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ABSTRACT. The "vertically” integrated, exact longitudinal
stress-equilibrium equation of Budd (1970) is developed
further in such a way as to yield an equation that gives
explicitly and exactly the contributions to the basal shear
stress made by surface and bed slope, surface curvature,
longitudinal stress deviators, and longitudinal stress gradients
in a glacier flowing in plane strain over a bed of
longitudinally varying slope. With this exact equation,
questions raised by various approximate forms of the longi-
tudinal equilibrium equation can be answered decisively, and
the magnitude of errors in the approximations can be
estimated. To first order, in the angle & that describes fluc-
tuations in the surface slope o« from its mean value, the
exact equilibrium equation reduces to

(1 + 2sin*8)Ty = pghsine + 2G + T + B + K

where G and T are the well-known stress-deviator-gradient
and "variational stress" terms, K is a "longitudinal curvature"
term, and B is a "basal drag" term that contributes a resist-
ance to sliding across basal hills and valleys. Except for T,
these terms are expressed in simple form and evaluated for
practical situations. The bed slope 8 (relative to the mean
slope) is not assumed to be small, which allows the effects
of bedrock topography to be determined, particularly
through their appearance in the B term.

REsuME. Couplage du gradient de contrainte dans
l'écoulement des glaciers: IlII. Equation exacte de léquilibre
longitudinal. L’équation d’équilibre en contrainte
longitudinalement  exacte de Budd  (1970), intégré
verticalement, est developpé plus complétement, de fagon a
batir une équation qui donne explicitement et exactement les
contributions 4 la contrainte basale de cisaillement produites
par les pentes de la surface et du lit, de la courbure de
surface, du déviateur longitudinal de contraintes, et des
gradients longitudinaux des contraintes pour un glacier
sécoulant en cisaillement plan sur un lit de pente variable
longitudinalement. Grace 4 cette équation exacte, des
questions soulevées par différentes approches de I’équation
d’équilibre longitudinal trouvent des réponses décisives, et
'ordre de grandeur des erreurs des approximations peut €tre
estimée. Au premier ordre, lorsque I'angle & décrit les
fluctuations de la pente de la surface autour de sa
moyenne, I'équation exacte d’équilibre se réduit a

(1 + 2sin"B)TB = pghsina + 26 + T + B + K

I. INTRODUCTION

In the analysis of the effects of longitudinal stress
gradients on glacier flow, as in the previous papers of the
present series, it 1S necessary to have a longitudinal equilib-
rium equation by means of which the longitudinal flow
interactions are mediated. Such equations have been
considered by a number of authors (Robin, 1967; Collins,
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ol G et T sont les termes bien connus du gradient du
déviateur de contraintes et la "contrainte variationnelle”, K
est un terme de "courbure longitudinale" et B est le "frotte-
ment Dbasal" qui traduit la résistance au glissement sur les
verrous et les surcreusements. A I'exception de T, ces
termes s’expriment simplement et s'évaluent pour des cas
pratiques. La pente du lit © (par rapport a la pente
moyenne) n'est pas forcément faible, ce qui permet de
déterminer les effets de la topographie du lit, spécialement
par leurs influences dans le terme B.

ZUSAMMENFASSUNG. Kopplung von Spannungsgradienten
im Gletscherfluss: IIl. Exakte Gleichung des Gleichgewichts
in Ldngsrichtung. Die "senkrecht" integrierte Gleichung des
Spannungsgleichgewichts in Langsrichtung von Budd (1970)
wird zu einer Gleichung weiterentwickelt, die explizit und
exakt die Beitrige zur Scherspannung am Untergrund liefert,
die von der Neigung des Bettes und der Oberfliche, von
der Oberflichenkriimmung und von den longitudinalen
Spannungsabweichungen in einem Gletscher herriihren, der
in ebenem Spannngszustand iiber ein Bett mit longitudinalen
Neigungsunterschieden fliesst. Mit dieser exakten Gleichung
kénnen Fragen, die von verschiedenen Niherungsformen der
Gleichung des Gleichgewichts in L4ngsrichtung aufgeworfen
werden, eindeutiy beantwortet werden; weiter kann die
Grossenordnung der Fehler in den Niherungen abgeschitzt
werden. Beschrinkt man sich auf Grdssen 1. Ordnung fir
den Winkel 8, der Abweichungen in der Oberflichenneigung
a von deren Mittelwert beschreibt, so vereinfacht sich die
exakte Gleichgewichtsgleichung zu

(1 + 2sin?@)T; = pghsina + 2G + T + B + K.

