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ON THE NON-ARCHIMEDEAN MONGE-AMPERE EQUATION IN
MIXED CHARACTERISTIC

YANBO FANG®, WALTER GUBLER® anD KLAUS KUNNEMANN

Abstract. Let X be a smooth projective variety over a complete discretely
valued field of mixed characteristic. We solve non-Archimedean Monge—Ampere
equations on X assuming resolution and embedded resolution of singularities.
We follow the variational approach of Boucksom, Favre, and Jonsson proving
the continuity of the plurisubharmonic envelope of a continuous metric on
an ample line bundle on X. We replace the use of multiplier ideals in
equicharacteristic zero by the use of perturbation friendly test ideals introduced
by Bhatt, Ma, Patakfalvi, Schwede, Tucker, Waldron, and Witaszek building
upon previous constructions by Hacon, Lamarche, and Schwede.

§81. Introduction

Let L be an ample line bundle on an n-dimensional projective variety X over a non-
Archimedean field K. The non-Archimedean analog of the famous Calabi—Yau problem asks
for a given Radon measure p on the Berkovich analytification X2 with p(X?") = deg; (X)
whether there exists a continuous semipositive metric || || of L, unique up to scaling, such
that

ci(L | D" = n (1.1)

using the non-Archimedean Monge—Ampere measure introduced by Chambert—Loir on the
left. We call (1.1) the non-Archimedean Monge—Ampére equation. The analogous problem
over the complex numbers was solved by Yau for Radon measures given by smooth volume
forms within the class of smooth metrics. Uniqueness was shown before by Calabi. Later
Kolodziej used pluripotential theory to treat more singular measures and solutions [14].
Yuan and Zhang proved uniqueness up to scaling for solutions of the non-archimedean
Monge-Ampere equation [23]. In a groundbreaking work, Boucksom, Favre, and Jonsson
solved the non-Archimedean Monge-Ampere equation over a complete discretely valued
field K of residue characteristic zero assuming that X is smooth and that the support of
the Radon measure pu is contained in the skeleton of an SNC-model (a projective regular
model with special fiber having simple normal crossing support) [5]. They assumed also
that K is a completion of the function field of a curve at a closed point. This geometric
condition was later removed by Burgos, Jell, Martin and the last two authors of this paper
[8]. Boucksom, Favre, and Jonsson used a variational approach to solve (1.1) which relies
crucially on the continuity of the semipositive envelope of a continuous metric of L. They
show continuity of this envelope by using multiplier ideals on SNC-models [6]. In their
arguments, Hironaka’s resolution of singularities plays an important role in order to have

Received March 28, 2024. Revised November 14, 2024. Accepted January 22, 2025.

2020 Mathematics subject classification: Primary 14G22; Secondary 14F18, 32P05, 32U15.

Keywords: non-archimedean analytic geometry, non-Archimedean Monge-Ampere equation, test-ideals in mixed
characteristic.
© The Author(s), 2025. Published by Cambridge University Press on behalf of Foundation Nagoya Mathematical
Journal. This is an Open Access article, distributed under the terms of the Creative Commons Attribution licence
(hitps://creativecommmons.org/licenses/by/4.0/), which permits unrestricted re-use, distribution, and reproduction in any
medium, provided the original work is properly cited.

https://doi.org/10.1017/nmj.2025.8 Published online by Cambridge University Press


http://dx.doi.org/10.1017/nmj.2025.8
https://orcid.org/0000-0003-1271-8979
https://orcid.org/0000-0003-2782-5611
https://orcid.org/0000-0003-1109-9096
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1017/nmj.2025.8

2 Y. FANG ET AL.

sufficiently many SNC-models at hand. Apart from the multiplier ideals, it is precisely here
where residue characteristic zero is used again.

In equicharacteristic p > 0, the following existence result was shown by Jell, Martin
and the last two authors of this paper [10]. Similarly as above, it is assumed that K is a
completion of the function field of a curve over a perfect field k£ of characteristic p > 0. It is
also assumed that resolution of singularities and embedded resolution of singularities hold
in dimension n+ 1, see Section 6.1 for precise definitions. Then existence of a solution of
(1.1) is shown in [10] if the support of u is contained in the skeleton of an SNC-model. The
proof is along the same lines as in [5], [6] replacing multiplier ideals by test ideals. Note
that this result is unconditional for n = 2 by using resolution of singularities for three-folds
proved by Cossart and Piltant.

If K has mixed characteristic, then there are results about the non-archimedean Monge—
Ampere problem for varieties like curves, abelian varieties and toric varieties based on their
special geometry [7], [15], [22].

