Rr(H) = G.

Proor. Set S = #71(R). Then # induces a homomorphism p of H/S
onto a dense subgroup of G/R. But H/S is semi-simple, for otherwise the
closure of the image under p of the radical of H|S would be a non-trivial
connected solvable normal subgroup of G/R, contradicting the semi-
simplicity of G/R. But we may now use 3.13 to conclude that p(H/S) = G/R.
That is Rrn(H) = G.

4.7 THEOREM. Let G be a locally compact group with radical R, such
that G|R is locally connected. Let H be a closed subgroup of G such that RH
is dense in G. Then RH, = G, and RH = G.

Proor. From 4.5 and 4.6 we may easily conclude that RH; = G,.
Bat since G/R is locally connected, G, is open. Thus RH is an open, therefore
closed subgroup of G. Since RH is dense in G, it follows that RH = G.

We now give two counter examples to the possibility of weakening the
hypotheses of 4.7. The first example shows that we cannot weaken the as-
sumption that G/R be locally connected to the assumption that G,/R is
locally connected, even if we assume that G/R is compact. The second ex-
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ample shows that the assumption G/R locally connected cannot be weakened
to the assumption that G, is open, or even that G = G,.

4.8 ExamMpPLE. Let R be the group of positive real numbers under
multiplication, and let ¢ be an element different from the identity. Let
K be an infinite totally disconnected compact monothetic group, and let
x be a generator of a dense infinite cyclic subgroup. Let G be the group
RxK, and H the subgroup consisting of elements of the form (", 2"). It
is easily seen that R is the radical of G, and that RH is a dense proper
subgroup of G.

4.9 ExaMPLE. Let L be the universal covering group of SL(2, R) and
let z be a generator of its centre, which is well known to be infinite cyclic.
Let M be the group of positive real numbers under multiplication, and let
y be an element of M different from the identity. Let IV be a totally dis-
connected infinite compact monothetic group, and let  be a generator of
the dense infinite cyclic subgroup. Let D be the subgroup of LX M XN
generated by the element (z, y, x). Set G = (L Xx M XN)/D, and denote by
7 the natural map of L X M XN onto G. It is easily seen that n(L X M) is
dense in G, so G is connected. Set R = #(M) and H = #(L). It is straight-
forward to verify that R is the radical of G, that H is closed in G, and that
RH is a proper dense subgroup of G.

5. On (C)-groups

5.1 DeriniTION. We call a connected Lie group G with radical R a
(C)-group if G|R is compact. We call a Lie group a (C)-group if its identity
component is a (C)-group. We call a locally compact group G a (C)-group
if every neighbourhood of the identity contains a compact normal subgroup
K of G such that G/K is a Lie group which is a (C)-group.

(C)-groups were defined by Iwasawa in [8]. We shall examine certain
of their properties here. We shall be concerned mostly with locally compact
groups G for which G/G, is compact.

5.2 LEMMA. Let G be a locally compact group with G|G, compact, and
let R be the radical of G. Assume that G is a (C)-group, or more generally,
assume that G has a compact normal subgroup K such that G|K is a (C)-group
which is a Lie group. Then G|R is compact.

Proor. Denote by = the natural map of G onto G/K. From 3.8 we
know that =(R) is the radical of G/K. Thus the identity component of
(G/K)/=(R) is compact, so since G/G, is compact, (G/K)[=(R) is compact.
Thus (G/K)/(RK|K) is compact, so G/RK is compact, so (G/R)/(RK|R) is
compact, so since RK|R is compact, G/R is compact.
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5.3 LEMMA. Let G be a locally compact group with radical R, and assume
that G|R s compact. Then GG, is compact, and G is a (C)-group. In fact for
each closed normal subgroup H of G such that G/H is a Lie group, G/H is a

(C)-group.

ProoF. Since G/G, is a homomorphic image of G/R it is compact.
Suppose now that we are given a closed normal subgroup H such that G/H
is a Lie group. Let S be the closure of RH. Denote by # the natural map of
G onto G/H. From 3.8, z(S) is the radical of G/H. We shall show that
(G/H)|=(S) is compact. The desired conclusions will follow immediately.
But (G/H)[=(S) is isomorphic to G/S, and therefore to (G/R)/(S/R), which
is compact, being a homomorphic image of the compact group G/R. This
completes the proof.

We now use 4.3 to investigate subgroups of (C)-groups.

5.4 THEOREM. Let G be a Lie group such that G|R is compact. Let H
be a closed subgroup of G. Then H has a closed normal subgroup S which is
solvable and such that H|S is compact.