Hierin sind G und T wohlbekannte Spannungswechsel-
gradienten und Ausdriicke der "verinderlichen Spannung”, K
ein Ausdruck fir die longitudinale Kriimmung und B ein
solcher fiir die "Hemmung am Untergrund”, die einen
Beitrag zum Widerstand gegen das Gleiten fiber Buckel und
Senken am Untergrund liefert. Mit Ausnahme von T lassen
sich diese Ausdriicke in einfacher Form aufstellen und fiir
praktische Fille auswerten. Die Bettneigung 8 (relativ zur
mittleren Neigung) wird nicht als klein angenommen; dies
gestattet die Bestimmung des Einflusses der Gestalt des
Felsuntergrundes, vor allem durch deren Auftreten im
Ausdruck B.

1968; Budd, 1968, 1970, 1971; Nye, 1969; Paterson, 1981;
Hutter, [®1983], p. 260-64). In carrying out the present
work, it became evident that the existing equations h‘ad
certain limitations or uncertainties, and it was found that in
overcoming these, one could obtain an exact longitudinal
equilibrium equation that revealed explicitly, succinctly, and
exactly the various ways in which longitudinal slopes, longi-
tudinal stress deviators, stress gradients, and longitudinal
curvature of the ice surface affect the basal shear stress as
calculated from the equilibrium equation for an ice mass
flowing over a bed of longitudinally varying slope. This re-
sult is presented here, for application in the other papers of
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the series. From it, two new terms in the longitudinal
equilibrium relationship between basal shear stress and its
causative factors are recognized and evaluated.

2. EXACT EQUILIBRIUM EQUATION OF BUDD

We consider an infinitely wide ice sheet in
two-dimensional flow (plane strain) down an inclined basal
surface where the inclination B(x) is a function of distance
x in the flow direction. We choose a Cartesian coordinate
system with x-axis directed down-stream in the flow plane
and inclined downward at an arbitrary angle ¥ to the
horizontal, as shown in Figure 1. The y-axis is in the flow
plane, normal to x, and directed generally upward. Choice

Fig. 1. Coordinate systems used in development _o[ lthe
exact, "vertically” integrated  longitudinal ethbnw?a
equation. Around each surface point a local &N system is
defined, the %-axis being tangent to the surface at rh.:s
point, and inclined by an angle © relative to the x-axis.
The basal shear stress Ty is shown with shear arrows
indicating the sense of shear for positive Tg.

of origin is arbitrary. The local down-stream inclination of
the bed with respect to the x-axis is 8, positive when the
basal slope exceeds the inclination of the x-axis, and the
local down-stream slope of the ice surface with respect to
the x-axis is 6. The upper surface of the ice sheet is des-
cribed by y = pg(x), and the basal surface by y = yg(x), so
that tans = —dyg/dx and tan® = —dygp/dx. The local ice
thickness, measured parallel to the y-axis, is h(x) = yg —
Yo

o Our point of departure is the exact, "vertically"
integrated longitudinal equilibrium equation derived by Budd
(1970, equation (13)) for the geometry of Figure 1. Noting
that our angles ¥, 6 and @ in Figure 1 correspond to
Budd’s (1970, fig. 1) angles X, —6, and —¢, respectively, and
that our basal shear stress T, with the positive sense
indicated by the shear arrows in Figure 1 is minus Budd’s
Ty (1970, p. 21) and correcting an error of sign in the
fourth term on the right side of his equation (13), we can
write this equation in our notation as

d . T,
2 e (hTyy) = —pghsiny + —B— 47

cos®8
where
0 18
Txx = ¥ Txx dy @)
VB
and
Vs Vs @t
r=jay[’a—,ﬂdy 3
Py hp T
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xle

and

1
Tex = 5 (Txx ~Tyy) (4)
The notation IB and |s in Equation (1) means the value of
the indicated quantity at the bed or surface, respectively,
The T;; are the stress-tensor components.