In this paper, we deal with the Monge—Ampeére problem for arbitrary smooth projective
varieties over a complete discretely valued field K of mixed characteristic (0,p). For a
complete local noetherian domain R of mixed characteristic, a theory of test ideals was
introduced by Ma and Schwede based on perfectoid ideas [17], [18]. Using perfectoid
methods, prismatic techniques, and a p-adic Riemann—Hilbert correspondence, Bhatt
was able in 2020 to show a variant of Kodaira vanishing ‘up to finite covers’ in mixed
characteristic [2]. Applications to the minimal model program were given by Bhatt, Ma,
Patakfalvi, Schwede, Tucker, Waldron, and Witaszek [3] and independently by Takamatsu
and Yoshikawa [21]. For projective normal schemes over R, these ideas were extended
by Hacon, Lamarche, and Schwede. They introduced +-test ideals and showed global
generation results [13]. Their construction, which replaces spaces of global sections by so-
called spaces of +-stable sections from[3], [21], is recalled in Section 3. Hacon, Lamarche
and Schwede conjecture that subadditivity holds for their +-test ideals [13, Conjecture
8.3]. Observe that subaddivity is well known for multiplier resp. test ideals in the
equicharacteristic case. While this conjecture remains open, a modified version of +-test
ideals, which we call perturbation friendly global test ideals in this article, was introduced by
Bhatt, Ma, Patakfalvi, Schwede, Tucker, Waldron, and Witaszek [4], again benefiting from
a p-adic Riemann—Hilbert correspondence. These perturbation friendly test ideals enjoy
properties as nice as the +-test ideals of Hacon, Lamarche and Schwede, and in addition
satisfy the subadditivity property. We refer to Section 4 for details.

The contribution of this paper is to show that global +-test ideals and perturbation
friendly global test ideals allow applications to the non-Archimedean Monge—-Ampeére
problem in mixed characteristic. More precisely, we prove the following results.

THEOREM 1.1. Let L be an ample line bundle on a smooth projective variety X over K.

(i) If || || is a model metric on the line bundle L induced by a model (Z,.£) of (X,L)
with Z~ regular and if L has an ample model o/ on 2", then the semipositive envelope

of the metric || || is continuous.
(i) If resolution of singularities holds for projective K°-models of X, then the semipositive
envelope of any continuous metric || || of L is continuous.

This follows from Theorems 5.1 and 7.1 by Remark 8.2. This result is the key to apply
the variational method of Boucksom—Favre—Jonsson as we will see in Theorem &.1.
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THEOREM 1.2. Let L be an ample line bundle on an n-dimensional smooth projective
variety X over K. If resolution of singularities holds for projective models of X and embedded
resolution of singularities holds for regular projective models of X, then the non-Archimedean

Monge—Ampeére equation (1.1) is solved by a continuous semipositive metric || || of L, unique
up to scaling, if the positive Radon measure p has support in the skeleton of an SNC-model
of X.

82. Model metrics, curvature forms, and psh envelopes

Non-Archimedean pluripotential theory in higher dimensions was introduced by Bouck-
som, Favre, and Jonsson [6]. We recall basic notions of non-Archimedean pluripotential
theory following [10, Subsections 2.1-2.8].

Let X be a proper variety over a non-Archimedean field K. Recall that the topological
space underlying the Berkovich analytification X** of X consists of pairs (p,| |,) with
p€ X and | |, an absolute value on x(p) = Ox p/mx , that extends | |x and is equipped
with coarsest topology such that the map 7: X** — X, (p,| |p) — p is continuous and for
all Zariski open subsets U of X and all regular functions f € Ox(U) the map |f|: U =
71 (U) =R, (p,] |p) = |f(P)]:=|f+mxpl, is continuous as well.

A model of X is a proper flat scheme 2~ over S := Spec K° together with an isomorphism
h from X to the generic fiber 2, of the S-scheme 2 . The special fiber of 2" is denoted
by Z5. Given a model, the valuative criterion of properness yields a natural reduction map
redg : X" — Z5. Let L be a line bundle over X. A model of (X, L) is given by a model 2~
of X and a line bundle . over 2 with an isomorphism of L to h*(Z|4; ). A continuous
metric || || of L associates with each section s € I'(U, L) on some Zariski open subset U of
the variety X a continuous function |[|s||: U*" — [0,00) such that one has || f-s|| = |f]-||s]|
for each regular function f in Ox(U). It is furthermore required that ||s|| >0, if s is a
nowhere vanishing section of L.