ProoF. Let G’ be the closure of RH and let R’ be the radical of G'.
Clearly R’ D R, and G'[R’ is compact. Thus HR’ is dense in G’ so 4.3 im-
plies that HR' = G’. Then since HR'|R’' is compact, so is H/(H n R’).
Then S = H n R’ is as desired.

We remark that we could choose the group S to be a characteristic sub-
group of H, for we could choose S to be the largest solvable normal subgroup
of H. Zassenhaus has shown in [14] that this exists if G is a matrix group,
and the general result follows by taking the adjoint representation.

If we only require that G be locally compact, but not necessarily a
Lie group, 5.4 fails. We shall give an example at the end of this paper. If
we allow G to be connected and finite dimensional, the conclusion of 5.4
still holds, as may be easily deduced from 5.4.

The following slight extension of 5.4 is possible.

5.5 THEOREM. Let G be a locally compact group with radical R, such
that G| R is compact. Let H be a discrete subgroup of G. Then H has a solvable
normal subgroup S such that H|S is finite.

Proor. We can find a compact normal subgroup K of G, such that
H is mapped isomorphically into G/K, and such that G/K is a Lie group.
Then apply 5.4 and the result follows.

We give another direction now in which 5.4 may be extended.

5.6 THEOREM. Let G be a locally compact group with radical R, such
that G|R s compact. Let H be a connected locally compact group, and = a one-
one homomorphism of H into G. Let S be the radical of H. Then H|S is compact.
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Proor. By replacing G with the closure of Rn(H) we may assume
without loss of generality that Rz (H) is dense in G, and thus G is connected.
The image in G/R of n(H) is thus dense, so the image in G/R of #(S) is a
solvable connected subgroup which is normalised by a dense subgroup of
G/R. Thus the closure of the image in G/R of #(S) is connected solvable
normal, hence trivial, so S Ca—'(R). Thus H/n 1(R) is semi-simple, and
7 induces a one-one homomorphism of it into G/R. Thus we may conclude
from 3.14 that H/z~1(R) is compact. Note that since # is one-one, n~(R)
is solvable, and since S is the radical of H, ~1(R)/S is totally disconnected.
Set L = HJS, and T = n~1(R)/S. Then from L|T compact we must show
that L is compact. This is shown in the next lemma.

5.7 LEMMA. Let L be a connected semi-simple locally compact group, and
T a totally disconnected closed normal subgroup. Suppose that L|T is compact.
Then L is compact.

ProoF. Let K be a compact normal subgroup of L such that L/K
is a Lie group. It will suffice to show that L/K is compact. From the fact
that L/T is compact we easily conclude that (L/K)/(TK/K) is compact.
But TK/K is isomorphic to T/(T n K), so totally disconnected, and being
a Lie group, is thus discrete. Hence L/K is a covering group of the compact
semi-simple Lie group (L/K)/(TK/K). The compactness of L/K now fol-
lows (see chapter 2 of [6]).

We shall now consider groups which contain the free group on two
generators. We shall always mean that this group has the discrete topology,
and is thus a closed subgroup of any group in which it is embedded.

5.8 LEMMA. Let G be a locally compact group with radical R such that
G/R 1s compact. Then G does not contain the free group on two generators.

Proor. If H is any discrete subgroup of G, then from 5.5 we know that
H has a solvable normal subgroup S such that H/S is finite. The free group
on two generators does not have this property (see p. 104 of [5]). Thus G
does not contain the free group on two generators.

The next few lemmas will lead us to a proof of the converse of this.
Namely if G/G, is compact, G is locally compact, and G doesn’t contain the
free group on two generators, G/R is compact.

5.9 LEMMA. Let G be a group, and N a closed normal subgroup. Then
if G/N contains the free group on two gemerators, so does G.

ProoF. Let z, and 2, be generators of the free subgroup of G/N.
Choose ¥, and y, in G which project onto x, and =, respectively. Clearly
a non-trivial relation between y; and y, would imply a non-trivial relation
between z, and x,. Thus ¥, and y, generate a free group on two generators
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(its topology is discrete, since the projection onto G/N maps it one-one and
continuously to a discrete group in G/N). This completes the proof.

5.10 LEmMA. If G is locally isomorphic to SL(2, R), G contains the free
group on two generators.

Proor. By 5.9 it suffices to show that G/Z contains the free group
on two generators, where Z is the centre of . But this group is isomorphic
to the group of fractional linear transformations of the upper half plane.
The existence of a subgroup isomorphic to the free group on two generators is
now well known from the theory of automorphic functions (it follows from
the properties of the elliptic modular function).

