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ABSTRACT. In the geometrical optics approximation a uniform approach to
the description of the influence of strong Schwarzschild field on astro-
nomical observations is given.

Among exact solutions of Einstein field equations the Schwarzschild me-
tric describing the space-time geometry of the body with spherically sym-
metric mass distribution is of a main importance for astronomical applica-
tions. Different effects of this field have been examined in many papers.
Usually relativistic corrections are small, and the case of a strong
field is significant only when dealing with physical phenomena near ob-
jects like neutron stars and black holes. As a rule, one considers main-
ly the photometric effects due to the field action on the radiation emit-
ted by the gravitating body itself or surrounding shell (see, e.g.,[1-3]).

In the present work we investigate the influence of strong Schwarz-
schild field on following observed parameters : the apparent transverse
velocity, apparent proper motion, and luminosity distance. The results
obtained here may be of interest for high angular resolution observations
of such objects containing probably massive black holes as galaxy cores
and quasars. Moreover, they give a uniform approach to various astrono-
mical problems in this space-time. Solving our problem we used a standard
form of metric and well-known properties of light rays in the Schwarz-
schild background (for a complete treatment see [4,5] ).

The geometry of the problem is as follows. The point source, ohserver,
and gravitating body are found in a plane of the light ray connecting the
source and the observer. Because of gravitational bending of light, this
ray, in general, is not an only one so the observer may see several ima-
ges of the source. Lower we consider one of these images. Let r and rbe
Schwarzschild radial coordinates of the source and observer, reSpectively,
and Ogis the angle between corresponding radial directions. Again, let a
be the angle between light ray and radial direction in natural reference
frame. The values of this angle at the source and observer we denote as
a, and a,, respectively. They may be easily computed with the help of
light ray equation. Then the position of the source on observer's sky is
unambiguously determined by the angle o and by azimuth ¢, fixing the
light ray plane.
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We assume that the observer rests far away from the gravitating bo-
dy, and the source moves arbitrarily near the body, i.e. r_» r_. With
respect to natural frame the source velocity v has following orthogonal
components : v, 1is along the light ray, v, is normal to the ray and lies
in the ray plane, and v_ is normal to the ray plane. Below we take the
light speed to be a unit.

If T 1is the observer's proper time, then the components of the appa-
rent proper motion of the source are do. /dT_ and sin o d¢ /dT . Let v
and Ve be the corresponding componentsoof Phe appareng transvlérse vels®
city, 8bviously these components are orthogonal and

do do
Vv, =D— > Veg = D sin o s (1)
dTo dt

(o]

where D is a distance from the source to observer. Because r »»rs we put
D = r (below we ground this equality). Using the solution of thé ray
equation [4 ]it can be shown that

V.L Vq) (
Veo T K T Yo TR To 2
Here we take. the following notations
1 30LS sinocS
Ky = Tosa— W K " e, 3)
[ S| rg = const s

Eqs. (2) are generalization of known expression for the apparent veloci-
ty used for the interpretation of superluminal separation in quasars in
the relativistic jet model [6] . Dividing (2) by D = r we obtain formu-
lae for components of apparent proper motion :
do K v do K v
i
° =—°‘.__r_, sing 2 =0 ¢ (4)

dt 1 - v o dT 1 v, r :
o Yo o Yo

In flat space and in the limit of slow motion these formulae turn into
usual ones. ]

To calculate the distance we assume that the source has the form of
an infinitesimal luminous screen normal to the ray. If dA is the proper
area of the sreen, and d? is the measured solid angle subtended by the
screen then the corrected (for a spectral shift) luminosity distance D
is defined by the relation

dA = D% d4o. (5)

We use the term of Kristian and Sachs [7] . D is independent of the
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source velocity and that simplifies significantly the computation. The
final result is

1 -1 /r 2
D2 =8 Sro (6)

| &, ko]

where r_ = ZGM/c2 is the Schwarzschild radius. Note that usual luminosi-
ty distdnce D, is defined so that the bolometric flux should satisfy the
inverse-square law. The equality holds [7,8]

b, = (1 + 2%, (7
where z is the spectral shift. In our case
1 -v

1 +2 = : — . (8)
(1= vHY2 (1 - ¢ Jr )2
g S

From Eqs. (2), (4), and (6) it follows that for the description of
the Schwarzschild background influence on observations it is sufficient
to introduce two correction factors X_ and K,. According to (3) these fac-—
tors are due to light ray geometry and their¢definition is formally inde-
pendent on whether the gravitation is present or not. In flat space

2 2 -1/2
= = + -
K, K¢ T (r0 ry - 2r r cos es) ___1:1. (9)
To > Tg
Considering appropriate rays it may be shown that omitting the additional
factor (1 - r /rS)_l/2 K and K, are angular magnifications of Schwarzs-
child gravitagional lens in 0. £ and ¢ - direction, respectively. Becau-
. . . o) o
se of distortion of light rays KOL;G K, "except for the case when the sour-
ce is just between the gravitating bogy and observer (6S = 0). Then due

to axial symmetry both factors are equal and exactly

i - rg/rs)1/2

K =K . (10)

o 0]

1 - rs/ro
In accordance with (6) in this case we have
D=r -r1_. (11)

Eq. (11) has been obtained earlier in [9,10] . For r »>r D = r_that
justify our choice of observer's radial coordinate aS th& distanfe mea-
sure in Eqs. (1), (2), and (4).

The elementary consideration based on Eqs. (3) and the solution of
light ray equation ?4] shows that the factor Ku is positive continuous
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function. The behaviour of the factor K¢ is more complicated. If 6 _ _
186°p (n = 1, ,...) then K because’the light rays are focusedsby the
field on the axis passing tﬁrough the grav1tat1ng body and the observer,
and the geometrical optics approximation is invalid. Every time as the
ray crosses this axis K, not only tends to infinity but also changes its
sign. Geometrically condition K,< O means that the source and its image
are of opposite orientation. Hefce, relativistic corrections have essen-
tial values if the source is near the gravitating body or the focusing
axis. In latter case, for example, the apparent velocity may exceed
greatly the light speed. Note that one of the explanations of superlumi-
nal separation in quasars is based on similar property of galaxy gravita-
tional lenses [11] .

In conclusion we emphasize that for given r_, ry, and 6  the values
of the factors K and K, may be calculated without any difficulty by
means of computers As 1T1ustrat10n Figure 1 displays the behaviour of
log K and log |K¢l as functions of the angle 6 between radial directions
to thé source and the observer.

Radial coordinate of the source r_ was be taken to be constant and equal
to four Schwarzschild radii while the observer's radial coordinate r
went into infinity. ©

loglK |

logK,,
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Figure 1. Illustration of behaviour of the correction factors K_ and K¢.
Curves of log Ka and log K¢ versus the angle es for ro = 4rg and

o — ®

.
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Thus, we have shown that the influence of spherically symmetric back-
ground on observations is described by two correction factors which in
the geometrical optics approximation characterize completely Schwarzs-
child gravitational lenses.

The author is grateful to Professor A. F. Bogorodsky for many discus-
sions and continuous encouragement.
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DISCUSSION

Kreinovich : what increase in precision is necessary to test your model
of apparent super-luminal velocities ?

Khmil : it is very difficult to tell because it depends on the structure
of quasars. Perharps 0V001 could be sufficient.
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