Let (27,.%) be a model of (X, L®™) for some m € Nxq. The model metric || ||.¢ of L over
X is determined by ||s||.# := %/]g| on U** Nred ™' (%), where % is open in 2, s is a
section of L over U := X N%, b is a nowhere vanishing section of .Z over %, g € Ox(U) is
a regular function such that s®™ = gb over U, and redy : X — 2 is the reduction map.
A model metric || || on O induces a so-called model function —log|/1]|: X" — R. The
Q-vector space of all model functions on X is denoted by Z(X).

Let a be an ideal sheaf on a model 2" of X which is supported in the special fibre. The
exceptional divisor E of the blowup # of 2" in a defines a model (#,0x (F)) of (X,0x).
The associated model function in Z(X) is denoted by log|al.

Given a model 2 of X one defines N'(27/S)g as the quotient of the Q-vector space
Pic(Z)g := Pic(Z") ®z Q by the subspace generated by line bundles whose restriction
to every closed curve C in the special fiber 2 has degree zero. Call « € NY(27/S) :=
NYZ/S)g®gR nef if a-C >0 for all such curves.

The space of closed (1,1)-forms on X is defined as

ZVH(X) =RegimN'(27/S)g
where the direct limit is taken over all isomorphism classes of models of X and the transition

maps are induced by pullback between dominating models. For the model metric induced
by a model £ of L®™  its curvature form ¢y (L, || ||) is the image of £®m € N*(2/S)g
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in Z11(X). By construction we have a map dd®: 2(X) — Z11(X) given by g ¢1(Ox, || ||-
e 9). Call a closed (1,1)-form 0§ € Z11(X) semipositive if it can be represented by a nef
element in N'(2°/S) for some model 2. Denote by N!'(X) the quotient of Pic(X)g :=
Pic(X) ®z R by numerical equivalence. The map { }: Z1(X) — N'(X) induced by the
restriction maps N1(27/S) — N1(X) sends a closed (1,1)-form 6 to its de Rham class {0}.
A class in N*(X) is called ample if it is an Rsg-linear combination of classes induced by
ample line bundles on X.

We fix 0 € ZH1(X). A model function ¢ € 2(X) is called @-plurisubharmonic (6-psh
for short) if the class 6 +dd°p € ZV1(X) is semipositive. The space of all psh model
functions is denoted by PSHg(X,6). For a continuous function u € €°(X), its 0-psh
envelope Pp(u): X" — RU{—o0} is the function defined by

Pg(u)(l‘) = Sup {QD(.Z‘) ‘ pEe PSH@(X,@), P < u}? ($ € Xan)‘
For u € CY(X™), v € 2(X) and t € R~ we have

Py(u) —v = Pyyggey(u—v), (2.1)

Pt.g(te) = tPg(u). (2.2)
If the de Rham class {0} € N'(X) is ample, then PSH4(X,0) is non-empty, Pp(u) takes

value in R, and we have
sup | Py(u) — Py(u')| < sup |u—1/|. (2.3)
Xan Xan
for all u,u’ € C°(X?"). For further properties of -psh model functions and the #-psh
envelope we refer to [6] and [10, Section 2]
For § € Z11(X) that has an ample de Rham class {0}, we consider ¢ € PSHy(X,0) and
we assume that there exists a normal model 2" of X such that 6§ and ¢ are induced by line
bundles .# and .Z on 2". The Monge-Ampére measure MAg(p) is the discrete measure

MAg(p) = lengthe, . (02,6 )deg ygz(V)day
v

on X?" where V runs through the irreducible components of Z5, xy € X" is the unique
preimage of the generic point &y of V' under the reduction map redg-: X*" — 2, and 6,
denotes the Dirac probability measure supported in zy . For generalization of the Monge—
Ampere measure to all § € Z11(X) with ample de Rham class {6} and to more general
classes of 0-psh functions, we refer to [5], [10] and Section 8.

83. Global test ideals in mixed characteristic

In this section, we introduce the global +-test ideals defined and studied by Hacon,
Lamarche, and Schwede in [13]. The +-test ideals form a mixed characteristic analog of the
theories of multiplier ideals in characteristic zero and test ideals in positive characteristic.
The theory is based on the notion of +-stable sections introduced in [3], [21].

Let (R,m, k) be a complete noetherian local ring of mixed characteristic. Let p > 0 denote
the characteristic of the residue field k. Let 2 be a normal integral scheme which is proper
over S = Spec R. The canonical sheaf wy is reflexive ([20, Tag 0AWK] and [12, Theorem
1.9]) and we fix a canonical divisor K 2~ with wgy = O 4 (K 4') [20, Tag OEBM].
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DEFINITION 3.1. For a reflexive sheaf .# = O 4 (M) associated with a divisor M and
an effective Q-divisor B on 27, the subspace of +-stable sections of the adjoint line bundle
wy QM relative to B

B(%2,B,0y (K +M)) C H(Z,09 (Ky +M))
is defined by

N Im(HO(@/,o@(K@+ [ (M = B)]) — H(2,04 (K +M))),
[ Y-

where an algebraic closure x(Z") of the function field x(.Z") is fixed, and f runs through
the finite surjective morphisms f: % — 2" from a normal integral scheme % together with

an embedding k(%) — k(Z") [13, Definition 3.2 and Lemma 3.8].