5.11 LEMMA. A non-compact semi-simple Lie group contains a closed
subgroup locally isomorphic to SL(2, R).

Proor. If we can find a Lie subgroup locally isomorphic to SL(2, R),
3.11 will imply that it is closed. Thus the problem reduces to showing that
a non-compact semi-simple Lie algebra contains a subalgebra isomorphic
to the split three dimensional algebra {see [9] for terminology of Lie al-
gebras). But if we can find an element # ## 0 in the Lie algebra such that
ad n is nilpotent, theorem 17, chapter 3 of [9] can be applied. Thus it suffices
to show the existence of such an #. But # may be taken to be any element of
the nilpotent factor of the Iwasawa decomposition (see chapter 6 of [6]).
This completes the proof.

5.12 LEMMA. Let G be a non-compact semi-simple connected Lie group.
Then G contains the free group on two generators.

Proor. This follows immediately from 5.10 and 5.11.

5.13 LEMMA. Let G be a semi-simple locally compact group. Suppose
that G|G, is compact but G is not compact. Then G contains the free group on
two generators.

ProoF. G, is semi-simple, and non-compact. It suffices to show that
G, contains the free group on two generators. Let K be a compact normal
subgroup of G, such that G/K is a Lie group. Then Gy/K is a non-compact
connected semi-simple Lie group. Applying 5.12 and 5.9 now completes the
proof.

5.14 LEMMA. Let G be a locally compact group such that G|Gy is compact,
but G|R is not compact, where R is the radical of G. Then G contains the free
group on two generalors.

Proor. By 5.13, G/R contains the free group on two generators, so
applying 6.9 completes the proof.
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We summarize the results of the preceding lemmas in the following
theorem.

5.15 THEOREM. Let G be a locally compact group such that G|G, is
compact. Let R be the radical of G. Then the following conditions on G are
equivalent.

(?) Gisa (C)-group.

(#2) G has a compact normal subgroup K such that G|K is a Lie group
which is a (C)-group.

(#12) G/R 1is compact.

(tv) For every closed normal subgroup H of G such that G/H is a Lie
group, G/H is a (C)-group.

(v) G does not contain the free group on two gemerators.

Proor. By definition, (z) = (i7). By 5.2, (i) = (#%). By 5.3 (172) = (iv).
Obviously (#v) = (¢). Also 5.8 and 5.13 show that (777) and (v) are equivalent.

We finish now by giving the promised example which shows that
the hypotheses of 5.4 cannot be weakened to the extent of allowing G to be
a locally compact group instead of a Lie group.

5.16 ExaMPLE. Let L be a simple compact group (simple in the
algebraic sense of no non-trivial normal subgroup). For example we
may take L to be either a finite simple group, of a simple compact con-
nected Lie group with trivial centre. Let L, be the product of » copies
of L. Let o, be the automorphism of L, which sends (4,, 4,,---, 4,) to
(Ag> A1s A9, = ", A,q). Let M be the complete direct product (with the
product topology) of the L,,, # = 2, and let N be the semi-direct product of
M with a discrete infinite cyclic group whose generator is ¢, where we require

tn(xy, &3, + ) = (0F (%), o (25),  * ).

Clearly N is locally compact, and non-compact. It is easily verified that
N has no solvable normal subgroup other than the trivial subgroup, so there
is no solvable normal S such that N/S is compact. We shall complete the
counter example by showing that N may be embedded in a locally compact
group G with radical R such that G/R is compact. We first show that there
is a compact group K, and a one-one homomorphism of N into K. Let
L? be the semi-direct product of L, with the cyclic group of order #, where
the generator of the cyclic group acts on L, as the automorphism o,. Let
K be the complete direct product of the L¥, » = 2. Then it is easy to
construct a one-one homomorphism # of N into K. (We remark that we
could even choose K to be a product of simple compact Lie groups if we
desire, for once we have constructed some suitable compact group, we may
use the Peter-Weyl theorem to embed it in a product of compact Lie groups).
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Now let R be the group of positive real numbers under multiplication.
Define G = RxK. If K is semi-simple (and this is the case for the K
constructed above) R is the radical of G. In the general case the radical of
G certainly contains R. Since G/R is compact, G/(radical of G) is compact.
Now let 7 be a fixed element of R different from the identity. An element
of N may be always written as #m where s is in M. We make correspond to
t*m the element (7%, z(f*m)). Then it is easily seen that in this way G con-
tains a closed subgroup isomorphic to N. This completes our construction,
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