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Abstract

We study the coefficients A4, in the expansion of the infinite product

H(l+q"x+q2"x2)=A0+Alx+A2x2+A3x3+---+A,,x"+~--.
n>1

We first derive a recurrence relation for 4, and from it we obtain an explicit expression of Aj.
We then prove a convolution identity involving A,.
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1. Properties of A4,

First, we give some standard notation. Let
(@)oo = (1 - a)(1 - ag)(1 —ag?)---

and for any integer n, (a;9)r = (4;9)/(aq";q)x- Note that (a;q)p = 1,
(@;q)n = (1 —a)(1 —aq)---(1 —aqg™™"), if n is a positive integer, and
1/(q;q)n = 0, if n is a negative integer.

THEOREM 1. Let

G(x) = [ (1 +4"x +q*"x?) = Ao+ A1x + Apx> + Asx> 4+ Apx" + -
n>1
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Then
(1)

Ay, is the generating function of the number of partitions into
n positive integers each occurring at most twice,

(2) do=1, A1 =0, andforn>1, A,=q"(1—q")"Y(Ap_|+ Ap-2);

3) An = ((g:9)n)~" Y q"¢" g%

gig'~l—qi(l—g'=1)

where the summation is over all products (including q"q"~! - - - ¢*q") obtained
Sfrom substitution of consecutive pairs q'q'~! by q'(1 — ¢'~1).

(For instance,
Ay =((4:9)a)™" > *a*4*q'
qiqi—lHqi(l_qi—l)
=((¢:9)0)7'[¢*P°¢%¢" + ¢*(1 - ¢°)a*q" + ¢*¢*(1 - ¢*)¢’
+4*¢’a* (1 - g") + ¢*(1 - ¢*)g*(1 - ¢")])
ProoF. (1) is obvious.
(2) Since G(gx) = [I,»,(1 + ¢"*'x + ¢***2x?), we have G(x) =
(1 + gx + ¢*x*)G(gx). Comparing the coefficient of x”, we see that 4, =
q"(Ap + Ap—y + Ap—3). Hence A, = ¢"(1 — ¢")"Y(Ap—y + An_3).
(3) We show the formula by induction, using the recurrence relation in
(2). Clearly the formula holds for n = 2, and

An = qn(l "qn)‘l(An-l +An—2)

=q"(1-¢")"" [((q;q)n_n)‘l Y. a7l
qiqi—l,_,qi(l_qi—l)

+ (4 @)n=2)"" E qn—zqn—a...qqu]

qig~l—gi(1-¢'~1)

=((g;@)n)"" [q” > q""'q""*qq"

gigi—l—gi(l—gi-1)

+ q"(l - q'l-‘l) Z qn—an—3...qul:|

9'q'"l—gi(1—¢i7)

=((g:9)n)"" > q"q" 4"
qiqi—l,_,qi(l_qi—l)
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2. Convolution identity

In Andrews [1, p. 454] it was shown that

[1(1 - ag™x)(1 - Bg"x)(1 —a~'q"'x~1)(1 - g~ 'g" 'x7)
n21

oo 0o
= By Z anﬂnqn(n+l)x2n - B, Z anﬂnqn2x2n—l’
—00 )

where
Bo=[J(1+ap™'¢” )1 +a™'Bg? )1 - ¢*)(1 - ¢")7?
n>1
and
B =B~ [[(1 +aB~'a™)(1 + a7 Bg* 2)(1 - ¢*")(1 - ¢") 2.
n>1

With a = w?, f = w (where w = ¢¥*/3), this becomes

(Z A,,x")(z q "A,x™")

=H(l+qnx+q2nx2)(l+qn—lx—l+q2(n—l)x—2)

n>1
= [(-4% 4%)00 (=07 Moo/ (4: )] Y _ 4"+ X"
+1(=0% 4%)00(~:8%)o0 /(4 Do) D_ 4" %2,

Thus, if we define 4, = 0 for n < 0, then we have

THEOREM 2 (convolution identity).

oo}

Y 4 AnArmin = 4™ (—4% 6500 (— 0% 400/ (4500
—oo

i 2

Y a T An 10 = 4™ (=05 4%)00(—459%) 00/ (4 9)oo-

-00

This is the analogue of the convolution identity [2, p. 22]
o0
> a7 " Catman = 4™ 2(g;9)oo
—00

for the coefficients C, defined by [1,5,(1 + ¢"x) = 17, Cax".
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