We emphasize that, as demonstrated by Budd (1970, p.
20-22), this equation is an exact statement of “"vertically"
integrated longitudinal equilibrium, without approximations
of any kind, other than the assumption that the ice density
p is a constant, which can easily be relaxed, as follows: by
carrying through Budd's procedure in deriving Equation (1),
but admitting spatially variable p(x,y), it is readily shown
that in this case the term —pghsiny in Equation (1) is re-
placed by

—pghsiny = —pghsiny + B,xghcos'y

where
= 1 s
s = [ ey
YB
and
A . 1 J’s ap
Px = ;I > - yp) aTd,v.

Vs

3. FURTHER DEVELOPMENT OF
EQUILIBRIUM EQUATION

THE EXACT

In developing Equation (1) further, we will express all
boundary quantities in terms of the shear stress Ty at the
bed and the longitudinal stress deviators at the bed and
surface, which we will call og and o;. Based on a local
coordinate system (§,n) with E-axis parallel to the surface
and n-axis perpendicular to it (Fig. 1), we define

oy = Tig lg = 41y4lg (5)
where (as in Equation (4))

T’EE - *(T;g = Trf’?) (6)
and where Tnnls = 0 (ignoring atmospheric pressure). In
the usual way, we can calculate the stress components in

the (x,y) system in terms of those in the (&,n) system:

Tyy = = Ty Sin28 + Typ cos2s, (7)

Ty =3 (Tpn + Tgg) ~ Tex = Top + Tygll — cos28) — Typsin28.
(8)

ar
Yy
g = T = sy m

tan?6 — T
Ox

x|

In taking the second step in Equation (8), we eliminate T £
by using Equation (6). At the surface, where Tgn = :0,
Equation (7) becomes

Txyls = — 0gsin28, 9

Similarly, at the bed,

Tyylg = = of sin20 + T5c0s20 (10)

where cﬁ, analogously to oé, is the longitudinal stress
deviator corresponding to a local longitudinal axis tangent to
the bed. In case of no basal sliding, oy = 0 if the basal
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ice is isotropic, and possibly even if it is not (Nye, 1969, p.
210).

Besides substituting Equations (9) and (10) directly into
Equation (1), we want to express the derivative ar /6x|s
in Equation (1) in terms of og. Although Budd (lyd%"(). p.
22) undertakes an evaluation of this derivative, his result
(his equation (16)) goes only part way to our objective.
There is a more straightforward approach, as follows. If we
evaluate the desired derivative in the (&,n) coordinate
system previously defined (Fig. 1), we have

ar ar ar
ety I o < cosé + sin®, (11)
9x g A& g g

The derivative Gryyjaﬂs at the local origin (§,n) = (0,0),
which is the point” of tangency of the E-axis with the ice
surface, can be readily calculated from Equation (8) if we
carry out the differentiation by following the ice surface.
To do this, we specify local curvilinear coordinates E,n for
which ¢ is arc length measured along the surface and 7 =
0 on the surface. In terms of this curvilinear system, in
which Tiflg = Thfjlg = 0, we obtain from Equation (8)

Tyyls = 20; sin’s

in which & is a function of ¥. Differentiating,

ar
yy d ' oot
— g — s J
a Is —dE (205 sin“6) (12)

We write this and similar expressions to follow as an ordin-
ary derivative because the quantity differentiated is a
function only of longitudinal position, represented in terms
of coordinate ¥, E, or x. An alternative calculation of
ar /af,|s can be made by differentiating Equation (8) in
a Cartesian (§,n) system fixed in orientation at the tangency
point (0,0). In this case, & in Equation (8) is a constant,
85, and the stress components Tpn and Typ, may vary with
§ because the ice surface departs from the E-axis away
from the tangency point:

ar 8Ty aT} 8Ty
— + 2sin?6, el L - 5in28, : . (13)
% | 9 |4 3t | s
In the Appendix it is shown that a-r,,,,/azls = 0, a‘rh/
8{]5 = dog/d§, and, perhaps unexpectedly,

ar

En ds
— | =20 —. (14)
at Is % ag

On this basis, Equations (13) and (14) combine to give
again Equation (12), but with df replaced by d&. Since dt
= dI at the origin (tangency point), we thus drop the _dis-
tinction between differentiation with respect to & or £ in
Equation (12).

