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ON THE PRODUCT n«>i(l + qnx + q2nx2)
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Abstract

We study the coefficients An in the expansion of the infinite product

J J ( 1 + q n x + q 2 " x 2 ) = A o + A { x + A 2 x 2 + A}X3 + • • • + A n x n + ••• .
n>\

We first derive a recurrence relation for An and from it we obtain an explicit expression of An.
We then prove a convolution identity involving An.

1980 Mathematics subject classification (Amer. Math. Soc.) (1985 Revision): 11 P 68.

1. Properties of An

First, we give some standard notation. Let

and for any integer n, (a;q)n = (a;q)oo/(aq";q)oo. Note that (a;q)0 = 1,

{a;q)n = (1 - a)( l - aq)-{\ - aq"~l), if n is a positive integer, and

l/(tf; ?)n = 0, if « is a negative integer.

THEOREM 1. Let

G(x) = J J ( 1 + q"x + q2nx2) = A 0 + A\x + A2x
2 + A3x

3 + ••• + Anx" 4- • • • .
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[2]

Then

(1)

(3)

On the product Iln>i(1 + Q"X + 12nx2) 149

An is the generating function of the number of partitions into

n positive integers each occurring at most twice,

o = l , .4 -1=0, and for n> 1, An = qn{l -qn)-{{An^ +An.2);

An = {{q;q)n)~
l E qnq"~l-q2ql

where the summation is over all products {including qnqn~l • • • q2qi) obtained
from substitution of consecutive pairs q'q'~l by q'{l - q'~l).

(For instance,

= {{q;q)*r{[q*q*ci2qx +q\l- q3)qW + <?V(1 - q2)ql

+ A V ( 1 - ql) + q\l~ q V ( l - q1)].)

PROOF. (1) is obvious.
(2) Since G{qx) = Iln>i(l + q"+lx + q2n+2x2), we have G{x) =

(1 + qx + q2x2)G{qx). Comparing the coefficient of xn, we see that An =
q"{An + An_t + An-2). Hence An = qn{\ - qn)-\An-X + An-2).

(3) We show the formula by induction, using the recurrence relation in
(2). Clearly the formula holds for n = 2, and

\-l qn-\qn-2...q2q\

qn-2qn-3...q2ql

\ - l q" E q"-lq"-2"q2q1

qn-2qn-3...q2q\
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2. Convolution identity

In Andrews [1, p. 454] it was shown that

- aqnx)(l - fiqnx){\ - a-
xq"-{x-l){\ - p^q^x'1)

n2= Bo JT a»0"qn(n+i)x2n _ Bl J^ anp"qn2x2"-1,
—oo —oo

where

and

With a = (o2, p — to (where co — e2"'/3), this becomes

<l-HA»X-1)

q"x + q2nx2)(l + q"~lx~l +
n>\

+ [(-d6; q6)oo(-q; q2)oo/(q; q)

Thus, if we define An — 0 for « < 0, then we have

THEOREM 2 (convolution identity).

—oo

—oo

JTq-nAnA2m-l+n = ?mW;<76)oo(-?;<72W(<7;
—oo

This is the analogue of the convolution identity [2, p. 22]

for the coefficients Cn defined by l l n>i(1 + Qnx) = E~oo cnXn.
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