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1. We have shown in [1] that under certain conditions the
a f * A 2 (x) w (x)definite integral —y—i— dx may be approximated by a deter-

•> a ° W
minantal ratio. I t is our object now to develop the theory when
C(x) is a polynomial, showing the relation to the continued fraction

form for —y—L—L. l n particular we shall give various forms for the
J a z — x

approximants, and an integral form for the numerator.

2. From [1] we have the expansion
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fb rb n

as= Ss{z) wip) dx, Yr,s = 9r(x) ^ (x)w[x)U (zj - a;) dx,
J a Ja 1

) = | yOo» yil» •••-. Yss I »
w(x) ^ 0 for a 5S x^ b (a, b finite),

f ft

I w{x) dx exists and is positive,
J a

(1)

(2)

(3)

1 Ngtei, s2, ..., zn)and Da(z , z2,...zn) etc. will be abbreviated to -N«(z)and Ds(z)
•when ambiguity is unlikely.
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DETERMINANTAL EXPANSION FOR A CLASS OF DEFINITE INTEGRAL 135-

n
U(ZJ — x) = (zA — x){z2 — x) . . . (zn — a;) > 0 and tho z's are distinct,.
1

6,(x) is an arbitrary polynomial of precise degree s with highest
coefficient A,.

We shall refer to (1) and (2) as continued fractions (C.F.'s) of tho
nth. order, and .R,(zx, z2, ..., zn) = N,/D, as the sth approximant or
convergent.

The expansions (1) and (2) arise from a consideration of tho
minimum value of

= J -x) { J J ^ - £ A,qM\dx (4)

where ga(x) = | 60(x), Yn, y12, . . . . y._lff | / { ( - ) U - i ) . (5)
and {qa(x)} is an orthogonal system with respect to the weight function
w(x)U(z — x), the highest coefficient in q,{x) being unity. Indeed if
we write

4>T = [''w(x) ri(z, - x) q*{x) dx (C)

then Ar<f>r=^qr(x)w(x)dx (7)
a

a n d S\-m = F(z)- Til Aft.. (8)

It may be remarked in passing that a consideration of tho
Cb

minimum value of I (z — x)w{x) {(z — x) "* — 'LAaq>{x)ydx and of

t x(z — x)w{x) {(z — x) ~ x — "LA1 ql (x)}2 dx leads to continued fractions
rb

for I (z — x) ' x w{x) dx related to the 'even' and 'odd' parts of a
•'a

Stieltjes type of continued fraction. The present approach shows
immediately the central part played by orthogonal polynomials,
and although in essence both these expressions were considered by
Stieltjes [2], it is only at a later stage that the orthogonality property
emerges.

3. We shall now consider various forms for NB(z) and D,{z).
These arise by taking (a) 6,(x) = (v— x)';

(b) 6,(x) = p.(x),

where {p,{x)} is an orthonormal system with respect to w{x), and p,(x\
has highestcoefficient k,;
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(c) e.(x) _ ,.<«> _ ^ ^ n i . - x , ! ^ ^ , !

and the system {qe(x)} is orthogonal with respect to u;(z) II (z — a:).

(a) Here a ,= (v — ar)'w(ar) rfa: = m, say, (10)

Mr + t+n s&y. (11)

For particular choices of w{x), m, is an Appell polynomial.
Further, if zy= z2 = . . . = zn = v then y r , = mr + , + „.
From (a) we have, in the notation of persymmctric determinants,

(12)

r - 1

and S Af<f>,
« = o

0

rnD

mT _ i

r_1Mn + r-1Mn+r... M n + 2 r - 2

n,Mn + 1,....Mn+,r.2). (13)

If the roots z} are equal and Zj — v, Ms is to be replaced by mB.
(6) The polynomials pe(x) follow a recurrence relation

pt(x) = (A,x + -BJ ^s - i{x) - C,p( _ 2(x), s = 2, 3, ..
p,(ar) = ( ^ z + BJpa, p0 = A'o (14)
Ar = A-f/A-r _! > 0, Cr = ArjAr _ x > 0,

"which may be written
(x - «,)pf _!(*) = ,4;1p«(*)-(-i + BgA;l)ps -M+A.-.tP.-iiJc). (15)

We require the following generalisation oE (15):

(
-3+ ••

where es_ ] n = i s _ \llcs + n_ u and c4i r is to be taken as zero if s < 0.
The notation is justified by the identity

I [Ps -i(*)n-(a: - z)]p, (x) w (x) dx = f* [pT(x) U(x - z)]p, _ ,(x) w(x) dx.
J a Ja

For example,
(x — zx) {x - Zj)p,. dx) = / g _

( S = l , 2 , . . . ) , (17)
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W h e r e ff,-l = A-t
1A;+\,s=h2,...,

*i+z* + BsA7l ,5 = 1,2, . . .