Similarly, differentiating Equation (8) with respect to n,

ar ar ar; ar
yy nn i oy 3 : gn
— £ m——— B e - 28 s 2
o i an i + 2sin ° an L sin28, an . (15)

Two of the derivatives in Equation (15) can be evaluated
with the help of the equilibrium equations in the (&,n) co-
ordinate system:

ar ar .

&n : 41 . do
—_— = - = = = -2 —& 16
o |, pgsine a |, pgsine = 2 TR (16)
T pn a‘:n 20! ds i
on | = pgcosa T ’ = pgeosa + 20g T (17)
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The second step in Equations (16) and (17) follows from
the considerations in the Appendix and in particular from
Equations (14) and (5).

We can now drop the distinction between & and B,
which is needed only in carrying out the differentiation in
Equation (13); & and &, are the same function of x, since
they both describe the orientation of the &,n coordinate
system as a function of x, as Figure 1 indicates.

Putting Equations (12) and (15)«17) into Equation
(11), we then get

aTyy ar’ 13
——| = pg(cosesin® + sinesin®sin26) + 2sin®s
ax s s

ds d do;
Eize il P ) . . b
+ 20gsin8 d_E + 2cosb T (0gsin“6) + 2sinBsin26 a - (18)

Since we can regard the surface quantities as functions of
X, in place of &, the ¢ differentiation in Equation (18) can
be replaced by x differentiation according to d/df =
cos6-d/dx. Expanding the derivative in the next-to-last
term in Equation (18) and combining terms gives

aTyy B‘r”
= pg(cososinG + sinesin®sin28) + 2sin®s —— | +
Ox lg s
3 do' ds
2L a Y B dey o
+ 5 dxssm 28 + og(3 - 2sin’s) sin2s ol (19)

An alternative route to Equation (19) is via the evalua-
tion of ar,,,,/axls, given by Budd (1970, p. 22), with
further evaluation of or,,/0x|g, which Budd left
unevaluated in his equation (i6). If we write, analogously to
Equation (11),

ar ar
Xk o R s :
- ls % Is cosB + == |5 sin® (20)

and introduce this into Budd’s equation (16) (after correct-
ing a sign error in two terms on the right-hand side), then
with the use of Equations (12)—(17) and after considerable
labor we arrive again exactly at Equation (19). This helps
to show that Equation (19) is an exact result, since the
second derivation, which is rather long and complex, is
quite independent of the first, though both of course are
based on Equations (12)=(17).

We can now put Equations (9), (10), and (19) into
Equation (1) to obtain the desired form of the longitudinal
equilibrium equation. Combination of the various trigono-
metric terms, with use of « = ¥ + & and d§/dx = de/dx
(7 being constant), leads to

al = '
2 T (hTyy) = —pghsinx -(cos6 + sin628) + Tg(1 + 2sin?0) —

= opsin26tan®e + ogsin26tan’s — T —

3  dg da 1

— h —° 5in¥2g - o = P sed . o iy

3 My Sn agh = (3 — 2sin®8) sin28 — 24 o Ssm
@n

This equation is exact, containing no approximations or
assumptions except that p is a constant, an approximation
easily relaxed, as noted in section 2. By carrying the
modification to Equation (1) there stated through the deriv-
ation given above, it follows that allowing p to be a
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function p(x,y) will result in replacing p in Equation (21)
with pg = p(yg) and in adding to the right side of
Equation (21) the following terms:

+ (pg — P)ghsiny + B’xghcos’y.

where p and B’x are the averages of density and density
gradient stated in section 2.

