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GENERALIZED L(/) SPACES
D. HUSSEIN, M. A. NATSHEH AND 1. QUMSIYEH

1. Introduction. Given any set I', let 2 be the family of all finite subsets
of I'. Let f:[0, c0) — R satisfying: (1) f(x) = 0if and only if x = 0, (2) fis
increasing, (3) f(x + y) = f(x) + f(y) for all x, y = 0, and (4) f is
continuous at zero from the right. Such an fis called a modules. Let C be
the set of all moduli, and F = {f, € C:v € T'}. Q(T') will denote the set of
all such F, s. For each F € Q(T) let

Li(F) = {x € R Z (k) |) < o0},

the summation is taken over T, and set
Ixlp = 2 £(Ix()|) for all x € L(F).

If T is countable Q(I') will be denoted by Q and L(F) by L(F). Let

Lk ={x € R I x| < oo} and
LY = {x € R": suplx(v) | } < oo,

Note that
Ly =1I(T) =1} and LY = L),

see [4, 5 and 6].

Definition 1.1. Let F € Q(T). Fis called a suborder if there exists r > 0,
with

inf{f,(r):v € T} >0,

such that for any 4 € &, there is v, € A such that for allv € 4 and every
x € [0, r],

fx) = £,x0).
The set of all suborders in Q(T') is denoted by Q(I')*.

Definition 1.2. Two elements F and G in Q(I') are said to be in order
if and only if there is an » > 0 which puts F and G in order, i.e., there is
B = T such that for all x € [0, r),if v € B, then f,(x) = g,(x). If B =T,
then we write F = G.
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Several authors studied special cases of Lp(F) spaces. When I is
countable and f, = f € Cforallv € T, then L(F) is just the L(f') space
which was introduced by Ruckle [7] and was investigated by Deeb and
Hussein [1, 2 and 3]. When T'is countable and f,(x) = x”, 0 < p, = 1,
then L(F) is the space /(p,) investigated by Simons [8]. If the cardinality
of Tisdand f,(x) = x’,0 <p = 1, forall v € T, then L(F) is the space
IP(T) = [P, see [4, 5] and [6].

In Section 2 of this paper we show that Lp(F) is a complete metrizable
topological vector space. We investigate some of the topological properties
of Lp(F) space. In Section 3, we characterize those elements of Q(I') of
which the dual of Lp(F) is LY. In Section 4 we investigate local com-
pleteness of L(F). We give a sufficient condition for L(F) to contain /?,
0 < p = 1. Separability of L(F) is also investigated and we prove that
Li(F) is separable for a countable I' and nonseparable when I' is
uncountable.

For the terminology of this paper see [4]. The authors would like to
thank the referee for his many useful comments and productive
suggestions.

2. Topological properties of L(F) spaces. In this section we show that
L(F) with the topology induced by || is an F-space and investigate some
of its properties. The proofs of the following, Lemma 2.1, Theorem 2.2 and
Lemma 2.3, 2.4 are standard.

Lemma 2.1. If x € Lp(F), then for every r > 0 there is a natural number
N such that ad <r.
NIF
THEOREM 2.2. (1) L(F) is a vector space.
(2) d(x, y) = |x — ylg is a metric on Lp(F).
(3) If u(F) is the topology induced on L(F) by the above metric then

(Lp(F), u(F)) is a topological vector space (TVS).
(4) For every v € T, the evaluation map E:L(F) — R defined by

E,(x) = x(v)

is continuous.
(5) (Lp(F), u(F)) is a complete space.

LemMa 2.3. If Lp(G) S Ly(F), then Lr(G) is dense in L(F).
LEMMA 2.4. Assume F, G € Q(T') such that for every v € T and all

x =0,

f,(x) = g,(x),
then Lp(G) S Lp(F).
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LEMMA 2.5. Assume F = G and r is the real number which puts F and G in
order. Moreover let

inf{g (r);v € T} = r > 0.
Then Lp(G) S Lp(F) and the inclusion map is continuous.

Proof. Let x € Lp(G), then there exists 4 € P such that

> g(lxmh<r,

vel—4
hence

g,(lx(w)|)<r =g(r) forally e T — 4.
Therefore |x(v)| < rforallv € T — 4. Now

SHxMD S X L0+ D g (k) ]) < oo,

VEA vel'—4

hence x € L(F).
To show that inclusion is continuous: Let ¢ > 0 be given, and take

d = min{r, €}.

Hence |x|; < 0 implies that
28, (lx())<r and
g (Ix(v)|) < g, (r) forallv € T.

Therefore
[x(v)| < r and
2 =2 g(lx(m)])<d =e

CoroLLARY. If F € Q(T) and there exists r > 0 such that for every
v € Tandall x € [0, r], f,(x) = x, then L(F) € LI

LeEmMA 2.6. If F € Q(I)*, then Lp(F) € L}.
Proof. Let F € Q(I')*, then there exists r > 0 with
inf(f,(r))ve T} >0

and for any 4 € &, there exists vy, € A4 such that for all v € 4 and every
x € [0, r],

[ (x) = £,x).