;') (Z, + BSA~x) + A;_\, « = 2 , 3 , . . .

.A, =A-- + (Z1 + B1A;1){Z2 + B1A;1).

From (6) and (7) we find, after using (1C),

_ (--V1 ^,4.i(eqo,_eO|) e08 e,n)^ r = o , 1, . . . (18)
^ ' k2 KT(en0, e0l, e02, ..., eOn)'

and

r = l , 2 , . . . , # 0 = 1 , ' (19)

where wo have introduced the notation Kr (e09, e01, . . . , eOn) for a
generalised continuant determinant of order r, symmetric, with
elements e00, e10, e20, . . . in the diagonal through (1, 1), e0l, en, e21, . . .
in the diagonal through (1, 2), and so on. We shall refer to these as
continuants of the nth kind. Thus the ratio of continuants of the
1st kind is related to C.F's of the first order, the determinants
concerned consisting of elements in three diagonals only. Similarly
C.F.'s of the second order are associated with the ratio of continuants
of the 2nd kind which in turn have elements in five diagonals only.

(c) Writing for simplicity

we have <li>\x) —
— x)A8{zvz2, ..., zn)

I

£ | > ( 2 ) ( 2 -l(2») | PA*) (20)

by a generalisation of a theorem of Uarboux quoted in [1], (17).
Hence from (G) and (7) we find

. 1
nrhr+n

a n d
T^> A i , =

r v 1 k' + n I Zl >P«+
o * . = o M«(2i , zt, . . . . zn)A, + i(zu z,, . . . . zn)
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4. If we now consider the value of 11^, we have from (18) and (21)

Si.Zj.,..., zn) = (-)rnKr{eOQ,e01 eOn)

^ r f c l . Z 2 , . . . , Zn)
n+r-l (91\

I Z! > 2 2 ' • • • ' 2
n I 1 1 A V

T

since ^ ( r ^ . . . , z n )="n ^ | 2" z1, . . . . j " " 1 | , and from (12) and (21)

r - 1
(24)

and as a consequence

•Nr(Zi, z*. . . . . *») = ( - ) '

0 mn
r - l= - n
i=o

o» e u > • • • » e l n )

WJ0 Mn

mx Mn+1 (25>

r{zx, . . . . g n )

r + n — 1
n I

2 1

» z
2 » •

0 k,A,(zlf ..., zn) A8 + x(zx zj
(25a)

r — 1 *>

When the roots Zj are equal, the only change required in (23) is-

to replace -.—-^—*-^—2> ' ' *' ~" .

b y 1 y>,(zp, 7>(;|ifg,). y^la^O p^+n-iM \ t

(n-l) ! !

where superscripts refer to derivatives and

(7l _ ]) I 1 — (TC _ l)! (n — 2)!. . .1 !0!.

A similar modification is required in (25a).
As an illustration we take w(x) = 1/V(1 "~ x*)> a = — 1, b = 1,
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-x) = (z- x)n, z > I,

p,(x) = J-cos s9, cos 6 = x, 3 = 1 , 2 , . . .
V 77

II

with

JT
8 = 1 , 2 , . . .

where P,{x) is Legendre's polynomial. With t = z,l\/{z2 — 1) wo find

from the modified form of (23), and (24),

K b
r+1

rcr

cr (r + l)3cr+1 . . (r + n —

= ^"'7t~ *'!! P'p p p
112. 1 \r ir — 1 7 2 r\A n> -1 f > + 1» • • • > x n

(n) , r = l , 2, ...

where | c r = (« + l) r - (« - 1)'

[ = (n + r) (n + r - 1) + (r - 1) (r - 2)
and Ps stands for P,(t), Th9 result for n — 1 has been given by
Geronimus [3].

5. A formula for the numerators. Consider the identity
r - 1

i J « = 0

where
21 • ,(2, Zn)

Then

I ago, prfgl) ^,+,,-,(8.) I w ( ! r ) d a . =
 r 2 1

A,{zlt ..,z
= 0, 1, . . . , r — 1.

P « + n - l ( Z n ) | 2

z H • •> zn)

(20)

Hence from (22) it follows that

(28)
n
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since n (z}-x) | z ° , z\, . . . . zn~x | = | x°, z\ , z* , . . . . . z« | .

When 2i = z2 = . . . = zn = z, the determinant in tho numerator

of (28) is to be replaced by | x°, pr(z), p™ ^z), . . , , j / « - ' i t(z) | , and

t h a t in the denominator by (z — x)"(n — 1)!!.

I n tho part icular case n = 1 we have the well-known formula

and from (23) A-(z) = k~ pT(z), the ratio of these being the rth
convergent of the C.F.

Axh0~* C2 C3

Atz + Bv — Azz + B2 - A3z + Bs - ...

We shall consider the recurrence relations for tho numerators
and denominators of generalised C.F.'s, and some special properties
of second order C.F.'s in Part 4.
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