REMARK 3.2. If M — B is Q-Cartier, then Definition 3.1 holds as well if f runs through
the alterations f: # — 2" from a normal integral scheme % together with an embedding

K(Y) — k(Z) [13, Lemma 3.8].

For the rest of this section, we assume that the scheme £ is regular and projective
over S.

DEFINITION 3.3. Take a very ample line bundle 5# on 2. For an effective Q-divisor B
on 2 and for each i € N the subspace

B (2 ,B,wy @ ") C H' (2 ,way @ ") (3.1)
generates the subsheaf 4] C wy ® 7" which defines
Ji=NQA T Cwy. (3.2)

The sequence (_7;)ien is increasing and becomes stationary. Define the +-test submodule
T+(wg, B) to be _#Z; for i >0 [13, Definition 4.3].

REMARK 3.4. (i) Definition 3.3 does not depend on the choice of J# [13, Proposition
4.5].

(i) For i > 0 we have H*(2 ', 74 (wa, B) @ #") = BY( 2", B,wy @ 7)) [13, Proposition
4.7). If B’ > B, then 74 (wg,B’") C 74 (wg, B) and if F is an effective Cartier divisor, then
[13, Lemma 4.8]

Ti(wz,B+F) =71 (wy,B)® Oy (-F). (3.3)

(iii) Equality (3.3) allows one to define 74 (wg-, B) for a not necessarily effective Q-divisor
B as i (wg,B+F)®04 (F) where F is a Cartier divisor such that B+ F' is effective [13,
Definition 4.14].

DEFINITION 3.5. For an effective Q-divisor B on 27, the ideal sheaf
T_i_(Og{,B) = T_‘_(w(g{,Kgy—i-B) (3.4)

is the called the +-test ideal associated with B [13, Definition 4.15, Lemma 4.18]. Using
F = —K 4 in Remark 3.4(iii), this is indeed a coherent ideal sheaf.

We recall the subadditivity conjecture of Hacon, Lamarche, and Schwede [13, Conjecture
8.3].
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CONJECTURE 3.6. Given effective Q-divisors D and E on Z°, we have
+(02,D+E) C11(02,D) - 74(Og,E).

The above conjecture is still open, but Bhatt, Ma, Patakfalvi, Schwede, Tucker, Waldron,
and Witaszek prove subadditivity for their new perturbation-friendly test ideals which we
will introduce in the next section.

84. Perturbation friendly global test ideals

In this section, we present the perturbation friendly global test ideals after Bhatt, Ma,
Patakfalvi, Schwede, Tucker, Waldron, and Witaszek [4]. They are suitable for our purpose
as subadditivity is known for them in contrast to the test ideals considered in the previous
section.

Let (R,m,k) be a complete discrete valuation ring of mixed characteristic with field of
fractions K. We fix a flat projective integral regular scheme 2" over S = Spec(R). We fix a
canonical divisor Ko with wg = 04 (Kg).

DEFINITION 4.1. Let B be a Q-divisor on Z". By [4, Proposition 7.14(f)], there is a
unique perturbation friendly test module T(w 9, B) such that there exists an effective Cartier
divisor G° with the property that

T(wy,B) =14 (wa,B+eq) (4.1)

for all divisors G > G° on 2 and all 0 < ¢ < 1 (depending on G).
We define the perturbation friendly test ideal

(O ,B) =T1(wa, Ko + B). (4.2)

Both the test module 7(wg4, B) and the test ideal 7(O 4, B) are coherent [4, Definition 7.12,
Theorem 7.13]. If B is effective, then the fractional ideal sheaf 7(Og4, B) is indeed an ideal
sheaf in O 4 [4, Definition 7.18].

Here are some properties of perturbation friendly test ideals 7(0Q4,B) including
subadditivity which holds only conjecturally [13, Conjecture 8.3] for the test ideals
T+<OQ/”,B).