4. EXAMINATION OF THE RESULT

As an expression of the effects of longitudinal stress
gradients and of longitudinal curvature of the glacier sur-
face (da/dx) on the basal shear stress, Equation (21) is use-
fully re-organized as follows, Let pg and pp be factors ~1
that relate og _and op to Too Op % iy O = (5T e
Then, re-arranging Equation (21),

stress-gradient term in his equation (10) involves a stress-
deviator average that is different in general from our T'xx
in Equation (2) above.

The discussion by Paterson (1981, p. 99-100) leaves
some confusion as to whether the & in the main stress-
gradient term d(hT),)/dx should be considered variable with
x, as it appears to be in his equation (48), or should
instead be treated as constant as far as the differentiation is
concerned, as in his equation (44) and in equation (10) of
Nye (1969). Confusion on this point might also stem from
the fact that Budd (1970, p. 22) gave two "exact"
equilibrium equations (his equations (13) and (20)), one of
which involves, in effect, the inclusion of h within the
differentiated bracket, and the other the exclusion of it.
The issue can be settled decisively by considering the
magnitudes of the terms in Equation (22), as is done in
section 8 below.

(1 + 2sin?0)Ty = pghsina-(cosb + sinBsin28) + T +

a.rl

+2i(h?' )+ihi( 7' )sin?28 2;:—u in®
g, (R Epd B KgT o )sin + an sin“6 + (22)

+ Tix(Mpsin20tan?® — pgsin26tan’s) + ugT) h

In Equation (22), the contributions to Ty are arranged
in a particular order, for clarity. In the first line is the
direct body-force contribution ("down-slope stress" of Budd
(1971, p. 179)), plus the special "T" term" given by the "in-
tegrated stress-curvature" in Equation (3). The main body-
force effect goes as sine, with no approximations, modified
by a &-dependent factor, and also a B8-dependent factor (on
the left side of Equation (22)), both near unity. The "T
term", or "variational stress" term of Budd (1971, p. 179),
whose magnitude is the least apparent among the terms of
Equation (22), is further considered in Part IV by Kamb
and Echelmeyer (1986[a]).

The second line of Equation (22) contains the stress-
gradient terms. The well-known main longitudinal
stress-deviator gradient term 2G is at the far left. The
middle term is a correction term of order & relative to G.
The term on the right involves the "vertical' gradient of the
longitudinal stress deviator at the surface, which is probably
small in most glacier-flow situations, and moreover occurs
in a term that is third order in the (often small) angle 8.

In the third line of Equation (22) are contributions
stemming from the longitudinal deviatoric stress. The last of
these involves also the longitudinal curvature of the ice sur-
face.

1t is useful to note a few points as to how Equation
(22) compares with the corresponding equations of other
authors. The result of Budd (1970, equation (17)) is in
principle similar, but not developed to the point where the
various contributions from the body forces, stress deviators,
and gradients can be compactly grouped and isolated as
they are in Equation (22). Because of one of the sign errors
noted, the higher-order contribution to the body-force term
has the wrong sign in Budd's equation (17), and its form is
in detail somewhat different because of omission of other
contributions that come from the term EJ'rxx/E'?x|S that is
left unevaluated. Collins’ exact equation (1968, equation (5)),
which is similar in form to Equation (1), is not developed
to the point where it can be compared closely with
Equation (22). Equation (45) of Paterson (1981, p. 99),
which follows equation (10) of Nye (1969, p. 211), generally
resembles Equation (22) in form, but with most of the
smaller terms not present and with a factor (I — 2sin?6)
multiplying Ty on the left, rather than (1 + 25in%8) as in
Equation (22). (Paterson’s equation (45) is obtained in a co-
ordinate system with 8 = 0 and therefore 8 = o« — B.)
However, a comparison is difficult to make, because, as
Nye (1969, p. 209) pointed out, the main longitudinal
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s