Assume x € Ly(F) and x & L}. Then for any € > 0, there is 4 € P
such that

> fxm) <e

vel'—4
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Let A’ be a finite subset of I' — 4 such that

N x(v)| >r and |x(v)| <r, foralv e 4.

VEA

This is possible because if there is an infinite subset D = I such that
[x(v)| 2 rforallv € D, then x & L(F). Now there is v, € A’ such that
£, (x) = f,(x) for all v € 4’ and every x € [0, r]. Hence

f(r) éfvo( p lx(v)l) = 2 f(x0D
vEA’ vEA’

= X flkmD s X flxm)]) <e

VEA’ vel—4
Since € was arbitrary va(r) = 0 which is a contradiction. Consequently
L{(F) € L}
Let F, G € Q(T) be in order. For each v € T set
h,(x) = max{f,(x), g,(x)} and
k,(x) = min{f,(x), g,(x) }.
Let
H = {h:v €T}and K = {k;:v € T},
then H, K € Q(I).
LemMa 2.7. Let F, G € Q(T) be in order, and H, K be as defined above.
if
inf{ f,(r):v € T} > 0 and inf{g,(r):v € T} > 0,
where r is the real number which puts F and G in order. Then
(1) LH) = L(F) N L(G), and
@) LK) = M,
where M is the subspace of RF generated by I't(F) and Ly (G).

Proof. (1) is obvious by Lemma 2.5. To prove (2), by Lemma 2.5 we
have

Li(F) U L(G) € LK(K).
Let x € Lp(K). Define

A, = {v € Tlf,x) Z g,(x)} and
B, = {vellf(x)=g(x)}
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Lety,z € R be defined by y(v) = x(v) if v € B, and zero otherwise, and
z(v) = x(v)if v € A_and is zero otherwise. Then
Sy = 2 k(Ixe)]) < oo
veB.K

and y € Lp(F). Similarly z € L(G). Hence x = y + z € M and
L (K) = M. Hence the result.

If L(G) € Lp(F), then we can consider two topologies on L(G), u(G)
and the subspace topology of u(F). In the following theorem we
investigate when these two topologies coincide.

THeOREM 2.8. Assume that F, G € Q(T'), F = G, and r is the positive real
number which puts F and G in order. Moreover let

inf{g,(r)v € T} =r > 0.

Then the following are equivalent
(1) u(G) is the subspace topology of u(F).
(2) L(G) is closed in Lp(F).
(3) L(G) = Ly(F).

Proof. To show (1) implies (2). Let u(G) be the topology induced on
L(G) as a subspace of Lp(F), hence u(G) and u(F) give the same
definition of Cauchy sequences in Lp(G). But (L(G), u(G) ) is complete,
hence L(G) is closed in (L(F), u(F)).

(2) implies (3) trivially, (by Lemma 2.3), and (3) implies (1) trivially.

3. On the dual of Lp(F).

It is well known that the dual of (0 < p = 1) is /”°, and the dual of
L(f) spaces with some conditions on f'is /°° [3]. The dual of [(p,) spaces,
0<p,=1landinf{p;:n =1,2,...} # 0is /™ [8]. In this section we
characterize those elements of Q(T') for which the dual of Ly(F) is L} .

THEOREM 3.1. Let F € Q(I') and suppose that there is r > 0 with
inf{f,(r):y € T} =~ >0,

such that for all v € T and every x € [0, rl, f,(x) = x. Moreover assume
that for every f > 0, there is a real number t > 0 such that f,(f) < € for all
v € T. Then there is a bijection between L(F) and LY.

Proof. For y € L7, define y*:L(F) — R as follows. For any
x € Lp(F), let

D= {v,v,...} €T
such that x(v) = 0 for allv € I' — D. Then

[ee)

y*(x) = X x(v)y(v;,) and

1=
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[Y¥(x) | = | Yloo- Ix]; < 00
To show that y* € Lp(F), let x, z € Li(F), t, s € R, then there is
D = {v|,v,,...} € T such that

x(v) =z(v) =0 forallve I — D.

y¥(itx + sz) = 2 (tx(v;)) + sz(vp) p(v;) = *(x) + sy*(2).

i=1

For continuity of y*. The inclusion i:Lp(F) C L'r is continuous (Lemma
2.5). Hence for any € > 0, there is z > 0 such that |x|z < z implies
[x|, < F. Hence

[y*(x) | = Iyl X, < ¢

and y* is continuous at zero, being linear it is continuous.

Now define h:Ly — Lp(F) by h(y) = y*. For each v € T let
B, € Lp(F) be defined by B,(u) = 1 if u = v and zero otherwise. If
Y1, ¥, € LY such that h(y,) = h(p,), then

y{(B,) = y¥B,) forallve I
hence y,(v) = y,(v) and y;, = y,. Therefore A is injective.