THEOREM 4.2 (Bhatt, Ma, Patakfalvi, Schwede, Tucker, Waldron, Witaszek). Let
B, By, By be Q-divisors on Z .
(i) There exists a Cartier divisor G° on 2" with the property that

T(O{%,B) = T+(OE%‘,B+€G)

for all divisors G > G° on 2 and all 0 < e < 1 (depending on G).
(ii) If B is a Q-dwvisor and F is a divisor on 2", then

T(wg B+ F)=7(wy,B)®@ Oz (- F), (4.3)

7Oy, B+F)=7(0y,B)2 Oy (—F). (4.4)
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(iii) (Subadditivity) The perturbation friendly test ideals satisfy the subadditivity property,
that is, we have

T(O,%faBl +BQ) C T(O<%7B1) 'T(OﬂfaBQ)

for effective Q-divisors By, Bs on 2.

(iv) (Effective global generation) Let B be effective and let D be a divisor such that the
Q-divisor D — K9 — B is big and nef, and let H be a globally generated ample divisor.
Then 7(Og9,B) @ O g (nH + D) is globally generated by B°(2",B,0 4 (nH + D)) for all

(v) (7(Og,0) is vertical) The ideal sheaf T(Og,0) is vertical, that is, its support is
contained in the special fiber.

Proof. Everything is shown in [4]. We give precise references. Property (i) holds by
[4, Corollary 7.19(b)] and (ii) follows from (3.3), (4.1), and (4.2). Statement (iii) is the
subadditivity property [4, Theorem 7.20(e)] and (iv) is the effective global generation
property [4, Corollary 7.22]. Recall for (v) that a coherent ideal of 2" is called vertical
if its support is contained in the special fiber. Let X = 2 ®g K denote the generic fibre
of ', put Kx = Kg|x, and recall that the Grauert-Riemenschneider sheaf # (X, wx)
on the regular scheme X equals wy [4, Definition A.1]. We conclude from [4, Proposition
7.14(c)], and formula (4.3) above that

T(02,0)|x =7(w2,0)®0, Ou (—Kz)|lx = 7 (X,wx)®ox Ox(—Kx) = Ox.
It follows that the ideal sheaf 7(O4-,0) is vertical. 0

DEFINITION 4.3. Let D be a divisor on 2" with linear series |D| # 0 and A € Q. Define
the perturbation friendly test ideal of the linear series |D| to be

7(O9 A |D]):= > (04 ,\-E). (4.5)
E€|D|
Thanks to the Noetherian assumption, one can pick a finite number of elements Dy,..., D,

in |D| such that Y ;_, 7(Og, A D;) agrees with (4.5).
LEMMA 4.4. If D is a divisor on Z with linear system |D|# (0, then

where bjp| :=Im(H*(Z,0(D)) @z O(—D) — Og) denotes the base ideal of the linear
system | D).

Proof. Our proof follows Hacon, Lamarche, and Schwede [13, Lemma 7.5(b)]. Using
(4.4) and (4.5), one gets

(0, ID) = ) 7(04,E)= Y 7(02,00@04(~E) =bjp-7(Ox,0),

E€|D| E€|D|
which shows (4.6). U

DEFINITION 4.5. Let D be a Q-divisor with Iitaka dimension k(D) > 0, so mD is a
divisor such that |mD| # () for all large and sufficiently divisible m € N, and A € Q.
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Define the asymptotic perturbation friendly test ideal of |D| by

(O A DI = | (05, 2 D)), (47)

m>0

LEMMA 4.6. The asymptotic test ideals satisfies the following properties:

(i)  For large and sufficiently divisible m € N, one has
A
7Oy 1D =7(02, = ImD). (4.8)

(i) If D] £0, then 7O, A+ |D]) C 7(Or, A+ | D).
(i) I A< p, (\p) € Q2q, then (O, pi-||DI|) € (O A- || DI))-
(iv) Ifk€Nso, then (O, A- ||D|}) = (O, 2 | [kD])).

Proof. The stabilization property (i) follows from the Noetherian assumption if one
observes that 7(Qg,2|mD|) C 7(Og,2;|m'D|) for all m,m’ € N where m divides m’.
Now Properties (ii)—(iv) follow as in [13, Lemma 7.5(a), (c), (d), (f)]. In fact (ii) holds by
definition, (iii) is a consequence of Remark 3.4(ii) together with (4.1), (4.5), and (4.7), and

(iv) follows immediately from (i). 0

One can show effective global generation and subadditivity also for the asymptotic
perturbation friendly global test ideals.

THEOREM 4.7. Let D be a Q-divisor on Z~ with Iitaka dimension k(D) > 0.
(i) Let 5 = Og(H) be a globally generated ample line bundle, E be a divisor, and
AEQsg. Let n=dim Z Qrk. If E— Ko —\D is big and nef, then

7(O9 X ||D|)) @ Oy (nH + E) (4.9)

is globally generated by a sub linear series of H*(2",0 4 (nH + E)) for alln > dim(2 ®@gk).
(ii) For q,r € N~o, we have

7(Oz,qr-| D)) € 7(Og - | D||)".