--d“(3 2sin’8) sin2&
— 1 b
T sin“8) sin

5. SIMPLIFICATION FOR SMALL &

The importance of the wvarious contributions in
Equations (21) or (22) can be judged in terms of their
order in the angles & and 8. If the undulations in the sur-
face are rather smooth compared to those in the underlying
bed, as can in general be expected, then the longitudinal
variations in & will be smaller than those of 8 and may be
small enough that when the x-axis is chosen to lie along
the mean slope of the glacier surface, & will be everywhere
small compared to unity. In this case the higher-order terms

in & can be droppad out of Equation (22), which will
become, to first order in 8,

d =
(1 + 2sin?6)Ty = pghsina + 2 s ) # T
‘sin26tan®*@ + 20Lh i 5
+ OpSl = =
B b dx

= pghsine + 2G + T + B + K. (23)

6. THE K TERM

To first order, & enters Equation (23) only in the
surface-curvature term, which we call the "K term". In view
of da/dx = ds/dx, the K term may be rewritten

o - e a = (24)
= 20, —= 0 =%
BT d¥ = &

It seems likely that in most flow situations the variation in
surface slope over a longitudinal interval of one ice
thickness h will be of order & or less, so that we may
assume h dszfdxl-a 82. In this case the K term is actually
second order in 5, and could probably be dropped along
with the other terms in Equation (22) that are neglected in
Equation (23), except in flow situations like ice falls.

In the K term, the longitudinal curvature, stress devia-
tor, and relative surface slope 6 enter in such a way as to
cause an accentuation in the basal shear stress within an ice
fall in zones near the head and foot where & > 0, and a
relaxation in Ty just outside these zones, where 8 < 0. Put
another way, in flow with "staircase" surface topography,
the K term tends to cause a decrease of Ty in the
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peripheral parts of the "treads" and an increase in the per-
ipheral parts of the "risers". We can estimate the magnitude
of the effect for a sinusoidal staircase with [6_, | = 15°
log| = 1.2 bar (based on ng = 3 bar year and |du/dx| =
0.2 a! at the surface), and \/h ~ 4 where % is the
wavelength of the staircase. From Equation (24) the
maximum value of |K is then 0.12 bar, not large but
appreciable in relation to a basal shear stress of 1 bar. For
these same (fairly extreme) conditions, the "S" term in
Equation (22),

§ = — o, sin26tan®s, 25)
has maximum value 0.04 bar, so its neglect in Equation (23)

while the K term was retained there has a measure of
justification. The secondary stress-gradient term

3 da;
G, = = h == 5in%28 (26)
2 dx

in Equations (21) or (22), is, at maximum, about 20% of
the main stress-gradient term 2G under the above
conditions, For the more typical glacier situations to which
we apply Equation (23) in Parts I (Kamb and Echelmeyer
1986[b], and Il (Echelmeyer and Kamb, 1986) with o ~ 6
and & £ 3°, the K and G, terms are reduced by a factor
0.04 relative to the values estimated in the rather extreme
case evaluated above, and they therefore become negligible,
as does of course § also.

7. THE B TERM

If there is no basal sliding, then op = 0 (see again
Nye, 1969, p. 210) and the oy term in Equation (23) drops
out. We label this term "B",

B = opsin26tan?e, (27)

It is a kind of "basal drag" term, which contributes a
resistance to sliding flow over basal hills (or, more
precisely, ridges oriented crosswise to the flow). This is
seen as follows. If the surface topography reflects only
gently the underlying ridges, so that |8| << |8 , then on
the stoss side of a hill there must be convergent, extending
flow such that &h = constant (ignoring accumulation/
ablation), hence

du —dh  _ =
h — = —u — = §(tant - tanB) = —utand (28)
dx dx

where 8 < 0 on the stoss side. On the lee side, Equation
(28) remains valid and describes the diverging, compressing
flow there (8 > 0). If we designate by ng the effective
viscosity of the basal ice, and suppose that the longitudinal
strain-rate parallel to the basal surface is approximately
equal to du/dx, then

; di
op = 2ng - —2ng - tané, (29)

> IR

Thus the B term in Equation (27) is
B = ~4ngy U wan’esin’s. (30)

From the form of Equation (30), it follows that the B term
gives a basal drag resistance that is independent of the sign
of 8. It constitutes a resistance to the flow because it sub-
tracts from the basal shear stress Ty, Which is linked to the
flow wvelocity via the mechanics of basal sliding and of
shear deformation of the basal ice, as in Equations (I-1) or
(I-3).