To show hisontolet T € Lp(F) andlet T(B,) = b, forallv € T. Since
T is continuous, then it is bounded, in the sense that it maps bounded sets
into bounded sets. Let

H = {B,;v € T}
and let
U= {x € L(F):|xlp <€}

Now there is # > 0 such that f (1) < e for all v € T'. Hence for every
v € I, tB, € U and hence

Hc-U

~ | —

Therefore T(H) is bounded and hence norm bounded, i.e., there is an
M > 0 such that [T(B))| < M forallv € T, so

sup |T(B,)| = sup || = M.
vel vel

Hence if we define y(v) = b, for allv € T, theny € L}". Now since for
any x € L(F) and D = {v|, v,,...} € I such that x(v) = 0 for all
v € ' — D, by the continuity of 7,

T(x) = T(Z x(vi)Bvi) = 2 x(v)b,

i=1 i=1

and T = y*.
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THEOREM 3.2. Let F have the same properties as in the last theorem.

Moreover assume f,(1) = 1 for all v € T. Then L(F) is isometrically
isomorphic to LY.

To show |ylo, = ||y*|| for any y € LY. Let x € L(F). If |X|p = 1,
then
*x) | = Yoo Ixlp = Iyl
hence || y*|| = | yloo-
On the other hand since y*(B,) = y(v) for all v € T, then

ly)| = 1y*B,) | = lly*Il. IB,lr = [l y*]l.
Therefore | y|., = || y*|l, and the result follows.

4. Local boundedness and separability of L-(F). In this section we give a
sufficient condition for the space L(F) to be locally bounded, and a
sufficient condition for L(F) to contain //, 0 < p = 1. We also study the
separability of Lp(F).

THEOREM 4.1. Suppose F € Q satisfies the following properties:

() f,(xy) = f(x)f,(y) foralln = 1,2,...and forall x, y = 0,

(2) there is a natural number k and a real number r > 0 such that
1, (x) = f,(x) for all n and for all x € [0, r].

Then a subset B = L(F) is norm bounded if and only if it is topologically
bounded.

Proof. Let B be a norm bounded subset of L(F). Then there exists M
such that |b|. = M for all b € B. Let

U= {x € L(F):|x|p < ¢}

be a neighborhood of zero. By continuity of f,, there is s > 0 such that
|x| < s implies

€
xl) < —.
SeClx) 7
Let N be a natural number such that 1/N < min{s, r}, then
1 ) €
- << —.
fk(N M

Now if x € B then

§ f,,(lx(n)l)

n=1 N

fIA

S 4 (3 )scen D)

z| -

1A

§ fk( )f,,( Ix(n)l) <e

n=1

Z| -
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ie, x/N € Uor x € NU and B = NU. The other way is well known.

CoroLLARY 1. If F € Q satisfies the hypothesis of Theorem 4.1, then
L(F) is locally bounded. In particular, if f € C satisfies

fy) = f)f(y) forallx,y 20,
then L(f) is locally bounded.

CoroLLARY 2. If F = {f,:f,(x) = xPr} where 0 < p, = 1 and
inf p, > 0, then L(F) = I(p,) is locally bounded. This result was proved in
(8].

THEOREM 4.2. Let F € Q satisfy the following conditions:

(1) f,(xy) = f,(x)f,(y) for all n and every x, y Z 0.
(2) There is an r > 0 such that for all n and every x € [0, r] f,(x) = x.
Then if L(F) is absolutely p-convex then IP & L(F).

Proof. There is a basic neighborhood U of zero, which is absolutely
p-convex and contained in the unit ball. For this U there is an s > 0 such
that

{x:Ixlp <s} = U= {x:|xlp < 1}.

Let ¥ = min{r, s}. Now since fn(r) = r for all n, then there is a real
number 7, > 0 such that f (z,) = r’. Let x, = 1,¢,. Now

X lp=fi(,) =r =r

which implies that x, € U. If a, a,, ..., a, are real numbers such that

Il M:
=~
—
]
x>
N’

I
|

1 n
7 2 fk(tk)-fk“akl)
k=1

1
w2

lIA

X[ =

s 1
> fillyal) = = Ixlp =
k=1 r

Let y € I and
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S= X Iy

n=1
Choose M = max{S, €}. Then
2 lymp =M
n=1

implies

M
N
o
—_—

X
N’
v
A1

A

n=1 Ml/p
and
n k p
> (;4(”!)7) =1 foralln=1,2,....
k=1
Hence
’ k 1
kgl-f}(( j:l(l/z ) = ; forn = 17 2’ 5
and
n _ 1
> fllyk) D). M7y = —,
k=1 r
SO
‘- _ 1
X M P L(yk)) = =,
k=1 r

or

1/p

< M
PRAGIODE

and hence | = L(F).

COROLLARY. Let F satisfy the hypothesis of Theorem 4.2. If L(F) is
locally convex, then L(F) = I.

THEOREM 4.3. The space Lp(F) is separable for any countable T' and
nonseparable for a noncountable T.

Proof. The first part is obvious. To prove the second part let I be
uncountable. Suppose E = {x|, x,,...} is a countable dense subset of
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L(F). For every i, let D, be a countable subset of I' such that x,(v) = 0 for
allv € I' — D, Let

Letu € I' — D, and define x € L(F) as follows. x(u) = 1 and x(v) = 0
for all v # u. Then

x — x| =1 foralli.

Hence if U = {y:la — y|p < 1} then U N E = P and this contradicts the
density of E.
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