Proof. (i) follows from [4, Remark 8.36]. For the convenience of the reader we give a
proof following [13, Lemma 7.5(e)]. For sufficiently divisible m € N we conclude from (4.8)

that
A
7(Or A |[D|) ® O (nH + E) :T(ﬁ%%-ymm) ® Oy (nH + E)
- A
=> (02,2 D) @0 (nH +E)
m
i=1
where we pick a finite number of elements Dy,...,D, in [mD| as in Definition 4.3. From

Remark 4.2(iv) we conclude that
A
T(Og,—-Di) ® Oy (nH + E)
m

is globally generated by B®(2",2 - D; Oy (nH + E)) C H(2,04 (nH + E)) for all n >
dim(2" ®pg k). This finishes the proof of (i).
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(ii) By homogeneity of asymptotic test ideals seen in Lemma 4.6(iv), we may assume
r = 1. For sufficiently divisible m, we deduce from (4.8) that

w(0.4-|DIl) = (0. -ImD).

For any effective divisor D,, ~ mD), using subadditivity in Remark (4.2)(iii) for the Q-
divisor %Dm, we get

1 1 q
T(ﬁjg‘,g-Dm) :T(ﬁ%,q'—Dm> - T(ﬁgy,—Dm)
m m m
and hence
1 q
(0. IDIl) € 7(0s,— - mD|)" (O, |DI))*
proving the claim. [

85. Continuity of the envelope of the zero function

Let K be a complete discretely valued field of mixed characteristic (0,p). Let X be a
n-dimensional smooth projective variety over K and L an ample line bundle on X. In the
approach of Boucksom—Favre-Jonsson [5], [6] to pluripotential theory on X2, a model .
of L on the model 2" induces a curvature form 6 on X?" and we denote by Py(u) the #-psh
envelope of a continuous real function v on X", see [10, Subsections 2.4-2.6] for details. We
follow the strategy from [6] and [10] to show continuity of the envelope of the zero function
Py(0).

THEOREM 5.1. We assume that (X,L) has a model (Z°,</) with & regular and with
& an ample line bundle on 2. Let 0 be the curvature form on X" induced by any model
&L on X of L and let a,, be the base ideal of L™ on 2. Then (m™log|am|)men., s a
sequence of 0-psh model functions which converges uniformly on X2 to the envelope Py(0)
of the zero function. It follows in particular that Py(0) is continuous.

Proof. Consider the graded sequence (a,,)m>0 of base ideals
Uy =HYZ, L™ L ™ COy
associated with .Z. Write .Z = O 4 (D) for some divisor D on 2 . Let
b :==7(O2,m-||D|]) C Oy

denote the associated asymptotic perturbation friendly test ideal of exponent m in mixed
characteristic. Note that we denote base ideals by a and reserve b for test ideals, to keep the
same notations as in [6] and [10]. Motivated by Lemma 4.6 and Remark 4.2(v), we consider
also the coherent ideals

a,, =0, 7(09,0)Ca, COqy.
These ideals have the following properties:

(a) We have a],, C b,,, and these coherent ideal sheaves are vertical for m sufficiently large
and divisible.

(b) We have b,,; C b, for all I,m € N5.

(c) There exists some mg > 0 such that b, ® %™ ® L™ is globally generated for all
integers m > 0.
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Indeed these properties can be seen as follows: by definition of the asymptotic test ideals,
we have 7(Og,|mD]) C b,,. For sufficiently large and divisible m, we have

a, =a, -7(09,0)=7(0y,ImD|) C by,

by Lemma 4.4, and the base ideal a,, is vertical as L is ample. Since a,, = a,, - 7(O4,0),
Remark 4.2(v) yields that a], is vertical. This proves (a).

Property (b) follows from Theorem 4.7(ii). Property (c) is shown as follows. Choose a
divisor H on 2" such that O (H) is ample and globally generated. We have n =dim 2" ®p
k. As o/ is ample, we can choose mg € N such that the line bundle

A R0y (—~Kg —(n+1)H) (5.1)

is globally generated. Given m € N we apply Theorem 4.7(i) to E :=mD + H + K 4. Since
E—mD — K9 = H is big and nef, we get that

b, O (mD+H+Kg +nH) (5.2)

is globally generated. Taking the tensor product of (5.1) and (5.2) we see that b, ® &/®"0 ®
L™ is globally generated.