We can estimate the drag resistance doue to B in a
near-maximal practical case for, say, 8 = 30°, by taking ng
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& | bar year (appropriate to Ty =1 bar), ¥ = 50 m a’}, &
= 200 m. These give B = —0.| bar, which is an appreciable
but not large fraction of the basal shear stress. It might
have detectable effects.

For flow over a roughly sinusoidal topography of
transverse ridges, the B term will tend to cause the appear-
ance in the surface topography of a wave that is the second
harmonic of the bedrock sinusoid, because it will tend to
require a compensating variation in surface slope « in
Equation (23) at twice the bedrock wave number on account
of the tan®6sin’@ variation in Equation (30).

The overall drag resistance arising from the B term
goes as the longitudinal average of tan®@sin?®, which is
approximately 3B‘mu/8 for sinusoidal topography  with
maximum slope angle 8 ux- This overall drag resistance is
somewhat akin to the sliding resistance due to short-
wavelength roughness in the basal topography, but the two
cannot be equated. It might be thought that the short-
wavelength drag could be described by a modification of
Equation (30) in which h is replaced by ~\/n, where X is
the roughness wavelength, but this is not correct. The drag
calculated in this way from B in Equation (30) contains an
extra factor of sin?@ by comparison with the ordinary basal
sliding drag for a roughness wave of wavelength \:

a
2y <p° 52 ) = amny x <tan’9> 31

Equation (31) is obtained from Kamb (1970), equations (40),
(30), (26), and (21), with 0z,/0x = —tan®. The reason why
Equations (31) and (30) give different results here is that
the stoss- and lee-side pressure distribution responsible for
the drag in Equation (31), at roughness wavelengths
A ~ I m important in basal sliding, is generated via its
coupling through the x-equilibrium equation to OT .,/ 0%,
and is thus in effect contained in the T term in Equation
(23), rather than in the B term. If Equations (23) or (22)
were used to treat the short-wavelength drag, Tp on the
left side of these equations would be zero (shear stress
across the ice-rock interface), and the basal drag would
appear mainly as a negative value of T = ~Tgp, where the
value of T; would correspond to the value given by
Equation (31'3. On the other hand, in the use of Equation
(23) in longitudinal coupling theory (Parts I, II, and IV) we
treat the motions and stresses at distance scales ~ h and
larger, smoothing  out the short-wavelength effects
responsible for the basal drag in Equation (31). (The
smoothing is suggested by the way Figure | is drawn.) In
this case, the short-wavelength drag given by Egquation (31)
is equated to Ty on the left side of Equations (22) and
(23), and the terms on the right describe in effect the
source of the basal shear stress, including some reduction in
Ty due to the long-wavelength basal drag term B in
Equation (30). Moreover, in this case the T term is
generally small, as discussed in Part IV.

8. DIFFERENTIATION OF h IN THE G TERM

If in Equation (23) the longitudinal stress-gradient term
G is expanded,

d - dT s
o (hTyy) = h a"‘x = Tyx(tans — tane), (32)

then there will appear in Equation (23) an extra term that
is first order in & and © and therefore in general much
larger than all of the terms second- or higher-order in &
that were neglected in going from Equation (22) to
Equation (23). Thus, there is no question that at the level
of accuracy of Equation (21) it is necessary to retain the A
within the differentiated bracket in Equation (32), or else
to include the corresponding T_'u(tans — tanB) term from
Equation (32). This settles the point raised in section 5:
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9. FURTHER SIMPLIFIED EQUILIBRIUM EQUATION

If « and © are also assumed small, then Equation (21)
reduces to

d ...
Tp = pgha + 2 Er (hTyy) + T (33)

which is a simplified longitudinal equilibrium equation often
quoted (e.g. Budd, 1971, equation (5); Paterson, 1981, p.
100, equation (46)), and which, with neglect of the T term,
is used in Part 1 (Kamb and Echelmeyer, 1986[b]) of this
series.
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APPENDIX

CALCULATION OF LONGITUDINAL DERIVATIVES AT
THE ICE SURFACE

A detailed but significant and slightly subtle point in
developing the longitudinal equilibrium equation is the way
in which partial derivatives of stress components with
respect to &, in the (§,7) coordinate system locally tangent
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to the ice surface, can be represented in terms of longi-
tudinal derivatives of og, the surface-parallel longitudinal
stress-deviator component at the surface. The geometrical
situation in the vicinity of the tangency point, taken as the
origin (§,n) = (0,0), is shown in Figure 2. Position along
the surface is given by coordinate ¥, and the shape of the

Ui

~. point of
tangency g / g f
e = e ™
/ \ ) \ P ™~

S o

Fig. 2. Detail in the vicinity of a surface point 0 at which
a local t.n coordinate system is defined. At an ad jacent
point P, whose coordinates in the t,n system are ({.0g)
the local surface tangent and normal vectors are defined
as axes u and V. the u-axis being tilted by the angle €
relative to the Y-axis. Surface curvature is greatly
exaggerated for clarity.

surface is represented by the function ng(%), which to
lowest order in { can be written

1 de 3

CORESTaR (A-1)
because of the tangency condition. The local orientation of
the surface is specified by local axes u and v, respectively
tangent and perpendicular to it. The angle between the local
p-axis gd the E-axis is €(¢). The p and v axes correspond
to the ¥ and 7 coordinates introduced in obtaining Equation
(12); x and v are used to make the distinction from ¥ and
n better visible.

Any stress component T; j can be expressed as a
function of § and n by a Taylor series expansion about the
point (%,7g) on the surface:

oty
Tfj(lan) - T;'j(‘:ns) + En— (n = nS) b, JET (A-Z)

to lowest order in (7 — ng). The stress components T; j at
the surface can be obtained in terms of 'r,'m. Ty Tuy by
the standard transformation formulae for plane strain,
similar to Equation (8):

'r'“ - ‘r;‘ucos2e = TuvsinZE, (A-3)
Teg = Tww + T;-ll-l(l + cos2e) — TuvsinZE, (A-4)
Tan ™ Tyu + 'rl'w(l - cos2e€) + Twsinze, (A-5)
Ten = T“vcosk + Timsinze. (A-6)

In these formulae we put T, , = gy, by definition, and,
because the surface is stress-free, T,, = Ty, = 0 (ignoring
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atmospheric pressure). The calculation of any desired where 8(0) is the value at the local origin. Equation (A-7)
derivative 8T; J,/EJ: at the origin consists in introducing is the basis for Equation (14), in which the evaluation
T;; from the appropriate Equations (A-3)—«(A-6) into symbol is replaced by |
Equation (A-2), setting 7 = 0, taking ng from Equation By the same type of procedure, it is shown that
(A-1), differentiating with respect to £, and evaluating at &
= 0, where € = 0. Thus, for Ten from Equation (A-6), ar' tE a5 aTEE d’
— i — — sl U &
- s =2 (A-8)
at g Sk o % 14

%y osinzey] L L] o T gn| ]

— = O.sin2e =] == — e =

a |, &S o O L2ax |, anlg and

; ar %on

do, 18 [de Men ] 3 =0 (A-9)
= |—3si = a

[ﬂﬁ smze] " [2% os2e d{ 2 at lae 14 o

which are utilized in Equations (13) and (16).

de aTt;n , de ﬁ The only one of the above results that departs from

= [E an s]t = 2°SE —20g de ’ (A-7) what might be expected from simple intuition is Equation
o o

(A-7). This departure has a definite effect on the develop-
ment of the Ilongitudinal equilibrium equation. With
Equation (A-7), the two mdependent evaluations of 8,/
ax g discussed in the main text lead to exactly the same
result, [Equation (19), whereas if instead one takes
€(t) = 50) - 5(2) thenn/ti’;sle t:m() m'.:ise might be thought from simple intuition,

pendent evaluations give different results.

assuming n/8n and its § derivative are bounded. The
last step in Is.quation (A-7) follows from the fact that
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