Finally (a), (b) and (c) imply our claim by the strategy of the proof of [6, Theorem 8.5].
For convenience of the reader, we give here some details. For m > 0, let

1
Pm = —log |ay|
m

which is a super-additive sequence of #-psh functions as shown at the beginning of the proof
of loc. cit. Then Step 1 of the quoted proof shows that Py(0) = sup,,, ©m = lim,, ¢,, on the
quasi-monomial points of X?". Using [10, Proposition 2.10], this holds pointwise on the
whole X3,

We also consider the functions

1 1 1
Pl = —logal, | = —1og|an - T(O,0)] = pm+— log|7(O,0)].
m m m

It follows from the above that the sequence ¢/, also converges pointwise to Py(0) on X?".

Then Step 2 of loc. cit. works again in our setting using (a)—(c) above as follows. For m
sufficiently large as above and for all [ € N+, we have seen in (a) and (b) that a/ ; C by, C bl
for all [ € N5 and hence

/

1 1
- log b = Slllp%log a7 = Sgp%z
on X2 We conclude that
1
—log by, | > lim;,, = Pp(0) (5.3)
m m

on X?". The remaining part of the proof of Step 2 is literally the same as in loc. cit. and
even simpler as we have Step 1 on X" and not only on the quasi-monomial points of X?".
Note that we use the global generation property (c) there. O

86. Resolution of singularities

Let K° be a complete discrete valuation ring with field of fractions K and S := Spec K°.
Let X be a smooth projective variety over K of dimension n.
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DEFINITION 6.1. We say that resolution of singularities holds for projective models of X
if for every projective model 2~ of X there exists a regular S-scheme 2 and a projective
S-morphism 2" — 2" which induces an isomorphism on X.

REMARK 6.2. If one chooses an immersion X — P72, then the scheme theoretic image
Z of X in P defines a projective model of X over S. If resolution of singularities holds
for projective models of X, then there is a regular projective model 2" of X over S.

Resolution of singularities holds if n =1 [1, Theorem (1.1)]. Cossart and Piltant have
shown that resolution of singularities holds for n = 2 up to the projectivity of the morphism
2 — Z 9, Theorem 1.1]. It is only shown in loc. cit. that this morphism is locally
projective.

It is essential to show that projective models are dominated by SNC-models. In order to
prove this we are going to use the following assumption.

DEFINITION 6.3. We say that embedded resolution of singularities holds for reqular
projective models of X if for every regular projective model and every proper closed subset
7 of 2, there is a projective morphism of S-schemes 7: 2/ — 2" such that the set 7=1(Z)
is the support of a normal crossing divisor and such that 7 is an isomorphism over 2"\ Z.

LEMMA 6.4. Let 2 be projective model of X. We assume that resolution of singularities
holds for projective models of X. Then for any ample line bundle L on X, there exists
m € Nsg and an ample extension " of L®™ to a reqular S-model 2’ of X with a projective
morphism X' — 2 over S extending the identity on X.

Proof. The arguments are the same as for [10, Lemma 7.5]. In a first step, we start
with a projective model ¢ of X such that L extends to an ample line bundle J# on %/,
possibly replacing L by a positive tensor power. By a result of Liitkebohmert [16, Lemma
2.2], there is a blowing up 7: 2 — % in an ideal sheaf supported in the special fiber of %
such that the identity on X extends to a morphism % — 2. A property of blowing ups [11,
Proposition 11.7.13] shows that 7*(#®) ® O 4 (1) is an ample line bundle on 2 with
generic fiber L& for sufficiently large ¢. Replacing 2~ by 2 and L by L®’, we conclude
that we may assume that L extends to an ample line bundle 5# on Z .

By a result of Pépin [19, Theorem 3.1], there is a a blowing-up morphism n': 2" — 2
centered in the special fiber of 2" such that Z” is semi-factorial. So similarly as in the first
step, replacing 2" by 2’ and L by a positive tensor power, we may assume that L extends
to an ample line bundle 7 on a semi-factorial projective model Z". This is the conclusion
of the second step.

Then we apply resolution of singularities to 2~ to get a projective S-morphism 7: 2~/ —
Z" which is an isomorphism on generic fibers and so we may identify the generic fiber of
2 with X. Since 7 is projective, there is an £ > 0 such that .#’ = 7* (%) ® Ogry9(1)
is an ample line bundle on 2”/. However, we do not know if 7 is a blow up in an ideal
supported in the special fiber and hence the restriction F' of &4, (1) to the generic fiber
X of Z” might be non-trivial. Since 2 is semi-factorial, F' extends to a line bundle .# on
Z and we can replace Og1/9 (1) by Og1)9 (1) @*(F ). Then £’ is a model of L®t
proving the claim. 0

REMARK 6.5. If we assume additionally that embedded resolution of singularities holds
for regular projective models of X, then we can choose 2~ as an SNC-model in Lemma 6.4.
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Indeed, we replace 2" in the above proof by applying embedded resolution of singularities
to the closed subset 2/ of the regular projective model 2" to get an SNC-model of X.

87. Continuity of the envelope

Let K be a complete discretely valued field of mixed characteristic (0,p) and S :=
Spec K°. Let L be an ample line bundle on a regular projective variety X of dimension
n over K. Let 6 be a closed (1,1)-form on X with ample de Rham class {6} induced by a
model .Z of L on a model 2 of X.

THEOREM 7.1. Assume that resolution of singularities holds for projective models of X.
If ue CO(X™), then Py(u) is a uniform limit of 6-psh model functions and thus Py(u) is
continuous on X",

Proof. Using that u is a uniform limit of model functions on X, we may assume that «
is itself a model function by [10, Proposition 2.9(v)]. The model function u is defined by a
vertical Q-divisor on a proper model 2~ of X over S. By [10, Proposition 2.9(7)], we may
replace (6,u) for the proof by (mf,mu) for some m € N. Hence we may assume without
loss of generality that u is actually defined by a vertical divisor on 2. If we apply [16,
Lemma 2.2] to 2" and a projective model of X as in Remark 6.2, then 2" is dominated
by a projective model of X. Hence we can assume without loss of generality that 2" is a
projective model. Then we choose a resolution of singularities 2’ — 2" as in Lemma 6.4
such that some power L™ of L extends to an ample line bundle <7 on the regular projective
model 2" of X. As before we may assume that m = 1. By [10, Proposition 2.9(4)], we get

Pg (U) = P9+ddﬂu(0) +u.

By construction the class 6 4+ dd“u is induced by a line bundle .Z on 2" whose restriction
to X is isomorphic to L and Theorem 5.1 shows that Ppygge,(0) is a uniform limit of
(0 + dd°u)-psh model functions. This finishes our proof. O

88. The Monge—Ampeére equation

Let K be a complete discretely valued field with valuation ring R of mixed characteristic
(0,p). In this section, we consider a projective regular variety X over K. We assume that
resolution of singularities holds for projective models of X and embedded resolution of
singularities holds for regular projective models of X. It follows that every projective model
of X is dominated by a projective SNC-model. By Lemma 6.4 and Remark 6.5, any ample
line bundle on X extends to an ample line bundle on a suitable dominating SNC model
after possibly passing to a positive tensor power. As explained in [10, Section 9], these
assumptions are enough to set up a pluripotential theory for #-psh functions with respect
to a closed (1,1)-form 6 on X" with ample de Rham class {#}. All the results of [6,
Sections 1-7] hold. If we assume continuity of the envelope for ample line bundles on X,
then monotone regularization [6, Theorem 8.7] holds as well in our setting which is crucial
to extend the Monge—-Ampere measure MAy(¢) from 6-psh model functions to bounded
0-psh functions on X?*. Then the results from [6, Sections 4-6] hold in our setting by the
same arguments.

THEOREM 8.1. Let X be a smooth projective variety over K of dimension n and let
0 be a closed (1,1)-form on X with ample de Rham class {0} such that resolution of
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singularities holds for projective models of X and embedded resolution of singularities holds
for reqular projective models of X. We consider a positive Radon measure p on X?* of total
mass {0}™ which is supported on the skeleton of a projective SNC-model of X. Then there is
a continuous 0-psh function ¢ on X*" such that MAg(p) = pu and ¢ is unique up to additive
constants.

Proof. Uniqueness follows from a result of Yuan and Zhang, see [5, Section 8.1]. To prove
existence of a #-psh solution ¢, the variational method of Boucksom, Favre, and Jonsson is
used. Continuity of the envelope for ample line bundles on X holds by Theorem 7.1. By [8,
Theorems 6.3.2, 6.3.3], we conclude that 6 satisfies the crucial orthogonality property (see
[5, Definition 7.1] for the definition). Then existence of a continuous solution follows from
[5, Theorem 8.1]. 0

REMARK 8.2. If L is an ample line bundle on X and if ¢ is induced by a model (27,.%)
of (X, L), then there is a bijective correspondence [5, Section 2.6]

{6-psh functions} «+— {semipositive metrics of L}, p+— || || 4 e %. (8.1)

It follows that Theorems 5.1 and 7.1 imply Theorem 1.1 and that Theorem 8.1 implies
Theorem 1.2.
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